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Abstract. 
We construct and study a formulation of a chargeless complex vector matter field in a supersymmetric framework. To this aim we combine two nochiral scalar superfields in order to take the vector component field to build the chargeless complex vector superpartner where the respective field strength transforms into matter fields by a global  gauge symmetry. For the aim of dealing with consistent terms without breaking the global  symmetry we imposes a choice to the complex combination revealing a kind of symmetry between the choices and eliminates the extra degrees of freedom which is consistent with the supersymmetry. As the usual case the mass supersymmetric sector contributes as a complement to dynamics of the model. We obtain the equations of motion of the Proca’s type field for the chiral spinor fields and for the scalar field on the mass-shell which show the same mass as expected. This work establishes the first steps to extend the analysis of charged massive vector field in a supersymmetric scenario.



1. Introduction
Matter field dynamics was firstly established by Dirac in a consistent relativistic framework. He has studied the free electron dynamics where its interaction yields the first steps on QED, which was further developed by Feynmann and others [1, 2]. These studies were very important for the formulation and the understanding of QFT, standard model, and also the strings theory. Indeed it has been the basement of all theoretical analysis of any dynamics which is concerned with integer or half-integer spin particles. In fundamental quantum theory we have classified into two types: boson and fermions, respectively. Fermions usually are the constituent of the matter and bosons are the interaction particle [3]. Nevertheless if we are treating to the weak force we have to deal with charged (or not) massive vector (boson) fields which are the intermediate between the protons and neutrons. So we could interpret as charged vector matter fields.
Due to the supersymmetry which plays a fundamental role on strings theory fitting together quantum theories of the gravitational interactions, electroweak and strong forces, the studies on supersymmetric theories are of great interest to high energy physicists such as applications in particle physics [4] and supersymmetry breaking [5] and in the treatment of classical supergravity [6] with inclusion of topological Chern-Simons terms [7]. Furthermore, supersymmetry is required to understand the thermodynamics of quantum gravity [8], to build new scenarios for the electroweak baryogenesis in high energies [9, 10] as well as establishing superstring theories correctly [11–16]. Supersymmetry deals with graded Lie algebra in the unique reliable algebra extension which holds to be consistent with the S-matrix in relativistic quantum field theory [17–20]. Recalling that this special symmetry correlates fermionic and bosonic fields, called superpartners, which puts them together in a superfield formulation. It remarks the important role played by the study of matter-like vector fields to construct appropriated supersymmetric models [21, 22]. Moreover supersymmetric models with chiral superfields and global gauge invariance involving matter fields are elegantly constructed [16, 20, 22]. Thus quarks, leptons, and vector bosons which participate in usual gauge theories, as electroweak theory and chromodynamics, in a supersymmetric extension coexist along their superpartners: squarks, sleptons, and the fermionic partner of the vector bosons which are a type of vector matter field. For instance, the supersymmetric version of quantum electrodynamics involves a vector supermultiplet whose contents are a massless photon and its spin- superpartner, the photino [16, 20].
Indeed theoretical formulation of supersymmetric gauge vector field has been largely studied [16, 22–24]. It was shown that gauge vector field component emerges from nonchiral scalar superfields when one uses some suitable constraint (Wess-Zumino) to remove exceeding nonphysical components fields [20, 22]. Nevertheless, there is a lack of studies on models that describe supersymmetric vector matter fields. Therefore, one of the aims of this work is the attempt to address this lack in order to further study the interactions which can be involved. To this purpose we construct a formulation in which the vector field  is complex and massive, but with no local charge, which we simply called “chargeless.” Indeed as a matter field it transforms by the global  group [3]; that is, we would emphasize that  is not a local gauge field but a free Proca-type one. Such models are interesting in order to contribute to the understanding of the supersymmetric model of electroweak theory though it contains charged vector particles. Furthermore it can improve our knowledge of the form of nuclear atomic structure and its interaction at high energy. Further, taking this model in a fundamental scenario of the strings theory [25], complex vector fields with matter symmetry are relevant to the vacuum polarization theory that can be connected to models which deal with Lorentz symmetry violation in high energy physics [26–46]. Another aim of this work is to obtain the supermultiplet that will accommodate a charged matter vector field and its supersymmetric partners and also to get the most appropriate supersymmetric action for this field which will be the subject of a forthcoming work. To this purpose we are going to formulate a supersymmetric Lagrangian starting from chargeless nonchiral superfield which contains the vector (matter) field. The present paper is outlined as follows: in Section 2, we present a model that acommodates two real vector matter fields; in Section 3 we compose the previous model in a complex form and we present the Dirac superspinor field ; in Section 4 we present a general conclusion.
2. Two Chargeless Vector Matter Superfields Model
We are going to present a chargeless (real) formulation for vector matter field. To this aim we start from a general nonchiral scalar superfield which includes in the matter multiplet a vector field as irreducible representation of the Lorentz group. In order to build more ahead a complex extension we introduce two chargeless real scalar superfields doubling the number of degrees of freedom, which are written aswhere the superfields  and  are particular constructions of matter vector supermultiplet which include real vector fields  and  with helicity ; the fields , , , and  are two-component Weyl fermions with helicity ; and the fields , , , , , , , and  are real scalar fields with spin-. It is easy to verify that to both superfields the number of bosonic and fermionic degrees of freedom is the same. We stress that we only have applied the reality condition on the superfields which does not spoil the matter structure of these multiplets. Therefore the dynamics to chargeless supersymmetric vector fields can be obtained through suitable field-strengths which accommodate the real superfields  and .
In order to construct the supersymmetric field-strengths for the real superfields  and , which we call chargeless supersymmetric field-strengths, we are going to apply supersymmetric covariant derivatives on the above scalar superfields which result in chiral superfields, in such way thatand, by similarity for , we have thatthe  and  are chiral spinor superfields.
We can redefine the superfields in the chiral superspace coordinates, namely, , , , and , such that  and  Hence the supersymmetric covariant derivatives are defined asAccording to these definitions we can compute the field-strengths  and , and we haveand in a similar way we can compute the field-strengths  and . So we are in conditions to construct the supersymmetric model in terms of the superfields  and  where chargeless vector matter field is present. The kinetic part can be written asWe have adopted the usual conventions for the spinor algebra, for the superspace parametrization, and the translation invariance of the integral in the chiral coordinates [16, 22]. Then we obtain that expression (6) has the following component expansion:Action (7) describes the kinetic part of supersymmetric chargeless vector field. However, to write the full action that corresponds to the underlined field theory, we can also consider the supersymmetric mass term, given bywhere  is the mass parameter. As usual, the “mass” part of the action presents kinetic terms, beyond the usual mass terms, which were eliminated by spinor chirality property of superfields  and . Furthermore, we could infer that the mass term in action (8) arises as a dynamical complement to the supersymmetric vector matter fields. Indeed supersymmetric matter-like fields are formulated with chiral spinor superfields.
3. The Chargeless Complex Vector Matter Superfield Model
We know that the supersymmetric action for two free vector matter fields might be built through nonchiral scalar superfields [22]. Moreover, we can see that the degrees of freedom of this model are compatible with the dynamical free fields in complex space . In this section our aim is to derive the appropriated complex superfield to describe supersymmetric complex vector fields. To this aim we need to strongly define two complex nonchiral scalar superfields, defined as

        and in a similar way we can define the complex conjugated superfields.
Superfields (9) and (10) present multiplets with complex vector fields  and  and spin-; the , , , , , , , and  are Weyl fermion fields with spin-; and the , , , and  are complex scalar fields with spin-. So the rule that implies an invariant mechanism isWe observe that transformation rule (11) guarantees writing a consistent kinetic term for the complex vector field without breaking the global  gauge symmetry. Another advantage that came to light is that transformations (11) eliminate the exceeding fields which does not contribute for the supersymmetric action, which allows bosons and fermions to have the same physical degrees of freedom. Indeed the constraint relation to the superfields implies the relations of the component fields as follows:So, we can adjust the complex extension of the chargeless superfields  and  by assuming the equation , where we find the following relation of fields:
To describe the dynamics of the supersymmetric complex vector fields with matter symmetry we need to construct an appropriated complex supersymmetric field-strength model in order to accommodate superfields  and . This can be reached starting from the following definitions:where  and  are charged spinor superfields. As a consequence of the complex extension procedure we must relate chargeless spinor superfields  and  with the complex definitions (14) which, in the simplest way, isand by assuming the spinor identities  and  we can find the kinetic supersymmetric Lagrangian for the complex vector fields:
We can observe that the left-hand side of the latter equation is the complex extension of chargeless Lagrangian (7) that was written in terms of charged spinor superfields. Bearing this in mind, we can then redefine the kinetic Lagrangian (16) simply by combining the charged spinor superfields  and  as a “Dirac superspinor” , such thatand also we assume  to be the adjoint Dirac superspinor representation.
In this case we have that , and so the supersymmetric action from the kinetic Lagrangian (16) is now given byWe can note that the product of Dirac superspinors  obeys matter symmetry and it presents an interesting analogy to charged scalar superfield product . In this sense we verify that  and  represent two chiral supersymmetric extensions for the matter vector field which can be transformed under  global gauge group in the following way:where  is a global  gauge parameter and  is the charge of the global symmetry. We can emphasize that the expressions (19) represent that each of the components of multiplet (17) has the same symmetry. So action (18) is then invariant under transformations (19). In order to obtain the component Lagrangian we can expand the product  by considering thatand similarly for  and .
We note the presence of the complex matter field-strengths; namely,hence action (18) can be expanded and we obtainIn this format we can recognize the dynamical term that describes the matter vector field as . It involves both  and  matter tensors. However, it does not correspond to the conventional kinetic term for the matter vector field, and action (18) shows more degrees of freedom than necessary. In order to get rid of such fields we must assume the rule of transformation (11) which is a constraint of half of the degrees and consequently action (18) reaches the correct number of component fields.
Applying condition (11) in action (22) we can reach the usual dynamical matter field strength term, orand so the  tensor field is reabsorbed in this action. Likewise and without loss of generality, we could have chosen the inverse relation  what implies reabsorbing the  tensor field. Then by using the whole relation (12) in action (18) we find that the complex supersymmetric model for the matter vector field can be written aswhere expression  represents the usual kinetic term of the vector matter field while the terms represent with the components  and  the fermionic sector, and the last term corresponds to the auxiliary field  term. To completeness we are going to introduce the massive action term in the model. Observing the symmetries of nonchiral fields  and  the massive supersymmetric term can be suitable defined aswhere  is a mass parameter. From nonchiral superfields  and  we can obtain the massive vector matter field term  as well as their supersymmetric partners. In order to perform it we are going to compute action (25) by employing condition  where one has that , and by applying definition (10) the full supersymmetric matter vector field model can be then obtained from Dirac superspinor field  associated to the nonchiral scalar fields  and  in the following form:where the mass part of action can be obtained in component fields asHere we observe the mass term to , , and  fields. As in the usual supersymmetric models we note that mass action (27) also contributes to kinetic structure, namely, with the terms ,  , and   . The action also shows mixing mass scalar and fermionic terms, namely, ,  ,  ,  ,  , and . By verifying the presence of extra kinetic terms in (27) what can suggest that when we particularly treat supersymmetric matter vector fields the mass action contributes with a “dynamic complement” to the kinetic action (24). Furthermore, we remark that mass action (27) is important to match the number of bosonic and fermionic degrees of freedom of the supersymmetric matter vector action (26) for the consistency of the model. We can redefine the component fields absorbing the mass parameter as follows:
So the action can be rewritten asanalogously the mass action is now given byso the complex scalar fields , , and  have no dynamics and arise as auxiliary fields. Thus assuming the action (26) to be the sum of the redefined actions (29) and (30) and rearranging (we adopt the Weyl representation to the gamma matrices) the (Dirac) spinor fields  and , The sum of the action (29) and the action (30) results in an off-shell action  written in the following formwhere we denote the Dirac spinors of mass  asFor action (31) we have obtained chiral spinor mass terms given by  and . From the action (31) we can obtain the equation of motion for the fields: with . Taking off-shell action (31) we note that it has  bosonic degrees of freedom concerning the matter fields , , , , and  and their complex conjugated ones, as well as  fermionic degrees of freedom for the Dirac spinor fields  and  and their conjugated complex ones, which is consistent with the supersymmetry. From equations of motion (33) we note that there are three auxiliary complex scalar fields , , and  and massive dynamical complex scalar field . Moreover, as expected we have obtained a matter Proca-type equation for field . In this context, it is interesting to note that from the on-shell action we can easily extract from action (31) the supersymmetric generalization of matter vector field; it is only possible if we include two dynamical Dirac chiral spinor fields  and  along a massive scalar field . Furthermore, a peculiar aspect of the spinor fields  and , in the present case, is that their mass terms (33) arise with chiral structure due to the presence of the matrix .
4. Conclusion
In this paper, which is part of a program started in a previous work [32], we propose to formulate and analyze the simple dynamics of chargeless vector matter field in a supersymmetric scenario. There are three motivations for this proposal: the lack of this approach in the literature; getting a clue on the possibility of Lorentz symmetry violation in supersymmetric theories; and the role played by the simplest case of high-spin field in field and string theories. To these aims we have started from real nonchiral scalar superfield in order to obtain real matter Proca-type field in a supersymmetric Lagrangian generalization [32]. In a straightforward way, the complex model was obtained extending the real scalar nonchiral superfields to the complex space [47–51].
The very interesting point in this enterprise is that, in order to obtain a complex Proca-type term, we face an ambiguous choice of which is the real or imaginary part of the field. This ambiguity reveals a symmetry which we represent as a kind of simple Hodge-duality symmetry, . In fact, despite its apparent simplicity, it is essential to match the number of degrees of freedom of the fermionic and bosonic sectors and to compose the complex (chargeless) Proca-type dynamical term with global  symmetry. As this symmetry appears by construction, it represents a different approach compared to Ferrara et al.’s work [24]. On the other hand, as usual, the supersymmetric mass term is also important to compose the dynamics of the supersymmetric model and of its component fields.
We can conclude that, in addition to the supersymmetric mass term, to build supersymmetric matter chargeless vector field Lagrangian the Hodge-type duality symmetry is an essential ingredient to be further explored. We can also observe that, as the usual super-QED model, the complex dynamical Proca-type term emerges from a product of Dirac superspinors . We can remark that the Dirac superspinor field  is also chiral because it is a combination of chiral Weyl superspinors  and . Finally, we emphasize that on-shell supersymmetric action obtained (31) revealing two fermionic Dirac fields  and  and a massive scalar field  as supersymmetric partners associated to the complex vector field , which is the initial step to implement local gauge symmetry, charge, and interaction; we could anticipate that nonminimal couplings have an essential role, in a forthcoming work.
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