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We apply the hesitant fuzzy sets theory to Γ-semigroups and provide some characterizations of hesitant fuzzy left (right and bi-)
ideals. We introduce the hesitant fuzzy left (resp., right and two-sided) ideal, hesitant fuzzy bi-ideal, and hesitant fuzzy interior
ideal in Γ-semigroup and study some properties of them. Finally, a characterization of a simple Γ-semigroup by means of a hesitant
fuzzy simple Γ-semigroup is obtained.

1. Introduction

The concept of a fuzzy set, introduced by Zadeh [1], provides
a natural framework for generalizing some of the notions of
classical algebraic structures. After the introduction of the
concept of fuzzy sets by Zadeh, several researchers conducted
the researches on the generalizations of the notions of fuzzy
sets with huge applications in computer science, artificial
intelligence, control engineering, expert, robotics, automata
theory, finite state machine, graph theory logic, and many
branches of pure and applied mathematics (cf. [2]). Fuzzy
set theory has been shown to be a useful tool to describe
situations in which the data are imprecise or vague. Fuzzy
sets handle such situations by attributing a degree to which a
certain object belongs to a set. But in fuzzy sets theory, there is
no means to incorporate the hesitation or uncertainty in the
membership degrees and the fuzzy set fails in cases when it
has to manage the insufficient understanding of membership
degrees. For this, different extensions and generalizations
of fuzzy sets have been introduced, such as (i) Atanassov’s
intuitionistic fuzzy sets (IFS) [3] which give both a member-
ship degree and a nonmembership degree, (ii) type-2 fuzzy
sets (T2FS) [4] which let us model and minimize the effects
of uncertainties in rule-base fuzzy logic systems and that
incorporate uncertainty about the membership function into
fuzzy set theory (the value of membership function is given
by a fuzzy set), (iii) interval-valued fuzzy sets (IVFS) [4, 5]

in which the values of the membership degrees are intervals
of numbers instead of the numbers, and thus, i-v fuzzy sets
provide a more adequate description of uncertainty than the
traditional fuzzy sets, and (iv) fuzzy multisets [6] based on
multisets, that is, fuzzy subsets whose elements may occur
more than one time (an element of a fuzzy multiset can occur
more than once with possibly the same or different member-
ship values). As a new generalization of fuzzy sets, the so-
called hesitant fuzzy sets (briefly HFSs) has been introduced
by Torra [7–9] as more suitable tools for dealing with group
decision-making problems when experts have a hesitation
among several possible memberships for an element to a set,
rather than a margin of error considered in intuitionistic
fuzzy sets (IFSs) or some possibility distribution on the
possible values considered in type-2 fuzzy sets (cf. [10]). The
HFS maps the membership degree of an element to a set
presented as several possible values between zero and one,
which can better describe the situations where people have
hesitancy in providing their preferences over objects in the
process of decision-making and to get the optimal alternative
in a decision-making problem with multiple attributes and
multiple persons. During the evaluating process in practice,
however, these possible memberships may be not only crisp
values in [0, 1], but also interval values. HFS theory has
been applied to different algebraic structures. The structure
of semigroups containing hesitant fuzzy ideals was studied
by Jun et al. [11–13]. Abbasi et al. [14, 15] applied the notion
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of HFSs to po-semigroups. Ali et al. [16] studied the notion
of HFSs in AG-Groupoids.

In 1981, Sen [17] introduced the concept and notion of
the Γ-semigroup as a generalization of plain semigroup and
ternary semigroup. Many classical notions and results of the
theory of semigroups have been extended and generalized toΓ-semigroups, by many mathematicians, for instance, Dutta
andAdhikari [18, 19], Saha and Sen [20–22], andHila [23–25].
Mustafa et al. [26] have introduced the Γ- semigroup in terms
of intuitionistic fuzzy sets. Sardar, Majumder, Dutta, Davvaz,
and Hila [27–30] studied the Γ-semigroup in terms of fuzzy
subsets. Considering all the reasons described above about
the problems faced with several generalizations of fuzzy sets
in different algebraic structures, which led to the introduction
of HFS as a better tool, in this paper, our main aim is to apply
the HFS theory to Γ-semigroups as a more general algebraic
structure.We introduce the hesitant fuzzy left (resp., right and
two-sided) ideal, hesitant fuzzy bi-ideal, and hesitant fuzzy
interior ideal in Γ-semigroup and study some properties of
them. Finally, a characterization of a simple Γ-semigroup by
means of a hesitant fuzzy simple Γ-semigroup is obtained.

2. Preliminaries

In this section, we introduce some necessary notions on Γ-
semigroups and present some operations on HFSs that will
be used throughout the paper.

We first recall the definition of the Γ-semigroup as a gen-
eralization of semigroup and ternary semigroup in another
way as follows (cf. [17, 22, 24]).

Definition 1. Let 𝑀 and Γ be two nonempty sets. Denote by
the letters of the English alphabet the elements of𝑀 and with
the letters of the Greek alphabet the elements of Γ. Any map
from 𝑀 × Γ × 𝑀 → 𝑀 will be called a Γ-multiplication
in𝑀 and denoted by (⋅)Γ.The result of this multiplication for𝑎, 𝑏 ∈ 𝑀 and 𝛼 ∈ Γ is denoted by 𝑎𝛼𝑏. A Γ-semigroup𝑀 is an
ordered pair (𝑀, (⋅)Γ) where𝑀 and Γ are nonempty sets and(⋅)Γ is a Γ-multiplication on 𝑀 which satisfies the following
property: ∀(𝑎, 𝑏, 𝑐, 𝛼, 𝛽) ∈ 𝑀3 × Γ2, (𝑎𝛼𝑏)𝛽𝑐 = 𝑎𝛼(𝑏𝛽𝑐).

This kind of structure is often called one sided Γ-
semigroup or simply Γ-semigroup.

Example 2. Let 𝑀 be a semigroup and Γ be any nonempty
set. Define a mapping 𝑀× Γ ×𝑀 → 𝑀 by 𝑎𝛾𝑏 = 𝑎𝑏 for all𝑎, 𝑏 ∈ 𝑀 and 𝛾 ∈ Γ. Then𝑀 is a Γ-semigroup.

Example 3. Let 𝑆 be the set of all 𝑚 × 𝑛matrices with entries
from a field, where 𝑚, 𝑛 are positive integers. Let 𝑃(𝑆) be the
power set of 𝑆. Then it is easy to see that 𝑃(𝑆) is not a semi-
group under multiplication of matrices because, for 𝐴, 𝐵 ∈𝑃(𝑆), the product 𝐴𝐵 is not defined. Let Γ be the set of 𝑛 × 𝑚
matrices with entries from the same field. Then for 𝐴, 𝐵, 𝐶 ∈𝑃(𝑆) and 𝑃,𝑄 ∈ Γ, we have 𝐴𝑃𝐵 ∈ 𝑃(𝑆), 𝐴𝑄𝐵 ∈ 𝑃(𝑆)
and since the matrix multiplication is associative, we get that𝑆 is a Γ-semigroup.

Example 4. Let 𝑀 be a set of all negative rational numbers.
Obviously 𝑀 is not a semigroup under usual product of

rational numbers. Let Γ = {−1/𝑝 : 𝑝 is prime}. Let 𝑎, 𝑏, 𝑐 ∈𝑀 and 𝛼 ∈ Γ. Now if 𝑎𝛼𝑏 is equal to the usual product
of rational numbers 𝑎, 𝛼, 𝑏, then 𝑎𝛼𝑏 ∈ 𝑀 and (𝑎𝛼𝑏)𝛽𝑐 =𝑎𝛼(𝑏𝛽𝑐). Hence𝑀 is a Γ-semigroup.

Example 5. Let 𝑀 = {−𝑖, 0, 𝑖} and Γ = 𝑀. Then 𝑀 is aΓ-semigroup under themultiplication over complex numbers
while𝑀 is not a semigroup under complex number multipli-
cation.

These examples show that every semigroup is a Γ-
semigroup. Therefore, Γ-semigroups are a generalization of
semigroups.

A nonempty subset𝐾 of a Γ-semigroup𝑀 is called a sub-Γ-semigroup of𝑀 if for all 𝑎, 𝑏 ∈ 𝐾 and 𝛾 ∈ Γ, 𝑎𝛾𝑏 ∈ 𝐾.

Example 6. Let 𝑀 = [0, 1] and Γ = {1/𝑛 | 𝑛 is a positive
integer}. Then 𝑀 is a Γ-semigroup under usual multiplica-
tion. Let 𝐾 = [0, 1/2]. We have that 𝐾 is a nonempty subset
of 𝑀 and 𝑎𝛾𝑏 ∈ 𝐾 for all 𝑎, 𝑏 ∈ 𝐾 and 𝛾 ∈ Γ. Then 𝐾 is a
sub-Γ-semigroup of𝑀.

Definition 7. The element 𝑎 of a Γ-semigroup 𝑀 is called
regular in 𝑀 if 𝑎 ∈ 𝑎Γ𝑀Γ𝑎, where 𝑎Γ𝑀Γ𝑎 = {(𝑎𝛼𝑏)𝛽𝑎 |𝑎, 𝑏 ∈ 𝑀, 𝛼, 𝛽 ∈ Γ}. 𝑀 is called regular if and only if every
element of𝑀 is regular.

The following is the definition of the so-called both-sidedΓ-semigroup [18].

Definition 8. Let 𝑀 and Γ be two nonempty sets. Denote by
the letters of the English alphabet the elements of𝑀 and with
the letters of the Greek alphabet the elements of Γ. Any map
from 𝑀 × Γ × 𝑀 → 𝑀 will be called a Γ-multiplication
in 𝑀 and denoted by (⋅)Γ. The result of this multiplication
for 𝑎, 𝑏 ∈ 𝑀 and 𝛼 ∈ Γ is denoted by 𝑎𝛼𝑏. Any map fromΓ × 𝑀 × Γ → Γ will be called a 𝑀-multiplication in Γ and
denoted by (⋅)𝑀. The result of this multiplication for 𝛼, 𝛽 ∈ Γ
and 𝑎 ∈ 𝑀 is denoted by 𝛼𝑎𝛽. A both-sided Γ-semigroup 𝑀
is an ordered triple (𝑀, (⋅)Γ, (⋅)𝑀) where (⋅)Γ and (⋅)𝑀 satisfy
the following property: ∀(𝑎, 𝑏, 𝑐, 𝛼, 𝛽, 𝛾) ∈ 𝑀3 × Γ3,

(𝑎𝛼𝑏) 𝛽𝑐 = 𝑎 (𝛼𝑏𝛽) 𝑐 = 𝑎𝛼 (𝑏𝛽𝑐) and

𝛼 (𝑎𝛽𝑏) 𝛾 = (𝛼𝑎𝛽) 𝑏𝛾 = 𝛼𝑎 (𝛽𝑏𝛾) . (1)

It is clear that a both-sided Γ-semigroup is always a
one sided Γ-semigroup, while the converse does not hold in
general.

Clearly, a both-sided Γ-semigroup 𝑆 is regular if and only
if 𝑎 ∈ 𝑎Γ𝑎, for all 𝑎 ∈ 𝑆 [31].

Throughout this paper unless or otherwise mentioned𝑆 stands for one sided Γ-semigroup and call it simply Γ-
semigroup.

Let 𝑆 be a reference set. A HFS on 𝑆 is a function 𝐻 that
when applied to 𝑆 returns a finite subset of values in [0, 1]:

𝐻 : 𝑆 → P ([0, 1]) (2)

whereP([0, 1]) denotes the set of all subsets of [0, 1].
Let 𝐻 and 𝐺 be any two HFSs on 𝑆. We define 𝐻 ⊑ 𝐺 if𝐻(𝑎) ⊆ 𝐺(𝑎), for all 𝑎 ∈ 𝑆.



Advances in Fuzzy Systems 3

Let 𝑆 be a Γ-semigroup. For any HFSs 𝐻 and 𝐺 in 𝑆, the
hesitant fuzzy product of 𝐻 and 𝐺 is defined to be the HFS𝐻𝑜Γ𝐺 on 𝑆 as follows:
(𝐻𝑜Γ𝐺) (𝑎)
= {{{{{

⋃
𝑎=𝑏𝛾𝑐

(𝐻 (𝑏) ∩ 𝐺 (𝑐)) if ∃b, c ∈ S, 𝛾 ∈ Γ such that a = b𝛾c
0 otherwise

(3)

For any two HFSs𝐻 and 𝐺 on 𝑆, the hesitant union𝐻⊔𝐺
of𝐻 and 𝐺 is defined to be HFS on 𝑆 as follows:

𝐻 ⊔ 𝐺 : 𝑆 → P ([0, 1]) ,
𝑎 → 𝐻 (𝑎) ∪ 𝐺 (𝑎) (4)

and the hesitant intersection 𝐻 ⊓ 𝐺 of 𝐻 and 𝐺 is defined to
be HFS on 𝑆 as follows:

𝐻 ⊓ 𝐺 : 𝑆 → P ([0, 1]) ,
𝑎 → 𝐻(𝑎) ∩ 𝐺 (𝑎) . (5)

Let𝐴 be any nonempty subset of 𝑆. Recall that, we denote
by𝐻𝐴 the characteristic HFS on 𝑆 as follows:

𝐻𝐴 : 𝑆 → (P [0, 1]) ,
𝑎 → {{{

[0, 1] if 𝑎 ∈ 𝐴
0 if 𝑎 ∉ 𝐴

(6)

Let 𝑆 be a Γ-semigroup. We define a hesitant fuzzy subset𝐼 of 𝑆 as follows:
𝐼 : 𝑆 → (P [0, 1]) | 𝑥 → 𝐼𝑥 fl [0, 1] . (7)

3. Main Results

Definition 9. Let 𝑆 be a Γ-semigroup and 𝐻 be a HFS on 𝑆.
Then𝐻 is called
(ℎ1) a hesitant fuzzy Γ-semigroup on 𝑆 if it satisfies(∀(𝑥, 𝑦, 𝛾) ∈ 𝑆2 × Γ)(𝐻(𝑥𝛾𝑦) ⊇ 𝐻(𝑥) ∩ 𝐻(𝑦));
(ℎ2) a hesitant fuzzy left ideal on 𝑆 if it satisfies (∀(𝑥, 𝑦, 𝛾) ∈𝑆2 × Γ)(𝐻(𝑥𝛾𝑦) ⊇ 𝐻(𝑦));
(ℎ3) a hesitant fuzzy right ideal on 𝑆 if it satisfies(∀(𝑥, 𝑦, 𝛾) ∈ 𝑆2 × Γ)(𝐻(𝑥𝛾𝑦) ⊇ 𝐻(𝑥));
(ℎ4) a hesitant fuzzy ideal on 𝑆 if𝐻 is both a hesitant fuzzy

left ideal and a hesitant fuzzy right ideal on 𝑆;
(ℎ5) a hesitant fuzzy bi-ideal on 𝑆 if it satisfies(∀(𝑥, 𝑦, 𝑧, 𝛼, 𝛽) ∈ 𝑆3×Γ2)(𝐻(𝑥𝛼𝑦𝛽𝑧) ⊇ 𝐻(𝑥)∩𝐻(𝑧)).

Example 10. Let 𝑆=𝑀1×2(Z2) be a set of all 1×2matrices over
the fieldZ2 and Γ=𝑀2×1(Z2) be a set of all 2×1matrices over
the field Z2. Then 𝑆 is a Γ-semigroup with respect to usual
matrix products 𝑎𝛼𝑏 and 𝛼𝑎𝛽, for all 𝑎, 𝑏 ∈ 𝑆 and 𝛼, 𝛽 ∈ Γ.

Define a hesitant fuzzy subset𝐻 of 𝑆 such that

𝐻(𝑥) = {{{
[0, 1] if 𝑥 = (0, 0)
{0.1} otherwise

(8)

Clearly, 𝐻 is a hesitant fuzzy ideal of 𝑆.

Example 11. Let 𝑆 = Z− be a set of nonpositive integers andΓ = 2Z− be a set of nonpositive even integers. Then 𝑆 is aΓ-semigroup with respect to usual multiplication.
Define a hesitant fuzzy subset𝐻 of 𝑆 such that

𝐻(𝑥) =
{{{{{{{{{

[0, 1] if 𝑥 = 0
{0.1, 0.2} if 𝑥 = −1, −2
{0.1, 0.2, 0.3} otherwise

(9)

Clearly, 𝐻 is a hesitant fuzzy ideal of 𝑆.
Example 12. Let 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑} and Γ = {𝛼, 𝛽, 𝛾} be two
nonempty sets. Clearly 𝑆 is a Γ-semigroup with respect to the
operation defined below:

𝛼 𝑎 𝑏 𝑐 𝑑𝑎 𝑎 𝑎 𝑎 𝑎
𝑏 𝑎 𝑐 𝑎 𝑐
𝑐 𝑎 𝑏 𝑎 𝑐
𝑑 𝑐 𝑐 𝑐 𝑑
𝛽 𝑎 𝑏 𝑐 𝑑𝑎 𝑎 𝑎 𝑎 𝑎
𝑏 𝑎 𝑎 𝑎 𝑐
𝑐 𝑎 𝑎 𝑎 𝑐
𝑑 𝑐 𝑐 𝑐 𝑐
𝛾 𝑎 𝑏 𝑐 𝑑𝑎 𝑎 𝑎 𝑎 𝑎
𝑏 𝑎 𝑎 𝑎 𝑎
𝑐 𝑎 𝑎 𝑎 𝑎
𝑑 𝑎 𝑎 𝑎 𝑎

(10)

Let𝐻 be a hesitant fuzzy subset of 𝑆 such that

𝐻(𝑎) = {0.1, 0.2, 0.8, 0.9} ,
𝐻 (𝑏) = {0.1, 0.2, 0.8} ,
𝐻 (𝑐) = {0.1, 0.2} ,
𝐻 (𝑑) = {0.1} .

(11)

Clearly𝐻 is a hesitant fuzzy bi-ideal of 𝑆. But𝐻 is neither
a hesitant fuzzy right ideal nor a hesitant fuzzy left ideal of 𝑆,
since 𝐻(𝑏𝛼𝑑) = 𝐻(𝑐) ̸⊇ 𝐻(𝑏) and 𝐻(𝑑𝛼𝑎) = 𝐻(𝑐) ̸⊇ 𝐻(𝑎),
respectively.

Theorem 13. Let 𝐻 be a nonempty hesitant fuzzy subset of aΓ-semigroup 𝑆.Then the following conditions are equivalent:
(1) 𝐻 is a hesitant fuzzy bi-ideal of 𝑆.
(2) 𝐻∘̃Γ𝐻 ⊑ 𝐻 and𝐻∘̃Γ𝐼∘̃Γ𝐻 ⊑ 𝐻.

Proof. (1) ⇒ (2) Let𝐻 be a hesitant fuzzy bi-ideal of 𝑆.Then𝐻 is a hesitant fuzzy subsemigroup of 𝑆. Let 𝑎 ∈ 𝑆. If some𝑏, 𝑐 ∈ 𝑆 and 𝛾 ∈ Γ such that 𝑎 = 𝑏𝛾𝑐, then we have
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(𝐻∘̃Γ𝐻) (𝑎) = ⋃
𝑎=𝑏𝛾𝑐

(𝐻 (𝑏) ∩ 𝐻 (𝑐) ⊆ ⋃
𝑎=𝑏𝛾𝑐

𝐻(𝑏𝛾𝑐)

= ⋃
𝑎=𝑏𝛾𝑐

𝐻(𝑎) = 𝐻 (𝑎)
(12)

Thus𝐻∘̃Γ𝐻 ⊑ 𝐻. Otherwise, (𝐻∘̃Γ𝐻)(𝑎) = 0 ⊆ 𝐻(𝑎). Hence𝐻∘̃Γ𝐻 ⊑ 𝐻.
Let we prove 𝐻∘̃Γ𝐼∘̃Γ𝐻 ⊑ 𝐻. For this, let 𝑎 ∈ 𝑆 and let

us suppose there exist 𝑢, V, 𝑝, 𝑞 ∈ 𝑆 and 𝛼, 𝛽 ∈ Γ such that𝑎 = 𝑢𝛼V and 𝑢 = 𝑝𝛽𝑞. Since 𝐻 is a hesitant fuzzy bi-ideal of𝑆, then we have

(𝐻∘̃Γ𝐼∘̃Γ𝐻) (𝑎) = ⋃
𝑎=𝑢𝛼V

{(𝐻∘̃Γ𝐼) (𝑢) ∩ 𝐻 (V)}

= ⋃
𝑎=𝑢𝛼V

{{{
⋃
𝑢=𝑝𝛽𝑞

{𝐻 (𝑝) ∩ 𝐼 (𝑞)} ∩ 𝐻 (V)}}}
= ⋃
𝑎=𝑢𝛼V

{{{
⋃
𝑢=𝑝𝛽𝑞

{𝐻 (𝑝) ∩ [0, 1]} ∩ 𝐻 (V)}}}
= ⋃
𝑎=𝑝𝛽𝑞𝛼V

{𝐻 (𝑝) ∩ 𝐻 (V)} ⊆ ⋃
𝑎=𝑝𝛽𝑞𝛼V

{𝐻 (𝑝𝛽𝑞𝛼V)}
⊆ 𝐻 (𝑎) .

(13)

Thus,𝐻∘̃Γ𝐼∘̃Γ𝐻 ⊑ 𝐻.
Otherwise, (𝐻∘̃Γ𝐼∘̃Γ𝐻 ⊆ 𝐻)(𝑎) = 0 ⊆ 𝐻(𝑎). Hence𝐻∘̃Γ𝐼∘̃Γ𝐻 ⊑ 𝐻.(2) ⇒ (1). Assume that 𝐻∘̃Γ𝐻 ⊑ 𝐻. Let 𝑎, 𝑏, 𝑐 ∈ 𝑆 and𝛾 ∈ Γ such that 𝑎 = 𝑏𝛾𝑐. Then we have

𝐻(𝑏𝛾𝑐) = 𝐻 (𝑎) ⊇ (𝐻∘̃Γ𝐻) (𝑎) = ⋃
𝑎=𝑏𝛾𝑐

𝐻(𝑏) ∩ 𝐻 (𝑐)
⊇ {𝐻 (𝑏) ∩ 𝐻 (𝑐)} .

(14)

Thus, 𝐻 is a hesitant fuzzy Γ-subsemigroup of 𝑆. Now let𝑎, 𝑏 ∈ 𝑆 and 𝛾 ∈ Γ such that 𝑥 fl 𝑎𝛾𝑏. Since 𝐻∘̃Γ𝐼∘̃Γ𝐻 ⊑ 𝐻,
then it follows that

𝐻(𝑎𝛾𝑏) fl 𝐻(𝑥) ⊇ ((𝐻∘̃Γ𝐼) ∘̃Γ𝐻) (𝑥)
= ⋃
𝑥=𝑚𝛿𝑛

{(𝐻∘̃Γ𝐼) (𝑚) ∩ 𝐻 (𝑛)}

= ⋃
𝑥=𝑚𝛿𝑛

{ ⋃
𝑚=𝑝𝜂𝑞

{𝐻 (𝑝) ∩ 𝐼 (𝑞)} ∩ 𝐻 (𝑛)}

= ⋃
𝑥=𝑚𝛿𝑛

{ ⋃
𝑚=𝑝𝜂𝑞

{𝐻 (𝑝) ∩ [0, 1]} ∩ 𝐻 (𝑛)}
= ⋃
𝑥=(𝑝𝜂𝑞)𝛿𝑛

{𝐻 (𝑝) ∩ 𝐻 (𝑛)}
⊇ {𝐻 (𝑎) ∩ 𝐻 (𝑐)}

(15)

for some 𝜂, 𝛿 ∈ Γ. Hence, 𝐻 is a hesitant fuzzy bi-ideal of𝑆.

Theorem 14. Let 𝐻 be a nonempty hesitant fuzzy Γ-
subsemigroup of a Γ-semigroup 𝑆.Then the following conditions
are equivalent:

(1) 𝐻 is a hesitant fuzzy left (resp., right) ideal of 𝑆.
(2) 𝐼∘̃Γ𝐻 ⊑ 𝐻 (resp., 𝐻∘̃Γ𝐼 ⊑ 𝐻).

Proof. (1) ⇒ (2) Let𝐻 be a hesitant fuzzy left ideal of 𝑆 and𝑎 ∈ 𝑆. Suppose there exist 𝑏, 𝑐 ∈ 𝑆 and 𝛾 ∈ Γ such that 𝑎 = 𝑏𝛾𝑐.
Then we have

(𝐼∘̃Γ𝐻) (𝑎) = ⋃
𝑎=𝑏𝛾𝑐

𝐼 (𝑏) ∩ 𝐻 (𝑐) = ⋃
𝑎=𝑏𝛾𝑐

[0, 1] ∩ 𝐻 (𝑐)
= ⋃
𝑎=𝑏𝛾𝑐

𝐻(𝑐) .
(16)

Since𝐻 is a hesitant fuzzy left ideal of 𝑆, then it follows that,
for all 𝑏, 𝑐 ∈ 𝑆 and 𝛾 ∈ Γ, 𝐻(𝑏𝛾𝑐) ⊇ 𝐻(𝑐). So in particular,𝐻(𝑐) ⊆ 𝐻(𝑎), for all 𝑎 = 𝑏𝛾𝑐.Thus (𝐼∘̃Γ𝐻)(𝑎) = ⋃𝑎=𝑏𝛾𝑐𝐻(𝑐) ⊆𝐻(𝑎).

If there do not exist 𝑏, 𝑐 ∈ 𝑆 and 𝛾 ∈ Γ such that 𝑎 = 𝑏𝛾𝑐,
then (𝐼∘̃𝐻)(𝑎) = 0 ⊆ 𝐻(𝑎). Hence 𝐼∘̃𝐻 ⊑ 𝐻.(2) ⇒ (1). Assume that 𝐼∘̃Γ𝐻 ⊑ 𝐻. Let 𝑎, 𝑏 ∈ 𝑆, 𝛾 ∈ Γ,
and 𝑥 fl 𝑎𝛾𝑏. Then we have

𝐻(𝑎𝛾𝑏) fl 𝐻(𝑥) ⊇ (𝐼∘̃Γ𝐻) (𝑥) = ⋃
𝑥=𝑝𝛾𝑞

𝐼 (𝑝) ∩ 𝐻 (𝑞)
⊇ 𝐼 (𝑎) ∩ 𝐻 (𝑏) = [0, 1] ∩ 𝐻 (𝑏) = 𝐻 (𝑏) .

(17)

Hence, 𝐻 is a hesitant fuzzy left ideal of 𝑆. Similarly, we can
prove the other case.

Theorem 15. Let 𝑆 be a regular both-sided Γ-semigroup, 𝐻 be
a hesitant fuzzy right ideal, and 𝐺 be a hesitant fuzzy left ideal𝑆. Then𝐻∘̃Γ𝐺 = 𝐻 ∩ 𝐺.
Proof. Let𝐻 be a hesitant fuzzy right ideal and𝐺 be a hesitant
fuzzy left ideal of 𝑆. Let 𝑎 ∈ 𝑆. Suppose there exist 𝑏, 𝑐 ∈ 𝑆 and𝛾 ∈ Γ such that 𝑎 = 𝑏𝛾𝑐. Then we have

(𝐻∘̃Γ𝐺) (𝑎) = ⋃
𝑎=𝑏𝛾𝑐

𝐻(𝑏) ∩ 𝐺 (𝑐)
⊆ ⋃
𝑎=𝑏𝛾𝑐

𝐻(𝑏𝛾𝑐) ∩ 𝐺 (𝑏𝛾𝑐) = 𝐻 (𝑎) ∩ 𝐺 (𝑎)
= (𝐻 ∩ 𝐺) (𝑎)

(18)

If there do not exist 𝑏, 𝑐 ∈ 𝑆 such that 𝑎 = 𝑏𝛾𝑐, then(𝐻∘̃Γ𝐺)(𝑎) = 0 ⊆ (𝐻 ∩ 𝐺)(𝑎).
Thus𝐻∘̃Γ𝐺 ⊑ 𝐻 ∩ 𝐺.
For the reverse inclusion, let 𝑎 ∈ 𝑆. Since 𝑆 is regular, then

there exist 𝑥 ∈ 𝑆 and 𝛼, 𝛽 ∈ Γ such that 𝑎 = 𝑎𝛼𝑥𝛽𝑎 fl 𝑎𝛾𝑎,
where 𝛾 fl 𝛼𝑥𝛽 ∈ Γ.Therefore,

(𝐻∘̃Γ𝐺) (𝑎) = ⋃
𝑎=𝑝𝛿𝑞

𝐻(𝑝) ∩ 𝐺 (𝑞) ⊇ 𝐻 (𝑎) ∩ 𝐺 (𝑎)
= (𝐻 ∩ 𝐺) (𝑎)

(19)

Thus𝐻∘̃Γ𝐺 ⊒ 𝐻 ∩ 𝐺. Hence𝐻∘̃Γ𝐺 = 𝐻 ∩ 𝐺.
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Let 𝐻 be a nonempty hesitant fuzzy subset of a Γ-
semigroup 𝑆 and 𝑇 ⊆ P([0, 1]). Then the set 𝐻𝑇 fl {𝑥 ∈𝑆 : 𝐻(𝑥) ⊇ 𝑇} is called the 𝑇-cut of𝐻.

Remark 16. Let𝐻 be a hesitant fuzzy ideal of a Γ-semigroup𝑆 and 𝑇1, 𝑇2 ⊆ P([0, 1]) such that 𝑇1 ⊂ 𝑇2. Then𝐻𝑇1 ⊇ 𝐻𝑇2 .
Theorem 17. Let 𝐻 be a nonempty hesitant fuzzy subset of aΓ-semigroup 𝑆. Then the 𝑇-cut𝐻𝑇 of𝐻 is a left (right) ideal of𝑆 for every 𝑇 ⊆ P([0, 1]), provided it is nonempty if and only
if𝐻 is a hesitant fuzzy left (right) ideal of 𝑆.
Proof. For every 𝑇 ⊆ P([0, 1]), let𝐻𝑇 be a left ideal of 𝑆. We
first show that 𝐻 is a hesitant fuzzy Γ-subsemigroup of 𝑆. If
possible there exist 𝑥0, 𝑦0 ∈ 𝑆, 𝛾0 ∈ Γ such that 𝐻(𝑥0𝛾0𝑦0) ⊂{𝐻(𝑥0) ∩ 𝐻(𝑦0)}. Let {𝐻(𝑥0) ∩ 𝐻(𝑦0)} = 𝑇0. Then 𝐻(𝑥0) ⊇𝑇0, 𝐻(𝑦0) ⊇ 𝑇0. Thus 𝑥0, 𝑦0 ∈ 𝐻𝑇0 but 𝑥0𝛾0𝑦0 ∉ 𝐻𝑇0 , a
contradiction. Thus,𝐻(𝑥0𝛾0𝑦0) ⊇ {𝐻(𝑥0)∩𝐻(𝑦0)}. Hence𝐻
is an hesitant fuzzy Γ-subsemigroup of 𝑆. Again suppose that
there exist 𝑥0, 𝑦0 ∈ 𝑆, 𝛾0 ∈ Γ such that 𝐻(𝑥0𝛾0𝑦0) ⊂ 𝐻(𝑦0).
Since 𝐻(𝑦0) ⊆ P([0, 1]), then let 𝐻(𝑦0) fl 𝑇0 ⊆ P([0, 1]).
Thus, 𝑦0 ∈ 𝐻𝑇0 , but 𝑥0𝛾0𝑦0 ∉ 𝐻𝑇0 , a contradiction. Thus,𝐻(𝑥0𝛾0𝑦0) ⊇ 𝐻(𝑦0). Hence 𝐻 is a hesitant fuzzy left ideal of𝑆.

Conversely, suppose that𝐻 is a hesitant fuzzy left ideal of𝑆 and 𝑇 ⊆ P([0, 1]) such that 𝐻𝑇 is nonempty. Let 𝑎, 𝑏 ∈ 𝐻𝑇
and 𝛾 ∈ Γ. Then 𝐻(𝑎) ⊇ 𝑇 and 𝐻(𝑏) ⊇ 𝑇 which implies𝐻(𝑎) ∩ 𝐻(𝑏) ⊇ 𝑇. Since 𝐻 is a hesitant fuzzy ideal, then
it is a hesitant fuzzy Γ-subsemigroup, and hence 𝐻(𝑎𝛾𝑏) ⊇𝐻(𝑎) ∩ 𝐻(𝑏) ⊇ 𝑇. Consequently, 𝑎𝛾𝑏 ∈ 𝐻𝑇. Hence 𝐻𝑇 is aΓ-subsemigroup of 𝑆. Now, let 𝑥 ∈ 𝑆, 𝛾 ∈ Γ and 𝑦 ∈ 𝐻𝑇. Then𝐻(𝑥𝛾𝑦) ⊇ 𝐻(𝑦) ⊇ 𝑇 and so 𝑥𝛾𝑦 ∈ 𝐻𝑇. Hence 𝐻𝑇 is a left
ideal of 𝑆. Similarly, we can prove the other case.

Definition 18. A hesitant fuzzy Γ-subsemigroup 𝐻 on Γ-
semigroup 𝑆 is called a hesitant fuzzy interior ideal on 𝑆 if
it satisfies

(∀𝑥, 𝑦, 𝑧 ∈ 𝑆, 𝛼, 𝛽 ∈ Γ)
(𝐻 (𝑥𝛼𝑦𝛽𝑧) ⊇ 𝐻 (𝑦)) . (20)

Theorem 19. Let 𝐻 be a nonempty hesitant fuzzy subset of aΓ-semigroup 𝑆. Then the 𝑇-cut𝐻𝑇 of𝐻 is an interior ideal of 𝑆
for every 𝑇 ⊆ P([0, 1]), provided it is nonempty if and only if𝐻 is a hesitant fuzzy interior ideal of 𝑆.
Proof. For every 𝑇 ⊆ P([0, 1]), let 𝐻𝑇 be an interior ideal of𝑆. Assume that there exist 𝑎0, 𝑥0, 𝑦0 ∈ 𝑆, 𝛽0, 𝛾0 ∈ Γ such that𝐻(𝑥0𝛽0𝑎0𝛾0𝑦0) ⊂ 𝐻(𝑎0). Since 𝐻(𝑎0) ⊆ P([0, 1]), then let𝐻(𝑎0) fl 𝑇0 ⊆ P([0, 1]). Thus, 𝑎0 ∈ 𝐻𝑇0 , but 𝑥0𝛽0𝑎0𝛾0𝑦0 ∉𝐻𝑇0 , a contradiction. Hence,𝐻(𝑥0𝛽0𝑎0𝛾0𝑦0) ⊇ 𝐻(𝑎0).

Conversely, assume that 𝐻 is a hesitant fuzzy interior
ideal of 𝑆 and 𝑇 ⊆ P([0, 1]) such that 𝐻𝑇 is nonempty. Let𝑎, 𝑏 ∈ 𝑆, 𝛽, 𝛾 ∈ Γ and 𝑥 ∈ 𝐻𝑇. Then 𝐻(𝑎𝛽𝑥𝛾𝑏) ⊇ 𝐻(𝑥) ⊇ 𝑇
and so 𝑎𝛽𝑥𝛾𝑏 ∈ 𝐻𝑇.

The rest of the proof is a consequence ofTheorem 17.

It is well-known that, in a Γ-semigroup 𝑆, every hesitant
fuzzy two-sided ideal is a hesitant fuzzy interior ideal of 𝑆,
but the converse is not true in general. The following example

shows that the converse of this property does not hold in
general.

Example 20. Let 𝑆 = Z− be a set of nonpositive integers andΓ = 2Z− be a set of nonpositive even integers. Then 𝑆 is aΓ-semigroup with respect to usual multiplication.
Define a hesitant fuzzy subset𝐻 of 𝑆 such that

𝐻(𝑥) =
{{{{{{{{{{{{{{{

[0, 1] if 𝑥 = 0
{0.1, 0.2} if 𝑥 = −1, −2
{0.1} if 𝑥 = −3, −6
{0.1, 0.2, 0.3} otherwise

(21)

Clearly, 𝐻 is a hesitant fuzzy interior ideal of 𝑆. But 𝐻
is not hesitant fuzzy ideal of 𝑆, since 𝐻((−1)(−2)(−3)) =𝐻(−6) = {0.1} ̸⊇ 𝐻(−1).

Nowwe will show that, in a regular Γ-semigroup, hesitant
fuzzy ideals and the hesitant fuzzy interior ideals coincide.

Theorem21. Let𝐻 be a HFS in a regular Γ-semigroup 𝑆.Then𝐻 is a hesitant fuzzy ideal of 𝑆 if and only if𝐻 is a hesitant fuzzy
interior ideal of 𝑆.
Proof. Let 𝐻 a hesitant fuzzy ideal of 𝑆. For any 𝑥, 𝑦, 𝑧 ∈𝑆, and 𝛼, 𝛽 ∈ Γ, we have 𝐻(𝑥𝛼𝑦𝛽𝑧) = 𝐻((𝑥𝛼(𝑦𝛽𝑧)) ⊇𝐻(𝑦𝛽𝑧) ⊇ 𝐻(𝑦). Hence 𝐻 is a hesitant fuzzy interior ideal
of 𝑆.

Conversely, let 𝑎, 𝑏 ∈ 𝑆 and 𝛾 ∈ Γ. Since 𝑆 is regular, then
there exist elements 𝑥 ∈ 𝑆, 𝛼, 𝛽 ∈ Γ such that 𝑎 = 𝑎𝛼𝑥𝛽𝑎.
Since 𝐻 is a hesitant fuzzy interior ideal of 𝑆, then we have𝐻(𝑎𝛾𝑏) = 𝐻(𝑎𝛼𝑥𝛽𝑎𝛾𝑏) ⊇ 𝐻(𝑎). So𝐻 is a hesitant fuzzy right
ideal of 𝑆. Similarly, we can prove that𝐻 is a hesitant fuzzy left
ideal of 𝑆.Hence𝐻 is a hesitant fuzzy ideal of 𝑆.

In order to conclude the paper, we obtain the following
characterization of a simple Γ-semigroup by means of a
hesitant fuzzy simple Γ-semigroup.

Definition 22. A Γ-semigroup 𝑆 is said to be simple if it does
not contain any proper ideal. A Γ-semigroup 𝑆 is said to be
hesitant fuzzy simple if every hesitant fuzzy ideal of 𝑆 is a
constant function.

Theorem 23. A Γ-semigroup 𝑆 is simple if and only if it is
hesitant fuzzy simple.

Proof. Suppose that the Γ-semigroup 𝑆 is simple. Let 𝐻 be a
hesitant fuzzy ideal of 𝑆 and 𝑥, 𝑦 ∈ 𝑆. Then, by Theorem 17,𝐻𝐻(𝑥) and𝐻𝐻(𝑦) are ideals of 𝑆. Since 𝑆 is simple, then𝐻𝐻(𝑥) =𝑆 = 𝐻𝐻(𝑦). Therefore, 𝑥, 𝑦 ∈ 𝐻𝐻(𝑥) and 𝑥, 𝑦 ∈ 𝐻𝐻(𝑦). In
particular, 𝑦 ∈ 𝐻𝐻(𝑥) and 𝑥 ∈ 𝐻𝐻(𝑦), hence 𝐻(𝑦) ⊇ 𝐻(𝑥)
and𝐻(𝑥) ⊇ 𝐻(𝑦).Thus,𝐻(𝑥) = 𝐻(𝑦), for all 𝑥, 𝑦 ∈ 𝑆. Hence𝐻 is a constant function. Consequently, 𝑆 is a hesitant fuzzy
simple.

Conversely, assume that 𝑆 is a hesitant fuzzy simple. Let𝐴 be any ideal of 𝑆. Then its characteristic function 𝐻𝐴 is a
hesitant fuzzy ideal of 𝑆 and thus 𝐻𝐴 is a constant function.
Let 𝑎 ∈ 𝑆. Since 𝐴 is nonempty, then 𝐻𝐴(𝑎) = [0, 1] and so𝑎 ∈ 𝐴. Thus we obtain 𝑆 = 𝐴. Hence 𝑆 is simple.
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