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We propose a new Auger-like mechanism for energy relaxation in quantum dots (QD) driven by resonant scattering of delocalized
wetting layer (WL) carriers. It is demonstrated that resonant scattering leads to a considerable increase in the relaxation rate that
can explain experimentally obtained relaxation rates. Analytical results for the relaxation rate are obtained for rectangular dots
revealing a weak logarithmic dependence on the dot depth and level density. Comparing results for a rectangular and a parabolic
QD model we conclude that the relaxation rate is not very sensitive to a chosen model.

1. Introduction

Capturing and subsequent relaxation of hot carriers (quasi-
electrons and holes) in nanoscale QD are of central impor-
tance for practical applications ofQD systems, for example, in
lasers [1] single photon emitters [2] and photodetectors with
unique properties [3, 4].The discussion of the corresponding
rate is controversial. It is long known that a singular spectrum
in QD inhibits incoherent emission of phonons suppressing
the most effective relaxation mechanism [5], so the term
phonon bottleneck was coined. Indeed, experiments [6, 7]
demonstrate a rapid enhancement of the relaxation rate when
interlevel spacing coincides with phonon energy. However, in
many experiments the bottleneck did not reveal itself and the
relaxation rate was comparable or even faster than provided
by phonons in bulk systems [8–15] possibly indicating the role
of the continuous spectrum [16–19]. Further studies lead to a
conclusion that the processes of capturing and relaxation can
be separated and that the relaxation is likely to be defined by
different mechanisms in specific situations for both capture
and relaxation [13, 18, 20, 21].

Several relaxation scenarios were proposed to explain
these experimental results: phonon-assisted tunnelling to
impurity states [22], decay of the LO phonons [23], and

several Auger-like mechanisms which included particle col-
lisions [24], QD coupling with the WL plasma excitations
[25], phonon-assisted intradot Auger interactions [26], and
Auger interactions between excitons in the dot and in a
localized state of the wetting layer [27]. Experimentally
observed dependence of the relaxation rate on the number
of created excitons prompted the conclusion that Auger-like
processes are likely to play a role when exciton density is𝑛 > 109 cm−2, while other mechanisms are dominant at
smaller density [13, 20, 28]. Calculations of the rate due to
WL carrier collisions [24, 29, 30] and plasma excitations [25]
demonstrated that these mechanisms become important at𝑛 > 1011 cm−2 leaving the phonon-assisted intradot Auger
interaction mechanism [26] as the likely candidate to explain
the experimentally observed relaxation at lower densities [13].

However, as we show below, the Coulomb interaction
between delocalizedWL and trapped carriers can provide an
efficient relaxationmechanism yielding a high relaxation rate
even for as low as 𝑛 = 109 cm−2 density when the resonant
scattering of the WL carriers is considered. This mechanism
is general and could be applied to describe relaxation to deep
states in a general gaseous system. Here we apply it to the QD
systems. In the discussionwe calculate the rate for twomodels
of the confining potential: a rectangular model for which
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analytical results are obtained and a parabolic potential for
which we do numerical simulations. Qualitative agreement
between the twomodels is demonstrated, showing the results
are not very sensitive to details of the chosen model. By
substituting standard parameters for the InGaAs dot systems
we obtain relaxation rate which agrees with experiments.

2. Relaxation Rate

Scattering of delocalized WL carriers induces transitions
of the trapped carrier between the QD states leading to
relaxation in the system the rate of which is obtained from
the scattering cross-section as

𝑑𝜀𝛼𝑑𝑡 = 𝑛∑
𝛽

∫ V2 (𝜀𝛽 − 𝜀𝛼) 𝜎𝛼𝛽 (𝜆) 𝑛𝑇 (𝜆) 𝑑𝜆, (1)

where 𝜎𝛼𝛽(𝜆) is the scattering cross-section at energy 𝜆
of the WL carrier, 𝛼, 𝛽 are initial and final two particle
scattered states, where the energy of the trapped carrier is𝜀𝛼,𝛽, respectively, V2 is initial velocity of the WL carrier, 𝑛𝑇
is temperature distribution of the wetting layer carriers, for
which we take Boltzmann distribution, and the summation is
done over all possible scattering states 𝛽. The cross-section𝜎𝛼𝛽(𝜆) includes electron-electron, hole-hole, and electron-
hole scattering as well as carriers exchange. Hereafter all
calculations are done in dimensionless Bohr units for InAs
material.

Conventional calculations of𝜎𝛼𝛽(𝜆)within the Fermi rule
approximation [24, 29, 30] overlook the fact that the energy
dependence of the cross-section exhibits sharp resonances
when 𝐸 = 𝜆 + 𝜀𝛼 is close to energy of two particle virtual
states where two carriers are temporarily confined in a QD
during a time defined by the inversewidth of the resonance. A
schematic illustration of the resonant scattering as opposed to
the direct scattering described by the Fermi rule is illustrated
in Figure 1.

High density of resonances for the scattering of WL
carriers with energy in the temperature interval is the main
reason why resonant scattering may dominate the relaxation.
For weak Coulomb interaction this density is estimated as the
density of two particle states obtained under the condition
that transitions to the delocalized WL states is neglected.
For example, if we assume that a QD has an equidistant
(degenerate) single particle spectrum with the gap 𝛿𝑒 =30meV for electrons and 𝛿ℎ = 15meV for holes and 𝑈 =200meVdepth, the number of respective single particle states
is 𝑁𝑒 = 20 and 𝑁ℎ = 80 while the total number of excitonic
states is approximately𝑁𝑒𝑁ℎ = 1600.The states in the energy
interval −2𝑈 < 𝐸 < −𝑈 are stable, whereas the states−𝑈 < 𝐸 < 0 are virtual if transitions to the WL states
are taken into account. The number of such states gives the
number of resonances in the cross-section.The degeneracy of
the virtual states is lifted by the intradot Coulomb interaction
and by deviations from the symmetric shape of the dot.While
these factors have only a minor effect on the low lying stable
states, the energy levels of the higher excited states especially
of the virtual states become randomized and insensitive to
details of the single particle spectrum. As a result, positions

of the resonances can be described by an averaged density
of virtual states obtained by assuming a quasi-continuous
approximation for the single particle levels which is valid
despite the point like single particle QD spectrum. For 𝐸 =−𝑈/2, that is, when a trapped carrier has energy 𝜀 ≈ −𝑈/2,
the mean distance between the resonances is estimated as2𝑈/𝑁𝑒𝑁ℎ = 0.25meV ≈ 3K and, therefore, at 𝑇 ≫ 3Kmany
resonances contribute in (1) enhancing the relaxation.

In the vicinity of a resonance 𝑗, the cross-section is given
by the 2D Breit-Wigner expression [31]

𝜎𝑗
𝛼𝛽 (𝜆) = 4𝑚2V2

𝛾𝛼𝑗 𝛾𝛽𝑗
(𝜆 + 𝜀𝑎 − 𝐸𝑗)2 + (1/4) 𝛾2𝑗 , (2)

where𝐸𝑗 is the energy of the resonance, 𝛾𝛼𝑗 is the partial width
of the resonance, 𝛾𝑗 = ∑𝛼 𝛾𝛼𝑗 is its total width, and 𝜆 and𝜀𝛼 are the energy of the scattered and the trapped carriers,
respectively. Partial widths are found as

𝛾𝛼𝑗 = 2𝜋∑
𝑘

𝑉𝛼𝑗 2 𝛿 (𝐸𝑗 − 𝜀𝛼 − 𝜆) , (3)

where𝑉𝛼𝑗 is the transitionmatrix element between the virtual
state 𝑗 and a scattering state 𝛼 and 𝐸𝑗 = 𝜀𝑗 + 𝜆𝑗 is the
zeroth-order approximation for the resonance energy, where𝜀𝑗 and 𝜆𝑗 are single particle QD levels for temporarily trapped
carriers. Equation (1) is valid if neighboring resonances do
not overlap; that is, 𝛾𝑗 < 𝐸𝑗 − 𝐸𝑗+1. If the temperature is not
too low 𝛾𝑗 ≪ 𝑇 the summation over 𝜆 in (1) for the cross-
section (2) is carried out yielding for the rate

𝑑𝜀𝑎𝑑𝑡 = 8𝜋𝑛𝑚2 ∑
𝑗𝛽

𝛾𝛼𝑗 𝛾𝛽𝑗𝛾𝑗 (𝜀𝛼 − 𝜀𝛽) 𝑛𝑇 (𝐸𝑗 − 𝜀𝛼) , (4)

where the condition 𝜀𝛼 < 𝐸𝑗 holds. In the quasi-continuous
approximation (1) can be further simplified if the density of
resonances does not change within the 𝛿𝐸 = 𝑇 interval.
The number of contributing resonances in the sum in (1)
can be approximated as 𝑇/Δ, where Δ is the average gap
between neighboring resonances. This new 𝑇 factor cancels
the normalization 𝑇−1 in the Boltznmann distribution and
the latter can be approximated by the delta function 𝑛𝑇 =𝛿(𝜆).
3. Coulomb Interaction Matrix Elements

For a rectangular shaped 𝑙 × 𝑙 QD single particle eigen-
functions are plane waves defined by a 2D wave vector 𝑘.
Assigning indexes 1 and 2 to the trapped and free carrier,
respectively, the zeroth-order two particle states are defined
as pairs of single particle states. Coulomb transition matrix
elements and the resonance widths are calculated with the
following assumptions: (1) the confinement length in a
direction perpendicular to the wetting layer is small and
is disregarded in the calculations, which are strictly two-
dimensional, (2) the eigenstates are taken as exp(𝑖𝑘𝑥), which
is equivalent to periodic boundary conditions, and (3) the



Advances in Condensed Matter Physics 3

�휀b

�휀a

k2 K2

(a)

�휀b

�휀j

�휀a

�휆j

k2
K2

(b)

Figure 1: Schematic representation of direct (a) and resonant (b) scattering of a carrier with 𝑘2 momentum on a dot with a trapped carrier
on a level 𝜀𝛼. After collision the first carrier leaves carrying momentum 𝐾2 and the second one remains trapped on a new level 𝜀𝛽. Resonant
scattering involves formation of a virtual level 𝑗.

Coulomb interaction is weak and acts only inside the dot,
which allows us to expand the corresponding integrations
over the entire space (with a proper normalization for the
eigenfunctions). The latter assumption yields the already
mentioned quasi-continuous approximation for the matrix
elements which will be used in the sums over the discrete
states in (1). With these assumptions (3) yields

𝛾𝛼𝑗 (𝑞) = (2𝜋)3𝑙4 1𝑞2 𝛿 (𝜀𝑗 + 𝜆𝑗 − 𝜀𝛼 − 𝜆) , (5)

where 𝑞 = 𝐾1 −𝑘1 = 𝑘2 −𝐾2. It is convenient to introduce the
quantity

𝛾𝛼𝑗 = 𝑙2
(2𝜋)2 ∫ 𝛾𝛼𝑗 𝛿 (𝜀𝑗 − 𝜀𝛼 − Δ) 𝑑𝑞

= 2𝜋𝑙2 1
(𝜀𝛼 − 𝜀𝑗)2

V𝑗1V
𝑗
2 |sin (Θ)|

V𝑗21 + V𝑗22 − 2V𝑗1V𝑗2 cos (Θ) ,
(6)

where Θ is angle between 𝑘𝑗1 and 𝑘𝑗2 and V𝑗
1(2)

= 𝑘𝑗
1(2)

/𝑚1(2) is
carrier velocity. Equation (6) defines the averaged width that
corresponds to a particular energy change, Δ, of the trapped
carrier. In deriving (6) the momentum transfer was assumed
small; |𝑘𝑗1 − 𝑘𝛼1 | ≪ 𝑘𝑗

1(2)
. As what follows from (6) transitions

to neighboring states dominate the relaxation. Using (6) we
write the rate (1), averaged over the degenerate initial andfinal
states 𝛼 and 𝛽, as

𝑑𝜀𝛼𝑑𝑡 = 16𝜋2𝑛𝑚1𝑚2𝑙2∑𝑗,𝜀𝛽
𝛾𝛼𝑗 𝛾𝛽𝑗𝛾𝑗 (𝜀𝛽 − 𝜀𝛼) 𝛿 (𝜀𝑗 + 𝜆𝑗 − 𝜀𝛼) . (7)

The summation over 𝜀𝛽 and 𝑗 is done in the quasi-continuous
approximation where sums are reduced to integrals. The

limits of integration are obtained from the conditions 𝜀𝑗+𝜆𝑗 ≥𝜀𝛼(𝛽) and 𝜀𝛼(𝛽) < 0. The final expression for the rate reads

𝑑𝜀𝛼𝑑𝑡 = −8𝑛 ∫0
𝜀𝛼+𝛿

𝑑𝜀𝜀 − 𝜀𝑎 [ 𝜀 + 𝑈𝜀𝛼 + 𝑈 ln( 𝑈 + 𝜀𝜀 − 𝜀𝛼) − 1]
× ln


V1 + V2
V1 − V2

 ,

V1 = √2𝑈 + 𝜀𝑚1 , V2 = √2𝑈 + 𝜀𝑎 − 𝜀𝑚2 ,
(8)

where 𝛿 is cutoff equal to the QD single particle energy
gap between 𝜀𝛼 and the next lower level. The logarithmic
singularity at V1 = V2 is an artifact of the approximation
used in calculating the transitionmatrix elements; however, it
disappears after integration. If a lighter WL electron scatters
on a heavier trapped hole, the logarithmic singularity is far
from 𝜀 = 𝜀𝛼 most contributing to the integral and reduces to
a small factor V1/V2 < 1 in the resulting rate.

The integration in (8) can be easily done numerically;
nevertheless, it is instructive to evaluate its largest part on the
lower integration limit analytically which yields

𝑑𝜀𝛼𝑑𝑡 = −8𝑛 ln 
V1 + V2
V1 − v2

 {𝜋26 + ln[ 𝑈𝛿−𝜀𝛼 (𝑈 + 𝜀𝛼)]
× (12 ln[ −𝜀𝛼𝛿𝑈 (𝑈 + 𝜀𝛼)] + 1)} ,

(9)

where V1 = √2(𝑈 + 𝜀𝛼)/𝑚1 and V2 = √2𝑈/𝑚2. In the limit of𝑈/𝛿 ≫ 1 and when the trapped carrier is still on the higher
QD level, that is, −𝜀𝛼 ≪ 𝑈, (9) yields

𝑑𝜀𝛼𝑑𝑡 ∝ − ln(𝑈𝛿 )2 , (10)

where 𝑈/𝛿 is roughly equal to the total number of single
particleQD states.One can see that the largest contribution to
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the relaxation rate depends logarithmically on the QD depth
and the density of its single particle levels and is not sensitive
to other details of the QD model. This gives an indication
that the obtained result has an applicability range beyond the
rectangular model QD.

To compare the resonant scattering contribution to that
of the direct scattering (Figure 1(a)) we calculate the cross-
section using the Fermi golden rule approximation. Substi-
tuting the result into (1) and using the same assumptions as
before we obtain

𝑑𝜀𝑎𝑑𝑡 = −𝑛 log 
V1 + V2
V1 − V2

 log(𝑈 + 𝜀𝑎𝛿 ) ∝ ln(𝑈𝛿 ) . (11)

As (10), this expression also depends on the QD depth and
level density logarithmically; however, here the logarithm is
not squared. Consequently for deep dots with a large number
of levels, 𝑈/𝛿 ≫ 1, resonant scattering always dominates the
relaxation.

Now we take a parabolic QD model where the confining
potential is defined by 𝑉(𝑟) = −𝑈 + 𝑚1,2𝜔21,2𝑟2/2 at 𝑟 <
𝑎 = √2𝑈/𝑚1,2𝜔21,2 and 𝑉 = 0 otherwise. As above we
assume that the interaction acts mainly inside a dot, which
allows using harmonic oscillator eigenfunctions for both QD
and WL states. The two particle states are defined by four
quantum numbers 𝑗 = (𝑛, 𝑚; 𝑁, 𝑀) and 𝛼 = (𝑟, 𝑠; 𝑅, 𝑆),
where 𝑛, 𝑁, 𝑟, 𝑅 are the main quantum numbers and 𝑚, 𝑀, 𝑠,𝑆 are the angular momenta of entering single particle states.
The number 𝑅 which describes the scattered particle is given
by the energy conservation condition 𝑅 = (𝑈 + 𝜆1,2)/𝜔1,2
and can be, therefore, noninteger, leading to a divergency
of the corresponding wave function at 𝑟 → ∞. However,
in the calculation of the matrix elements this divergency is
suppressed by the wave function with the main number 𝑁
that corresponds to a lower energy. The transition matrix
element can be expressed as an integral

𝑉𝑟𝑠;𝑅𝑆𝑛𝑚;𝑁𝑀
= (−𝑖)|𝑀−𝑆| 𝑖|𝑚−𝑠|𝛿 (𝑚 + 𝑠 − 𝑀 − 𝑆)

× ∫∞
0

𝑑𝑞𝜙𝑟−𝑛+𝑠−𝑚𝑛+𝑚 [ 𝑞24𝑚1𝜔1] 𝜙𝑟−𝑛𝑛 [ 𝑞24𝑚1𝜔1]
× 𝜙𝑅−𝑁+𝑆−𝑀𝑁+𝑀 [ 𝑞24𝑚2𝜔2] 𝜙𝑅−𝑁𝑁 [ 𝑞24𝑚2𝜔2] ,

(12)

where 𝜙𝑚𝑛 (𝑥) = exp(𝑥/2)𝐿𝑚𝑛 (𝑥)𝑥𝑚/2 is the radial part of
the oscillator wave function (𝐿𝑚𝑛 (𝑥) denotes the Laguerre
functions). Equation (12) is substituted into (3) and (1) that
are evaluated numerically.

In the above analysis we assumed the scattering process
at which the carriers are of a different type. For the carriers of
the same type the cross-section is obtained by carrier permu-
tation in the scattering amplitude 𝑓(1, 2) as 𝜎 = |𝑓(1, 2)|2 +|𝑓(2, 1)|2 ± 2|𝑓(1, 2)𝑓∗(2, 1)|. It follows from the calculations|𝑓(1, 2)|2 and |𝑓(2, 1)|2 provide an equal contribution to the
rate, while the interference term 2|𝑓(1, 2)𝑓∗(2, 1)| leads to

a much smaller contribution because it involves transitions
with larger energy transfer. Consequently, the rate acquires an
additional factor 2. Another factor 2 comes from spin degen-
eracy of WL carriers. It must be noted that when carriers
are of the same type the Coulomb blockade introduces an
additional exponential factor exp(−𝐸𝑐/𝑇) into the rate. The
value of 𝐸𝑐 for the InAs dots can be estimated as few meV
and, therefore, the Coulomb blockade is noticeable at low
temperatures.

4. Results and Discussion

Results of calculations for the relaxation rate are summarized
in Figure 2. Direct comparison between considered models
is not possible since they have a different structure of single
particle levels. However, we utilize the fact that the level
structure dependence in (9) and (10) comes only via the
energy gap between neighboring states and that the rate is
mainly defined by transitions to the nearest levels. It has to
be noted that in the parabolic potential zeroth-order two
particle states eigenvalues are degenerate, while in real dots
this degeneracy is lifted as discussed above. To bypass this
difficulty we formally assume a slightly different energy gap
for the second particle 𝛿1 = 1.1𝛿2, which was enough to
break the artificial degeneracy of the resonances imposed
by the degeneracy of single particle QD states. We note
that the quasi-continuous approximation is not needed for
the parabolic model, where the summation in (1) is done
numerically. The temperature dependence of the rate is weak
as long asΔ ≪ 𝑇 ≪ 𝜔, for the calculationswe chose𝑇 = 40K.

The results in Figure 2 demonstrate that the relaxation
due to resonant scattering is considerably faster for deep
QD levels. One can also see that resonant scattering driven
relaxation for both considered models is qualitatively similar,
while quantitatively the models differ only by a factor 1.5.
The rate increases in the interval 𝜀𝛼 < 𝛿, then saturates,
then abruptly drops, and becomes zero at 𝜀𝛼 > −𝛿, where
virtual states nor longer exist. The relaxation rate of heavier
holes, which have smaller energy gaps, is faster than that of
electrons, as expected from (11) and (10).

An effective relaxation time, defined as the time when a
carrier with initial energy −𝛿 reaches the state 𝜀𝛼 = −𝑈/2, is
found by solving (1) with the right-hand side given by the data
plotted in Figure 2. Thus we obtain 𝜏 ≈ 5 ps for the hole-hole
scattering and 𝜏 ≈ 15 ps for the electron-electron scattering
when the WL carrier density is 𝑛 = 109 cm−2.

We have demonstrated that resonant scattering consider-
ably enhances relaxation of a single carrier already captured
in a QD below a critical level −𝛿. This initial capturing may
be considered a bottleneck of this relaxation process. Few
capturingmechanisms can bring the carrier onto those levels,
for example, phonon emission by aWL carrier [32]. Onemay
note, however, that the bottleneck appears entirely due to the
assumption that the single particle states energy gap remains
constant for higher QD levels.This assumption is not applica-
ble formany realistic QDmodels, where the gap decreases for
the upper states, diminishing the bottleneck interval and thus
enhancing the capture rate without assistance by phonons.
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Figure 2: Relaxation rate versus energy of a trapped carrier,
calculated for parabolic (symbols) and rectangular (continuous
lines) dots for electron-electron (e-e) and hole-hole (h-h) scattering.

Moreover, the presence of localized states near the QDmakes
the capture onto the shallow QD levels more efficient [27].

When the energy of a trapped carrier is close to the
ground state the relaxation rate rapidly decreases. The res-
onance widths become smaller leading to a larger life time
of two particle virtual states. However, in this case scattering
of WL carriers on a QD with two carriers inside, which is
also of a resonant character, ensures a fast relaxation of the
two particle trapped states. Similar reasoning can be also
applied to relaxation of a general multiexciton complex [12].
Estimation of the corresponding rate may be complicated
since the Breit-Wigner formula is likely inapplicable because
of the high density of resonances. A detailed discussion of
these questions is beyond the aims of this work.
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