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A study about the energy and momentum distributions of a new charged regular black hole solution with a nonlinear
electrodynamics source is presented. The energy and momentum are calculated using the Einstein and Møller energy-momentum
complexes. The results show that in both pseudotensorial prescriptions the expressions for the energy of the gravitational
background depend on the mass 𝑀 and the charge 𝑞 of the black hole, an additional factor 𝛽 coming from the spacetime metric
considered, and the radial coordinate 𝑟, while in both prescriptions all the momenta vanish. Further, it is pointed out that in some
limiting and particular cases the two complexes yield the same expression for the energy distribution as that obtained in the relevant
literature for the Schwarzschild black hole solution.

1. Introduction

Energy-momentum localization plays a leading role in the
theories advanced over the years in relation to General
Relativity.There is a major difficulty, however, in formulating
a proper definition for the energy density of gravitational
backgrounds. Indeed, the key problem is the lack of a
satisfactory description for the gravitational energy.

Many researchers have conducted extensive research
using different methods for energy-momentum localization.
Standard research methods include the use of different tools,
such as super-energy tensors [1–4], quasilocal expressions [5–
9], and the famous energy-momentum complexes of Einstein
[10, 11], Landau and Lifshitz [12], Papapetrou [13], Bergmann
andThomson [14], Møller [15],Weinberg [16], andQadir and
Sharif [17].Themain problem encountered is the dependence
on the reference frame of these pseudotensorial prescriptions.
An alternative method used in many studies on computing
the energy and momentum distributions in order to avoid

the dependence on coordinates is the teleparallel theory of
gravitation [18–26].

As regards pseudotensorial prescriptions, only theMøller
energy-momentum complex is a coordinate independent
tool. Schwarzschild Cartesian coordinates and Kerr-Schild
Cartesian coordinates are useful to compute the energy-
momentum in the case of the other pseudotensorial def-
initions. Over the past few decades, despite the criticism
directed against energy-momentum complexes concerning
mainly the physicalness of the results obtained by them, their
application has provided physically reasonable results for
many spacetime geometries,more particularly for geometries
in (3 + 1), (2 + 1), and (1 + 1) dimensions [27–58].

There is an agreement between the Einstein, Landau-
Lifshitz, Papapetrou, Bergmann-Thomson, Weinberg, and
Møller prescriptions, on the one hand, and the definition
of the quasilocal mass advanced by Penrose [59] and devel-
oped by Tod [60] for some gravitating systems, on the
other hand (see [61] for a comprehensive review). Several
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pseudotensorial definitions “provide the same results” for any
metric of the Kerr-Schild class and for solutions that aremore
general than the Kerr-Schild class (see, e.g., the works of
Aguirregabiria, Chamorro and Virbhadra, Xulu in [27–36],
and Virbhadra in [62]). Furthermore, the similarity between
some of the aforementioned results and those obtained by
using the teleparallel theory of gravitation [63–68] cannot
be overlooked. In fact, the history of energy-momentum
complexes should include their definition and use, as well as
the attempts for their rehabilitation [69–72].

The present work has the following structure: in Section 2
we describe the new spherically symmetric, static, charged
regular black hole solution with a nonlinear electrodynam-
ics source [73] under study. Section 3 is focused on the
presentation of the Einstein and Møller energy-momentum
complexes used for performing the calculations. Section 4
contains the calculations of the energy and momentum
distributions. In the Discussion and Final Remarks given
in Section 5, we make a brief description of the results of
our investigation as well as some limiting and particular
cases. Throughout the article, we use geometrized units (𝑐 =

𝐺 = 1), the signature chosen for our purpose is (+, −, −, −),
and the calculations are performed using the Schwarzschild
Cartesian coordinates {𝑡, 𝑥, 𝑦, 𝑧} for the Einstein prescription
and the Schwarzschild coordinates {𝑡, 𝑟, 𝜃, 𝜑} for the Møller
prescription. Also, Greek indices range from 0 to 3, while
Latin indices run from 1 to 3.

2. Description of the New Regular
Black Hole Solution with a Nonlinear
Electrodynamics Source

In this section, we present a new spherically symmetric,
static, charged regular black hole solution with a nonlinear
electrodynamics source recently developed by Balart and
Vagenas [73].

A brief but interesting discussion about the regular black
hole solutions that have been obtained by coupling gravity to
nonlinear electrodynamics theories is presented in [73] (see
Section 1 and the references therein formore details). Further,
in an interesting and similar work, the horizon entropy of a
black hole is determined as a function of Komar energy and
the horizon area [74].

In order to develop the new charged regular black hole
solution, the authors of [73] considered the Fermi-Dirac-type
distribution. For this purpose, they generalized the method-
ology developed in Section 2 of their paper by considering
distribution functions raised to the power of a real number
greater than zero. We notice that the methodology presented
in Section 2 consists in constructing a general charged regular
black hole metric for mass distribution functions that are
inspired by continuous probability density distributions. The
corresponding electric field for each black hole solution is also
constructed in terms of a general mass distribution function.
The metric function is given by

𝑓 (𝑟) = 1 −
2𝑀

𝑟
(
𝜎 (𝛽𝑟)

𝜎
∞

)

𝛽

, (1)

where 𝜎
∞

= 𝜎(𝑟 → ∞) is a normalization factor and the
function 𝜎(𝛽𝑟) corresponds to any one of the mass functions
listed in Table 1 of [73], but with the coordinate 𝑟 multiplied
by an additional factor 𝛽 > 0.

The new spherically symmetric, static, charged regular
black hole solution with a nonlinear electrodynamics source
given by equation (29) in [73] is obtained, as we pointed
out above, using the Fermi-Dirac-type distribution, and the
metric function becomes now

𝑓 (𝑟) = 1 −
2𝑀

𝑟
(

2

exp (𝑞2/𝛽𝑀𝑟) + 1
)

𝛽

. (2)

Moreover, when 𝑟 → ∞ the mass function 𝑚(𝑟) =

𝑀(𝜎(𝛽𝑟)/𝜎
∞
)
𝛽

→ 𝑀. The distribution function satisfies
the condition 𝜎(𝑟)/𝜎

∞
→ 1 when 𝑟 → ∞. This solution

is a generalization of the Ayón-Beato and Garćıa black hole
solution [75].

The corresponding electric field has the expression

𝐸 (𝑟) =
𝑞

𝑟2
exp(

(1 − 𝛽) 𝑞
2

2𝛽𝑀𝑟
)[sech(

𝑞
2

2𝛽𝑀𝑟
)]

1+𝛽

[1

−
𝑞
2

4𝑀𝑟
tanh(

𝑞
2

2𝛽𝑀𝑟
)

+
1

4𝛽𝑀𝑟
(

1 − 𝛽

exp {𝑞2/𝛽𝑀𝑟} + 1
)] .

(3)

In order to construct the extremal regular black hole metric
for this example, some values of 𝛽 and the corresponding
charges are listed in Table 2 of [73].

Finally, the new charged regular black hole solutionwith a
nonlinear electrodynamics source is described by the metric

𝑑𝑠
2

= 𝐵 (𝑟) 𝑑𝑡
2

− 𝐴 (𝑟) 𝑑𝑟
2

− 𝑟
2

(𝑑𝜃
2

+ sin2𝜃𝑑𝜙2) , (4)

with 𝐵(𝑟) = 𝑓(𝑟), 𝐴(𝑟) = 1/𝑓(𝑟).
Figure 1 shows that two horizons exist at the points where

𝑓(𝑟) meets the (𝑟/𝑀)-axis and for four different values of
the parameter 𝛽. We have chosen (𝑞/𝑀)

2

= 0.5. Note that
the positions of the inner and the outer horizon remain
unaffected for various values of 𝛽.

3. Einstein and Møller Energy-
Momentum Complexes

The Einstein energy-momentum complex [10, 11] for a (3 +

1)-dimensional gravitational background has thewell-known
expression

𝜃
𝜇

] =
1

16𝜋
ℎ
𝜇𝜆

],𝜆. (5)

The superpotentials ℎ𝜇𝜆] involved in (5) are given by

ℎ
𝜇𝜆

] =
1

√−𝑔
𝑔]𝜎 [−𝑔 (𝑔

𝜇𝜎

𝑔
𝜆𝜅

− 𝑔
𝜆𝜎

𝑔
𝜇𝜅

)]
,𝜅

(6)
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Figure 1: An inner and an outer horizon exist at the points where
𝑓(𝑟) meets the (𝑟/𝑀)-axis, here shown for four different values of
the parameter 𝛽.

which satisfies the necessary antisymmetric property:

ℎ
𝜇𝜆

] = −ℎ
𝜆𝜇

] . (7)

In the Einstein prescription, the local conservation law is
respected:

𝜃
𝜇

],𝜇 = 0. (8)

Thus, the energy and momentum can be evaluated in Ein-
stein’s prescription with

𝑃
𝜇
= ∭𝜃

0

𝜇
𝑑𝑥
1

𝑑𝑥
2

𝑑𝑥
3

. (9)

Here, 𝜃0
0
and 𝜃
0

𝑖
represent the energy and momentum density

components, respectively.
Applying Gauss’ theorem, the energy-momentum reads

𝑃
𝜇
=

1

16𝜋
∬ℎ
0𝑖

𝜇
𝑛
𝑖
𝑑𝑆, (10)

with 𝑛
𝑖
the outward unit normal vector over the surface 𝑑𝑆.

In (10), 𝑃
0
is the energy.

Concerning the expression for the Møller energy-
momentum complex [15], we have

J
𝜇

] =
1

8𝜋
𝑀
𝜇𝜆

],𝜆, (11)

with the Møller superpotentials𝑀𝜇𝜆] given by

𝑀
𝜇𝜆

] = √−𝑔(
𝜕𝑔]𝜎

𝜕𝑥𝜅
−

𝜕𝑔]𝜅

𝜕𝑥𝜎
)𝑔
𝜇𝜅

𝑔
𝜆𝜎

. (12)

The Møller superpotentials𝑀𝜇𝜆] are antisymmetric:

𝑀
𝜇𝜆

] = −𝑀
𝜆𝜇

] . (13)

Like the Einstein energy-momentum complex, Møller’s
energy-momentum complex also satisfies the local conserva-
tion law:

𝜕J𝜇]

𝜕𝑥𝜇
= 0. (14)

In (14), J0
0
gives the energy density and J0

𝑖
represents the

momentum density components.
For the Møller prescription, the energy and momentum

distributions are obtained by

𝑃
𝜇
= ∭J

0

𝜇
𝑑𝑥
1

𝑑𝑥
2

𝑑𝑥
3

, (15)

and the energy distribution can be calculated by

𝐸 = ∭J
0

0
𝑑𝑥
1

𝑑𝑥
2

𝑑𝑥
3

. (16)

Again, using Gauss’ theorem, one gets

𝑃
𝜇
=

1

8𝜋
∬𝑀

0𝑖

𝜇
𝑛
𝑖
𝑑𝑆. (17)

4. Energy and Momentum Distribution for
the New Regular Black Hole Solution with a
Nonlinear Electrodynamics Source

In order to compute the energy and momenta in the Einstein
prescription, it is useful to transform the metric given by
the line element (4) in Schwarzschild Cartesian coordinates
applying the coordinate transformation 𝑥 = 𝑟 sin 𝜃 cos𝜑,
𝑦 = 𝑟 sin 𝜃 sin𝜑, and 𝑧 = 𝑟 cos 𝜃. Then, the following line
element is obtained:

𝑑𝑠
2

= 𝐵 (𝑟) 𝑑𝑡
2

− (𝑑𝑥
2

+ 𝑑𝑦
2

+ 𝑑𝑧
2

)

−
𝐴 (𝑟) − 1

𝑟2
(𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧)

2

.

(18)

The components of the superpotential ℎ
0𝑖

𝜇
in quasi-

Cartesian coordinates for 𝜇 = 1, 2, 3 and 𝑖 = 1, 2, 3 are given
by

ℎ
01

1
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02

1
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03

1
= 0,

ℎ
01

2
= ℎ
02

2
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03

2
= 0,

ℎ
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3
= ℎ
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3
= ℎ
03

3
= 0.

(19)

Now, using (6), we compute the nonvanishing compo-
nents of the superpotentials in the Einstein prescription and
we obtain the following expressions:

ℎ
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0
=

2𝑥

𝑟2

2𝑀

𝑟
(

2

exp (𝑞2/𝛽𝑀𝑟) + 1
)

𝛽

,

ℎ
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0
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2𝑦

𝑟2

2𝑀

𝑟
(

2

exp (𝑞2/𝛽𝑀𝑟) + 1
)

𝛽

,

ℎ
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0
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2𝑧
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2𝑀

𝑟
(

2

exp (𝑞2/𝛽𝑀𝑟) + 1
)

𝛽
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(20)
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Figure 2: (a) Energy distribution computed by the Einstein prescription outside the outer horizon for four different values of 𝛽. (b) Energy
distribution computed by the Møller prescription outside the outer horizon for four different values of 𝛽.

Combining the line element (18), the expression for
the energy from (10), and the expressions (20) for the
superpotentials, one obtains the energy distribution for the
new charged regular black hole in the Einstein prescription:

𝐸E = 𝑀(
2

exp (𝑞2/𝛽𝑀𝑟) + 1
)

𝛽

. (21)

In order to get the momentum components, we use (10)
and (19) and performing the calculations we find that all the
momenta are zero:

𝑃
𝑥
= 𝑃
𝑦
= 𝑃
𝑧
= 0. (22)

In Figure 2(a), we plot the energy distribution in the Einstein
prescription for different values of 𝛽 and (𝑞/𝑀)

2

= 0.5.
Using the Møller prescription, which is applied in

Schwarzschild coordinates {𝑡, 𝑟, 𝜃, 𝜑}, the only nonvanishing
superpotential is given by

𝑀
01

0
= (

2𝑀(2/ (exp (𝑞
2

/𝛽𝑀𝑟) + 1))
𝛽

𝑟2

−

2 (2/ (exp (𝑞
2

/ (𝛽𝑀𝑟)) + 1))
𝛽

× exp (𝑞
2

/𝛽𝑀𝑟) × 𝑞
2

𝑟3 (exp (𝑞2/𝛽𝑀𝑟) + 1)
)

⋅ 𝑟
2 sin 𝜃,

(23)

while all the other components of the Møller superpotential
vanish.

Applying the aforementioned result for the line element
(4) and using the expression (17) for the energy, we calculate
the energy distribution in the Møller prescription:

𝐸M = [
2

exp (𝑞2/𝛽𝑀𝑟) + 1
]

𝛽

⋅ [𝑀 −

𝑞
2 exp (𝑞

2

/𝛽𝑀𝑟)

𝑟 (exp (𝑞2/𝛽𝑀𝑟) + 1)
] .

(24)

Our calculations yield for all the momenta

𝑃
𝑟
= 𝑃
𝜃
= 𝑃
𝜑
= 0. (25)

In Figure 2(b), we plot the energy distribution in the
Møller prescription for different values of 𝛽 and (𝑞/𝑀)

2

=

0.5. Now, in Figure 3, we compare the expressions for energy
in the Einstein and Møller prescriptions for 𝛽 = 0.7. Note
that for large radial distances the values of energy in both
prescriptions coincide.

5. Discussion and Final Remarks

The purpose of our paper is to study the energy-momentum
for a new spherically symmetric, static and charged, regular
black hole solution with a nonlinear electrodynamics source
using the Einstein andMøller energy-momentum complexes.
From the calculations, we conclude that in the Einstein and
Møller prescriptions one obtains well-defined expressions for
the energy that depend on the mass 𝑀 of the black hole, its
charge 𝑞, the additional factor 𝛽, and the radial coordinate
𝑟. The calculations yield that for both the aforesaid used
pseudotensorial prescriptions all the momenta vanish.
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Figure 3: Energy distribution computed by the Einstein prescription (a) and the Møller prescription (b) near the origin for different values
of 𝛽 and (𝑞/𝑀)

2

= 0.5.

Table 1

Case 𝑟 → ∞ 𝑞 = 0 𝛽 → 0 𝛽 → ∞

Einstein 𝑀 𝑀 𝑀 exp(−
𝑞
2

𝑀𝑟
) 𝑀 exp(−

𝑞
2

2𝑀𝑟
)

Møller 𝑀 𝑀 [𝑀 −
𝑞
2

𝑟
] exp(

𝑞
2

𝑀𝑟
) [𝑀 −

𝑞
2

2𝑟
] exp(

𝑞
2

2𝑀𝑟
)

Concerning the physical meaning of the energy-
momentum expressions of Einstein and Møller, we study
the limiting behavior of the energy for 𝑟 → ∞, 𝛽 → 0, and
𝛽 → ∞, and for the particular case 𝑞 = 0. The physically
meaningful results for these limiting and particular cases are
presented in Table 1.

Now, some remarks are in order. Making a comparison
of the results obtained for the energy distribution with the
applied Einstein and Møller definitions, we conclude that
for 𝑞 = 0 and at infinity 𝑟 → ∞ these definitions give
the same result (the ADM mass 𝑀) as that obtained for
the Schwarzschild black hole solution. Moreover, this is a
confirmation of Virbhadra’s view point [62].

In the limiting cases 𝛽 → 0 and 𝛽 → ∞, the Einstein
and Møller prescriptions provide different results. It is worth
noticing that there is a difference in a factor of 2 between the
exponents in the expressions for the energy. Also, we point
out that although the results are different, the expressions for
the energy depend on the same parameters 𝑀, 𝑞, 𝛽, and 𝑟.
Moreover, for 𝛽 → ∞ in both prescriptions the expressions
for energy are obtained for the case of equation (17) in [73].
The metric given by equation (17) in [73] represents a new

well-known black hole solution in the literature that contains
the metric function 𝑓(𝑟) = 1 − (2𝑀/𝑟) exp(−𝑞2/2𝑀𝑟).
Interestingly, if in this case we consider 𝑟 → ∞ or 𝑞 = 0

we obtain in both prescriptions of Einstein and Møller the
same expression for energy which is equal to the ADMmass
𝑀. In the limiting case 𝛽 → 0 with the metric function
given by 𝑓(𝑟) = 1 − (2𝑀/𝑟) exp(−𝑞2/𝑀𝑟) we deduce, after
some calculations, that the same results 𝐸Einstein = 𝑀 and
𝐸Møller = 𝑀 are also obtained by considering 𝑟 → ∞ or 𝑞 = 0.
Table 2 summarizes these results, whereby we denote 𝐸Einstein
by 𝐸E and 𝐸Møller by 𝐸M.

A final remark regarding the behavior of energy as 𝑟 → 0

is deemed necessary. As one can see in Figure 3, the energy
obtained by the Einstein prescription tends to zero, while the
energy obtained by the Møller prescription exhibits a rather
strange behavior as it takes negative values in the interval 0 <

𝑟 < 0.5 for different values of 𝛽.
In Figure 4(a), the comparison of the two energies, here

presented for a specific value of 𝛽, shows that the energies
satisfy the inequality 𝐸E > 𝐸M as the radial distance grows,
while they tend to become equal outside the horizon for very
large values of 𝑟 (see Figure 4(c)).
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Table 2

Case 𝑟 → ∞ 𝑞 = 0 𝑟 → ∞ 𝑞 = 0

𝑓(𝑟) = 1 −
2𝑀

𝑟
exp(−

𝑞
2

2𝑀𝑟
) 𝐸E = 𝑀 𝐸E = 𝑀 𝐸M = 𝑀 𝐸M = 𝑀

𝑓(𝑟) = 1 −
2𝑀

𝑟
exp(−

𝑞
2

𝑀𝑟
) 𝐸E = 𝑀 𝐸E = 𝑀 𝐸M = 𝑀 𝐸M = 𝑀
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Figure 4: For the fixed value of 𝛽 = 0.7 and (𝑞/𝑀)
2

= 0.5: (a) Comparison of Einstein and Møller energies near the origin. (b) Comparison
of the energy distribution performed by the Einstein and Møller prescriptions outside the outer horizon. (c) Comparison of the energy
distribution performed by the Einstein and Møller prescriptions for very large values of 𝑟.
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The negativity of the Møller energy near the origin and,
in fact, inside the inner horizon seems to be pathological
and it could be attributed to the sensitivity of the Møller
energy-momentum complex to the nonlinear character of
the electrodynamics source. In contrast, the Einstein energy
seems to be more “shielded” against this nonlinearity. We
notice that a similar negativity behavior of the Møller energy
has been found in [76].

In the light of the aforementioned results for the energy
distribution, it is obvious that the Einstein andMøller energy-
momentum complexes provide well-defined and physically
meaningful results and are reliable prescriptions which can
be used for the study of the energy-momentum localization
of gravitational backgrounds.

One can also ask what kind of astrophysical implications
our results could have. It would be possible to investigate
whether the effective gravitationalmass is positive or negative
by identifying the energy at radial distance 𝑟 [77] with
the effective gravitational mass of the astrophysical object
considered inside the region determined by the distance 𝑟.
But it does not seem that the present case is accessible to
astrophysical observations since the negative mass region is
inside the inner horizon. So the present case is interesting
for positive effective gravitational mass of the astrophysical
object. Moreover, we would decide whether the astrophysical
object could act as a convergent or as a divergent gravitational
lens [78, 79].

Encouraged by these results, we plan, as a future perspec-
tive, to calculate the energy-momentum of this new charged
regular black hole solution by using other energy-momentum
complexes as well as the teleparallel equivalent.These studies
can further contribute to the ongoing debate on the problem
of the energy-momentum localization.
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