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Fuzzy set theory, rough set theory, and soft set theory are three effective mathematical tools for dealing with uncertainties and have
many wide applications both in theory and practise. Meng et al. (2011) introduced the notion of soft fuzzy rough sets by combining
fuzzy sets, rough sets, and soft sets all together. The aim of this paper is to study the parameter reduction of fuzzy soft sets based
on soft fuzzy rough approximation operators. We propose some concepts and conditions for two fuzzy soft sets to generate the
same lower soft fuzzy rough approximation operators and the same upper soft fuzzy rough approximation operators. The concept
of reduct of a fuzzy soft set is introduced and the procedure to find a reduct for a fuzzy soft set is given. Furthermore, the concept
of exclusion of a fuzzy soft set is introduced and the procedure to find an exclusion for a fuzzy soft set is given.

1. Introduction

Soft set theory [1], firstly proposed by Molodtsov, is a general
mathematical tool for dealing with uncertainty. Since its
introduction, soft set theory has been successfully applied
in many fields such as functions smoothness, game theory,
riemann integration, and theory of measurement [1]. In
recent year, soft set theory has received much attention [2–
19].

It is worth noting that all of above works are based on
the classical soft set theory. A lot of extensions of soft sets to
uncertain environments have been proposed recently, such as
fuzzy soft sets [20], generalised fuzzy soft sets [21], interval-
valued fuzzy soft sets [22], vague soft sets [23], intuitionistic
fuzzy sets [24–26], and interval-valued intuitionistic fuzzy
soft sets [27]. More importantly, some approaches to these
extended soft sets-based decision makings were also devel-
oped [21, 28–32].

Rough set theory was originally introduced by Pawlak
[33] to deal with vagueness and granularity in information
systems. The equivalence relation is the key in Pawlak’s
rough set model. However, the equivalence relation is too
restrictive for many practical applications. Therefore, some
extensions of Pawlak’s rough sets have been developed by
replacing the equivalence relations by some more general

concepts. For example, by using arbitrary binary relaions,
fuzzy relations, and intuitionistic fuzzy relations to granulate
the universe of discourse, the concepts of variable precision
rough sets, fuzzy rough sets, and intuitionistic fuzzy rough
sets have been presented, respectively. But all these rough
sets have their inherent difficulties, which are caused by
the inadequacy of the parametrization tool. For example,
in variable precision fuzzy rough sets, a large number of
experiments are required to define the distribution function,
which is expensive in some practical problems. In fuzzy
rough sets and intuitionistic fuzzy rough sets, defining a
membership function and a nonmembership function is not
an easy task. In classical rough sets, the equivalence relation
is a very stringent condition that limits the applications
of rough sets in some practical problems. The mentioned
difficulties associatedwith these rough sets are because of lack
of parametrization tools. Different from these existing rough
set extensions, by employing fuzzy soft sets to granulate the
universe of discourse, Meng et al. [34] constructed a more
general model called the soft fuzzy rough set, which is free
from the inadequacy of the parametrization tools of those
rough sets and therefore can overcome the above difficulties.
Sun and Ma [35] also proposed a new concept of soft fuzzy
rough set by combining the fuzzy soft set with the pseudo
fuzzy soft set. In this paper, we study the parameter reduction
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of fuzzy soft sets based on soft fuzzy rough sets proposed
by Meng et al. [34]. Our work is substantially different from
Sun and Ma’s work [35]. First, our work is based on Ma et
al.’s soft fuzzy rough sets, which are different from Sun and
Ma’s soft fuzzy rough sets. Second, our work mainly studies
the parameter reduction of fuzzy soft sets based on soft fuzzy
rough sets, while Sun and Ma’s work [35] focused on the
application of soft fuzzy rough sets in decision making.

As for a fuzzy soft set, if we omit a parameter from
the set of parameters, then the resulting new fuzzy soft sets
and the original one can generate the same lower soft fuzzy
rough approximation operators and the same upper soft fuzzy
rough approximation operators. This phenomenon tells us
that there may exist redundancy in a fuzzy soft set. As a
consequence, how to get rid of the redundancy from a fuzzy
soft set is an important and interesting research issue. To
address this issue, we in the current paper introduce two
concepts of reduct and exclusion. Furthermore, a procedure
to find the reduct or exclusion of a set of parameters is given.
For a particular fuzzy soft set, our technique can obtain the
corresponding “smallest” fuzzy soft set that produces the
same lower soft fuzzy rough approximation operators and
the same upper soft fuzzy rough approximation operators.
Hence, our method can reduce the redundant information in
a fuzzy soft set. In addition, it should also be noted that in soft
fuzzy rough set models, different fuzzy soft sets may generate
the same lower soft fuzzy rough approximation operators and
the same upper soft fuzzy rough approximation operators.
Therefore, it is necessary to find the conditions under which
two fuzzy soft sets generate the same lower soft fuzzy rough
approximation operators and the same upper soft fuzzy rough
approximation operators. In this paper, we extend Zhu and
Wang’s work [36] and propose some concepts and conditions
for two fuzzy soft sets to generate the same lower soft fuzzy
rough approximation operators and the same upper soft fuzzy
rough approximation operators.

This paper is organized as follows. Section 2 introduces
some fundamental concepts. In Section 3, we propose one
of the core concepts in this paper, reduct, to reduce a set
of parameters to its simplest form while not changing the
lower soft fuzzy rough approximation operator Apr

S
and

the upper soft fuzzy rough approximation operator AprS.
Still, through this concept, we get a sufficient condition for
two fuzzy soft sets to generate the same lower soft fuzzy
rough approximation operator Apr

S
and the same upper soft

fuzzy rough approximation operator AprS. In Section 4, we
investigate similar issues to those in Section 3 for the the
lower soft fuzzy rough approximation operator Apr

S
and

the upper soft fuzzy rough approximation operator AprS.
This paper concludes in Section 5 with remarks for future
works.

2. Preliminaries

In this section, we shall briefly recall some basic notions of
soft sets and rough sets.

2.1. Soft Sets and Fuzzy Soft Sets. Throughout this paper, let𝑈
be an initial universe of objects and 𝐸

𝑈
(𝐸, for short) the set

of parameters in relation to objects in𝑈. Parameters are often
attributes, characteristics, or properties of objects. Let P(𝑈)
denote the power set of 𝑈 and 𝐴 ⊆ 𝐸. Molodtsov [1] defined
the soft set in the following way.

Definition 1 (see [1]). A pair (𝐹, 𝐴) is called a soft set over 𝑈,
where 𝐹 is a mapping given by

𝐹 : 𝐴 → P (𝑈) . (1)

Such a mapping reflects the innate character of the
concept of a soft set; that is, a soft set is a mapping from
parameters to P(𝑈). This shows that a soft set over 𝑈 is a
parameterized family of subsets of the universe𝑈. For 𝜀 ∈ 𝐴,
𝐹(𝜀) is regarded as the set of 𝜀-approximate elements of the
soft set (𝐹, 𝐴).

As an illustration, let us consider the following example
originally introduced by Molodtsov [1].

Example 2 (a house purchase problem). Suppose that the
universe 𝑈 = {𝑥

1
, 𝑥
2
, 𝑥
3
, 𝑥
4
, 𝑥
5
, 𝑥
6
} is the set of six houses

under consideration and 𝐴 is the set of parameters that
Mr. X is interested in buying a house. Assume that 𝐴 =

{𝜀
1
, 𝜀
2
, 𝜀
3
, 𝜀
4
, 𝜀
5
, 𝜀
6
}, where 𝜀

𝑖
(𝑖 = 1, 2, 3, 4, 5, 6) stands for the

parameters in a word of “expensive,” “beautiful,” “wooden,”
“in the green surroundings,” “convenient traffic,” and “mod-
ern style,” respectively. That means, out of available houses in
𝑈, Mr. X is to select that house which qualifies with all (or
with maximum number of) parameters of the set 𝐴. In this
case, to define a soft set means to point out expensive houses,
beautiful houses, and so on. The soft set (𝐹, 𝐴) describes the
“attractiveness of the houses” which Mr. X (say) is going to
buy.

Suppose that

𝐹 (𝜀
1
) = {𝑥

2
, 𝑥
6
} , 𝐹 (𝜀

2
) = {𝑥

1
, 𝑥
4
, 𝑥
5
} ,

𝐹 (𝜀
3
) = {𝑥

3
, 𝑥
4
, 𝑥
5
, 𝑥
6
} , 𝐹 (𝜀

4
) = {𝑥

1
, 𝑥
2
, 𝑥
3
, 𝑥
5
} ,

𝐹 (𝜀
5
) = {𝑥

2
} , 𝐹 (𝜀

6
) = {𝑥

1
, 𝑥
3
} .

(2)

The soft set (𝐹, 𝐴) is a parameterized family {𝐹(𝜀
𝑖
), 𝑖 =

1, 2, 3, 4, 5, 6} of subsets of the set 𝑈 and gives us a col-
lection of approximate descriptions of an object. Consider
the mapping 𝐹 which is “houses (⋅)” where dot (⋅) is to be
filled up by a parameter 𝜀 ∈ 𝐴. For instance, 𝐹(𝜀

1
) means

“houses (expensive)” whose functional value is the set {ℎ ∈
𝑈, ℎ is an expensive house} = {𝑥

2
, 𝑥
6
}.Thus, we can view the

soft set (𝐹, 𝐴) as a collection of approximations as below:

(𝐹, 𝐴) =

{{{{{{{{{

{{{{{{{{{

{

expensive houses = {𝑥
2
, 𝑥
6
} ,

beautiful houses = {𝑥
1
, 𝑥
4
, 𝑥
5
} ,

wooden houses = {𝑥
3
, 𝑥
4
, 𝑥
5
, 𝑥
6
} ,

houses in the green surroundings
= {𝑥
1
, 𝑥
2
, 𝑥
3
, 𝑥
5
} ,

convenient traffic houses = {𝑥
2
} ,

modern style houses = {𝑥
1
, 𝑥
3
}

}}}}}}}}}

}}}}}}}}}

}

. (3)

In order to store a soft set in a computer, we could
represent a soft set in the form of a 0-1 two-dimensional table.
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Table 1: Tabular representation of (𝐹, 𝐴).

𝑈 𝜀
1

𝜀
2

𝜀
3

𝜀
4

𝜀
5

𝜀
6

𝑥
1

0 1 0 1 0 1
𝑥
2

1 0 0 1 1 0
𝑥
3

0 0 1 1 0 1
𝑥
4

0 1 1 0 0 0
𝑥
5

0 1 1 1 0 0
𝑥
6

1 0 1 0 0 0

Table 2: Tabular representation of (𝐹, 𝐴).

𝑈 𝜀
1

𝜀
2

𝜀
3

𝜀
4

𝜀
5

𝜀
6

𝑥
1

0.6 0.6 0.1 0.6 0.5 0.5
𝑥
2

0.8 0.8 0.4 0.8 0.1 0.4
𝑥
3

0.4 0.2 0.4 0.3 0.3 0.4
𝑥
4

0.6 0.1 0.6 0.5 0.5 0.6
𝑥
5

0.5 0.5 0.1 0.5 0.3 0.3
𝑥
6

0.7 0.6 0.7 0.9 0.9 0.9

Table 1 is the tabular representation of the soft set (𝐹, 𝐴). If
𝑥
𝑖
∈ 𝐹(𝜀
𝑗
), then 𝑥

𝑖𝑗
= 1; otherwise 𝑥

𝑖𝑗
= 0, where 𝑥

𝑖𝑗
are the

entries in Table 1.

By Definition 1, a soft set is a parameterized family of
subsets of the universal set. In other words, a soft set is a
mapping from a set of parameters to the power set of an
initial universe set. In the real world, the difficulty is that
the objects in the universal set may not precisely satisfy the
problem’s parameters. Maji et al. [20] initiated the study on
hybrid structures involving both fuzzy sets and soft sets.They
introduced in [20] the notion of fuzzy soft sets, which can
be seen as a fuzzy generalization of (classical) soft sets. The
concept of fuzzy soft sets partially resolves this difficulty.

Definition 3 (see [20]). LetF(𝑈) be the set of all fuzzy subsets
of 𝑈. Let 𝐸 be a set of parameters and 𝐴 ⊆ 𝐸. A pair (𝐹, 𝐴) is
called a fuzzy soft set over 𝑈, where 𝐹 is a mapping given by
𝐹 : 𝐴 → F(𝑈).

A fuzzy soft set (𝐹, 𝐴) is a parameterized family of fuzzy
subsets of 𝑈; thus, (𝐹, 𝐴) can be reexpressed as follows:
(𝐹, 𝐴) = {𝐹(𝜀) | 𝜀 ∈ 𝐴}. A fuzzy soft set is actually a
special case of a soft set because it is still a mapping from
parameters to a universe. The difference between a soft set
and a fuzzy soft set is that in a fuzzy soft set, the universe
to be considered is the set of fuzzy subsets of 𝑈. Generally
speaking, for any parameter 𝜀 ∈ 𝐴, 𝐹(𝜀) is a fuzzy subset
of 𝑈 and it is called fuzzy value set of parameter 𝜀. 𝐹(𝜀) can
be written as 𝐹(𝜀) = {⟨𝑥, 𝜇

𝐹(𝜀)
(𝑥)⟩ | 𝑥 ∈ 𝑈}. Let us denote

𝜇
𝐹(𝜀)
(𝑥) by the membership degree that object 𝑥 ∈ 𝑈 holds

parameter 𝜀 ∈ 𝐴.

Definition 4. A fuzzy soft set (𝐹, 𝐴) over𝑈 is called a full fuzzy
soft set if⋃

𝑎∈𝐴
𝐹(𝑎) = 𝑈.

Example 5 (Example 2 Continued). Let 𝑈 be a set of six
houses and 𝐴 a set of parameters given by Example 2. Now

suppose that all the available information of the six houses
with respect to the five parameters can be formulated as a
fuzzy soft set (𝐹, 𝐴) describing “attractiveness of houses” that
Mr. X is going to buy. According to the data collected, the
fuzzy soft set (𝐹, 𝐴) can be viewed as the collection of the
following fuzzy approximations:

𝐹(𝜀
1
) = expensive houses = {⟨x

1
, 0.6⟩, ⟨x

2
, 0.8⟩, ⟨x

3
, 0.4⟩,

⟨x
4
, 0.6⟩, ⟨x

5
, 0.5⟩, ⟨x

6
, 0.7⟩},

𝐹(𝜀
2
) = beautiful houses = {⟨x

1
, 0.6⟩, ⟨x

2
, 0.8⟩, ⟨x

3
, 0.2⟩, ⟨x

4
,

0.1⟩, ⟨x
5
, 0.5⟩, ⟨x

6
, 0.6⟩},

𝐹(𝜀
3
) = wooden houses = {⟨x

1
, 0.1⟩, ⟨x

2
, 0.4⟩, ⟨x

3
, 0.4⟩, ⟨x

4
,

0.6⟩, ⟨x
5
, 0.1⟩, ⟨x

6
, 0.7⟩},

𝐹(𝜀
4
) = in the green surroundings houses = {⟨x

1
, 0.6⟩, ⟨x

2
,

0.8⟩, ⟨x
3
, 0.3⟩, ⟨x

4
, 0.5⟩, ⟨x

5
, 0.5⟩, ⟨x

6
, 0.9⟩},

𝐹(𝜀
5
) = convenient traffic houses = {⟨x

1
, 0.5⟩, ⟨x

2
, 0.1⟩, ⟨x

3
,

0.3⟩, ⟨x
4
, 0.5⟩, ⟨x

5
, 0.3⟩, ⟨x

6
, 0.9⟩},

𝐹(𝜀
6
) =modern style houses = {⟨x

1
, 0.5⟩, ⟨x

2
, 0.4⟩, ⟨x

3
, 0.4⟩,

⟨x
4
, 0.6⟩, ⟨x

5
, 0.3⟩, ⟨x

6
, 0.9⟩}.

Table 2 is the tabular representation of the fuzzy soft set
(𝐹, 𝐴).

Definition 6 (see [20]). For two fuzzy soft sets (𝐹, 𝐴) and
(𝐺, 𝐵) over𝑈, we say that (𝐹, 𝐴) is a fuzzy soft subset of (𝐺, 𝐵)
if and only if 𝐴 ⊆ 𝐵 and ∀𝜀 ∈ 𝐴, 𝐹(𝜀) ⊆ 𝐺(𝜀). We denote
this relationship by (𝐹, 𝐴) ⊆ (𝐺, 𝐵). (𝐹, 𝐴) is said to be a
fuzzy soft superset of (𝐺, 𝐵), if (𝐺, 𝐵) is a fuzzy soft subset of
(𝐹, 𝐴). We denote it by (𝐹, 𝐴) ⊇ (𝐺, 𝐵). If (𝐹, 𝐴) is a fuzzy soft
subset of (𝐺, 𝐵) and (𝐺, 𝐵) is a fuzzy soft subset of (𝐹, 𝐴), then
(𝐹, 𝐴) and (𝐺, 𝐵) are said to be fuzzy soft equal, which can be
denoted by (𝐹, 𝐴) = (𝐺, 𝐵).

It is easy to see that (𝐹, 𝐴) = (𝐺, 𝐵) if and only if 𝐴 = 𝐵

and 𝐹(𝜀) = 𝐺(𝜀) for any 𝜀 ∈ 𝐴.

2.2. Pawlak’s Rough Sets and Rough Fuzzy Sets. In this
subsection we recall basic definitions of classical rough sets
and rough fuzzy sets.

Let 𝑈 denote a finite and nonempty set called the uni-
verse. Suppose𝑅 ⊆ 𝑈×𝑈 is an equivalence relation on𝑈; that
is, 𝑅 is reflexive, symmetrical, and transitive.The equivalence
relation 𝑅 partitions the set 𝑈 into disjoint subsets. It is a
quotient set of the universe and is denoted by 𝑈/𝑅. Elements
in the same equivalence class are said to be indistinguishable.
Equivalence classes of 𝑅 are called elementary sets. Every
union of elementary sets is called a definable set [33]. The
empty set is considered to be a definable set; thus, all the
definable sets formaBoolean algebra. (𝑈, 𝑅) is called a Pawlak
approximation space. Given an arbitrary set 𝑋 ⊆ 𝑈, one can
characterize 𝑋 by a pair of lower and upper approximations.
The lower approximation 𝑅(𝑋) is the greatest definable set
contained in 𝑋, and the upper approximation 𝑅(𝑋) is the
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smallest definable set containing 𝑋. They can be computed
by two equivalent formulae:

𝑅 (𝑋) = {𝑥 | [𝑥]
𝑅
⊆ 𝑋} ,

𝑅 (𝑋) = {𝑥 | [𝑥]
𝑅
∩ 𝑋 ̸= 0} ,

𝑅 (𝑋) = ∪ {[𝑥]
𝑅
| [𝑥]
𝑅
⊆ 𝑋} ,

(4)

𝑅 (𝑋) = ∪ {[𝑥]
𝑅
| [𝑥]
𝑅
∩ 𝑋 ̸= 0} , (5)

where [𝑥]
𝑅
= {𝑦 | 𝑥𝑅𝑦} is the equivalence class containing 𝑥.

Dubois and Prade [37] first generalized the concept of
rough sets to the fuzzy environment [38] and initiated the
concepts of rough fuzzy sets and fuzzy rough sets. Next, we
introduce the concept of rough fuzzy sets proposed byDubois
and Prade [37].

Let (𝑈, 𝑅) be a Pawlak approximation space. For a fuzzy
set 𝜇 ∈ F(𝑈), the lower and upper rough approximations
of 𝜇 with respect to (𝑈, 𝑅) are denoted by 𝑅(𝜇) and 𝑅(𝜇),
respectively, which are fuzzy sets in 𝑈 defined by

𝑅 (𝜇) (𝑥) = ∧ {𝜇 (𝑦) : 𝑦 ∈ [𝑥]
𝑅
} ,

𝑅 (𝜇) (𝑥) = ∨ {𝜇 (𝑦) : 𝑦 ∈ [𝑥]
𝑅
} ,

(6)

for all 𝑥 ∈ 𝑈. The operators 𝑅 and 𝑅 are called the lower and
upper rough approximation operators on fuzzy sets. If𝑅(𝜇) =
𝑅(𝜇), the fuzzy set 𝜇 is said to be definable; otherwise, 𝜇 is
called a rough fuzzy set.

2.3. Soft Fuzzy Rough Sets. Motivated by Dubois’s and Prade’s
original idea about rough fuzzy sets, Feng et al. [9] considered
the lower and upper approximations of a soft set in a Pawlak’s
approximation space, which gave rise to the notion of rough
soft sets. Next, in [10], a soft set instead of an equivalence
relation was used to granulate the universe of discourse. The
result was a deviation of Pawlak’s approximation space called
a soft approximation space, in which soft rough approxi-
mations and soft rough sets were introduced accordingly.
Furthermore, Feng et al. [9] considered lower and upper soft
rough approximations of fuzzy sets in a soft approximation
space and obtained a new hybrid model called soft rough
fuzzy sets, which can be seen as an extension of Dubois’s
and Prade’s rough fuzzy sets. Recently, Meng et al. [34] used
a fuzzy soft set to granulate the universe of discourse and
obtained two new hybrid models called soft fuzzy rough
sets, which can be seen as an extension of soft rough fuzzy
sets. In the following, we recall two pairs of soft fuzzy rough
approximation operators as follows.

Definition 7 (see [34]). LetS = (𝐹, 𝐴) be a fuzzy soft set over
𝑈 and SF = (𝑈,S) be a soft fuzzy approximation space. For a
fuzzy set𝜇 ∈ F(𝑈), the lower soft fuzzy rough approximation

Apr
S
(𝜇) and upper soft fuzzy rough approximation AprS(𝜇)

of 𝜇 with respect to SF are fuzzy sets in 𝑈 given by

AprS (𝜇) (𝑥)

= ⋁

𝜀∈𝐴

(𝐹 (𝜀) (𝑥) ∧ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦)))) ,

AprS (𝜇) (𝑥)

= ⋀

𝜀∈𝐴

((1 − 𝐹 (𝜀) (𝑥)) ∨ (⋁

𝑦∈𝑈

(𝐹 (𝜀) (𝑦) ∧ 𝜇 (𝑦)))) ,

(7)

for all 𝑥 ∈ 𝑈.

Definition 8 (see [34]). LetS = (𝐹, 𝐴) be a fuzzy soft set over
𝑈. The pair SF = (𝑈,S) is called a soft fuzzy approximation
space. For a fuzzy set 𝜇 ∈ F(𝑈), the lower and upper
soft fuzzy rough approximations of 𝜇 with respect to SF are
denoted by Apr

S
(𝜇) and AprS(𝜇), respectively, which are

fuzzy sets in 𝑈 given by

Apr
S
(𝜇) (𝑥)

= ⋀

𝜀∈𝐴

((1 − 𝐹 (𝜀) (𝑥))

∨(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦)))) ,

AprS (𝜇) (𝑥)

= ⋀

𝜀∈𝐴

(𝐹 (𝜀) (𝑥) ∧ (⋁

𝑦∈𝑈

(𝐹 (𝜀) (𝑦) ∧ 𝜇 (𝑦)))) ,

(8)

for all 𝑥 ∈ 𝑈. The operators Apr
S
and AprS are called the

lower and upper soft fuzzy rough approximation operators
on fuzzy sets. If Apr

S
(𝜇) = AprS(𝜇), 𝜇 is said to be soft fuzzy

definable; otherwise 𝜇 is called a soft fuzzy rough set.

3. Reducts of the Lower Soft Fuzzy Rough
Approximation Operator Apr

S
and

Upper Soft Fuzzy Rough Approximation

Operator Apr


S

It is worth noting that two different fuzzy soft sets may gener-
ate the same lower soft fuzzy rough approximation operator
Apr

S
and upper soft fuzzy rough approximation operator

AprS; therefore, it is necessary to obtain the conditions under
which two different fuzzy soft sets generate the same lower
soft fuzzy rough approximation operatorApr

S
and upper soft

fuzzy rough approximation operator AprS. In addition, there
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Table 3: Tabular representation of (𝐺, 𝐵).

𝑈 𝜀
1

𝜀
2

𝜀
3

𝜀
4

𝜀
5

𝑥
1

0.6 0.6 0.1 0.6 0.5
𝑥
2

0.8 0.8 0.4 0.8 0.1
𝑥
3

0.4 0.2 0.4 0.3 0.3
𝑥
4

0.6 0.1 0.6 0.5 0.5
𝑥
5

0.5 0.5 0.1 0.5 0.3
𝑥
6

0.7 0.6 0.7 0.9 0.9

Table 4: Tabular representation of (𝐻, 𝐶).

𝑈 𝜀
1

𝜀
2

𝜀
3

𝜀
5

𝑥
1

0.6 0.6 0.1 0.5
𝑥
2

0.8 0.8 0.4 0.1
𝑥
3

0.4 0.2 0.4 0.3
𝑥
4

0.6 0.1 0.6 0.5
𝑥
5

0.5 0.5 0.1 0.3
𝑥
6

0.7 0.6 0.7 0.9

Table 5: Tabular representation of (𝐽, 𝐷).

𝑈 𝜀
2

𝜀
3

𝜀
5

𝑥
1

0.6 0.1 0.5
𝑥
2

0.8 0.4 0.1
𝑥
3

0.2 0.4 0.3
𝑥
4

0.1 0.6 0.5
𝑥
5

0.5 0.1 0.3
𝑥
6

0.6 0.7 0.9

may also exist redundancy in a fuzzy soft set; that is, if we
remove a parameter from a set of parameters, the remaining
fuzzy soft set and the original fuzzy soft set can generate the
same lower soft fuzzy rough approximation operator Apr

S

and upper soft fuzzy rough approximation operator AprS.
Therefore, deletion of redundancy from a fuzzy soft set is an
important topic. In this section, we are devoted to solving
these problems.

Example 9 (different fuzzy soft sets generate the same Apr
S

and AprS). Let (𝐹, 𝐴) be a fuzzy soft set over 𝑈 shown
in Table 2. Let (𝐺, 𝐵), (𝐻, 𝐶), and (𝐽, 𝐷) be three fuzzy
soft sets over 𝑈 shown in Tables 3, 4, and 5, where 𝐵 =

{𝜀
1
, 𝜀
2
, 𝜀
3
, 𝜀
4
, 𝜀
5
} = {expensive; beautiful; wooden; in the

green surroundings; convenient traffic}, 𝐶 = {𝜀
1
, 𝜀
2
, 𝜀
3
, 𝜀
5
} =

{expensive; beautiful; wooden; convenient traffic}, and 𝐷 =

{𝜀
2
, 𝜀
3
, 𝜀
5
} = {beautiful; wooden; convenient traffic}.

Through computing, we find that (𝐹, 𝐴), (𝐺, 𝐵), (𝐻, 𝐶)
and (𝐽, 𝐷) generate the same lower soft fuzzy rough approx-
imation operator Apr

S
and the same upper soft fuzzy

rough approximation operator AprS. Therefore, we want
to investigate the conditions under which two different

fuzzy soft sets generate the same lower soft fuzzy rough
approximation operator Apr

S
and the same upper soft fuzzy

rough approximation operator AprS.

Definition 10. Let (𝐹, 𝐴) be a fuzzy soft set over a universe 𝑈
and 𝑎 ∈ 𝐴. If 𝐹(𝑎) is a union of some fuzzy sets in {𝐹(𝜀) | 𝜀 ∈
𝐴 − {𝑎}}, then 𝑎 is called a reducible element of 𝐴; otherwise,
𝑎 is called an irreducible element of 𝐴.

Proposition 11. Let (𝐹, 𝐴) be a fuzzy soft set over 𝑈. Then 𝜀
is a reducible element of 𝐴 if and only if, for any 𝑥 ∈ 𝑈, there
exists a parameter 𝜀

𝑥
∈ 𝐴 − {𝜀} such that 𝐹(𝜀)(𝑥) = 𝐹(𝜀

𝑥
)(𝑥).

Proof. According to Definition 10, we have
𝜀 is a reducible element of 𝐴:

⇔ 𝐹(𝜀) = ⋃
𝜀∈𝐴−{𝑎}

𝐹(𝜀),

⇔ 𝐹(𝜀)(𝑥) = ⋁
𝜀∈𝐴−{𝑎}

𝐹(𝜀)(𝑥), for all 𝑥 ∈ 𝑈,

⇔ there exists a parameter 𝜀
𝑥
∈ 𝐴 − {𝜀} such that

𝐹(𝜀)(𝑥) = 𝐹(𝜀
𝑥
)(𝑥), for all 𝑥 ∈ 𝑈.

Example 12. In Table 2, we can easily see that 𝐹(𝜀
1
) = 𝐹(𝜀

2
) ∪

𝐹(𝜀
3
). Therefore, by Definition 10, 𝜀

1
is a reducible element of

𝐴.

Definition 13. Let (𝐹, 𝐴) be a fuzzy soft set over a universe 𝑈.
If every element of 𝐴 is an irreducible element, then we call
𝐴 irreducible; otherwise, 𝐴 is reducible.

Theorem 14. Let (𝐹, 𝐴) be a full fuzzy soft set over 𝑈. If 𝑎 is a
reducible element of 𝐴, then {𝐹(𝜀) | 𝜀 ∈ 𝐴 − {𝑎}} is still a full
fuzzy soft set over 𝑈.

Proof. It directly follows from Definitions 4 and 10.

Theorem 15. Let (𝐹, 𝐴) be a fuzzy soft set over a universe 𝑈,
let 𝑎 ∈ 𝐴, let 𝑎 be a reducible element of𝐴, and let 𝑏 ∈ 𝐴− {𝑎};
then, 𝑏 is a reducible element of𝐴 if and only if it is a reducible
element of 𝐴 − {𝑎}.

Proof. “⇒” If 𝑏 is a reducible element of 𝐴, then 𝐹(𝑏) can be
expressed as a union of some fuzzy subsets in {𝐹(𝜀) | 𝜀 ∈
𝐴 − {𝑏}}, denoted by 𝐹(𝜀

𝑖
1

), 𝐹(𝜀
𝑖
2

), . . . , 𝐹(𝜀
𝑖
𝑛

). It is clear that
𝐹(𝜀
𝑖
𝑘

) ⊂ 𝐹(𝑏) for 𝑘 = 1, 2, . . . , 𝑛. If all fuzzy sets among
𝐹(𝜀
𝑖
1

), 𝐹(𝜀
𝑖
2

), . . . , 𝐹(𝜀
𝑖
𝑛

) are not equal to 𝐹(𝑎), then 𝐹(𝜀
𝑖
1

),

𝐹(𝜀
𝑖
2

), . . . , 𝐹(𝜀
𝑖
𝑛

) ⊆ {𝐹(𝜀) | 𝜀 ∈ 𝐴 − {𝑎}} − {𝐹(𝑏)}. Thus,
𝑏 is a reducible element of 𝐴 − {𝑎}. If some one among
𝐹(𝜀
𝑖
1

), 𝐹(𝜀
𝑖
2

), . . . , 𝐹(𝜀
𝑖
𝑛

) is equal to 𝐹(𝑎), without loss of
generality, let 𝐹(𝜀

𝑖
1

) = 𝐹(𝑎). Since 𝑎 is a reducible element
of 𝐴, there exist fuzzy sets 𝐹(𝜀

𝑗
1

), 𝐹(𝜀
𝑗
2

), . . . , 𝐹(𝜀
𝑗
𝑚

) ∈ {𝐹(𝜀) |

𝜀 ∈ 𝐴−{𝑎}}, such that 𝐹(𝜀
𝑖
1

) = 𝐹(𝑎) = ⋃
𝑚

𝑘=1
𝐹(𝜀
𝑗
𝑘

). Therefore,
𝐹(𝑏) = ⋃

𝑛

𝑘=1
𝐹(𝜀
𝑖
𝑘

) = (⋃
𝑚

𝑘=1
𝐹(𝜀
𝑗
𝑘

)) ∪ 𝐹(𝜀
𝑖
2

) ∪ ⋅ ⋅ ⋅ ∪ 𝐹(𝜀
𝑖
𝑛

).
Furthermore, because 𝐹(𝜀

𝑖
1

) ⊂ 𝐹(𝑏), 𝐹(𝜀
𝑗
1

), 𝐹(𝜀
𝑗
2

), . . . , 𝐹(𝜀
𝑗
𝑚

)

cannot be equal to 𝐹(𝑏), so 𝐹(𝜀
𝑗
1

), 𝐹(𝜀
𝑗
2

), . . . , 𝐹(𝜀
𝑗
𝑚

), 𝐹(𝜀
𝑖
2

),

. . . , 𝐹(𝜀
𝑖
𝑛

) are not equal to either 𝐹(𝑎) or 𝐹(𝑏). That is,
{𝐹(𝜀
𝑗
1

), 𝐹(𝜀
𝑗
2

), . . . , 𝐹(𝜀
𝑗
𝑚

), 𝐹(𝜀
𝑖
2

), . . . , 𝐹(𝜀
𝑖
𝑛

)} ⊆ {𝐹(𝜀) | 𝜀 ∈

𝐴 − {𝑎}} − {𝐹(𝑏)}. Thus, 𝑏 is a reducible element of 𝐴 − {𝑎}.
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“⇐” If 𝑏 is a reducible element of 𝐴 − {𝑎}, then 𝐹(𝑏) can
be expressed as a union of some fuzzy sets in {𝐹(𝜀) | 𝜀 ∈ 𝐴 −
{𝑎}} − {𝐹(𝑏)} = {𝐹(𝜀) | 𝜀 ∈ 𝐴 − {𝑎, 𝑏}}. Obviously, 𝐹(𝑏) can be
expressed as a union of some fuzzy sets in {𝐹(𝜀) | 𝜀 ∈ 𝐴−{𝑏}},
so 𝑏 is a reducible element of 𝐴.

Theorem 15 shows that deleting a reducible element in
a set of parameters will not generate any new reducible
elements ormake other originally reducible elements become
irreducible elements of the new set of parameters. So, we
can compute the reduct of a set of parameters by deleting
all reducible elements in the same time, or by deleting one
reducible element in a step. The remaining set of parameters
is irreducible. Especially, for a full fuzzy soft set, Theorem 14
guarantees that after deleting a reducible element in a set of
parameters, the new fuzzy soft set is still a full fuzzy soft set.

Definition 16. For a fuzzy soft set (𝐹, 𝐴) over 𝑈, when
we delete all reducible elements from 𝐴, the remaining
irreducible set of parameters is called the reduct of 𝐴 and is
denoted by reduct(𝐴).

Theorem 15 guarantees that a set of parameters has only
one reduct. An algorithm to compute the reduct of a set of
parameters is shown as follows.

Example 17. In Example 9, reduct(𝐴)= reduct(𝐵)=reduct(𝐶)
= reduct(𝐷) = 𝐷.

Definition 18. For a fuzzy soft set (𝐹, 𝐴) over𝑈, the fuzzy soft
set {𝐹(𝜀) | 𝜀 ∈ reduct(𝐴)} is called the reduct of (𝐹, 𝐴) and is
denoted by reduct((𝐹, 𝐴)).

Theorem 19. If (𝐹, 𝐴) is a fuzzy soft set over𝑈, 𝑎 is a reducible
element of 𝐴, and 𝜇 ∈ F(𝑈); then the lower soft fuzzy rough
approximations Apr 

S
(𝜇) of 𝜇 generated by the fuzzy soft set

(𝐹, 𝐴) and the fuzzy soft set {𝐹(𝜀) | 𝜀 ∈ 𝐴 − {𝑎}}, respectively,
are the same.

Proof. Since 𝑎 is a reducible element of 𝐴, 𝐹(𝑎) can be
expressed as a union of some fuzzy subsets in {𝐹(𝜀) | 𝜀 ∈
𝐴 − {𝑎}}, say 𝐹(𝜀

1
), 𝐹(𝜀
2
), . . . , 𝐹(𝜀

𝑛
). Then, for any 𝑥 ∈ 𝑈, we

have

𝐹 (𝑎) (𝑥) ∧ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝑎) (𝑦)) ∨ 𝜇 (𝑦)))

= (

𝑛

⋃

𝑘=1

𝐹 (𝜀
𝑛
)) (𝑥)

∧ (⋀

𝑦∈𝑈

((1 − (

𝑛

⋃

𝑘=1

𝐹 (𝜀
𝑛
)) (𝑦)) ∨ 𝜇 (𝑦)))

= (

𝑛

⋁

𝑘=1

𝐹 (𝜀
𝑘
) (𝑥))

∧ (⋀

𝑦∈𝑈

((1 − (

𝑛

⋁

𝑘=1

𝐹 (𝜀
𝑘
) (𝑦))) ∨ 𝜇 (𝑦)))

= (

𝑛

⋁

𝑘=1

𝐹 (𝜀
𝑘
) (𝑥))

∧ (⋀

𝑦∈𝑈

((

𝑛

⋀

𝑘=1

(1 − 𝐹 (𝜀
𝑘
) (𝑦))) ∨ 𝜇 (𝑦)))

= (

𝑛

⋁

𝑘=1

𝐹 (𝜀
𝑘
) (𝑥))

∧ (⋀

𝑦∈𝑈

(

𝑛

⋀

𝑘=1

((1 − 𝐹 (𝜀
𝑘
) (𝑦)) ∨ 𝜇 (𝑦))))

= (

𝑛

⋁

𝑘=1

𝐹 (𝜀
𝑘
) (𝑥))

∧ (

𝑛

⋀

𝑘=1

⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀
𝑘
) (𝑦)) ∨ 𝜇 (𝑦)))

≤

𝑛

⋁

𝑘=1

(𝐹 (𝜀
𝑘
) (𝑥) ∧ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀
𝑘
) (𝑦)) ∨ 𝜇 (𝑦)))) .

(9)

Consequently, we have

Apr
(𝐹,𝐴)

(𝜇) (𝑥)

= ⋁

𝜀∈𝐴

(𝐹 (𝜀) (𝑥) ∧ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦))))

= (𝐹 (𝑎) (𝑥) ∧ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝑎) (𝑦)) ∨ 𝜇 (𝑦))))

∨ ( ⋁

𝜀∈𝐴−{𝑎}

(𝐹 (𝜀) (𝑥)

∧(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦)))))

= ⋁

𝜀∈𝐴−{𝑎}

(𝐹 (𝜀) (𝑥) ∧ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦))))

= Apr
{𝐹(𝜀)|𝜀∈𝐴−{𝑎}}

(𝜇) (𝑥) .

(10)

This theorem is proved.

Corollary 20. Suppose (𝐹, 𝐴) is a fuzzy soft set over 𝑈 and
𝜇 ∈ F(𝑈); then the lower soft fuzzy rough approximations
Apr 

S
(𝜇) of 𝜇 generated by the fuzzy soft sets (𝐹, 𝐴) and

reduct((𝐹, 𝐴)), respectively, are the same.

Proof. It directly follows from Definition 18 andTheorem 19.
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Theorem 21. If (𝐹, 𝐴) is a fuzzy soft set over𝑈, 𝑎 is a reducible
element of 𝐴, and 𝜇 ∈ F(𝑈), then the upper soft fuzzy rough
approximations Apr S(𝜇) of 𝜇 generated by the fuzzy soft set
(𝐹, 𝐴) and the fuzzy soft set {F(𝜀) | 𝜀 ∈ 𝐴 − {𝑎}}, respectively,
are the same.

Proof. The proof is analogous to the proof of Theorem 19.

Corollary 22. Suppose (𝐹, 𝐴) is a fuzzy soft set over 𝑈 and
𝜇 ∈ F(𝑈); then the upper soft fuzzy rough approximations
AprS(𝜇) of 𝜇 generated by the fuzzy soft sets (𝐹, 𝐴) and
reduct((𝐹, 𝐴)), respectively, are the same.

Proof. It directly follows from Definition 18 andTheorem 21.

Combining Corollaries 20 and 22, we have the following
conclusions.

Theorem 23. Let (𝐹, 𝐴) be a fuzzy soft set over 𝑈; then (𝐹, 𝐴)
and reduct((𝐹, 𝐴)) generate the same lower soft fuzzy rough
approximation operators Apr

S
and the same upper soft fuzzy

rough approximation operators AprS.

Theorem 24 (condition under which two different fuzzy
soft sets generate the same Apr

S
and AprS). Let (𝐹, 𝐴) and

(𝐺, 𝐵) be two fuzzy soft sets over the same universe 𝑈. If
(𝐹, 𝐴) and (𝐺, 𝐵) satisfy the condition in Proposition 11 and
reduct((𝐹, 𝐴)) = reduct((𝐺, 𝐵)), then (𝐹, 𝐴) and (𝐺, 𝐵) gener-
ate the same lower soft fuzzy rough approximation operators
Apr

S
and the same upper soft fuzzy rough approximation

operators AprS.

Remark 25. When 𝐴 contains a large amount of parameters,
calculating Apr

(𝐹,𝐴)

and Apr
(𝐹,𝐴)

using Definition 8 becomes
very complex. Based on the above discussions, we may first
calculate reduct(𝐴) using Algorithm 1 and then calculate
Apr
(𝐹,𝐴)

and Apr
(𝐹,𝐴)

using the following equations:

∀𝜇 ∈ F (𝑈) , 𝑥 ∈ 𝑈,

Apr
(𝐹,𝐴)

(𝜇) (𝑥)

= ⋁

𝜀∈reduct(𝐴)
(𝐹 (𝜀) (𝑥) ∧(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦)))) ,

Apr
(𝐹,𝐴)

(𝜇) (𝑥)

= ⋀

𝜀∈reduct(𝐴)
((1 − 𝐹 (𝜀) (𝑥)) ∨(⋁

𝑦∈𝑈

(𝐹 (𝜀) (𝑦) ∧ 𝜇 (𝑦)))) .

(11)

Example 26. Let (𝐹, 𝐴) be a fuzzy soft set over 𝑈 shown
in Table 2. Let 𝜇 = {⟨ℎ

1
, 0.3⟩, ⟨ℎ

2
, 0.5⟩, ⟨ℎ

3
, 0.1⟩, ⟨ℎ

4
, 0.7⟩,

𝑚 is the number of parameters in 𝐴
set reduct (𝐴) = 𝐴;
for (𝑖 = 1; 𝑖 ≤ 𝑚; 𝑖 ++)

{set temp = 0;
for (𝑗 = 1; 𝑗 ≤ 𝑚; 𝑗 ++)

{if (𝐹 (𝜀
𝑗
) ⊂ 𝐹 (𝜀

𝑖
))

{temp = temp ∪ 𝐹 (𝜀
𝑗
);

if (temp = 𝐹 (𝜀
𝑖
))

{reduct (𝐴) = reduct (𝐴) − {𝜀
𝑖
};

break;
}

}

}

}

return reduct (𝐴).

Algorithm 1

⟨ℎ
5
, 0.6⟩, ⟨ℎ

6
, 0.8⟩} be a fuzzy set on 𝑈. By Remark 25 and

Example 17, we have

Apr
(𝐹,𝐴)

(𝜇) (𝑥
1
)

= ⋁

𝜀∈reduct(𝐴)
(𝐹 (𝜀) (𝑥

1
)

∧(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦))))

= 0.4 ∨ 0.1 ∨ 0.5 = 0.5,

Apr
(𝐹,𝐴)

(𝜇) (𝑥
2
) = 0.4 ∨ 0.4 ∨ 0.1 = 0.4,

Apr
(𝐹,𝐴)

(𝜇) (𝑥
3
) = 0.2 ∨ 0.4 ∨ 0.3 = 0.4,

Apr
(𝐹,𝐴)

(𝜇) (𝑥
4
) = 0.1 ∨ 0.6 ∨ 0.5 = 0.6,

Apr
(𝐹,𝐴)

(𝜇) (𝑥
5
) = 0.4 ∨ 0.1 ∨ 0.3 = 0.4,

Apr
(𝐹,𝐴)

(𝜇) (𝑥
6
) = 0.4 ∨ 0.6 ∨ 0.5 = 0.6.

(12)

Thus, Apr
(𝐹,𝐴)

(𝜇)={⟨𝑥
1
, 0.5⟩,⟨𝑥

2
, 0.4⟩,⟨𝑥

3
, 0.4⟩, ⟨𝑥

4
, 0.6⟩,

⟨𝑥
5
, 0.4⟩, ⟨𝑥

6
, 0.6⟩}.

Similarly, we have Apr
(𝐹,𝐴)

(𝜇) = {⟨𝑥
1
, 0.6⟩, ⟨𝑥

2
, 0.6⟩,

⟨𝑥
3
, 0.7⟩, ⟨𝑥

4
, 0.7⟩, ⟨𝑥

5
, 0.6⟩, ⟨𝑥

6
, 0.6⟩}.

4. Exclusions of the Lower Soft Fuzzy Rough
Approximation Operator Apr

S
and

Upper Soft Fuzzy Rough Approximation
Operator AprS

In the present section, we investigate similar issues to those
in Section 3 for the the lower soft fuzzy rough approximation
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operator Apr
S
and the upper soft fuzzy rough approximation

operator AprS. It should be noted that the concept of reduct
is not a very useful tool for the lower soft fuzzy rough
approximation operator Apr

S
and upper soft fuzzy rough

approximation operator AprS. An illustrative example is as
follows.

Example 27. ((𝐹, 𝐴) and reduct((𝐹, 𝐴)) do not generate the
same lower soft fuzzy rough approximation operator Apr

S

and the same upper soft fuzzy rough approximation operator
AprS). Let (𝐻, 𝐶) be a fuzzy soft set over𝑈 shown in Table 4.
Let (𝐽, 𝐷) be a fuzzy soft set over𝑈 shown in Table 5. Let 𝜇 =
{⟨ℎ
1
, 0.3⟩, ⟨ℎ

2
, 0.5⟩, ⟨ℎ

3
, 0.1⟩, ⟨ℎ

4
, 0.7⟩, ⟨ℎ

5
, 0.6⟩, ⟨ℎ

6
, 0.8⟩} be

a fuzzy set on 𝑈. By Example 17, we know that
reduct((𝐻, 𝐶)) = (𝐽, 𝐷). According to Definition 7, we have

Apr
(𝐽,𝐷)

(𝜇) (𝑥
4
)

= ⋀

𝜀∈𝐷

((1 − 𝐹 (𝜀) (𝑥
4
))

∨(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦))))

= 0.5,

Apr
(𝐽,𝐷)

(𝜇) (𝑥
2
)

= ⋁

𝜀∈𝐷

(𝐹 (𝜀) (𝑥
2
) ∧ (⋁

𝑦∈𝑈

(𝐹 (𝜀) (𝑦) ∧ 𝜇 (𝑦)))) = 0.6,

Apr
(𝐻,𝐶)

(𝜇) (𝑥
4
)

= ⋀

𝜀∈𝐶

((1 − 𝐹 (𝜀) (𝑥
4
))

∨(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦))))

= 0.4,

Apr
(𝐻,𝐶)

(𝜇) (𝑥
2
)

= ⋁

𝜀∈𝐶

(𝐹 (𝜀) (𝑥
2
) ∧ (⋁

𝑦∈𝑈

(𝐹 (𝜀) (𝑦) ∧ 𝜇 (𝑦)))) = 0.7.

(13)

Therefore, (𝐻, 𝐶) and (𝐽, 𝐷) do not generate the same lower
soft fuzzy rough approximation operator Apr

S
and the same

upper soft fuzzy rough approximation operator AprS.

Example 28 (two different fuzzy soft sets generate the same
lower soft fuzzy rough approximation operator Apr

S
and the

same upper soft fuzzy rough approximation operator AprS).

Table 6: Tabular representation of (𝑀,𝑁).

𝑈 𝜀
1

𝜀
5

𝑥
1

0.6 0.5
𝑥
2

0.8 0.1
𝑥
3

0.4 0.3
𝑥
4

0.6 0.5
𝑥
5

0.5 0.3
𝑥
6

0.7 0.9

Let (𝐻, 𝐶) be a fuzzy soft set over 𝑈 shown in Table 4. Let
(𝑀,𝑁) be a fuzzy soft set over 𝑈 shown in Table 6, where
𝑁 = {𝜀

1
, 𝜀
5
}.

ByDefinition 7, we know that (𝐻, 𝐶) and (𝑀,𝑁) generate
the same lower soft fuzzy rough approximation operator
Apr

S
and the same upper soft fuzzy rough approximation

operator AprS. Thus, we need to examine the conditions
under which two different fuzzy soft sets generate the same
lower soft fuzzy rough approximation operator Apr

S
and

the same upper soft fuzzy rough approximation operator
AprS. To address this issue, we introduce the following novel
concept called exclusions.

Definition 29. Let (𝐹, 𝐴) be a fuzzy soft set over𝑈 and 𝑎 ∈ 𝐴.
If there exists another parameter 𝑏 ∈ 𝐴 such that𝐹(𝑎) ⊂ 𝐹(𝑏),
then we say that 𝑎 is an immured element of 𝐴.

Proposition 30. Let (F,A) be a fuzzy soft set over𝑈. Then 𝜀 is
an immured element of𝐴 if and only if there exists a parameter
𝜂 ∈ 𝐴 − {𝜀} such that 𝐹(𝜀)(𝑥) ≤ 𝐹(𝜂)(𝑥) for any 𝑥 ∈ 𝑈.

Proof. According to Definition 29, we have the following:

𝜀 is an immured element of 𝐴,
⇔ there exists another parameter 𝜂 ∈ 𝐴 − {𝜀} such that
𝐹(𝜀) ⊂ 𝐹(𝜂),

⇔ 𝐹(𝜀)(𝑥) ≤ 𝐹(𝜂)(𝑥), ∀𝑥 ∈ 𝑈.

Example 31. For the fuzzy soft set (𝐻, 𝐶) in Table 4, 𝜀
2
is an

immured element of 𝐶.

Definition 32. Let (𝐹, 𝐴) be a fuzzy soft set over 𝑈. If every
parameter of 𝐴 is not an immured element, we call 𝐴
semireduced or semi-irredundant.

Theorem 33. Let (𝐹, 𝐴) be a full fuzzy soft set over 𝑈. If 𝑎 is
an immured element of 𝐴, then {𝐹(𝜀) | 𝜀 ∈ 𝐴 − {𝑎}} is still a
full fuzzy soft set over 𝑈.

Proof. It follows from Definitions 4 and 29.

Theorem 34. Let (𝐹, 𝐴) be a fuzzy soft set over𝑈, 𝑎 ∈ 𝐴, 𝑎 an
immured element of 𝐴, and 𝑏 ∈ 𝐴− {𝑎}; then, 𝑏 is an immured
element of 𝐴 if and only if it is an immured element of 𝐴− {𝑎}.
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Proof. “⇒” If 𝑏 is an immured element of𝐴, then there exists
𝑐 ∈ 𝐴 − {𝑏} such that 𝐹(𝑏) ⊂ 𝐹(𝑐). Since 𝑎 is an immured
element of 𝐴, there exists 𝑑 ∈ 𝐴 − {𝑎} such that 𝐹(𝑎) ⊂ 𝐹(𝑑).
If 𝑐 = 𝑎, then 𝐹(𝑏) ⊂ 𝐹(𝑐) = 𝐹(𝑎) ⊂ 𝐹(𝑑). If 𝑐 ̸= 𝑎, then
𝑐 ∈ (𝐴 − {𝑎}) − {𝑏} = 𝐴 − {𝑎, 𝑏}. Therefore, 𝑏 is an immured
element of 𝐴 − {𝑎}.

“⇐” If 𝑏 is an immured element of 𝐴 − {𝑎}, then there
exists 𝑐 ∈ 𝐴− {𝑎, 𝑏} such that 𝐹(𝑏) ⊂ 𝐹(𝑐). Clearly, 𝑏 is also an
immured element of 𝐴.

Theorem 34 shows that deleting an immured element
in a set of parameters will not generate any new reducible
elements ormake other originally immured elements become
no immured elements of the new set of parameters. So,
we can compute the exclusion of a set of parameters by
deleting all immured elements in the same time, or by
deleting one immured element in a step.The remaining set of
parameters is not immured. In particular, for a full fuzzy soft
set, Theorem 33 guarantees that after deleting an immured
element in a set of parameters, the new fuzzy soft set is still a
full fuzzy soft set.

Definition 35. Let (𝐹, 𝐴) be a fuzzy soft set over 𝑈. When
we remove all the immured parameters from 𝐴, the set of
all remaining parameters is called an exclusion of 𝐴 and is
denoted by exclusion(𝐴).

Theorem 34 guarantees that a set of parameters has only
one exclusion.We give an algorithm to compute the exclusion
of a set of parameters as follows.

Example 36. In Example 28, exclusion(𝐶) = exclusion(𝑁) =
𝑁.

Definition 37. For a fuzzy soft set (𝐹, 𝐴) over𝑈, the fuzzy soft
set {𝐹(𝜀) | 𝜀 ∈ exclusion(𝐴)} is called the exclusion of (𝐹, 𝐴)
and is denoted by exclusion((𝐹, 𝐴)).

Theorem 38. If (𝐹, 𝐴) is a fuzzy soft set over 𝑈, 𝑎 is an
immured element of𝐴, and𝜇 ∈ F(𝑈), then the lower soft fuzzy
rough approximationsApr

S
(𝜇) of 𝜇 generated by the fuzzy soft

set (𝐹, 𝐴) and the fuzzy soft set {𝐹(𝜀) | 𝜀 ∈ 𝐴−{𝑎}}, respectively,
are the same.

Proof. Since 𝑎 is an immured element of 𝐴, there exists
another element 𝑏 ∈ 𝐴 − {𝑎} such that 𝐹(𝑎) ⊂ 𝐹(𝑏). For any
𝑥 ∈ 𝑈, we have

(1 − 𝐹 (𝑎) (𝑥)) ∨ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝑎) (𝑦)) ∨ 𝜇 (𝑦)))

≥ (1 − 𝐹 (𝑎) (𝑥)) ∨ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝑏) (𝑦)) ∨ 𝜇 (𝑦)))

≥ (1 − 𝐹 (𝑏) (𝑥)) ∨ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝑏) (𝑦)) ∨ 𝜇 (𝑦))) .

(14)

Thus, we have
Apr
(𝐹,𝐴)

(𝜇) (𝑥)

= ⋀

𝜀∈𝐴

((1 − 𝐹 (𝜀) (𝑥))

∨(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦))))

= ((1 − 𝐹 (𝑎) (𝑥)) ∨ (⋀

𝑦∈𝑈

((1 − 𝐹 (𝑎) (𝑦)) ∨ 𝜇 (𝑦))))

∧ ( ⋀

𝜀∈𝐴−{𝑎}

((1 − 𝐹 (𝜀) (𝑥))

∨(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦)))))

= ⋀

𝜀∈𝐴−{𝑎}

((1 − 𝐹 (𝜀) (𝑥))

∨(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦))))

= Apr
{𝐹(𝜀)|𝜀∈𝐴−{𝑎}}

(𝜇) (𝑥) .

(15)

This theorem is proved.

Corollary 39. Suppose (𝐹, 𝐴) is a fuzzy soft set over 𝑈 and
𝜇 ∈ F(𝑈); then the lower soft fuzzy rough approximations
Apr

S
(𝜇) of 𝜇 generated by the fuzzy soft sets (𝐹, 𝐴) and

exclusion((𝐹, 𝐴)), respectively, are the same.

Proof. It follows from Definition 37 andTheorem 38.

Theorem 40. If (𝐹, 𝐴) is a fuzzy soft set over 𝑈, 𝑎 is an
immured element of 𝐴, and 𝜇 ∈ F(𝑈), then the upper soft
fuzzy rough approximations AprS(𝜇) of 𝜇 generated by the
fuzzy soft set (𝐹, 𝐴) and the fuzzy soft set {𝐹(𝜀) | 𝜀 ∈ 𝐴 − {𝑎}},
respectively, are the same.

Proof. Since 𝑎 is an immured element of 𝐴, there exists
another element 𝑏 ∈ 𝐴 − {𝑎} such that 𝐹(𝑎) ⊂ 𝐹(𝑏). For any
𝑥 ∈ 𝑈, we have

𝐹 (𝑎) (𝑥) ∧ (⋁

𝑦∈𝑈

(𝐹 (𝑎) (𝑦) ∧ 𝜇 (𝑦)))

≤ 𝐹 (𝑎) (𝑥) ∧ (⋁

𝑦∈𝑈

(𝐹 (𝑏) (𝑦) ∧ 𝜇 (𝑦)))

≤ 𝐹 (𝑏) (𝑥) ∧ (⋁

𝑦∈𝑈

(𝐹 (𝑏) (𝑦) ∧ 𝜇 (𝑦))) .

(16)
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Consequently, we have

Apr
(𝐹,𝐴)

(𝜇) (𝑥)

= ⋁

𝜀∈𝐴

(𝐹 (𝜀) (𝑥) ∧ (⋁

𝑦∈𝑈

(𝐹 (𝜀) (𝑦) ∧ 𝜇 (𝑦))))

= (𝐹 (𝑎) (𝑥) ∧ (⋁

𝑦∈𝑈

(𝐹 (𝑎) (𝑦) ∧ 𝜇 (𝑦))))

∨ ( ⋁

𝜀∈𝐴−{𝑎}

(𝐹 (𝜀) (𝑥)

∧(⋁

𝑦∈𝑈

(𝐹 (𝜀) (𝑦) ∧ 𝜇 (𝑦)))))

= ⋁

𝜀∈𝐴−{𝑎}

(𝐹 (𝜀) (𝑥) ∧ (⋁

𝑦∈𝑈

(𝐹 (𝜀) (𝑦) ∧ 𝜇 (𝑦))))

= Apr
{𝐹(𝜀)|𝜀∈𝐴−{𝑎}}

(𝜇) (𝑥) .

(17)

This theorem is proved.

Corollary 41. Suppose (𝐹, 𝐴) is a fuzzy soft set over 𝑈 and
𝜇 ∈ F(𝑈); then the upper soft fuzzy rough approximations
AprS(𝜇) of 𝜇 generated by the fuzzy soft sets (𝐹, 𝐴) and
exclusion((𝐹, 𝐴)), respectively, are the same.

Proof. It follows from Definition 37 andTheorem 40.

Combining Corollaries 39 and 41, we have the following
conclusions.

Theorem 42. Let (𝐹, 𝐴) be a fuzzy soft set over 𝑈; then (𝐹, 𝐴)
and exclusion((𝐹, 𝐴)) generate the same lower soft fuzzy rough
approximation operators Apr

S
and the same upper soft fuzzy

rough approximation operators AprS.

Theorem 43 (condition under which two different fuzzy
soft sets generate the same Apr

S
and AprS). Let (𝐹, 𝐴) and

(𝐺, 𝐵) be two fuzzy soft sets over the same universe 𝑈. If
(𝐹, 𝐴) and (𝐺, 𝐵) satisfy the condition in Proposition 30 and
exclusion((𝐹, 𝐴)) = exclusion((𝐺, 𝐵)), then (𝐹, 𝐴) and (𝐺, 𝐵)
generate the same lower soft fuzzy rough approximation oper-
atorsApr

S
and the same upper soft fuzzy rough approximation

operators AprS.

Remark 44. When 𝐴 contains a large amount of parameters,
calculating Apr

(𝐹,𝐴)

and Apr
(𝐹,𝐴)

using Definition 7 becomes
very complex. Based on the above discussions, we may first
calculate exclusion(𝐴) using Algorithm 2 and then calculate
Apr
(𝐹,𝐴)

and Apr
(𝐹,𝐴)

using the following equations:

∀𝜇 ∈ F (𝑈) , 𝑥 ∈ 𝑈,

set exclusion (𝐴) = 𝐴;
for (𝑖 = 1; 𝑖 ≤ 𝑛; 𝑖 + +)

{for (𝑗 = 1; 𝑗 ≤ 𝑛; 𝑗 + +)
{if (𝐹 (𝜀

𝑖
) ⊂ 𝐹 (𝜀

𝑗
))

{exclusion (𝐴) = exclusion (𝐴) − {𝜀
𝑖
};

break;
}

}

}

return exclusion (𝐴).

Algorithm 2

Apr
(𝐹,𝐴)

(𝜇) (𝑥)

= ⋀

𝜀∈exclusion(𝐴)
((1 − 𝐹 (𝜀) (𝑥))

∨(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦)))) ,

Apr
(𝐹,𝐴)

(𝜇) (𝑥)

= ⋁

𝜀∈exclusion(𝐴)
( F (𝜀) (𝑥)

∧(⋁

𝑦∈𝑈

(𝐹 (𝜀) (𝑦) ∧ 𝜇 (𝑦)))) .

(18)

Example 45. Let (𝐻, 𝐶) be a fuzzy soft set over 𝑈

shown in Table 4. Let 𝜇 = {⟨ℎ
1
, 0.3⟩, ⟨ℎ

2
, 0.5⟩, ⟨ℎ

3
, 0.1⟩,

⟨ℎ
4
, 0.7⟩, ⟨ℎ

5
, 0.6⟩, ⟨ℎ

6
, 0.8⟩} be a fuzzy set on 𝑈. By

Remark 44 and Example 36, we have

Apr
(𝐻,𝐶)

(𝜇) (𝑥
1
)

= ⋀

𝜀∈exclusion(C)
((1 − 𝐹 (𝜀) (𝑥

1
))

∨(⋀

𝑦∈𝑈

((1 − 𝐹 (𝜀) (𝑦)) ∨ 𝜇 (𝑦))))

= 0.4 ∧ 0.5 = 0.4,

Apr
(𝐻,𝐶)

(𝜇) (𝑥
2
) = 0.4 ∧ 0.9 = 0.4,

Apr
(𝐻,𝐶)

(𝜇) (𝑥
3
) = 0.6 ∧ 0.7 = 0.6,

Apr
(𝐻,𝐶)

(𝜇) (𝑥
4
) = 0.4 ∧ 0.5 = 0.4,

Apr
(𝐻,𝐶)

(𝜇) (𝑥
5
) = 0.5 ∧ 0.7 = 0.5,

Apr
(𝐻,𝐶)

(𝜇) (𝑥
6
) = 0.4 ∧ 0.5 = 0.4.

(19)
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Thus, Apr
(𝐻,𝐶)

(𝜇) = {⟨x
1
, 0.4⟩, ⟨x

2
, 0.4⟩, ⟨x

3
, 0.6⟩, ⟨x

4
, 0.4⟩,

⟨x
5
, 0.5⟩, ⟨x

6
, 0.4⟩}.

Similarly, we have Apr
(𝐻,𝐶)

(𝜇) = {⟨𝑥
1
, 0.6⟩, ⟨𝑥

2
, 0.7⟩,

⟨𝑥
3
, 0.4⟩, ⟨𝑥

4
, 0.6⟩, ⟨𝑥

5
, 0.5⟩, ⟨𝑥

6
, 0.8⟩}.

5. Conclusions

In this paper, we recall the notion of soft fuzzy rough sets as
a combination of soft sets, fuzzy sets, and rough sets. Then,
by employing two concepts of reduct and exclusion, we give
some conditions for two different fuzzy soft sets to generate
an identical lower soft fuzzy rough approximation operator
and an identical upper soft fuzzy rough approximation
operator. In future research, it is desirable to address the
axiomatization issue of the lower and upper soft fuzzy rough
approximation operators. In addition, topological properties
of soft fuzzy rough approximation operators are also a
potential topic for future research. On the other hand, the
applications of soft fuzzy rough sets to practical fields are
exciting areas to be explored. We will focus on these issues
in our future works.
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