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The constraint ring test is widely used to assess the cracking potential for early-age cementitious materials. In this paper, the
analytical expressions based on elastic mechanism are presented to estimate the residual stresses of the restrained mortar ring by
considering the comprehensive effects of hydration heat, autogenous and drying shrinkage, creeping, and restraint. In the present
analytical method, the stress field of the restrained ring is treated as the superposition of those caused by hydration heat, external
restraint, autogenous and drying shrinkage, and creep.The factors including the properties of materials, environmental parameters
such as relative humidity and temperature, the geometry effect of specimen, and the relative constraint effects of steel ring tomortar
ring, are taken into account to predict the strain development with age of mortar. The temperature of the ring, the elastic modulus,
the creep strain, and the split tensile strength are measured to validate the model.The age of cracking is predicted by comparing the
estimatedmaximum tensile stress of the restrainedmortar ring with the measured split tensile strength of specimen.The suitability
of the present analytical method is assessed by comparing with the restraint ring test and a soundly good agreement is observed.

1. Introduction

Early-age cracking of cementitious materials has driven great
deal of research interests in recent years owing to its contri-
butions in several aspects: the appreciation to the durability
issues where cracking plays a dominant role, the advent of
high-performance concretes with low water/cement (w/c)
ratio which is much more prone to cracking, and the need
for rehabilitation and repairing systems which is sensitive to
cracks [1–3].

The cementitious materials change volume tremendously
in the early-age due to the variations of moisture and
temperature, and the chemical reaction. If restrained, these
volumetric changes would result in residual stress devel-
opment that can lead to cracking [4]. The restrained ring
test has recently become a well-accepted method to assess a
mixture’s susceptibility to restrained shrinkage cracking [5–
7]. Among the research efforts, early-age cracking has been
mainly evaluated by qualitative means, which are useful for
comparing the sensitivity to cracking of different mixes and

additives used to reduce cracking. However, they are not
sufficient for a study of the mechanisms involved, which is an
essential step towards developing new strategies and products
to harness early-age cracking [8, 9].

According to the qualitative cracking tests, a variety of
factors are shown to be significant to the early-age cracking.
In high-performance/high strength concrete of low w/c ratio,
the early-age cracking can be due to three processes occurring
simultaneously, which are shrinkage (i.e., autogenous shrink-
age and drying shrinkage), hydrate heat development, and
stress relaxation. In addition, whether the cracking occurs
or not is dependent also on the restraint, which exists in the
concrete mixtures due to the aggregates and reinforcement
and has influence on the strain creep and stress relaxation [2].
Therefore, an analytical expression is present in this paper,
in order to estimate the residual stresses of the mortar ring
restrained by a steel ring (imitating the restraint efforts in the
concrete by aggregates, reinforcement, and so on) by taking
into account the comprehensive effects due to hydration heat,
autogenous and drying shrinkage, restraint effects, and creep
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Figure 1: Restrained mortar ring and instruments.

as well [10–12]. The age of cracking of the mortar ring is
predicted by comparing themaximum stress of the restrained
ring with the split tensile strength.

2. Constraint Ring Test

2.1. Testing Method. The constraint ring test is the most
commonly usedmethod to evaluate the cracking of hardened
material. Based on the standard for the ring test developed
by AASHTO [13] being standardized recently by ASTM [14],
three mortar ring specimens were casted.The inner diameter
of the mortar ring was 305mm, the thickness was 37.5mm,
and the height was 48mm. The restraining steel ring with
the same height of the mortar had an inner diameter of
279.66mm, a thickness of 12.7mm. This geometry produces
a degree of restraint of 60%.

Four groups of temperature gauges were placed at 90∘
from one another in the mortar ring to measure the tempera-
ture changes.The schematic of themortar ring and the setting
of the instruments is shown in Figure 1. The ingredients of
the specimen were Portland cement (Lafarge PO42.5R) of
586 kg/m3, medium sand (with grain size between 0.35mm
and 0.5mm) of 1758 kg/m3, polycarboxylatic water-reducer
of 5.86 kg/m3, and water of 188 kg/m3. The specimen was
designed at a fixed water-to-cement ratio by weight of 0.32
and cement-to-sand ratio by weight of 0.33.

The specimens were cast with mortars at 25 ± 3∘C and
over 50% relative humidity (RH). After 24 h, the specimens
were demolded and placed in the drying chamber at 20 ±

3∘C and 50 ± 4%RH. The change of the temperature was
recorded and the age and width of cracking of the specimen
were observed.

Crack

Figure 2: Cracking of the restraint ring.
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Figure 3: Compressive and splitting tensile strengths and elastic
modulus of mortar.

Mortar prisms (100 × 100 × 300mm3) were cast to
measure elastic modulus and compressive strength, mortar
prisms (40 × 40 × 160mm3) to the split tensile strength, and
the mortar prisms (25 × 25 × 280mm3) to the free shrinkage,
at 1 day (d), 3 d, 5 d, 7 d, 10 d, 14 d, and 28 d successively.These
specimens have the same mixture and were demolded at the
same time and cured under the same conditions with the
mortar rings. Mortar prisms (100 × 100 × 400mm3) with
the same mixture, demolding procedure, and cure condition
were cast to measure creep. The displacement of the prism
with loading was measured at 1 d, 3 d, 5 d, 7 d, 14 d, and 28 d
successively.

2.2. Testing Results and Analysis. Thefirst crack was observed
at the noon of 25 d after demolding of the restraint mortar
ring. Then the cracking developed slowly. The cracking
location and the phenomena are shown in Figure 2.

The mean values of the compressive strength, splitting
tensile strength, and elastic modulus of mortar are shown in
Figure 3 with respect to mortar age. According to Figure 3,
the mechanical properties of the mortar developed rapidly in
the first two days, and the development slowed down gradu-
ally. The elastic modulus reached its peak value at the 3 days.
The curves of the strengths became steady after 7 days, and all
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Figure 4: Measured temperature development of mortar ring.

the fluctuation of the mechanical properties of the mortar
tended to be stable at 28 days.

Figure 4 shows the temperature developments of the
mortar rings with age. The temperature increased due to the
thermal effects in the beginning of hydration and reached
the peak value, 31.7∘C, around 8 hours after demolding. The
mortar rings cooled down very little in the next 18 hours.
Then the temperatures of the mortar rings decreased steadily
after they were moved to the drying chamber where the
temperature was kept at 20∘C. This phenomenon coincides
with the fact that the specific heat and thermal diffusivity
decrease with the development of hydration. According to
the temperature curves in Figure 4, which were measured at
different location along the radius of the mortar ring, it can
also be noticed that the temperature was getting lower from
the inner surface to the outer. The temperature gradient of
the mortar was not remarkable probably owing to the small
thickness of the mortar ring.

In addition to the thermal shrinkage, shrinkages result
from the consumption of water during the hydration pro-
cesses and the chemical reaction between cement and water
which is termed autogenous shrinkage and from the drying
of thematerial which is termed drying shrinkage. In concrete,
the shrinkage results in tensile stresses in the cement paste
due to restraint from the aggregates and/or the refinement.
The practical importance of shrinkage of the restrained
cement paste has been recognized in recent years. Although
the mechanism of autogenous shrinkage is not understood
well, there is a general agreement about the driving factors
which are the chemical shrinkage, the RH changes in the
pores of the hardening cement, the changes in the surface
tension of the solid gel particles, and disjoining pressure and
tension in capillary water [15]. In high-performance concrete,
the low w/c ratio causes a significant drop in the internal RH
in the cement paste [16], and the autogenous shrinkage plays
an important part in the whole shrinkage, especially in the 1-2
days after the casting [17].

As mentioned before, the low w/c cementitious mixture
may experience greater autogenous shrinkage, as well as
drying and thermal contraction in the early-age. Restraint of
this volumetric change by steel ring generates stress inside the
mortar ring that may induce cracking. In real situation, the
volumetric change and the residual stresses of the restrained
ring are the results of the coupled interaction of all the
aforementioned effects. For the purpose of simplification, it
is sound to assume that the autogenous shrinkage, the drying
process, and the thermal contraction are independent.

Weiss et al., by using acoustic emission, have shown that
in rings that dry uniformly along the radius the cracking
begins at the inner circumference of the rings while in
specimens that dry from the outer circumference of the rings
the cracks begin at the outer edge and propagate toward the
center [18–20]. They have proposed that the drying direction
(see from top, bottom, or lateral side of the specimen and
so on) as well as the moisture gradient is important for the
simulation of residual stresses. Although the importance of
moisture gradients in shrinkage and cracking was pointed
forward early [21], little has been revealed for the true
moisture field due to the combination effects of thermal
hydration and circumstance drying process.

By using the rotronic hygroscope, Sant [22] has proposed
that the internal equilibrium RH is a function of cured
temperaturemeasured onmature cement pastes.The internal
RH is observed to decrease (or increase) linearly with
decreasing (or increasing) temperature. The residual stresses
development of early-agemixtures due to autogenous shrink-
age is expected to be slightly higher, as a lower equilibrium
RH in the early-age mixtures specimens, while the rate of
residual stress development increases with increasing cured
temperature. Moon and Weiss have shown that, at initial
drying times, the stress development in a concrete ring is
mainly governed by self-restraint due to the inner RH, while
it is mainly governed by the external steel ring restraint for
longer drying periods [20]. Based on the drying situation of
the present test in this paper, which is dried from the top,
bottom, and lateral sides of the restrained ring, it is reasonable
and practical to assume that the moisture of the mortar ring
is uniform in the ongoing simulation of the residual stresses.

The measured shrinkage strains with respect to age are
shown in Figure 5 in dot. It can be seen that, in the first 2 days,
the shrinkage strains grew dramatically, and in the following
5 days, the shrinkage kept on increasing slowly. After 7
days, with the development of hydration and hardening of
the cement paste, the shrinkage deformation tended to be
plateau. Based on the research works by Yang et al. [16], for
the high-performance cementitiousmaterials of loww/c ratio
in the present test, the autogenous shrinkage is dominant to
the volumetric variations of the specimen in the first 2 days.
By using the prediction model of autogenous shrinkage for
prism specimen with w/c ratio of 0.32 proposed by Wang
and Li [23], the simulation of autogenous shrinkage strain 𝜀AS
for the mortar ring in the present test, with the autogenous
shrinkage strain being 200 × 10−6 at 28 d, can be expressed as

𝜀AS = 237
𝑡
0.3

𝑡
0.3

+ 0.5

× 10
−6

. (1)
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Figure 5: Measured shrinkage strains and analyzing results.

For simplification, the geometry effects of specimen are
ignored and the autogenous shrinkage strain in (1) is regarded
as those of restrained ring. According to Figure 5, it can be
seen that the drying shrinkage plays an important role in the
shrinkage of mortar after 2 days. To be assumed as uniform
drying, and by usingCEB/FIPMC90 drying shrinkagemodel
[24], the drying shrinkage 𝜀DS(𝑡, 𝑡DS) is simulated as follows:

𝜀DS (𝑡, 𝑡DS) = 𝜀DS (𝑓𝑐28) 𝛽RH𝛽DS (𝑡, 𝑡DS) , (2)

where 𝜀DS(𝑓𝑐28) is the drying shrinkage strain of mortar at
28 d, 𝑡DS is the initial time for drying, here at 1 d, and 𝛽RH and
𝛽DS(𝑡, 𝑡DS) are the coefficients of the circumstance RH (50%
in the present test) and geometry effect which are shown as
follows, respectively:

𝛽RH = 1.55 (1 − (
RH
100

)

3

) = 1.36,

𝛽DS (𝑡, 𝑡DS) = √
(𝑡 − 𝑡DS)

0.035ℎ
2

+ (𝑡 − 𝑡DS)
= √

𝑡 − 1

𝑡 + 8.8

.

(3)

Based on (2), the drying shrinkage strain of prisms in the
present test is simulated as in

𝜀DS (𝑡) = 512 (
𝑡

𝑡 + 9.8

)

0.5

× 10
−6

. (4)

The total shrinkage of testing prism is the sum of the
autogenous shrinkage 𝜀AS and drying shrinkage 𝜀DS. Figure 5
showed the simulating results of total shrinkage in solid
line. The simulation result agrees well with the measured
data that enable the continuous analysis of the shrinkage
stress to be practical and rational. It is quite interesting that
the shrinkage ignoring the autogenous shrinkage results in
much lower estimation in the first few days. This implies
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Figure 6: Measured creep coefficients and analyzing result.

that the autogenous shrinkage has important role in high-
performance concrete of low w/c ratio in the very early-age
of mortar.

Considering the geometry effects of the drying shrinkage,
CEB/FIP model [24] which is based on the specimen of
prism is adjusted for the case of present mortar ring. The
total shrinkage analytical model of mortar ring which is the
combination of autogenous shrinkage and drying shrinkage
is given in

𝜀
𝑆
(𝑡) = 𝜀AS (𝑡) + 𝜀DS (𝑡)

= [512(
𝑡

𝑡 + 61.7

)

0.5

+ 237
𝑡
0.3

𝑡
0.3

+ 0.5

] × 10
−6

.

(5)

During the development of residual stress, creep has
an important role in the relaxation to the stress. The short
term creep strains in the early-age are the slow, progressive
deformation of materials under constant stress. The creep
strains are sensible to temperature changes, leading to tran-
sient thermal creep, and to moisture exchanges with the
environment, resulting in a phenomenon of drying creep.The
creep contributes up to 40%–50% reduction of the elastically
induced residual stress in the restrained specimen [25, 26].
Several models have been presented, such as ACI209 [27],
B3 model by Bazant and Murphy [28], and CEB-FIP [24]
model. Almost all the present models are empirical models
which are regressed and fit based on the statistics of particular
experimental data. By now, none of these models could
provide a well-received prediction of the creep trend for all
experimental or practical situations.

In Figure 6, based on the creep test of mortar prisms, the
creep coefficient, which is the ratio of the creep deformation
to the elastic deformation under constant compressive load,
with respect to age, is shown. It is noticed that the develop-
ment of the creep deformation was faster in the first few days
and slowed down with hardening process.
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CEB/FIP model [24] is a commonly used practical model
to deal with the prediction of the creep deformation for
the early-age cementitious materials. It is based on large
amount of experimental data and is verified by some practical
projects. As mentioned before, the short term creep of the
early-age cementitious materials depends on the change of
humidity, temperature, strength, and elastic modulus of the
cement paste and on the thickness of the cement ring, and so
on. Taking into account the factors of RH, the geometry effect
of specimen, the compressive strength of materials, and the
loading time, the simulation of creep coefficient according to
CEB/FIP is as follows:

𝜑CR (𝑡, 𝑡0) = 𝜑RH ⋅ 𝛽 (𝑓cm) ⋅ 𝛽 (𝑡0) ⋅ 𝛽𝑐 (𝑡 − 𝑡
0
) , (6)

where 𝜑RH is the coefficient related to RH and nominal
dimensions ℎ, depending on specimens size and shape,

𝜑RH = 1 +
[1 − (RH/100)]
[0.46(ℎ/100)

1/3

]

. (7)

𝛽(𝑓cm) and 𝛽(𝑡
0
) are the coefficients related to compressive

strength of specimens and loading age, respectively, 𝛽(𝑓cm) =
5.3/√𝑓cm/10 and𝛽(𝑡0) = 1/[0.1+(𝑡

0
)
0.2

],𝛽
𝑐
(𝑡−𝑡
0
) is the time-

dependent coefficient related to both the RH and nominal
dimensions of specimen, 𝛽

𝑐
(𝑡−𝑡
0
) = [(𝑡−𝑡

0
)/(𝛽
𝐻
+(𝑡−𝑡

0
))]
0.3

while 𝛽
𝐻
= 1.5ℎ ⋅ [1 + (0.012RH)18] + 250, and 𝑡

0
is the initial

time of the creep.
Based on (6), the simulated expression of creep coefficient

for the present casting prisms, 𝜑𝑃CR(𝑡, 7), is obtained:

𝜑
𝑃

CR (𝑡, 7) = 3.67 [
𝑡 − 7

(𝑡 − 7) + 325

]

0.3

(8)

in which, according to loading history, the initial time of the
creep, 𝑡

0
, is at 7 d. The analysis results of the creep coefficient

with respect to age are shown in Figure 6 in solid line.
Compared to the creep coefficient based on the testing data,
the predictionmodel provides satisfactory simulation results.
Therefore, considering the effects of the geometry effects of
the mortar ring, the creep coefficient with age, 𝜑CR(𝑡, 𝑡0), is
predicted as in the following:

𝜑CR (𝑡, 𝑡0) = 6.0 (
1

0.1 + 𝑡
0.2

0

)[
𝑡 − 𝑡
0

(𝑡 − 𝑡
0
) + 313

]

0.3

. (9)

3. Thermal Stress Analysis due to Hydration

3.1. Temperature Development due to Hydration. As men-
tioned before, the effects of autogenous shrinkage, drying
process, and thermal contraction are assumed to be devel-
oped independently with each other. Therefore, the stress
developments due to shrinkage and thermal contraction
could be analyzed separately and independently.

The thermal characteristics of early-age mortar ring
have an important role in cracking. It is concluded that
the specific heat and thermal diffusivity decrease with the
degree of hydration. With the hydration model and the
evolving thermal characteristics, the temperature field in

a cementitious material element can be calculated accurately
by solving the nonstationary Fourier boundary value prob-
lem.This is verified experimentally bymeans ofmassive hard-
ening concrete cylinders. The equation of heat conduction of
the mortar ring in polar coordination form can be written in
the following:

𝜕𝑇 (𝑡, 𝑟)

𝜕𝑡

− 𝑎
𝜕
2

𝑇 (𝑡, 𝑟)

𝜕𝑟
2

−
𝑎

𝑟

𝜕𝑇 (𝑡, 𝑟)

𝜕𝑟

=
𝑄
𝑚

𝑐𝜌

, (10)

where 𝑎 is the thermal diffusion coefficient of cement, 𝑎 =

𝑘/𝑐𝜌; 𝑘, 𝑐, and 𝜌 are the coefficients of thermal conductivity,
specific heat, and density of mortar, respectively; 𝑄

𝑚
is the

rate of hydration heat, 𝑄
𝑚
= d𝑄/d𝑡, while 𝑄 is the hydrate

heat ofmortar.There are severalmodels to imitate the hydrate
heat of cementitious materials in early-age. The exponential
function of hardening age shown as in the following [27] is
commonly used:

𝑄 = 𝑄
0
(1 − 𝑒

−𝑚𝑡

) , (11)

where 𝑄
0
is the hydrate heat per kilogram cement, taken

as 340 kJ/kg in this test, and 𝑚 is the coefficient of hydrate
rate, taken as 0.312; 𝑡 is the age of the cement paste. The
initial condition is 𝑇(0, 𝑟) = 𝑇

𝑐
, 𝑇
𝑐
being the circumstantial

temperature. Because of the small thickness of the steel ring,
the heat conduction difference between the mortar ring and
the steel ring could be ignored, neither the deformation of the
steel ring due to the temperature.The ignorance indicates that
the inner and outer surface of the mortar ring could be both
regarded as the third thermal boundary condition as follows:

−𝑘
𝜕𝑇 (𝑡, 𝑟)

𝜕𝑟

= ℎ (𝑇 − 𝑇
𝐶
) , (12)

where 𝑇 is the temperature of the mortar surface and 𝑇
𝑐
the

circumstantial temperature. ℎ is the convective heat transfer
coefficient between the cement ring and the air, being taken
for 4.74W/(m2 K) here.

The hydration process described by (10)–(12) can be
solved by difference method which is shown as follows:

𝑇
𝑗

𝑖

= (1 −
2𝑎Δ𝑡

Δ𝑟
2

)𝑇
𝑗−1

𝑖

+
𝑎Δ𝑡

Δ𝑟
2

[(𝑇
𝑗−1

𝑖+1

+ 𝑇
𝑗−1

𝑖−1

) +
Δ𝑟

2𝑟

(𝑇
𝑗−1

𝑖+1

− 𝑇
𝑗−1

𝑖−1

)]

+
𝑄
𝑚
Δ𝑡

𝑐𝜌

,

(13)

where the super- and subscript of 𝑇 are the time and location
point, respectively, and Δ𝑟 is the increment between the
points in the radius.

The difference type of the boundary condition is

𝑘

𝑇
𝑗

2

− 𝑇
𝑗

0

2Δ𝑟

= ℎ (𝑇
𝑗

1

− 𝑇
𝑐
) . (14)
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Figure 7: Predicting temperature development at Point 4.

Introducing (14) into (13) and eliminating 𝑇𝑗
0

, one can get

𝑇
𝑗

1

= (1 −
2𝑎Δ𝑡

Δ𝑟
2

−
2𝑎ℎΔ𝑡

𝑘Δ𝑟

+
𝑎ℎΔ𝑡

𝑘𝑟

)𝑇
𝑗−1

1

+
2𝑎Δ𝑟

Δ𝑟
2

𝑇
𝑗−1

2

+ (
2𝑎ℎΔ𝑡

𝑘Δ𝑟

−
𝑎ℎΔ𝑡

𝑘𝑟

)𝑇
𝑐
+
𝑄
𝑚
Δ𝑡

𝑐𝜌

,

𝑇
𝑗

𝑚

= (1 −
2𝑎Δ𝑡

Δ𝑟
2

−
2𝑎ℎΔ𝑡

𝑘Δ𝑟

−
𝑎ℎΔ𝑡

𝑘𝑟

)𝑇
𝑗−1

𝑚

+
2𝑎Δ𝑟

Δ𝑟
2

𝑇
𝑗−1

𝑚−1

+ (
2𝑎ℎΔ𝑡

𝑘Δ𝑟

+
𝑎ℎΔ𝑡

𝑘𝑟

)𝑇
𝑐
+
𝑄
𝑚
Δ𝑡

𝑐𝜌

,

(15)

where 𝑇
𝑗

1

and 𝑇
𝑗

𝑚

are the temperatures at the inner and
outer surface of themortar ring correspondingly.The analysis
results of temperature development due to hydrate heat at
Point 4 of the mortar ring are shown in Figure 7 in dashed
line. It is noted that the simulating result coincides with the
measured data, which is plotted in solid line, quite well.

3.2. Thermal Stresses Analysis. The thermal residual stresses
developed in themortar ring are thought to be a combination
of the self-restraint stresses due to the temperature gradient
of the ring and the restraint stresses provided by the steel
ring. Based on this, an analytical equation based on elasticity
theory is applied to compute the residual thermal stress
field that develops in the restrained ring. The materials are
assumed to be elastic, continuous, and uniform, and the
thermal deformation is uniform along the circumference.
First of all, let us assume that the steel would not deform
subjected to the compression stresses due to the shrinkage
of the mortar ring because of the relative strong stiffness of
the steel ring to the mortar ring in early-age. The equilib-
rium equation of the circumferential thermal stress 𝜎𝑇

𝜃

and

the radius thermal stress 𝜎𝑇
𝑟

at radius 𝑟 for the axisymmetric
problem is

𝜕𝜎
𝑇

𝑟

𝜕𝑟

+

𝜎
𝑇

𝑟

− 𝜎
𝑇

𝜃

𝑟

= 0 (16)

with the compatible condition,

𝜀
𝑇

𝑟

=

𝑑𝑢
𝑇

𝑟

𝑑𝑟

𝜀
𝑇

𝜃

=

𝑢
𝑇

𝑟

𝑟

(17)

and the constitutive condition for elastic deformation,

𝜀
𝑇

𝑟

=
1

𝐸 (𝑡)

(𝜎
𝑇

𝑟

− 𝜇𝜎
𝑇

𝜃

) + 𝛼
𝑇

𝑇,

𝜀
𝑇

𝜃

=
1

𝐸 (𝑡)

(𝜎
𝑇

𝜃

− 𝜇𝜎
𝑇

𝜃

) + 𝛼
𝑇

𝑇,

(18)

where 𝐸, 𝜇, 𝛼𝑇 are the elastic modulus, Poisson ratio, and
thermal expansion coefficient of cement, respectively, 𝛼𝑇 =

1 × 10
−5/∘C. The Poisson ratio is nonvariable during the

hydration of mortar. The elastic modulus 𝐸, stresses and
strains in the direction of radius and circumference are all
time-variant. The boundary conditions are 𝑢𝑇

𝑟

= 0 at 𝑟 = 𝑅
1
;

𝜎
𝑇

𝑟

= 0 at 𝑟 = 𝑅
2
, where 𝑅

1
and 𝑅

2
are the inner and outer

radius of the mortar ring, respectively.
Substituting (17) and (18) into equilibrium equation (16)

results in
𝑑

𝑑𝑟

[
1

𝑟

𝑑

𝑑𝑟

(𝑟𝑢
𝑇

𝑟

)] = (1 + 𝜇) 𝛼
𝑇
𝑑𝑇

𝑑𝑟

. (19)

By integrating (19), the radial components of the deformation
due to hydration heat are obtained as

𝑢
𝑇

𝑟

=

(1 + 𝜇) 𝛼
𝑇

𝑟

∫

𝑟

𝑅
1

𝑇 (𝑟, 𝑡) 𝑟𝑑𝑟 + 𝐶𝑟 +
𝐷

𝑟

, (20)

where 𝐶 and 𝐷 are the integrating constants determined by
boundary conditions.

The stress components, that is, stress in radial direc-
tion 𝜎

𝑇

𝑟

and stress in circumferential direction 𝜎
𝑇

𝜃

, can be
expressed in radial components of the deformation as in the
following:

𝜎
𝑇

𝑟

= −
𝐸 (𝑡) 𝛼

𝑇

𝑟
2

∫

𝑟

𝑅
1

𝑇 (𝑟, 𝑡) 𝑟𝑑𝑟

+
𝐸 (𝑡)

1 − 𝜇
2

[(1 + 𝜇)𝐶 − (1 − 𝜇)
𝐷

𝑟
2

] ,

𝜎
𝑇

𝜃

=
𝐸 (𝑡) 𝛼

𝑇

𝑟
2

∫

𝑟

𝑅
1

𝑇 (𝑟, 𝑡) 𝑟𝑑𝑟

+
𝐸 (𝑡)

1 − 𝜇
2

[(1 + 𝜇)𝐶 − (1 − 𝜇)
𝐷

𝑟
2

] − 𝐸 (𝑡) 𝛼
𝑇

𝑇.

(21)

Substituting the simulating results of temperature develop-
ment with age obtained by using (15) or the testing data
shown in Figure 7, (21) can be solved by incremental method.
The analytical results of the time-dependent thermal residual
stresses are shown in Figure 8.
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Figure 8: Thermal residual stress development with age. (a) Thermal residual stress at Point 4; (b) thermal residual stress distribution with
age.

According to the solid line in Figure 8(a), which illus-
trated the development of the stress at Point 4 in the inner
surface of mortar ring, the thermal stress was negative in the
first 2 days; then, it increased to be positive steeply at 3 d and
turned to be steady with time. The negative, or compressive,
stress is caused by the constraint of mortar expansion in
heating process of hydrate. With the development of hydra-
tion, the mortar ring began to shrink caused by the drop
of the temperature. The shrinkage in the inner surface of
the mortar ring was constrained by the steel ring to result
in tensile stress in the mortar ring. The residual thermal
stress decreased from the inner-to-outer surface in a linear
way, according to Figure 8(b). The linear distribution of the
thermal stress in themortar ring is due to the uniformhydrate
process of the thin specimen.Themaximum stress developed
in the circumferential direction along the interface between
concrete and steel because of the relative strong restraint of
the steel by ignoring either the thermal or the compressive
deformation.

Compared to the tensile strength of mortar in dotted line
in Figure 8(a), the thermal residual stress almost reached the
strength at 3 d and then kept lower to the strength with age.
This indicates the cracking risk in the very early-age of the
restrained mortar ring.

4. Shrinkage Stresses Analysis

Notice that equations of strains and stresses for restraint
hydrate process of the ring are also able to be used in the case
of uniform radial shrinkage by reforming the constitutive
equation for uniform shrinkage:

𝜕𝜎
SH
𝑟

𝜕𝑟

+

𝜎
SH
𝑟

− 𝜎
SH
𝜃

𝑟

= 0. (22)

The compatible equations for shrinkage are

𝜀
SH
𝑟

=

𝑑𝑢
SH
𝑟

𝑑𝑟

,

𝜀
SH
𝜃

=

𝑢
SH
𝑟

𝑟

(23)

and the relationship between the shrinkage strain and the
restrained stresses is

𝜀
SH
𝑟

=
1

𝐸 (𝑡)

(𝜎
SH
𝑟

− 𝜇𝜎
SH
𝜃

) + 𝜀
SH
,

𝜀
SH
𝜃

=
1

𝐸 (𝑡)

(𝜎
SH
𝜃

− 𝜇𝜎
SH
𝑟

) + 𝜀
SH
,

(24)

where 𝜀
SH is the composite shrinkage of autogenous and

drying of the mortar ring. As mentioned before, 𝜀SH is
dependent on RH, temperature, and the pore structure of
the cementitious materials. To be simple, and also rational,
𝜀
SH could be assumed as a linear function of RH with the
shrinkage strain coefficient, 𝛼SH. In this paper, 𝜀SH is obtained
according to either the testing results shown in Figure 5 or
the analysis prediction function in (5). The elastic modulus,
Poisson ratio, and the boundary conditions are much the
same as those in the thermal stresses phenomena.

The shrinkage stresses (𝜎
SH
𝑟

, 𝜎
SH
𝜃

) can also be solved
by incremental method. The analytical results of the time-
dependent residual stress due to shrinkage are shown in
Figure 9. The increasing tendency of shrinkage stresses,
tensile stresses, varied rapidly in the first 7 days and slowed
down after that. According to Figure 9(b), the circumferential
maximum tensile stress due to shrinkage is at the inner
surface of the mortar ring, the same distribution as that of
the thermal stresses in Figure 8(b).
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Figure 9: Shrinkage residual stress development with age of mortar. (a) Shrinkage residual stresses at Point 4; (b) shrinkage residual stress
distribution.

It is noticeable that the shrinkage induced stress reached
the tensile split strength of the specimen at the 1 day that
indicates the early cracking of the mortar ring. This is untrue
according to the cracking observation of the present test.

According to the simulation results shown in Figures
8(a) and 9(a), there are evident errors compared to the
observation of the cracking of the restrained mortar ring.
It is inferred that both of the simulation of the residual
thermal stresses and shrinkage stresses are overestimated,
which suggested the much earlier cracking tendency of the
restrainedmortar ring.Therefore, it is logical to introduce the
relaxing effects to the restraint stresses of the mortar ring.

One of the reasons to induce the error of restraint
stresses prediction is the overestimation of restraint effects
of steel ring. In the above analysis process, the steel ring is
regarded as solid support to the mortar ring. In fact, with
the development of the hydration and the increase of the
elastic modulus, the restraint of the steel ring to the mortar
ring is reduced and the steel ring itself will shrink with the
interaction between the steel ring and the mortar ring. This
compatible deformation between steel ring and mortar ring
will reduce the restraint residual tensile stress in the mortar
ring. To account for the mismatch between the new radius of
the mortar ring and the original outer radius of the steel ring,
a shrink-fit approach, illustrated in Figure 10, is proposed by
Weiss et al. [10]. A pressurizing force, 𝑝, can be thought to be
applied to the interface between the steel ring and the mortar
ring.This pressuring force acts to compress the steel ring and
expand the mortar ring until displacement compatibility is
achieved.The increment of the interface pressure between the
steel and the mortar can be calculated as [10]

Δ𝑝SH (𝑡) =
𝑅
𝑆
(𝑡) 𝐸 (𝑡) Δ𝜀SH (𝑡)

(𝑅
2

2

+ 𝑅
2

1

) / (𝑅
2

2

− 𝑅
2

1

) + ]
, (25)

where 𝑅
𝑆
is the restraint degree of the steel ring which is

calculated by

𝑅
𝑆
(𝑡) =

𝐴
𝑠
𝐸
𝑠

𝐴
𝑠
𝐸
𝑠
+ 𝐴
𝑐
𝐸 (𝑡)

. (26)

The circumferential tensile stress in themortar ring along the
radial direction is computed using the elastic stress solution
for a pressurized cylinder shown in the following:

Δ𝜎
𝜃
(𝑡) =

𝑅
2

2

/𝑟
2

𝑖

+ 1

𝑅
2

2

/𝑅
2

1

− 1

Δ𝑝 (𝑡) ,

Δ𝜎
𝑟
(𝑡) =

𝑅
2

2

/𝑟
2

− 1

𝑅
2

2

/𝑅
2

1

− 1

Δ𝑝 (𝑡) .

(27)

The same idea can be used for modifying the restraint
thermal stresses. The modified circumferential maximum
tensile stresses due to hydration and shrinkage are shown in
Figures 8(a) and 9(a) in dashed line, respectively. Comparing
with the stresses ignoring the deformation of the steel ring,
the residual stresses considering the compatible deformation
are much smaller.

5. Strain Creep and Stress Relaxation Analysis

Besides the elastic mechanical behaviour of early-age cemen-
titious materials as presented formerly, also the viscoelastic
mechanical behaviour, that is, the strain creep and stress
relaxation, can affect the actual residual stress. The relation-
ship between the strain and the stress considering the creep
effect is proposed by Bazant and Murphy shown as [28]

𝜀 (𝑡) =
𝜎 (𝑡)

𝐸 (𝑡, 𝑡
0
)

=
𝜎 (𝑡)

𝐸 (𝑡
0
)

[1 + 𝜑 (𝑡, 𝑡
0
)] , 𝑡 ≥ 𝑡

0
, (28)
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Figure 10: Illustration of the compatible deformation between the steel ring and the mortar ring. (a) Before mortar shrinkage; (b) removing
constraint and allowing the mortar to shrink; (c) final geometry satisfying boundary condition [10].

where 𝐸(𝑡, 𝑡
0
) is the effective modulus of mortar at time 𝑡 by

taking into account creeping effect. In common sense, the
modulus at 28 days tends to be constant.The stress relaxation
coefficient 𝐾 can then be expressed in the following [28]:

𝐾(𝑡, 𝑡
0
) =

𝜎 (𝑡)

𝜎 (𝑡
0
)

=
𝐸 (28)

𝐸 (28) + 𝜑 (𝑡, 𝑡
0
) 𝐸 (𝑡
0
)

(29)

in which 𝑡
0
is the initial time of creep and 𝜑(𝑡, 𝑡

0
) is the creep

coefficient of mortar given in (6) or (9) or by the testing data
in Figure 6. According to the present creep test, 𝑡

0
is at 7 days.

The actual residual stress in the early-age of the restraint
mortar ring is the comprehensive response of the thermal
stress, the autogenous and drying shrinkage stress, and the
relaxing effects due to the viscoelastic nature of the cementi-
tiousmaterials in early-age.This comprehensive response can
be calculated in incremental method in

Δ𝜎
𝜃
(𝑡
𝑖
) = 𝐾 (𝑡

𝑖
, 𝑡
0
) (Δ𝜎
𝑇

𝜃

(𝑡
𝑖
) + Δ𝜎

SH
𝜃

(𝑡
𝑖
)) ,

Δ𝜎
𝑟
(𝑡
𝑖
) = 𝐾 (𝑡

𝑖
, 𝑡
0
) (Δ𝜎
𝑇

𝑟

(𝑡
𝑖
) + Δ𝜎

SH
𝑟

(𝑡
𝑖
)) .

(30)

The actual residual stress at time 𝑡 is the sum of all the
stress increments due to hydrate heat and shrinkage while
considering the creeping effects.

The final comprehensive residual stresses of restrained
mortar ring are shown in Figure 11. By comparing with the
stress ignoring the effect of creep, the reduction in stress
level due to creep is significant for early-age mortar, up to
60% of the elastically induced residual stress in the restrained
specimen. The ignorance of the creep effect would introduce
grand error in stress development estimation. Although
further work is needed to compare the ring measurements
with more standard creep or relaxation and to extend the
data reduction to provide a more specific parameter such as
specific creep or compliance, the present approach provides
a practical method to quantify the comprehensive residual
stresses of restrained mortar ring.

6. The Cracking Tendency Prediction

In practical application, the cracking potential estimation or,
in other words, the measurement of how close the specimen
may be to failure is more interesting for engineering practice.
Comparing the residual stress level with the strength of
materials provides a powerful tool to determine the cracking
tendency in cases where cracking is not observed experimen-
tally. The estimation of cracking tendency of mortar ring in
early-age is given in a simple ratio defined in

𝛽CR (𝑡) =
𝜎
𝜃−max (𝑡)

𝑓 (𝑡)
(31)

in which 𝛽CR(𝑡) is termed cracking tendency factor which is
the ratio ofmaximum tensile stress to the split tensile strength
of the mortar with respect to age. The maximum tensile
stress with respect to age can be determined by the analytical
prediction approach present in this paper based on the
developing models of hydrate heat, autogenous and drying
shrinkage, and creep. The time-dependent modulus and the
restraint effects of specimen are vital to the development of
the tensile stress and to the stress relaxation effects.

Figure 12 shows the cracking potential for the restraint
mortar ring tested in this paper. It can be deduced that
the cracking failure will occur when the cracking potential
reaches 1. As the age of the specimen increases, it is commonly
accepted that the strength increases or remains constant in
conventional mortar. Therefore, if the maximum developed
stress level of the mortar is reached and the specimen does
not crack, it could be assumed that shrinkage will not cause
cracking in the early-age of cementitious materials.

According to Figure 12, the cracking of the restrained
mortar ring in the present test will occur at 28 d after demold-
ing. This prediction of cracking age is quite close to the
experimental observation, in which the cracking occurred at
25 d. The predicting error probably results from the accuracy
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Figure 11: The final comprehensive residual stresses of the restrained mortar ring. (a) Maximum comprehensive residual stresses, at Point 4
of the mortar ring; (b) comprehensive residual stress distribution with age.
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Figure 12: Cracking tendency of early-age mortar ring.

of all the related analytical models and the nonuniformity of
the properties of the material itself. It is interesting to note
that the time-dependent cracking tendency does not appear
to vary stably with time. In the first 3 days, the cracking
risk increased tremendously which might be caused by the
increasing of the stresses due to hydrate heat and autogenous
shrinkage and the lower level of mortar strength. Then the
cracking risk descended a little and kept in lower level for
the next 3 days because of the compatibility between the lager
relaxation of the restraint tensile stress and the development
of cementitious strength. When the mortar became harder,
the creep effects turned to be attenuate, and the developing
rate of the residual stress became larger than that of the
strength that results in the higher risk of cracking.

7. Summary and Conclusions

This paper has developed an analytical approach for calculat-
ing stress development and predicting the cracking tendency
of the restrained mortar ring under comprehensive driving
forces in the early-age. Equations are provided to calculate
the actual residual stresses due to hydrate heat, autogenous
shrinkage and drying shrinkage, which develop in the ring
considering the effects of stress relaxation and compatible
deformation of the steel ring. It has also been shown that the
analytical predicting of the residual stress development can be
carried out once the properties of the materials, such as the
strength, especially the tensile strength, the elastic modulus
and Poisson ratio, and the environmental parameters, such
as RH and temperature,, are known. The development of the
material properties with time during the early-age can be
obtained either by means of test or by the predicting model
such as CEB, and so on. A ratio of the predicting maximum
residual stress to strength is used to indicate how close a ring
may be to failure even if cracking is not observed.

It is concluded that, for the evaluation of the risk of crack-
ing, knowledge of the development of strength and deforma-
bility of early-age cementitious materials is extremely impor-
tant. As mentioned before, the moisture distribution, or
termed moisture gradient, is one of the key factors for the
distribution and development of residual stresses due to the
drying shrinkage. The moisture gradient variation driven
by the inner water consumption process due to chemical
reaction and the circumstance humidity should be paid more
research effort.

In addition, as shown in Figure 4, the mortar ring
undergoes large variation in temperature that may result in
the expansion and shrinkage of the restrained ring. In order
to take into account both the expansion and shrinkage of
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the mixture specimen, Yang and Ma [29] and Scheiner and
Hellmich [30] proposed a dual-ring test by which specimen
has the ability to consider the restraint of a sample’s expansion
and the influence of a temperature change on the stress that
develops in a concrete mixture. The dual-ring device permits
a temperature reduction to be used to assess the remaining
stress capacity of a mixture as a method to better assess the
resistance of a mixture to early-age cracking. According to
their experimental and simulation results, the heating and
cooling of the steel ring will affect the restraint stresses of
the specimen a great deal. Therefore, in the future research
work, either the thermal insensitive material with high elastic
modulus for the restrained ring could be used to eliminate the
deformation of the ring or the deformation of the steel ring
due to the thermal contraction should be taken into account
in the simulation of residual stresses to get the more accurate
prediction.

More accurate model for the material properties and the
mechanisms of autogenous shrinkage which can play a major
role in the first few days for high-performance cementitious
materials with low w/c ratio also needs research in future. It
should be noted that the ratio of residual stress and strength
does not appear to be constant at failure considering the
nonuniformity and uncertainty of the nature of thematerials.
This suggests that a failure criterion based solely on single
certain strength may be improved.
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