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Sound propagation in the Blume Capel model with quenched diluted single-ion anisotropy is investigated. The sound dispersion
relation and an expression for the ultrasonic attenuation are derived with the aid of the method of thermodynamics of irreversible
processes. A frequency-dependent dispersion minimum that is shifted to lower temperatures with rising frequency is observed in
the ordered region. The thermal and sound frequency (𝜔) dependencies of the sound attenuation and effect of the Onsager rate
coefficient are studied in low- and high-frequency regimes. The results showed that 𝜔𝜏 ≪ 1 and 𝜔𝜏 ≫ 1 are the conditions that
describe low- and high-frequency regimes, where 𝜏 is the single relaxation time diverging in the vicinity of the critical temperature.
In addition, assuming a linear coupling of sound wave with the order parameter fluctuations in the system and 𝜀 as the temperature
distance from the critical point, we found that the sound attenuation follows the power laws 𝛼(𝜔, 𝜀) ∼ 𝜔2𝜀−1 and 𝛼(𝜔, 𝜀) ∼ 𝜔0𝜀1 in
the low- and high-frequency regions, while 𝜀 → 0. Finally, a comparison of the findings of this study with previous theoretical and
experimental studies is presented and it is shown that a good agreement is found with our results.

1. Introduction

The attenuation studies of acoustic waves in the vicinity of
a magnetic ordering transition points provide insight into
the critical dynamics of spin systems. Resonant ultrasound
spectroscopy study of CoF2 has shown the existence of a
peak in sound attenuation as the Néel point is approached
[1]. Magnetic phase diagram of multiferroic MnWO4 has
been obtained by sound velocity and attenuation measure-
ments [2]. Investigation of the critical dynamics of sound
propagation near continuous phase transition points not
only provides valuable information about phase change
mechanisms but also enables the determination of the critical
indices that characterize these transitions [3]. Investigation
of nonequilibrium processes probed by ultrasound waves
in the spin-ice materials such as Yb2Ti2O7 and Dy2Ti2O7

[4, 5] and the frequency-dependent anisotropy of sound
velocity and attenuation of the acoustic wave propagation
through the nematic liquid crystals [6–8] represent examples
to studies that are related to ultrasonic propagation in
systems that undergo phase transitions. Further, considerable

attention has been focused on the investigation of sound
attenuation in disordered conductors [9]: the behavior of
sound propagation near the 𝜆 point of the confined liquid
4He [10–13] and absorption of ultrasound near the critical
mixing point of a binary liquid [14–16]. Finally, one should
note that a great variety of magnetic materials including
halides, metals, oxides, intermetallics, and sulphides exhibit
anomalies in their elastic properties due to the fact that order-
disorder transitions are typically accompanied by small lattice
distortions [17].

The Blume Capel (BC) model formulated independently
by Blume [18] and Capel [19] plays a fundamental role in
the multicritical phenomena associated with various physical
systems, such as liquid crystals [20, 21], metallic alloys
[22], proteins [23], and polymeric systems [24, 25]. On
the other hand, the introduction of randomness changes
the critical behaviors of a spin model considerably; that is,
random fields can altogether eliminate the phase transitions
in low dimensions and affect the numerical values of the
critical exponents in higher dimensions [26–28]. Since then
investigation of the effect of crystal field disorder on the
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equilibrium phase diagram of spin-1 Ising models has been
a research interest for many authors. The BC model with
random single-ion anisotropy provides a microscopic model
for phase transitions of 3He-4He mixtures in silica aerogel
[29, 30] and relevant to the study of the phase separation
in porous media in the vicinity of the superfluid transition
[31, 32]. The interplay between quenched disorder provided
by a random field and network connectivity in the BC model
is investigated by using the replica method [33]. Moreover,
the BC model with infinite-range ferromagnetic interactions
and under the influence of a quenched disorder has been
investigated and a classification of the phase diagrams in
terms of their topology is presented in [34].

In this study, we investigate the critical dynamics of sound
wave propagation in the BCmodel with bimodal crystal field
by combining the statistical equilibrium theory and the ther-
modynamics of linear irreversible processes. This approach
has been utilized to investigate the sound propagation in a
great variety of model systems. Making use of the lowest
approximation of the cluster variation method and linear
response theory of irreversible processes, Erdem and Keskin
performed the calculations of the sound attenuation near
the critical point in the Blume-Emery-Griffiths (BEG) model
with zero crystal field [35–37]. Gulpinar investigated the
critical behavior of ultrasound wave absorption coefficient
in the metamagnetic Ising model within the mean-field
approximation [38]. Later, the absorption of sound in the
spin-3/2 Ising model on the Bethe lattice is obtained and its
temperature variance is analyzed near the phase transition
points [39]. Recently, Cengiz and Albayrak studied the sound
attenuation phenomena for a finite crystal field BEG model
on the Bethe lattice in terms of the recursion relations
by using the Onsager theory [40]. Due to mathematical
complexity, the properties of critical sound propagation have
not been studied in any spin system with random bond,
random magnetic field, or random crystal field terms in the
Hamiltonian expression. To the best of our knowledge, the
critical dynamics of the sound propagation of the BC model
with quenched diluted single-ion anisotropy have not been
studied by the methods of irreversible thermodynamics. It is
assumed in this manuscript that the sound wave is coupled to
the order parameter fluctuations that decay mainly via order
parameter relaxation process and the steady-state dynamics
of the BCmodel with random diluted crystal field are formu-
lated, while the system is under the effect of a propagating
sound wave of frequency 𝜔, which let us obtain the sound
dispersion relation and sound attenuation coefficient for all
temperatures and frequencies that contain effectively only
one phenomenological rate coefficient. Temperature variance
of sound dispersion and absorption has been investigated
in the vicinity of the critical point. Finally, the frequency
behavior of the attenuation coefficient for temperatures is
presented in the vicinity of second-order transition from
ordered to disordered phase.

The paper is organized as follows: the model and its
static properties are presented briefly in Section 2. Next,
the free energy production near the equilibrium is stated
and the order parameter relaxation time is obtained in

Section 3. The steady solution of the kinetic equation of the
order parameter and expressions for the sound dispersion
relation and ultrasonic attenuation coefficient are obtained in
Section 4. Finally, frequency and temperature behaviors of the
ultrasonic attenuation are analyzed and the discussion of the
results is given in Section 5.

2. The Model and Its Equilibrium Properties

The BC model with random single-ion anisotropy in the
presence of an external magnetic field 𝐻 is described by the
Hamiltonian

�̂� = −𝐽∑
⟨𝑖,𝑗⟩

𝜎𝑖𝜎𝑗 − 𝐻∑
𝑖

𝜎𝑖 + ∑
𝑖

Δ 𝑖𝜎2𝑖 , (1)

with 𝜎𝑖 = −1, 0, 1. Here 𝐽 > 0 is the exchange interaction due
to ferromagnetic coupling and Δ 𝑖 is the crystal field acting on
site i with a distribution function:

𝐹 (Δ 𝑖) = 𝑝𝛿 (Δ 𝑖 − 𝐷) + (1 − 𝑝) 𝛿 (Δ 𝑖) , (2)

where 𝑝 is concentration of the spins on the lattice which
are influenced by a crystal field. The mean-field free energy
for a nonvanishing external field is given by the following
expression [41, 42]:

Ψ = Ψ0 (𝑉 (𝑎) , 𝑇) + 𝑁𝑧𝐽2 𝑚2

+ 𝑁𝑇∫ ln(1 − 2 cosh ((𝐽𝑧𝑚 + 𝐻) /𝑇)2 cosh ((𝐽𝑧𝑚 + 𝐻) /𝑇) + 𝑒Δ 𝑖/𝑇)𝐹 (Δ 𝑖) 𝑑Δ 𝑖,
(3)

where Ψ0(𝑉(𝑎), 𝑇) is the lattice-free energy that is indepen-
dent of spin configuration. Here 𝑎, 𝑉, and 𝑚 =< 𝜎𝑖 > are the
lattice constant, volume, and order parameter of the system,
respectively. In addition, < . . . > denotes thermal expectation
value. If one makes use of (2), the mean-field free energy
becomes

Ψ = Ψ0 (𝑉 (𝑎) , 𝑇) + 𝑁𝑧𝐽𝑚2

2 + 𝑁𝑝Δ
− 𝑝𝑁𝑘𝐵𝑇 ln(2 cosh 𝐽𝑧𝑚 + 𝐻𝑇 + 𝑒Δ/𝑇)
+ (1 − 𝑝)𝑁𝑘𝐵𝑇 ln(2 cosh 𝐽𝑧𝑚 + 𝐻𝑇 + 1) .

(4)

For the sake of simplicity, we will take Boltzmann constant
as unity (𝑘𝐵 = 1) from now on. The equilibrium conditions(𝜕Ψ/𝜕𝑚)|𝑒𝑞 = 0 and (𝜕Ψ/𝜕𝑎)|𝑒𝑞 = 0 give the following
self-consistent equations for themagnetization and the lattice
constant:
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𝑚 = 2𝑝 sinh ((𝐽𝑧𝑚 + 𝐻) /𝑇)2 cosh ((𝐽𝑧𝑚 + 𝐻) /𝑇) + 𝑒Δ/𝑇 + 2 (1 − 𝑝)
⋅ sinh ((𝐽𝑧𝑚 + 𝐻) /𝑇)2 cosh ((𝐽𝑧𝑚 + 𝐻) /𝑇) + 1 ,

(5)

𝜕Ψ0𝜕𝑎
𝑒𝑞 = 𝑁𝑧𝜕𝐽𝜕𝑎 [−𝑚2

2
+ 2𝑝𝑧𝑚 sinh ((𝐽𝑧𝑚 + 𝐻) /𝑇)2 cosh ((𝐽𝑧𝑚 + 𝐻) /𝑇) + 𝑒Δ/𝑇
+ 2 (1 − 𝑝) 𝑧𝑚 sinh ((𝐽𝑧𝑚 + 𝐻) /𝑇)2 cosh ((𝐽𝑧𝑚 + 𝐻) /𝑇) + 1] .

(6)

The numerical solutions of the equation state given by (5)
for vanishing external field have been performed and it has
been reported that the BC model with quenched diluted
single-ion anisotropy exhibits three distinct phase diagram
topologies in the (𝑇,Δ) plane depending on 𝑝 [43, 44]. For1 ≥ 𝑝 > 0.945, the form of the phase diagram is identical
to that of the pure BC model with homogenous crystal
field, where the ferromagnetic phase is separated from the
paramagnetic phase by a phase boundary that is of second
order up to a tricritical point (TCP) at which the transition
becomes first order. For 0.945 > 𝑝 ≥ 0.926, TCP still
exists but 𝜆− and first-order lines have reentrant parts. The
phase diagram of the system changes dramatically in nature
if one increases the dilutence further: For 0.926 > 𝑝 ≥8/9, there exists discontinuous phase transitions between
the ferromagnetic and paramagnetic phases at strong crystal
fields and low temperatures. The transition becomes con-
tinuous at higher temperatures. Further, the 𝜆-line displays
reentrance. A portion of the second-order transition line
is masked by a first-order transition line. This situation
causes two distinct multicritical points to appear: critical
endpoint (CEP) and double critical endpoint (DCP). Under
a threshold value of the crystal field concentration (𝑝 ≤ 8/9),
the quenched disorder completely eliminates the first-order
phase transitions, and the whole phase boundary is of second
order.

3. Relaxation Dynamics of the BC Model with
Quenched Diluted Single-Ion Anisotropy

One may assume the existence of a small uniform external
field for a short while in order to be able to formulate the
relaxation dynamics of the BC model with random single-
ion anisotropy. In addition, the amplitude of the external field
should be sufficiently small to allow the spin system to be
in the neighborhood of equilibrium, where linear response
theory can be utilized. In other words, we investigate the
final stage of the approach to equilibrium. In the case of the
existence of a small deviation of the magnetic field from its
equilibrium value 𝛿𝐻 = 𝐻 − 𝐻0, the system will be removed
slightly from equilibrium and a finite free energy productionΔΨ will arise:

ΔΨ = Ψ (𝑚,𝐻, 𝑎) − Ψ0 (𝑚0,𝐻0, 𝑎0) , (7)

where ΔΨ corresponds to an increase in the corresponding
thermodynamic potential related to the deviation of 𝑚, 𝑎,𝐻
from their equilibrium values andΨ0 is the equilibrium value
of the free energy, while 𝑚 = 𝑚0, 𝑎 = 𝑎0, and 𝐻 =𝐻0. In the neighborhood of equilibrium, the free energy
production may be written as a Taylor-series expansion,
in which deviations in the thermodynamic quantities are
retained to second order:

ΔΨ = 𝐴2 (𝑚 − 𝑚0)2 − 𝐵 (𝑚 − 𝑚0) (𝐻 − 𝐻0)
+ 𝐶2 (𝐻 − 𝐻0)2 + 𝐷 (𝑚 − 𝑚0) (𝑎 − 𝑎0)
+ 𝐸 (𝑎 − 𝑎0) (𝐻 − 𝐻0) + 𝐹2 (𝑎 − 𝑎0)2
+ 𝐺 (𝐻 − 𝐻0) .

(8)

Here, the coefficients 𝐴 to𝐺 are the so-called free energy pro-
duction coefficients and they are calculated by the following
second-order derivatives:

𝐴 = 𝜕2Ψ𝜕𝑚2

𝑒𝑞 ,
𝐵 = − 𝜕2Ψ𝜕𝑚𝜕𝐻

𝑒𝑞 ,
𝐶 = 𝜕2Ψ𝜕𝐻2

𝑒𝑞 ,
𝐷 = 𝜕2Ψ𝜕𝑚𝜕𝑎

𝑒𝑞 = 𝜕2Ψ𝜕𝑚𝜕𝐽
𝑒𝑞 𝜕𝐽𝜕𝑎

𝑒𝑞 ,
𝐸 = 𝜕2Ψ𝜕𝐻𝜕𝑎

𝑒𝑞 = 𝜕2Ψ𝜕𝐻𝜕𝐽
𝑒𝑞 𝜕𝐽𝜕𝑎

𝑒𝑞 ,
𝐹 = 𝜕2Ψ𝜕𝑎2

𝑒𝑞
= 𝜕2Ψ0𝜕𝑎2

𝑒𝑞 + 𝜕2Ψ𝜕𝐽2
𝑒𝑞 ( 𝜕𝐽𝜕𝑎

𝑒𝑞)
2 + 𝜕Ψ𝜕𝐽

𝑒𝑞 𝜕2𝐽𝜕𝑎2
𝑒𝑞 ,

𝐺 = 𝜕Ψ𝜕𝐻
𝑒𝑞 ,

(9)

where the subscript “𝑒𝑞” denotes the thermal equilibrium;
thus the derivatives are evaluated for 𝑚 = 𝑚0, 𝑎 = 𝑎0, and𝐻 = 𝐻0. The explicit expressions for the above-mentioned
free energy production coefficients are given in theAppendix.

If the system is shifted from its equilibrium by the
deviation of the external field from its equilibrium value
(𝛿𝐻 ̸= 0) and/or by the volume change of the crystal which is
proportional to 𝑎−𝑎0, the generalized force𝑋𝑚 arises, which
can be regarded as the force that brings magnetization back
to its equilibrium value. The generalized force conjugate to
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generalized current may be obtained by differentiating the
free energy production with respect to (𝑚 − 𝑚0):

𝑋𝑚 = − 𝜕ΔΨ𝜕 (𝑚 − 𝑚0)
= − [𝐴 (𝑚 − 𝑚0) − 𝐵 (𝐻 − 𝐻0) + 𝐷 (𝑎 − 𝑎0)] .

(10)

In the realm of theory of irreversible thermodynamics,
the time derivative of magnetization (�̇�) is treated as the
generalized current conjugate to𝑋𝑚:

�̇� = 𝑑 (𝑚 − 𝑚0)𝑑𝑡 . (11)

If the deviation from the equilibrium condition is small, one
can write a linear relation between the current and the force:�̇� = 𝐿𝑋𝑚. Thus, the dynamics of the order parameter for the
BCmodel with quenched diluted crystal field are ruled by the
following rate equation:

�̇� = −𝐿 [𝐴 (𝑚 − 𝑚0) − 𝐵 (𝐻 − 𝐻0) + 𝐷 (𝑎 − 𝑎0)] , (12)

where 𝐿 is the order parameter Onsager coefficient. We
should note that, in this study, the most simple temperature
dependence is assumed for 𝐿, which must be found either in
principle by a more powerful theory such as path probability
method [45, 46] or in practice by fit with the experimental
findings.

For the case of vanishing external stimulation (𝐻 = 𝐻0,𝑎 = 𝑎0), one obtains the relation that describes the rate of
change in the order parameter relaxing to its equilibrium state
as follows:

�̇� = −𝐿𝐴 (𝑚 − 𝑚0) . (13)

The solution of the kinetic equation given by (13) is of the
form (𝑚 − 𝑚0 ≃ 𝑒−𝑡/𝜏), where 𝜏 is the relaxation time of the
order parameter. Thus, the relaxation time corresponds to

𝜏 = 1𝐿𝐴. (14)

The temperature behavior of the order parameter relax-
ation time near the phase transition points of the BC model
with bimodal crystal field has been investigated in detail in
[44] and a rapid increase in the single relaxation time is
observed when the temperature approaches the critical and
multicritical phase transition temperatures. In addition, 𝜏
presents a scaling relation 𝜏 ∼ |𝑇 − 𝑇𝐶|−1, which corresponds
to well-known phenomena of critical slowing down. Finally,
as a signature of the first-order phase transition, a jump-
discontinuity has been observed in the relaxation time near
a first-order phase transition.

4. Derivation of the Sound
Attenuation Coefficient

In this section, we will study the transport properties for the
BC model with bimodal crystal field near its magnetic phase
transition points. With this aim, we will consider the case in

which the lattice is stimulated by the soundwave of frequency𝜔. Due to nature of the linear response theory, if you perturb
the system at a frequency 𝜔, the response will take place at
same frequency. Thus, one can find the steady-state solution
of (12) with an oscillating external force 𝑎 − 𝑎0 = 𝑎1𝑒𝑖𝜔𝑡 as
follows:

𝑚 − 𝑚0 = 𝑚1𝑒𝑖𝜔𝑡. (15)

Introduce this expression into (12).
And assuming that 𝐻 = 𝐻0, one obtains the following

nonhomogenous equation for𝑚1:

𝑖𝜔𝑚1𝑒𝑖𝜔𝑡 = −𝐿𝐴𝑚1𝑒𝑖𝜔𝑡 − 𝐿𝐷𝑎1𝑒𝑖𝜔𝑡. (16)

Solving (16) for 𝑚1/𝑎1 gives
𝑚1𝑎1 = − 𝐿𝐷𝑖𝜔 + 𝐿𝐴. (17)

In addition, if onemakes use of (14) for the relaxation time
of the BC model with a random crystal field, (17) becomes

𝑚1𝑎1 = − 𝐿𝐷𝜏1 + 𝑖𝜔𝜏 . (18)

The response in the pressure 𝑝 − 𝑝0 is obtained by
differentiating the minimum work with respect to 𝑉 − 𝑉0:

𝑝 − 𝑝0 = 𝜕ΔΨ𝜕 (𝑉 − 𝑉0) = − 𝑎3𝑉0 𝜕ΔΨ𝜕 (𝑎 − 𝑎0) . (19)

Then, using (8), one obtains

𝑝 − 𝑝0 = − 𝑎03𝑉0 [𝐷 (𝑚 − 𝑚0) + 𝐹 (𝑎 − 𝑎0)] . (20)

On the other hand, the derivative of pressure with respect to
volume gives

( 𝜕𝑝𝜕𝑉)
𝑠𝑜𝑢𝑛𝑑

= − 𝑎209𝑉2
0

[𝐷𝑚1𝑎1 + 𝐹] , (21)

where𝐷 and𝐹 are the free energy production coefficients that
are given in (9). If one introduces (18) and the density 𝜌 =𝑀/𝑉0 into (21),

(𝜕𝑝𝜕𝜌)
𝑠𝑜𝑢𝑛𝑑

= 𝑎209𝑀 [𝐹 − 𝐿𝐷2𝜏1 + 𝑖𝜔𝜏] . (22)

Finally, using the definition 𝑐𝑠𝑜𝑢𝑛𝑑 = (𝜕𝑝/𝜕𝜌)1/2
𝑠𝑜𝑢𝑛𝑑

and the
fact that the order parameter relaxation time tends to very
large values in the vicinity of the continuous phase transition
points, one obtains the complex effective elastic constant
(complex velocity of sound) of the BC model with quenched
diluted crystal field:

𝑐𝑠𝑜𝑢𝑛𝑑 ≅ 𝑎03 √ 𝐹𝑀 [1 − 𝐿𝐷2𝜏2𝐹 (1 + 𝑖𝜔𝜏)] . (23)
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It is a well-known fact that the lag between the oscillations
of the pressure and the excitation of a given mode leads to the
dissipation of energy and dispersion of the sound wave.

𝑐 (𝜔) = Re {𝑐𝑠𝑜𝑢𝑛𝑑} = 𝑎03√𝑀√𝐹 2𝐹 − 𝐿𝐷2𝜏2𝐹 (1 + 𝜔2𝜏2) . (24)

Since we assume a linear coupling of sound wave with the
order parameter fluctuations in the system, the dispersion
which is the relative sound velocity change with frequency
depends not on the sound wave amplitude but on frequency𝜔. Finally, if one makes use of the following definition for the
sound attenuation constant,

𝛼 (𝜔) = Im{ −𝜔𝑐𝑠𝑜𝑢𝑛𝑑}
= Im{(𝑎03 √ 𝐹𝑀)−1 [ −2𝜔𝐹 (1 + 𝑖𝜔𝜏)2𝐹 − 𝐿𝐷2𝜏 + 𝑖2𝐹𝜔𝜏]} ,
= 3√𝑀2𝑎0 1

(√𝐹)3
𝐿𝐷2𝜔2𝜏2

(1 − 𝐿𝐷2𝜏2𝐹 ) + 𝜔2𝜏2 .
(25)

A finite attenuation above the critical temperature cannot
be obtained due to the fact that the attenuation constant
is proportional to free energy production constant 𝐷 that
vanishes above the critical temperature, where the order
parameter is equal to zero (see (A.1)). This is entirely due
to the mean-field approximation and one may expect a
finite attenuation constant above the critical temperature for
higher-order approximations (i.e., Bethe approximation).

Now, if one rewrites the free-energy production coeffi-
cient 𝐹 given in (9), the following expressions are obtained
for√𝐹 and (√𝐹)−3:

√𝐹 ≃ √ 𝜕2Ψ0𝜕𝑎2
𝑒𝑞

{{{1 + 12 ( 𝜕2Ψ0𝜕𝑎2
𝑒𝑞)

−1

⋅ [ 𝜕2Ψ𝜕𝐽2
𝑒𝑞 ( 𝜕𝐽𝜕𝑎

𝑒𝑞)
2 + 𝜕Ψ𝜕𝐽

𝑒𝑞 𝜕2𝐽𝜕𝑎2
𝑒𝑞]

}}} ,
(26)

(√𝐹)−3 ≃ ( 𝜕2Ψ0𝜕𝑎2
𝑒𝑞)

−3/2 {{{1 − 32 ( 𝜕2Ψ0𝜕𝑎2
𝑒𝑞)

−1

⋅ [ 𝜕2Ψ𝜕𝐽2
𝑒𝑞 ( 𝜕𝐽𝜕𝑎

𝑒𝑞)
2 + 𝜕Ψ𝜕𝐽

𝑒𝑞 𝜕2𝐽𝜕𝑎2
𝑒𝑞]

}}} .
(27)

In addition, if one uses the definition 𝑐2∞ = (𝑎20/9𝑀)(𝜕2Ψ0/𝜕𝑎2)|𝑒𝑞, (24) and (25) become

𝑐 (𝜔) = 𝑐∞ {{{1 + 12 ( 𝜕2Ψ0𝜕𝑎2
𝑒𝑞)

−1

⋅ [ 𝜕2Ψ𝜕𝐽2
𝑒𝑞 ( 𝜕𝐽𝜕𝑎

𝑒𝑞)
2 + 𝜕Ψ𝜕𝐽

𝑒𝑞 𝜕2𝐽𝜕𝑎2
𝑒𝑞]

}}}
⋅ 2𝐹 − 𝐿𝐷2𝜏2𝐹 (1 + 𝜔2𝜏2) ,

(28)

𝛼 (𝜔) = 𝑎2018𝑀 1𝑐3∞
{{{1 − 32 ( 𝜕2Ψ0𝜕𝑎2

𝑒𝑞)
−1

⋅ [ 𝜕2Ψ𝜕𝐽2
𝑒𝑞 ( 𝜕𝐽𝜕𝑎

𝑒𝑞)
2 + 𝜕Ψ𝜕𝐽

𝑒𝑞 𝜕2𝐽𝜕𝑎2
𝑒𝑞]

}}}
⋅ 𝐿𝐷2𝜔2𝜏2(1 − 𝐿𝐷2𝜏/2𝐹) + 𝜔2𝜏2 ,

(29)

where 𝑐∞ is the velocity of sound for very high frequencies at
which order parameter can no longer follow the sound wave
motion.

5. Results And Discussion

The calculated data that provides information about the
thermal variation of the sound velocity and attenuation
coefficient in the ordered and disordered phases and the
frequency dependence of isothermal attenuation coefficient
in the ordered phase of the BC model with quenched diluted
crystal field will be discussed in the following. In addition,
the behavior of sound absorption in the neighborhood of
critical temperature is analyzed according to various values of
phenomenological rate coefficient. Finally, by making use of
double logarithmic plots of the sound attenuation coefficient
versus the distance from the critical temperature, the dynami-
cal critical exponents of the sound absorption are obtained for
low- and high-frequency regimes. Before starting to discuss
the above-mentioned results, it is convenient to introduce the
following reduced quantities:

𝜃 = 𝑇𝑧𝐽 ,
𝑑 = 𝐷𝑧𝐽 ,
ℎ = 𝐻𝑧𝐽 ;

(30)

here, 𝜃, 𝑑, and ℎ are the reduced values of the temperature,
crystal field, and magnetic field, respectively. One should
stress that we focus on zero field case (ℎ = 0.0) and 𝑐3∞ is taken
as unity for the sake of simplicity throughout this section.

Figure 1 displays the temperature variation of the
frequency-dependent sound velocity (dispersion) of the BC
model with quenched diluted crystal field for several values
of sound wave frequency, while 𝐿 = 0.02, 𝑝 = 0.98,
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Figure 1: Sound dispersion at different frequencies of sound for 𝐿 =0.02, 𝑝 = 0.98, and 𝑑 = 𝑑𝐶 = 0.45. The number accompanying each
curve represents the value of the sound frequency 𝜔.

and 𝑑 = 0.45. The number accompanying each curve
denotes the value of 𝜔 and one observes a characteristic
sound velocityminimum that shifts to the lower temperatures
with increasing frequency. The minima become deeper with
decreasing 𝜔 and ultrasonic dispersion reaches the finite
value of 1.0 at 𝜃 = 𝜃𝐶 and remains temperature-independent
after then. Similar temperature dependence of the sound
dispersion has been reported near the order-disorder phase
transition point of the BEG model [47]. Comparably, the
existence of the minima of the sound velocity in the ordered
phase and its shift to lower temperatures with increasing
frequency have been observed in the classical liquid crystals
[8], liquid 4He confined in a microfluidic cavity [10], and
the magnetic compound RbMnF3 [48]. In addition, it can be
seen from Figure 1 that the change in sound velocity becomes
frequency-independent as one approaches to critical value of
the reduced temperature and this behavior is in parallel with
the findings of the molecular field theory [17, 49], dynamical
renormalization group theory for the propagation of sound
near the continuous structural phase transitions [50], and
Brillouin scattering studies of A2MX6-crystals [49].

Figure 2 illustrates the double logarithmic plot of the
isothermal 𝛼 versus 𝜔 for two distinct values of the reduced
temperature (𝜃 = 0.10, 0.390 < 𝜃𝐶) in the ferromagnetic
phase, while 𝑝 = 0.98, 𝐿 = 0.02, 𝜃𝐶 = 0.39747, and 𝑑𝐶 = 0.45.
One can observe the usual 𝜔2 dependence of the attenuation
in the low-frequency region, where 𝜔𝜏 << 1. This result is
in accordance with the theoretical and experimental findings
for CoF2 [1] and MnF2 [51, 52]. The ultrasonic attenuation
has different frequency dependence in the high-frequency
regime at which order parameter can no longer follow sound
wave motion: this part of the plot has zero slope; thus,
ultrasonic attenuation behaves as 𝛼 ∝ 𝜔0, while 𝜔𝜏 >> 1. In
addition, there is a crossover behavior in attenuation between
low- and high-frequency regimes. The theoretical treatment
of the sound propagation by mode-mode coupling method

0
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Figure 2: Double logarithmic plot of attenuation versus frequency
for 𝐿 = 0.02, 𝑝 = 0.98, 𝑑 = 𝑑𝐶 = 0.45, and 𝜃𝐶 = 0.39747.
The number accompanying each curve represents the value of the
reduced temperature.

predicts that the sound attenuation coefficient scales as 𝛼 ∼𝜔𝑦 for the sound frequencies that are quite larger than the
characteristic frequency of the order parameter fluctuations𝜔𝑐 and an extensive study of the frequency dispersion of
the critical attenuation of KMnF3 above 186.2 K measured𝑦 = 0.13 ± 0.05 [53–55]. In addition, similar frequency
dependence of the sound attenuation coefficient has been
reported for various model systems such as spin-1 and spin-3/2 Isingmodels on theBethe lattice [39, 40], zero crystal field
BEG model [37], and metamagnetic Ising model [38] within
mean-field theory.

Figures 3(a)-3(c) show the calculated sound attenuation
coefficient as a function of the reduced temperature 𝜃 near the
critical point for various values of the sound frequency whose
value is denoted by the number accompanying each curve
and the vertical dashed lines refer to critical temperature 𝜃𝑐,
while 𝑝 = 0.98, 𝐿 = 0.02, and 𝑑 = 0.45. One can observe
from these figures that the attenuation rises to a maximum
in the ordered phase for all values of 𝜔. But the frequency
dependencies of the location form and amplitude of the
absorption peak is different for low- and high-frequency
regions. Figure 3(a) presents the temperature variance of 𝛼
for two values of the sound frequency 𝜔 = 1.2 × 10−5, 𝜔 =1.8 × 10−5 (blue and red curves), which satisfy the condition𝜔𝜏 ≪ 1 for the low-frequency regime. In the low-frequency
region, the sound attenuation peak is rather sharp and located
very near to the critical temperature 𝜃𝑐 and its amplitude
increases with rising sound frequency.

Figure 3(b) presents the temperature dependence of𝛼 for higher values of the sound frequency (𝜔 =0.002, 0.005, 0.2, 0.5, 1.0). It is observed from this figure that
the absorption peak is rather broad and its amplitude grows
with rising frequency for these ranges of the frequency.
Further, the temperature at which attenuation maxima take
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Figure 3: Sound attenuation𝛼 as a function of the reduced temperature at several sound frequency values𝜔 in the neighborhood of a critical
point for 𝑝 = 0.98, 𝑑 = 𝑑𝐶 = 0.45, and 𝐿 = 0.02. The number accompanying each curve denotes the value of the frequency𝜔 and the vertical
dotted line represents the critical temperature in the ordered phase.

place moves to lower temperatures with rising frequency.The
frequency shift of the attenuation maxima is also observed
in the experimental and theoretical studies of the ultrasonic
investigation of liquid helium [56, 57] and Rb2ZnCl4 and
K2SeO4 [58] as well as other Ising models [37–40] and
elastically isotropic Ising system above the critical point on
the basis of a complete stochastic model [59].

In Figure 3(c), we aim to illustrate the temperature
dependence of the sound attenuation coefficient for three
distinct values of the sound frequency (𝜔 = 1, 10, 1000) for
which𝜔𝜏 >> 1 and the order parameter can no longer follow
sound wave motion. Both the location and the amplitude of
the absorption peak do not change with the sound frequency
and this is in accordance with the power law 𝛼 ∼ 𝜔0 observed
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Figure 4: Ultrasonic attenuation as a function of reduced temperature for (a) 𝜔 = 0.006 and (b) 𝜔 = 0.2 while 𝑝 = 0.98 and 𝑑 = 𝑑𝐶 = 0.45.
The number accompanying each curve denotes the value of the order parameter Onsager coefficient (𝐿) and the arrow denotes the critical
temperature.

in Figure 2, while 𝜔𝜏 >> 1. Similar results are observed for
metamagnetic Ising and BEG models in the high-frequency
region. But since these models have two order parameters
and their relaxation dynamics are governed by two relaxation
times, their attenuation coefficient have two peaks for some
frequency values in the low-frequency region as expected
[37, 38].

It is clear from (14) and (28) that both the single
relaxation time and sound attenuation coefficient depend on
the phenomenological Onsager rate coefficient (𝐿). Detailed
investigation of the relaxation dynamics of the BC model
with bimodal random crystal field revealed the fact that the
relaxation time increases and the order parameter relaxation
slows down with rising 𝐿 [44]. Due to fact that thermal
fluctuations become very large and the correlation distance
extends over large number of spins, the coupling between
sound waves and order parameter relaxation gives rise to
an increase in the absorption of the sound waves as the
temperature approaches its critical value. As the transition
temperature of a solid is closely approached, the ordered
parameter relaxes slow enough; the internal irreversible pro-
cesses that tend to restore local equilibrium are switched on
and they make the entropy increase, which results in energy
dissipation in the system [17, 57]. Due to these facts, we
found it interesting to study the effect of 𝐿 on the temperature
variance of the sound attenuation near the second-order
phase transition point. Figures 4(a) and 4(b) illustrate the
attenuation coefficient versus reduced temperature at several
values of 𝐿 for 𝑝 = 0.98 and 𝑑 = 0.45 at two distinct
values of the sound wave frequency 𝜔 and the arrows refer
to critical point temperature. It is apparent from Figure 4(a)
which displays the calculated 𝛼 for 𝜔 = 0.006 that the

maxima of 𝛼 broaden and move to lower temperatures with
decreasing 𝐿. Meanwhile the value of the sound attenuation
maxima slightly increases with decreasing 𝐿. The attenuation
peak broadens and its amplitude decreases and shifts to lower
temperatures with decreasing 𝐿, while 𝜔 = 0.2. We should
note that, for systems that have twoormore order parameters,
the relation between the generalized forces and currents
may be written in terms of a matrix of phenomenological
rate coefficients and the effect of the nondiagonal Onsager
coefficient has been investigated for BEG and metamagnetic
Ising models in the mean-field approximation [37, 38] and
spin-3/2 and spin-1 Ising models on the Bethe lattice [39, 40].

The critical behavior of the sound attenuation coefficient
in the neighborhood of the second-order phase transition
points is characterized by the dynamical sound attenuation
critical exponent 𝜌. As discussed above, isothermal sound
attenuation coefficient behaves as 𝛼 ∝ 𝜔2 for frequencies
that satisfy the condition 𝜔𝜏 << 1 and 𝛼 ∝ 𝜔0 for𝜔𝜏 >> 1. In addition, the comparison of Figures 3(a)–3(c)
reveals the fact that the constant frequency temperature
variance of 𝛼 near the critical temperature is different in low-
and high-frequency regions. Consequently, one may expect
two distinct power law relations and two distinct exponents
(𝜌𝑙, 𝜌ℎ) for these two regions:

𝛼 (𝜔, 𝜀) ≈ {{{
𝜔2𝜀−𝜌𝑙 for 𝜔𝜏 ≪ 1,
𝜔0𝜀−𝜌ℎ for 𝜔𝜏 ≫ 1, (31)

where 𝜀 = 𝜃 − 𝜃𝐶 is the expansion parameter, which is
a measure of the distance from the critical temperature.
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Figure 5: Double logarithmic plots of attenuationversus |1−𝜃/𝜃𝐶| for (a) low-frequency and (b) high-frequency regimes in the neighborhood
of a critical point for 𝑝 = 0.98, 𝑑 = 𝑑𝐶 = 0.45, and 𝐿 = 0.02.

The critical exponents for the function 𝛼(𝜔, 𝜀) are defined,
respectively, as

𝜌𝑙 = −lim
𝜀→0

ln |𝛼 (𝜔, 𝜀)|
ln |𝜀| for 𝜔𝜏 ≪ 1,

𝜌ℎ = −lim
𝜀→0

ln |𝛼 (𝜔, 𝜀)|
ln |𝜀| for 𝜔𝜏 ≫ 1. (32)

In order to calculate the values of these exponents, one
may sketch log− log plots of the sound attenuation coefficient
versus |1−𝜃/𝜃𝐶| and find the slopes of the linear parts of these
curves, whichwill be equal to−𝜌𝑙 and−𝜌ℎ for frequencies that
satisfy the conditions 𝜔𝜏 ≪ 1 and 𝜔𝜏 ≫ 1, respectively. With
this aim, Figures 5(a) and 5(b) illustrate the log10𝛼− log10|1 −𝜃/𝜃𝐶| plots for the constant values of sound frequencies in
low- and high-frequency regions, respectively. Figure 5(a)
displays three distinct curves for 𝜔 = 1.0 × 10−7 (black
curve), 𝜔 = 1.0 × 10−6 (blue curve), and 𝜔 = 1.0 × 10−5
(green curve), which obey the 𝜔𝜏 ≪ 1 condition. As one
can see from this figure, for all three frequencies in the low-
frequency region, the slopes of the linear part of log10𝛼 −
log10|1 − 𝜃/𝜃𝐶| curves are equal to −1; namely, 𝜌𝑙 = 1.
Utilizing (31) and (30), one obtains the power law 𝛼(𝜔, 𝜀) ∼𝜔2𝜀−1 of the sound attenuation coefficient for the BC model
with bimodal random crystal field in the low-frequency
regime.This result is in accordance with the scaling behavior
of the sound attenuation coefficient 𝛼𝐿𝐾 obtained within
the Landau-Khalatnikov theory, which applies to bilinear,
quadratic coupling of strain-order parameter coupling [17,
57]: 𝛼𝐿𝐾 ∼ 𝜔2𝜏 and the order parameter relaxation time
behaves as 𝜏 ∼ 𝜀−1 as 𝜀 → 0 within the mean-field

approximation [44]. A strong anomalous increase of the
sound attenuation as the temperature approaches its critical
value has been also observed for systems that undergo (elastic
and distortive) structural phase transitions. The dynamical
renormalization group calculations for distortive structural
phase transitions report 𝜌𝜎 = (𝑧] + 𝛼𝜎), where 𝛼𝜎 =𝛼 + 2(𝜙 − 1)(1 − 𝛿𝜎,1), where 𝑧, ], 𝜙, and are 𝛼 are the
dynamical, correlation length, heat capacity, and crossover
critical exponents, respectively. Utilizing the same method,
Schwabl showed that the sound attenuation coefficient scales
as 𝛼 ∼ 𝜀−3/2𝜔2 in the vicinity of the critical point of the elastic
structural phase transitions [50]. Ultrasonic measurements
reported small but positive attenuation exponents in isotropic
garnet structured magnets such as Y3Fe5O12 and Gd3Fe5O12

[60]. Recently, resonant ultrasound spectroscopy studies of
CoF2 have shown that 𝜌 = 0.9 to 1.1 for the resonance peaks
near 487, 860, 1300 and 1882 kHz, which depend strongly on
the shear modulus [1].

Finally, Figure 5(b) shows the linear part of the log𝛼
versus log |1 − 𝜃/𝜃𝐶| curves for frequencies 𝜔 = 0.1 (blue
symbols) and 𝜔 = 100 (black symbols), while 𝜔𝜏 ≫ 1. One
can see from this figure that the slope of the curves is +1;
thus 𝜌ℎ = −1. If one again makes use of (30) and (31), the
following power law can be written for the sound absorption:𝛼(𝜔, 𝜀) ∼ 𝜔0𝜀1, while 𝜔𝜏 ≫ 1 and verifies the convergence
of the sound absorption to zero as the reduced temperature
approaches its critical value (see Figure 3(b)). We should
note that similar behavior is observed in the high-frequency
region of the sound attenuation for the BEG model [37]. It
has been shown by the phenomenological theory that sound
attenuation reaches the saturation value 𝛼𝑝ℎ𝑒 → 𝐵𝜏−1 for very
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high frequencies, where 𝐵 is independent of temperature and
frequency for a system with a single relaxation process [3]. If
one keeps in mind that 𝜏 ∼ 𝜀−1 as 𝜀 → 0, this corresponds to𝛼𝑝ℎ𝑒(𝜔, 𝜀) ≈ 𝜔0𝜀1, which is in parallel with our result.

6. Concluding Remarks

The present study is devoted to critical dynamics of sound
propagation in BC model with a random single anisotropy
by using a method that combines the statistical equilibrium
theory of phase transitions with the linear response theory of
irreversible thermodynamics. With this aim, it is supposed
that the system is stimulated by a sound wave oscillating
at an angular frequency 𝜔 and the complex effective elastic
constant and sound velocity and sound attenuation coef-
ficient are obtained for all temperatures and frequencies
by studying the steady-state solutions. We have studied
the temperature behavior of the sound velocity for various
values of the sound frequency and observed a characteristic
minimum that shifts to the lower temperatures with rising
frequency and a frequency-independent sound velocity in the
vicinity of critical temperature.Then,we have investigated the
temperature, frequency, and order parameter Onsager rate
coefficient dependencies of the sound attenuation near the
second transition temperatures. Frequency-dependent shifts
in attenuation maxima to lower temperatures with increasing
frequency for temperatures less than the second-order phase
transition temperatures are obtained and possible mecha-
nisms for these phenomena are discussed. Our investigation
of the frequency variance of the isothermal sound attenuation
revealed the fact that sound attenuation follows the power
law 𝛼 ∼ 𝜔2 for frequencies that satisfy the condition 𝜔𝜏 ≪1 and 𝛼 ∼ 𝜔0, while 𝜔𝜏 ≫ 1. Consequently, 𝜔𝜏 is the
quantity that determines the separation of the low- and high-
frequency regimes. By making use of this information and
obtaining the slope of the log 𝛼 versus log |1 − 𝜃/𝜃𝑐| plots,
we have obtained that sound absorption follows the scaling
relation 𝛼(𝜔, 𝜀) ∼ 𝜔2𝜀−1 in the low-frequency regime and
the power law 𝛼(𝜔, 𝜀) ∼ 𝜔0𝜀1 for frequencies that obey the
condition 𝜔𝜏 ≫ 1. Finally, we should note that the high-
frequency behavior provides information about the damping
mechanism.

In this study, the sound attenuation related to the relax-
ation process of the order parameter for BC model with
a random single anisotropy is studied. We would like to
emphasize that the above-mentioned theory is limited neither
to the systems with only scalar spin nor to the magnetic
phase transitions. It could also apply to a crystalline solid and
other systems whenever the order parameter dynamics are
relaxation dynamics. We should note that there are additional
possible reasons for attenuation peaks in magnetic systems
which are not taken into account in the current analysis, such
as coupling of the sound waves to modes, domain effects,
and nuclear acoustic resonance [17]. In addition, in the case
of real crystals with many structural defects, the presence
of disorder will affect the critical behavior of the sound
attenuation in solid media. The field-theoretic description of
dynamic critical effects of the disorder on acoustic anomalies

near the temperature of second-order phase transition for
three-dimensional Ising-like systems has shown that the
presence of impurities brings additional couplings changing
the value of the critical exponent of the sound attenuation
and strongly affects the order parameter shape function at the
low-frequency region in the vicinity of the critical point [61].

Appendix

The free energy production coefficients A to G that are
defined in (9) are given as follows:

𝐴 = 𝑁𝐽𝑧 − 𝑁𝐽2𝑧2𝑇 [ 2𝑝 cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇
− ( 2√𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇)2

+ 2 (1 − 𝑝) cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1
− (2√1 − 𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1 )2] ,

𝐵 = 𝑁𝐽𝑧𝑇 [ 2𝑝 cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇
− ( 2√𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇)2

+ 2 (1 − 𝑝) cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1
− (2√1 − 𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1 )2] ,

𝐶 = −𝑁𝑇 [ 2𝑝 cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇
− ( 2√𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇)2

+ 2 (1 − 𝑝) cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1
− (2√1 − 𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇)2] ,

𝐷 = 𝑁𝑧 𝜕𝐽𝜕𝑎
𝑒𝑞 [𝑚0 − 2𝐽𝑧𝑚0𝑝 cosh (𝐽𝑧𝑚0/𝑇)𝑇 [2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇]

− 2𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇
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+ 4𝐽𝑧𝑚0𝑝 sinh2 (𝐽𝑧𝑚0/𝑇)𝑇 [2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇]2
− 2𝐽𝑧𝑚0 (1 − 𝑝) cosh (𝐽𝑧𝑚0/𝑇)𝑇 [2 cosh (𝐽𝑧𝑚0/𝑇) + 1]
− 2 (1 − 𝑝) sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1
+ 4𝐽𝑧𝑚0 (1 − 𝑝) sinh2 (𝐽𝑧𝑚0/𝑇)𝑇 [2 cosh (𝐽𝑧𝑚0/𝑇) + 1] ] ,

𝐸 = −𝑁𝑧𝑚0𝑇 [ 2𝑝 cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇
− ( 2√𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇)2

+ 2 (1 − 𝑝) cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1
− (2√1 − 𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1 )2] ,

𝐹 = 𝜕2Ψ0𝜕𝑎2
𝑒𝑞 + 𝑁𝑧𝑚0

𝜕2𝐽𝜕𝑎2
𝑒𝑞 [𝑚02

− 2 (1 − 𝑝) cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1
− 2𝑝 cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇] + 𝑁𝑧2𝑚2

0𝑇 ( 𝜕𝐽𝜕𝑎
𝑒𝑞)

2

× [ 2𝑝 cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇
− ( 2√𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇)2

+ 2 (1 − 𝑝) cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1
− (2√1 − 𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1 )2] ,

𝐺 = 2𝑁 (1 − 𝑝) cosh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 1
− 2𝑁𝑝 sinh (𝐽𝑧𝑚0/𝑇)2 cosh (𝐽𝑧𝑚0/𝑇) + 𝑒Δ/𝑇 .

(A.1)

Data Availability

The data that support the findings of this study are available
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critical behaviors of static and complexmagnetic susceptibilities
for the mean-field Blume-Capel model with a random crystal
field,” Journal of Magnetism and Magnetic Materials, vol. 439,
pp. 44–52, 2017.

[42] G. Gulpinar and R. Erdem, “High-frequency magnetic field
on crystal field diluted S=1 Ising system: Magnetic relaxation
near continuous phase transition points,” Canadian Journal of
Physics, 2018.

[43] A. Benyoussef, M. Saber, T. Biaz, and M. Touzani, “The spin-
1 Ising model with a random crystal field: The mean-field
solution,” Journal of Physics C: Solid State Physics, vol. 20, no.
32, pp. 5349–5354, 1987.

[44] G. Gulpinar and F. Iyikanat, “Dynamics of the Blume-Capel
model with quenched diluted single-ion anisotropy in the
neighborhoodof equilibrium states,” Physical Review E: Statisti-
cal, Nonlinear, and Soft Matter Physics, vol. 83, no. 4, Article ID
041101, 2011.

[45] R. Kikuchi, “The path probability method,” Progress of Theoret-
ical Physics Supplement, vol. 35, pp. 1–64, 1966.
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