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Phase space deformations on scalar field cosmology are studied. The deformation is introduced by modifying the symplectic
structure of the minisuperspace variables. The effects of the deformation are studied in the “C-frame” and the “NC-frame.” In
order to remove the ambiguities of working on different frames, a new principle is introduced. When we impose that both frames
should be physically equivalent, we conclude that the only possibility for this model, is to have an effective cosmological constant
Λ eff ≥ 0. Finally we bound the parameter space for 𝜃 and 𝛽.

1. Introduction

It is a common issue in cosmology to make use of scalar
fields as the responsible agents of some of the most intriguing
aspects of our universe (see [1–4] and references therein). We
find that scalar fields are used as the inflaton which seeds
the primordial perturbations for structure, as a cold dark
matter candidate and as the dark energy component which
seems to be driving the current accelerated expansion of the
universe [5]. This current acceleration is probably the biggest
conundrum in theoretical physics and is usually attributed to
a small, nonvanishing Λ. Unfortunately there is no known
mechanism that guarantees a positive near zero value for Λ
in a stable or metastable vacuum.

The initial interest in noncommutative field theory [6–
8] slowly but steadily permeated in the realm of gravity,
from which several approaches to noncommutative gravity
[9–18] were proposed. All of these formulations have shown
that noncommutative theories of gravity are highly nonlinear.
In order to study the effects of noncommutativity on dif-
ferent aspects of the universe, noncommutative cosmology

was presented [19]. The authors noticed that the noncom-
mutative deformations modify the noncommutative fields.
Furthermore they worked in cosmology, where one imposes
symmetry requirements upon the infinite-dimensional space
of all possible three-dimensional geometries (superspace) to
reduce it to a finite-dimensional minisuperspace, and conjec-
tured that the effects of the full noncommutative theory of
gravity should be reflected in the these minisuperspace vari-
ables. This was achieved by introducing the Moyal product
of functions in the Wheeler-DeWitt equation, in the same
manner as is done in noncommutative quantum mechanics.
The analysis of the cosmological model was carried out at
the quantum level; several works followed this idea [20–
25]. Although the noncommutative deformations of themin-
isuperspace were originally analyzed at the quantum level,
classical noncommutative formulations have been proposed.
In [20], the authors considered classical noncommutative
relations in the phase space for the Kantowski-Sachs cosmo-
logical model and established the classical noncommutative
equations of motion. For scalar field cosmology, in [21–26]
the classical minisuperspace is deformed and a scalar field is
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used as the matter component of the universe. The main idea
of this classical noncommutativity is based on the assumption
that modifying the Poisson brackets of the classical theory
gives the noncommutative equations of motion [19–26].
These phase space deformations give rise to two generally
different interpretations known as the “C-frame” and the
“NC-frame,” which in general are not physically equivalent
[27].

Themain purpose of this paper is to analyze the effects of
more general phase space deformations in cosmology under
a new principle, in order to eliminate the ambiguity of using
the “C” or “NC” frame. To introduce the deformation we
will follow the approach in [28] and we add a new principle,
namely, that the physical parameter space for the deformation
is given by the requirement that the physical descriptions
in the 𝐶 and NC frames are equivalent. These ideas will be
applied to the model in [29] and analyze the permitted values
of 𝜃 and 𝛽 under this new principle.We conclude that for this
model the only solution consistent with the principle is that
of an effective cosmological constant that satisfies the bound
Λ eff ≥ 0; we also determine the permitted values of 𝜃 and 𝜔.

The paper is organized as follows. We start in Section 2
by introducing the deformed phase space model and its
dynamics and leave the last section for discussion and
concluding remarks.

2. The Model

Let us start with a homogeneous and isotropic universe with
a flat Friedmann-Robertson-Walker metric:
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as usual 𝑎(𝑡) is the scale factor and𝑁(𝑡) is the lapse function.
We use the Einstein-Hilbert action and a scalar field 𝜙 as the
matter content for the model. In units 8𝜋𝐺 = 1, the action
takes the form
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We make the following change of variables:
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where𝑚−1 = 2√2/3. The Hamiltonian is
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with 𝜔2 = −(3/4)Λ. To find the dynamics we solve the
equations of motion; for this model it can easily be integrated
[29].

To construct the deformed model, we usually follow the
canonical quantum cosmology approach, where, after canon-
ical quantization, one formally obtains the Wheeler-deWitt
equation. An alternative to study quantummechanical effects

is to introduce deformations to the phase space of the system.
The approach is an equivalent path to quantization and
is part of a complete and consistent type of quantization
known as deformation quantization [30]. Our interest is in
cosmology and cosmological models can be constructed in
the minisuperspace. Following the previous discussion we
can assume that studying cosmological models in deformed
phase space could be interpreted as studying quantum
effects to cosmological solutions [28]. In the deformed phase
space approach, the deformation is introduced by the Moyal
brackets to get a deformed Poisson algebra. To construct a
deformed Poisson algebra we will follow the approach in
[28, 29]. We start with the following transformation on the
classical phase space variables {𝑥, 𝑦, 𝑃
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𝑦
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These new variables satisfy a deformed algebra:
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(6)

where 𝜎 = 𝜃𝛽/4. Furthermore, as in [28], we assume that
the deformed variables satisfy the same relations as their
commutative counterpart equation (3).

Now that we construct the deformed theory, first, we start
with a Hamiltonian which is formally analogous to (4) but
constructed with the variables that obey the modified algebra
equation (6):

𝐻 =
1

2
[(𝑃
2

𝑥
− 𝑃
2

𝑦
) − 𝜔
2

1
(𝑥𝑃
𝑦
+ 𝑦𝑃
𝑥
) + 𝜔
2

2
(𝑥
2
− 𝑦
2
)] , (7)

where we have used the change of variables equation (5) and
the following definitions:
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Written in terms of the original variables theHamiltonian
explicitly has the effects of the phase space deformation.
These effects are encoded by the parameters 𝜃 and 𝛽. In
[29], the late time behaviour of this model was studied.
From this formulation two different physical theories arise,
one that considers the variables 𝑥 and 𝑦 and a different
theory based on 𝑥 and 𝑦. The first theory is interpreted
as a “commutative” theory with a modified interaction; this
theory is referred to as being realised in the “C-frame” [27].
The second theory, which privileges the variables 𝑥 and 𝑦,
is a theory with “noncommutative” variables but with the
standard interaction and is referred to as realised in the “NC-
frame.” One usually privileges one of the frames or assumes
that the differences between them are negligible, but in some
cases there can be dramatic differences in the physics on
each frame. Although the physical implications between the
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frames can be startlingly different [27], there are cases when
the predictions are very similar. In those instances, one can
take advantage of the formulation in the “C-frame” and have
very clear interpretation of the deformation.

In the “C-frame” our deformed model has a very nice
interpretation that of a ghost oscillator in the presence of
constant magnetic field and allows us to write the effects of
the noncommutative deformation as minimal coupling on
the Hamiltonian and write the Hamiltonian in terms of the
magnetic B-field [29].

To obtain the dynamics for the model, we derive the
equations of motion from the Hamiltonian equation (7). The
solutions for the variables 𝑥(𝑡) and 𝑦(𝑡) in the “C-frame” are

𝑥 (𝑡) = 𝜂
0
𝑒
−(𝜔
2

1
/2)𝑡 cosh (𝜔𝑡 + 𝛿

1
)

− 𝜁
0
𝑒
(𝜔
2

1
/2)𝑡 cosh (𝜔𝑡 + 𝛿

2
) ,

𝑦 (𝑡) = 𝜂
0
𝑒
−(𝜔
2

1
/2)𝑡 cosh (𝜔𝑡 + 𝛿

1
)

+ 𝜁
0
𝑒
(𝜔
2

1
/2)𝑡 cosh (𝜔𝑡 + 𝛿

2
) ,

(9)

where 𝜔 = √(𝛽2 − 4𝜔2)/(4 − 𝜔2𝜃2). For 𝜔2 < 0, the
hyperbolic functions are replaced by harmonic functions.
There is a different solution for 𝛽 = 2𝜔; the solutions in the
“C-frame” are
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To compute the volume of the universe in the “C-frame” we
use (9) and (3):
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where we have taken 𝛿
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hyperbolic function is replaced by a harmonic function. For
the case 𝛽 = 2𝜔, the volume is given by
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0
, 𝐴, and 𝐵 are constructed from the integration

constants.
To find the dynamics in the “NC-frame” we start from the

“C-frame” solutions and use (5); we get for the volume
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where �̂�
0
are the initial volume in the “NC-frame.”We can see

that for 𝜃 = 0 the description in the two frames is the same.
In the next section we will analyse under what conditions we
can have an accelerating universe.

C-frame
de Sitter

NC-frame
NC-frame

−2 2 4 6

5

10

15

20

a
3
(t
)

t

Figure 1: Dynamics of the deformed phase space model for 𝜔2 > 0.
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= 4, 𝜃 = 4√6/5, 𝜔 = 1, and 𝛽 = 1/√5. Finally

the thick line corresponds to the volume of the de Sitter space time.
We can see that for large values of 𝑡 the behaviour is exponential.
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Figure 2: Dynamics of the deformed phase spacemodel for the case
𝜔
2
= 0 or equivalently 𝛽 = 2𝜔. We can see that the behaviour is the

same in the “C-frame” and in the “NC-frame.”

3. Discussion

As already discussed in the previous section, the phase space
deformation yields two physically inequivalent descriptions.
If we are to consider phase space deformations as physically
valid, then the existence of these inequivalent descriptions is
unappealing. To solve this issue we will impose the following
principle: “Deformed phase spacemodels are only validwhen
the “NC” and “C” descriptions are equivalent.”

This means that we only use those solutions that have the
same behaviour, this will restrict the permitted values of the
deformation parameters 𝛽 and 𝜃. We can see in Figures 1 and
2 that the volume has the same behaviour in both frames. In
Figure 1, the thin plot (“C-frame”) and the dashed plot (“NC-
frame”) are plotted with the same values for the deformation
parameters and initial conditions; the dotted line plot (“NC-
frame”) corresponds to different values of the parameters; this
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Figure 3:The grey area of the first plot corresponds to 𝑓 > 0. The grey area in the second plot corresponds to 𝑔 > 0. The white region in both
plots corresponds to the negative values of 𝑓 and 𝑔.
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Figure 4: The parameter space where the Λ eff is positive corre-
sponds to the regions I and III of the plot. In this plot the origin
0 is in the upper right corner.

is done to show that the same asymptotic behaviour results in
both frames.

By comparing the volume in the two frames and consider-
ing the restriction the only cases that are consistent with our
condition are 𝜔2 ≥ 0, the first two cases in (13). The last one
is discarded because the volume in the “NC-frame” will be
negative. Considering the result in [29], where it was shown

that for 𝜔2 > 0 an effective cosmological constant exists and
is given by

Λ eff =
1

3
(

𝛽
2
+ 3Λ

1 + (3/16) Λ𝜃
2
) . (14)

We conclude that “under phase-space transformations and
the imposed restriction, the effective cosmological constant is
positive.”

To determine the space parameters where the deformed
model is valid, we have the following conditions:

(i) Λ eff > 0;

(ii) 𝑓(𝛽, Λ) = 𝛽2 + 3Λ and 𝑔(𝜃, Λ) = 1 + (3/16)Λ𝜃2 have
the same sign;

(iii) from the “NC-frame” there is the condition,
ℎ(𝛽, 𝜃, Λ) = 𝜔

2
𝜃
2
/(2 − 𝜔

2

1
𝜃)
2

< 1.

These conditions can be seen in the plots in Figure 3. The
grey areas correspond to positive 𝑓 and 𝑔 and the white area
to negative values for these functions. Therefore to meet the
conditions wemust take values that are simultaneously either
in the grey area or white area. Adding the last condition limits
the deformation for themodel to regions I and III of Figure 4.
We can see that even if Λ is negative, it is possible to have a
positive effective cosmological constant and a small value for
the deformation parameters 𝜃 and 𝛽.

In this paper we have proposed that in order to have a
viable theory under phase space deformations there are two
steps:

(1) use the deformed algebra equation (6);
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(2) impose the condition: “Deformed phase space models
are only valid when the “NC” and “C” descriptions are
equivalent.”

For the toy model we have studied we analysed the pos-
sible solutions under the minisuperspace deformation. We
constructed the space of allowed values for the deformation
parameters. Finally we have shown that imposing the new
principle of the equivalence of the “C” and “NC” on the
deformed phase space model the only valid solution is for
Λ eff ≥ 0.
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