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Due to the requirements of the principle of causality in the theory of relativity, one cannot make a device for the simultaneous
measuring of the canonical conjugate variables in the conjugate Fourier spaces. Instead of admitting that a particle’s position
and its conjugate momentum cannot be accurately measured at the same time, we consider the only probabilities which can be
determined when working at subatomic level to be valid. On the other hand, based on Schwinger’s action principle and using the
quadridimensional form of the unitary transformation generator function of the quantum operators in the paper, the general form
of the evolution equation for these operators is established. In the nonrelativistic case one obtains the Heisenberg’s type evolution
equations which can be particularized to derive Heisenberg’s uncertainty relations. The analysis of the uncertainty relations as
implicit evolution equations allows us to put into evidence the intrinsic nature of the correlation expressed by these equations in
straight relations with the measuring process. The independence of the quantisation postulate from the causal evolution postulate
of quantum mechanics is also put into discussion.

1. Introduction

A quantum mechanical principle according to Werner
Heisenberg as it is shown in his scientific paper [1] which was
published in 1927, states, in its most common form, that it is
not possible to simultaneously determine the position and
momentum of a particle: “The more precisely the position
is determined, the less precisely the momentum is known
in this instant, and vice versa.” This concept is fundamen-
tal to understanding quantum mechanics, the science of
quantum systems like atoms, electrons, photons, neutrinos,
and generally, particles in subatomic physics. It says that
not all properties of a quantum particle can be measured
with unlimited accuracy [2–29]. Until now, this has often
been justified by the explanation that every measurement has
necessarily to disturb the quantum particle thus distorting
the results of any further measurements. This principle has
proved to be true concerning the particles, so that even
modern computers and nuclear power plants have been
realized taking into account the uncertainty principle and
other concepts specific to the field of quantum mechanics,
which became the way we are thinking and working [30–55].

This principle known as the Heisenberg uncertainty
principle can be expressed as follows:

Δ𝑥Δ𝑝
𝑥
≥
1

2
ℎ, (1)

where Δ𝑥 is the uncertainty in position, Δ𝑝
𝑥
is the uncer-

tainty in momentum, and ℎ is the reduced Planck’s constant.
Heisenberg’s original paper does not attempt to rigorously
determine the exact quantity on the right side of the inequal-
ity, but rather uses physical argument to show that the uncer-
tainty between conjugate quantum mechanical variables is
approximately ℎ [1].

After Heisenberg, two other scientists, H. P. Robertson
and E. Schrödinger, developed his uncertainty principle.
They expanded it in 1930, by adding other pairs of variables
that cannot be simultaneously known, such as: energy and
position, angular position and angular momentum. The
uncertainty principle continues to be refined and brought up
to date.
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Generally, Heisenberg’s uncertainty principle, states that
incompatible dynamic variables in relation to the measuring
process, satisfy the relations:

Δ𝑥 ⋅ Δ𝑝
𝑥
≥ ℎ, Δ𝐸 ⋅ Δ𝑡 ≥ ℎ,

Δ𝜑 ⋅ Δ𝐽
𝑧
≥ ℎ, Δ𝜙 ⋅ Δ𝑛 ≥ ℎ and so on,

(2)

thus leading to the following statement:

The product of the inaccuracies arising from
simultaneous determination of two canonical con-
jugate variables is of the order of magnitude of
Planck’s constant.

The above relations can be written, as it is known in the
form of commutation relationships, between corresponding
incompatible observables according to the theorem: being
given two hermitic operators A and B and their commutator
C, one can demonstrate the relationship

Δ𝐴Δ𝐵 ≥
1

2
|⟨𝐶⟩| , (3)

where

Δ𝐴 = √⟨𝐴2⟩ − ⟨𝐴⟩
2

, (4)

Δ𝐵 = √⟨𝐵2⟩ − ⟨𝐵⟩
2

. (5)

No actual physical measurements can avoid the limitations
given by these relationships.

The conclusions drawn from the study of the universality
of particle-wave dualism in the context of relativistic causal-
ity, and other observations resulting from mathematical for-
malisms of quantum theory led the authors to a new approach
of Heisenberg’s uncertainty relationships as they put into
question the possibility of simultaneous determination in the
measurement process of the uncertainties involved by these
relationships, showing the incompatibility of “simultaneity”
with relativistic causality requirements and proposing a
reformulation of the principle of uncertainty.

From the classical theory of wave propagation, it is
known that the width of a wave packet Δ𝑥 involves against
reciprocal Fourier transform spaces of a pair of signals, an
“indeterminacy” relationships of type

Δ𝑥Δ𝑘 ≥ 2𝜋, (6)

where Δ𝑘 representing scattering of wave vectors.
Similarly, in the case of finite duration disturbances Δ𝑡,

one can highlight relationships such as

Δ𝑡Δ𝜔 ≥ 2𝜋 (7)

against reciprocal Fourier transform spaces of a pair of
signals, whereΔ𝜔 indicating the disturbance spectral content.

In quantum theory, relations (5) and (6) can be written
as the first two uncertainty relations (2) for both photons
and substantial particles. Fourier transformed reciprocal
relationships can be identified, also for signals defined on

spaces canonical variables involved in other expressions
(2) representing uncertainty relations. For classical dynamic
systems case for the canonical conjugate variables, one can
define classical Poisson brackets, while within the context of
quantum systems, we get the quantum Poisson brackets.

The incompatible quantum observables are correlated
with Heisenberg’s uncertainty principle, but as we have
shown [4] the proposed new interpretation of this principle
in the context of the relativistic causality. Accordingly, we
cannot consider simultaneousmeasurements of the canonical
conjugate variables, because these variables correspond to
the reciprocal Fourier spaces. The standard experiments, for
example, the diffraction of the electron by a slit, are not
suitable, for the simultaneous measurements of the quantum
particle position and impulse as it is usually accepted because,
through the measuring apparatus (which realise the Fourier
transform of the system state function), the information is
propagated at a finite speed. The uncertainty relations can
be understood as statistical correlations between the results
of the measurements effected on the dynamic conjugate
variables in the reciprocal Fourier spaces.

From another point of view, the analytical expressions of
quantum observables can be obtained by replacing the clas-
sical canonically conjugate variables within a symmetrised
expression of the classical variable 𝐴, by their corresponding
quantum-mechanical operators. In this way the measur-
ing particularities of the fundamental observables 𝑟 and
𝑝 are transferred to more complex observables which can
be reported to the measuring processus, compatible or
incompatible. For the measurement of any group of two or
more compatible or incompatible observables, the “laws” of
the measuring apparatus previously presented in [3, 4] are
general. In the paper, the author considers the uncertainty
relations as implicit evolution equations so the intrinsic
nature of the correlations expressed by the uncertainty prin-
ciple is shown more precisely. The quantification postulate
and the causal evolution postulate are not independent of
each other, contrary to the different systems of axioms of the
quantum mechanics. The principled role of the incompatible
observables in the evolution of the quantum systems is more
realistically put into evidence by the above interpretation of
the uncertainty relations of Heisenberg’s.

2. Fourier Transformers in
the Measuring Process

Switching, within the measuring process, from the direct
variable space to the canonical conjugate variable spacewhich
we will be denoted by Fourier space requires a physical data
processing system.Wewill illustrate that by the help of a two-
dimensional optical Fourier transform.

Let 𝑔(𝑥, 𝑦) be a function of two independent variables 𝑥
and 𝑦, which can be the coordinates of a point in a plane. If
the following conditions are met:

(i) 𝑔(𝑥, 𝑦) is completely integrated into the infinite plane
(𝑥, 𝑦);
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(ii) 𝑔(𝑥, 𝑦) has a finite number of discontinuities and a
finite number of maxima and minima in any finite
rectangle;

(iii) 𝑔(𝑥, 𝑦) has no infinite discontinuities,

then we get the following relations:

𝐺(𝑓
𝑥
, 𝑓
𝑦
) = 𝐹 {𝑔 (𝑥, 𝑦)}

= ∬

+∞

−∞

𝑔 (𝑥, 𝑦) exp [−𝑖 (𝜔
𝑥
𝑥 + 𝜔
𝑦
𝑦)] d𝑥 d𝑦,

(8)

respectively,

𝑔 (𝑥, 𝑦) = 𝐹 {𝐺 (𝑓
𝑥
, 𝑓
𝑦
)}

= ∬

+∞

−∞

𝐺(𝑓
𝑥
, 𝑓
𝑦
) exp [𝑖 (𝜔

𝑥
𝑥 + 𝜔
𝑦
𝑦)] d𝑓

𝑥
d𝑓
𝑦
,

(9)

defining the direct and inverse Fourier transforms of the
function 𝑔(𝑥, 𝑦). The quantities 𝑓

𝑥
= 𝜔
𝑥
/2𝜋 and 𝑓

𝑦
= 𝜔
𝑦
/2𝜋

are spatial frequencies and 𝐺(𝑓
𝑥
, 𝑓
𝑦
) is the signal spectral

function.
If the functions do not satisfy the conditions of Fourier

transform, then we get the generalized Fourier transform.
It is known that an optical system suitable for a two-

dimensional Fourier transform may be a lens. If the focal
plane 𝑃

1
lies above the signal function 𝑔(𝑥, 𝑦), at the back

focal plane 𝑃
2
of the lens, a Fourier spectrum𝐺(𝑓

𝑥
, 𝑓
𝑦
) of the

signal 𝑔(𝑥, 𝑦) is displayed. In this plane, spatial frequencies
are given by the following relations:

𝜔
𝑥
= −

2𝜋𝑥
2

𝜆𝐹
, 𝜔

𝑦
= −

2𝜋𝑦
2

𝜆𝐹
, (10)

where 𝐹 is the focal length of the lens and 𝜆 the wavelength
of the radiation used. Optical Fourier transform property of
a lens can be analyzed using the Huygens-Fresnel diffraction
formula [10].

3. Experimental Setting of Heisenberg
Uncertainty Relations

Heisenberg’s uncertainty relations are usually established
on the basis of the experimental observations. It is well
known in this regard thatHeisenberg imagined an experience
of “simultaneous” measuring of the electron position and
momentum by using “ray microscope.” Other examples of
experimental facts from which analysis suggest that the
existence of uncertainty relations is as follows:

(i) experience concerning diffraction of electrons
through a slit;

(ii) experience concerning the deviation of a particle in a
magnetic field;

(iii) compton collision processes of particles with a pho-
ton, and so forth.

From the experiments of this type we can conclude that
there can be no question of simultaneous measurement of
incompatible observables due to the finite speed of propaga-
tion of interactions.

Let us assume the following hypotheses derived from the
study presented in the previous paragraphs:

(i) canonical conjugate variables, that is, incompatible
variables belong to reciprocal Fourier spaces;

(ii) Fourier transforms assume the existence of physical
systems as information processing;

(iii) the deduction of uncertainty relations experimentally
by using physical systems that perform Fourier trans-
forms to reveal two canonical conjugate spaces and
which can thus perform measurements on quantities
which are incompatible.

Necessary Conclusions. Due to finite speed of propagation
of interactions, signal switching within physical system to
perform Fourier transform has a finite duration.

Therefore, the sizes of the input and output of the system
that makes Fourier transforms and conjugates canonical
variables or its incompatible observables are considered to
perform simultaneous measurements, in the ordinary sense
of the formulation of Heisenberg’s uncertainty relations.

Reflecting the uncertainty relations, the wave-particle
dualism still remains true, but its content is not changing
the principle of uncertainty with respect to a simultaneous
measurement.

The cause and the effect cannot be measured simulta-
neously as a consequence of the used measurement device
(Fourier transformer), through which the signals pass at a
finite speed. Far from contradicting the principle of causality,
uncertainty relations come to confirm it, because if we admit
Einstein relativity principles when analyzing the measure-
ment process, one must take into account the finite speed of
propagation of interactions.

Let us consider, for example, a moving quantum particle,
such as electron or photon through a slot machine that
is performing the Fourier transform, due to diffraction
phenomena. Signal function at slot plane is the wave function
of the particle. Its Fourier transform is pulse wave function in
space which may be considered a simultaneous determina-
tion of the electron coordinate passing through the slot.

According to the interpretation presented in this paper,
it results in the impossibility of localizing inside the volume
element of the phase space, of a quantum particle at a given
time moment, because the measurements of position and
momentum of a quantum particle cannot be simultaneously
made.

4. Uncertainty Relations as Quantum
Evolution Equations

The canonically conjugate variables being correlated by
uncertainty relations one must pay more attention to the
problem of the nature of these correlations.

Let 𝑆 be the action-integral operator and 𝜂
𝑖
, 𝜉
𝑖
, the

canonically conjugate variables in the quadridimensional
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Minkovsky space. One considers 𝜂
𝑖
= 𝑥
1
, 𝑥
2
, 𝑥
3
, 𝑥
4
=

𝑖𝑐𝑡; 𝜉
𝑖
= P
𝑖
= 𝑚
0
U
𝑖
, where P

𝑖
is the 𝑖 component of the 4-

impulse [P = P(�⃗�
𝑟
, (𝑖/𝑐)E)], U

𝑖
—the 𝑖 component of the

4-velocity, E—the relativistic energy, and �⃗�
𝑟
—the relativistic

impulse of the system.
According to Schwinger’s action principle, the change of

the action operator is given by the following expressions:

𝛿𝑆
12
= 𝐹
2
− 𝐹
1
, (11)

𝐹 = 𝛿𝑆 =

4

∑

𝑖=1

𝜉
𝑖
𝜂
𝑖
. (12)

𝐹 being the generator function of the unitary transformation
which describes the system evolution and the variations 𝛿𝜂

𝑖

refering to the complete evolution of the system.
The operators 𝑄 are changed by unitary infinitesimal

transformations of the form:

𝑈 = 1 + 𝑖𝛼𝐹


= 1 + 𝑖𝐹 (13)

according to the following:

𝑄 → 𝑄 + 𝛿𝑄 = 𝑄 + 𝑖 [𝐹, 𝑄] , (14)

that is,

𝛿𝑄 = 𝑖 [𝐹, 𝑄] , (15)

where 𝛼 is a real parameter and 𝐹
 an hermitic operator.

From expression (12), putting 𝛿𝜂
𝑖
→ 𝛿𝜂

𝑖
/ℎ, ℎ being Planck

constant, it results in

𝛿𝑄 =
𝑖

ℎ
[∑𝜉
𝑖
𝛿𝜂
𝑖
, 𝑄] =

𝑖

ℎ
[∑𝜉
𝑖
, 𝑄] 𝛿𝜂

𝑖
, (16)

which represents the general form of the quantum evolution
equations. The complete variation 𝛿𝑄 of the 𝑄 operator can
be writen under the following form:

𝛿𝑄 = ∑

𝑖

𝛿𝑄
(𝜂𝑖), (17)

so that from (16) and (17), one obtains the evolution equations
depending on the 𝜂

𝑖
variables:

𝛿𝑄
(𝜂𝑖) =

𝑖

ℎ
[𝜉
𝑖
, 𝑄] 𝛿𝜂

𝑖
(18)

which are of the Heisenberg operator evolution equations
type.

Accordingly, for different 𝜂
𝑖
we obtain the following:

𝛿𝑄
(𝑥𝑖) =

𝑖

ℎ
[𝑝
𝑟𝑥𝑖

, 𝑄] 𝛿𝑥
𝑖
, 𝑖 = 1, 2, 3, (19)

respectively,

𝛿𝑄
(𝑥4) =

𝑖

ℎ
[
𝑖

𝑐
𝐻,𝑄] 𝛿 (𝑖𝑐𝑡) , (20)

or

𝛿𝑄
(𝑡)

=
𝑖

ℎ
[−𝐻,𝑄] 𝛿𝑡. (21)

From the classical point of view, the above equations take the
following form:

𝛿𝑄
(𝑥𝑖) =

𝑖

ℎ
[𝑝
𝑖
, 𝑄] 𝛿𝑥

𝑖
, 𝑖 = 1, 2, 3, (22)

𝛿𝑄
(𝑡)

=
𝑖

ℎ
[−𝐻,𝑄] 𝛿𝑡. (23)

The time-evolution is described as

𝛿𝑄 = −�̇�𝛿𝑡 (24)

and (23) becomes

�̇� =
𝑖

ℎ
[𝐻,𝑄] , (25)

which are identical with Heisenberg’s temporal evolution
equation of the operators. Besides, (22) can be understood
similarly as “space-evolution” equations of the operators.

Let us to consider the particular cases Q = 𝑥
𝑖
; 𝑡. The

result is that (22) and (23) are reduced to the Heisenberg’s
uncertainty relations:

[𝑝
𝑖
, 𝑥
𝑗
] =

𝑖

ℎ
𝛿
𝑖𝑗
, (26)

respectively,

[𝐻, 𝑡] =
𝑖

ℎ
. (27)

Equations (26) and (27) can be considered as evolution
equation with implicit dependence for the fundamental oper-
ators, the evolution of every variable being reported to the
coordinate axe which corresponds to this very one. The
hidden character of the evolution expressed by (26) and (27),
directly put into evidence the intrinsic correlations between
canonically conjugate variables, with straight implications in
the measuring process. The intrinsic correlations between
canonically conjugate variables are understood by the appear-
ance of the wave functions to the reciprocal Fourier spaces
[3].These correlations imply the evolution since 𝑝 = 𝑝(𝑡) and
𝑟 = 𝑟(𝑡) but 𝑝(𝑡) ̸= 0 so that 𝑟(𝑡) ̸= 𝑟

0
. Therefore, the variables

𝑝
𝑖
and 𝑥

𝑖
cannot by principle be measured simultaneously.

The time interval of the Fourier transformation process-
ing by the measuring apparatus to put into evidence the
correlated 𝑥-space and 𝑝-space of the quantum system vari-
ables cannot be avoided.There are these intrinsic correlations
which determine the imprecisions expressed by uncertainty
relations and the impossibility to localize the quantum system
inside of the elementary cell of the phase space expressed by
the relation Δ𝑝Δ𝑥 = ℎ.

5. Discussions

(a) The temporal evolution equation (25) shows the depen-
dence of𝑄 on 𝑡 indirectly, via dependence of𝑄 on𝐻, which is
the conjugate variable corresponding to 𝑡, so that the depen-
dence of𝑄 on 𝑡 is an implicit one, as it results from the intrin-
sic correlation between 𝑡 and E. If 𝜕𝑄/𝜕𝑡 = 0, 𝑑𝑄/𝑑𝑡 = 0
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only if the observables 𝐻 and 𝑄 are noncorrelated, that is,
[𝐻,𝑄] = 0. In this case, 𝑄 = ct. is a time-conservative
variable.

From (22) the result is the dependence of 𝑄 on 𝑥
𝑖

via 𝑝
𝑖
, which is the variable a 𝑥

𝑖
-canonically conjugated.

Consequently, if 𝜕𝑄/𝜕𝑥
𝑖
= 0 and [𝑝

𝑖
, 𝑄] = 0 (𝑝

𝑖
and

𝑄 are noncorrelated), then 𝑄 = ct., which means that
𝑄 is space conservative. In conclusion, one can observe
the symmetry between temporal development of the system
(using 𝐻 operator) and spatial development of the system
(using 𝑝 operator).

(b) The interpretation of uncertainty Heisenberg’s rela-
tions (26) and (27) as evolution equations with implicit
dependence connects in some content the quantisation
postulate and the causal evolution postulate of quantum
mechanics, which appears in this context as being different
forms of the same evolution principle.

(c) The results can be generalized for the analysis of
any group of two canonically conjugate dynamical variables,
the equations implying these variables showing an intrinsic
correlation being implicitly present during the measuring
process.

(d)One can assert the importance of the noncommutative
operators which are principled, closed, and related to the evo-
lution of the quantum system, contrary to the commutative
ensembles of operators which define maximal the quantum
states of the corresponding system.

6. Conclusions

(i) The “standard experiments” are not meant for simul-
taneous measurements of position and momentum
of a quantum system, as it is usually admitted,
being a consequence of the used measurement device
(Fourier transformer), throughwhich the signals pass
having a finite speed.

(ii) Any quantum system is subject to uncertainty rela-
tions, proving its dual nature.
Due to the requirements of the principle of causal-
ity in the theory of relativity, one cannot make a
device for simultaneous measuring of the canonical
conjugate variables in the conjugate Fourier spaces,
so that these interpretations of the measurements are
nonsensical.

(iii) According to the interpretation we have presented in
this paper, the result is the impossibility of localizing
inside the volume element of the phase space of a
quantum system at a given time, because the mea-
surements of position and momentum of a quantum
particle cannot be simultaneously performed.

(iv) Uncertainty relations must be regarded as statistical
correlations between the results of measurements of
the dynamic variables in Fourier conjugate spaces.

(v) Therefore, Heisenberg’s uncertainty principle could
be formulated as follows: “the results of measure-
ments in reciprocal Fourier spaces of the canonical
conjugate dynamic variables of the quantum systems

are statistically correlated, the uncertainties product
being of the order of magnitude of the constant of
Planck.”

(vi) The concordance between uncertainty relations inter-
pretations based on that understanding of the mea-
suring process and the implicit evolution equations
derived in this paper is relevant for the coherence of
the theory developed above.

(vii) The treatise of the uncertainly relations as implicit
evolution equations allowed us to put into evidence
the intrinsic nature of the correlation expressed by
these equations in straight relations with the measur-
ing process.

(viii) In the context of the above results, the quantisation
postulate of quantum mechanics is not indepen-
dent from the causal evolution postulate, that is,
these two postulates are connected in the axiomatic
development of the quantum theory. This shows the
principled role of the incompatible observables in the
evolution of the quantum systems.
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