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Quantum effects on a Landau-type system associated with amoving atomwith amagnetic quadrupolemoment subject to confining
potentials are analysed. It is shown that the spectrum of energy of the Landau-type system can be modified, where the degeneracy
of the energy levels can be broken. In three particular cases, it is shown that the analogue of the cyclotron frequency is modified,
and the possible values of this angular frequency of the system are determined by the quantum numbers associated with the radial
modes and the angular momentum and by the parameters associated with confining potentials in order that bound states solutions
can be achieved.

1. Introduction

It is well-known in the literature that the Landau quantization
[1] takes place when the motion of a charged particle in a
plane perpendicular to a uniform magnetic field acquires
distinct orbits and the energy spectrum of this system
becomes discrete and infinitely degenerate. It is important in
studies of two-dimensional surfaces [2–4], the quantum Hall
effect [5], and Bose-Einstein condensation [6, 7]. With the
aim of building a quantum system where the quantum Hall
effect for neutral particles could be observed, a model has
been proposed in [8] where the electric field that interacts
with the permanent magnetic dipole moment of the neutral
particle must satisfy specific conditions: there is absence of
torque on themagnetic dipolemoment of the neutral particle,
the electric field must satisfy the electrostatic conditions, and
there exists the presence of a uniform effective magnetic field
given by ⃗

𝐵eff =
⃗
∇ ×

⃗
𝐴eff , where ⃗

𝐴eff = �⃗� ×
⃗
𝐸 corresponds to

an effective vector potential, ⃗
𝐸 is the electric field, and �⃗� are

the Pauli matrices. Therefore, by choosing an electric field
that satisfies the above conditions, it has been shown in [8]
that themotion of the neutral particle acquires discrete orbits,
where the energy levels correspond to the analogue of the
Landau levels.This analogue of the Landau levels corresponds

to the Landau-Aharonov-Casher quantization [8]. Another
model of the Landau quantization for neutral particles
has been proposed in [9] based on the dual effect of the
Aharonov-Casher effect [10–12], where the neutral particle
has a permanent electric dipole moment. In this model, there
exists an effective vector potential given by ⃗

𝐴eff = �⃗� ×
⃗
𝐵,

where ⃗
𝐵 is a magnetic field that interacts with the permanent

electric dipole moment of the neutral particle. This Landau-
like quantization is called the Landau-He-McKellar-Wilkens
quantization [9]. Recently, the Landau quantization for an
atom with electric quadrupole moment has been proposed
in [13] by imposing the notion that the electric quadrupole
tensor must be symmetric and traceless and there exists the
presence of a uniform effective magnetic field given by an
effective vector potential defined as ⃗

𝐴eff =
⃗

𝑄×
⃗
𝐵, where ⃗

𝑄 is a
vector associated with the electric quadrupole tensor [13, 14]
and ⃗

𝐵 is the magnetic field in the laboratory frame.
The aim of this work is to analyse quantum effects on a

Landau-type system associated with an atomwith amagnetic
quadrupole moment subject to some confining potentials.
A great deal of work can be found in the literature with
respect to studies of quadrupole moments of atoms and
molecules, for instance, in single crystals [15], refractive index
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[16], nuclear quadrupole interactions [17–21], molecules [22–
26], atoms [27, 28], superposition of chiral states [29], geo-
metric quantum phases [14], and noncommutative quantum
mechanics [30]. In particular, quantum particles with a mag-
netic quadrupole moment have attracted interests in atomic
systems [31, 32], molecules [33–35], chiral anomaly [36],
with 𝑃- and 𝑇-odds effects in atoms [37–39], Coulomb-type
interactions [40, 41], Landau-type quantization [42, 43], and
analogue of the quantum Hall effect [44]. Other interesting
studies have been made in [45–49]. In this work, we consider
the single particle approximation used in [40, 41, 47, 48]
and then we deal with a system that consists in a moving
atomwith amagnetic quadrupolemoment that interacts with
external fields. Then, we introduce the Landau quantization
associated with a moving atom that possesses a magnetic
quadrupole moment, and thus we analyse the confinement
of the Landau-type system to a hard-wall confining potential,
a Coulomb-type potential, a linear confining potential, and a
Coulomb-type plus a linear confining potential.

The structure of this paper is as follows: in Section 2, we
introduce the Landau-type system associated with an atom
with a magnetic quadrupole moment by using the single
particle approximation of [47, 48]; in Section 3, we confine
the Landau-type system to a hard-wall confining potential
and analyse the bound states solutions; in Section 4, we
discuss the Landau-type system subject to a Coulomb-type
confining potential; in Section 5, we discuss the Landau-type
system subject to a linear confining potential; in Section 6, we
discuss the Landau-type system subject to a Coulomb-type
and a linear confining potential; in Section 7, we present our
conclusions.

2. Landau-Type System

In this section, we make a brief introduction of the Lan-
dau quantization associated with neutral particle (atom or
molecule) with a magnetic quadrupole moment. First of all,
by following [47, 48], then, the single particle approximation
that describes an atom with a magnetic quadrupole moment
interactingwith amagnetic field is given by a potential energy
𝑈
𝑚
= −∑

𝑖,𝑗
𝑀
𝑖𝑗
𝜕
𝑖
𝐵
𝑗
in the rest frame of the particle, where

⃗
𝐵 is the magnetic field and 𝑀

𝑖𝑗
is the magnetic quadrupole

moment tensor, whose characteristic is that it is a symmetric
and a traceless tensor. Recently, by considering a moving
atom, it has been shown in [40] that themagnetic quadrupole
moment of the atom interacts with a magnetic field given by
⃗
𝐵



=
⃗
𝐵 − (1/𝑐

2

)V⃗ × ⃗
𝐸 for V ≪ 𝑐 [50], where 𝑐 is the velocity

of light. Thereby, the quantum dynamics of a moving atom
with magnetic quadrupole moment can be described by the
Schrödinger equation (with SI units):

𝑖ℏ

𝜕𝜓

𝜕𝑡

=

1

2𝑚

[�̂� −

1

𝑐

2
(

⃗
𝑀 ×

⃗
𝐸)]

2

𝜓 −
⃗

𝑀 ⋅
⃗
𝐵𝜓,

(1)

where vector ⃗
𝑀 has the components determined by 𝑀

𝑖
=

∑
𝑗
𝑀
𝑖𝑗
𝜕
𝑗
and the fields ⃗

𝐸 and ⃗
𝐵 given in (1) are the electric and

magnetic fields in the laboratory frame, respectively [40, 50].
An analogue of the Landau quantization for a moving

atom that possesses a magnetic quadrupole moment was

proposed in [42, 44] based on the properties of the mag-
netic quadrupole tensor, and the field configuration in the
laboratory frame that interacts with themagnetic quadrupole
moment of the atom must produce a uniform effective
magnetic field perpendicular to the plane of motion of the
particle which is given by

⃗
𝐵eff =

⃗
∇ × [

⃗
𝑀 ×

⃗
𝐸] , (2)

where the vector ⃗
𝐸 is the electric field in the laboratory

frame and satisfies the electrostatic conditions. From this
perspective, it has been shown in [42] that an analogue of
the Landau quantization can be obtained by considering the
magnetic quadrupole moment tensor to be defined by the
components:

𝑀
𝜌𝑧
= 𝑀
𝑧𝜌
= 𝑀, (3)

where𝑀 is a constant (𝑀 > 0) andwith all other components
of𝑀
𝑖𝑗
being zero, and thus there exists an electric field given

by

⃗
𝐸 =

𝜆𝜌

2

2

�̂�,
(4)

where 𝜆 is a constant associated with a nonuniform distri-
bution of electric charges inside a nonconductor cylinder. In
this particular case, we have that the magnetic quadrupole
moment defined in (3) is a symmetric and traceless matrix,
and we also have an effective vector potential given by ⃗

𝐴eff =

⃗
𝑀 ×

⃗
𝐸 = 𝜆𝑀𝜌�̂� and, consequently, effective magnetic field

(2) is uniform in the 𝑧-direction:

⃗
𝐵eff = 𝜆𝑀�̂�; (5)

that is, it is perpendicular to the plane of motion of the
quantum particle. Therefore, the conditions for achieving
the Landau quantization associated with a moving atom
that possesses a magnetic quadrupole moment are satisfied.
Henceforth, we are able to analyse the quantum effects of
confining potentials on the Landau-type system described
above.

3. Landau-Type System Subject to
a Hard-Wall Confining Potential

In this section,we analyse the effects of the confinement of the
Landau-type system established in the previous section to a
hard-wall confining potential. By substituting (3) and (4) into
Schrödinger equation (1), we have (with the units ℏ = 𝑐 = 1)

𝑖

𝜕𝜓

𝜕𝑡

= −

1

2𝑚

[

𝜕

2

𝜕𝜌

2
+

1

𝜌

𝜕

𝜕𝜌

+

1

𝜌

2

𝜕

2

𝜕𝜑

2
+

𝜕

2

𝜕𝑧

]𝜓

− 𝑖

𝑀𝜆

𝑚

𝜕𝜓

𝜕𝜑

+

𝑀

2

𝜆

2

2𝑚

𝜌

2

𝜓.

(6)

A particular solution to (6) is given in terms of the
eigenvalues of the operators �̂�

𝑧
= −𝑖𝜕
𝑧
and ̂𝐿

𝑧
= −𝑖𝜕
𝜑
as

𝜓 (𝑡, 𝜌, 𝜑, 𝑧) = 𝑒

−𝑖E𝑡
𝑒

𝑖𝑙𝜑

𝑒

𝑖𝑘𝑧

𝑅 (𝜌) , (7)
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where 𝑙 = 0, ±1, ±2, . . . and 𝑘 is a constant, since these
quantum operators commute with the Hamiltonian of the
right-hand side of (6). By performing a change of variables
𝜉 = 𝑀𝜆𝜌

2 and after some calculations, we have that the radial
wave function is given by [42]

𝑅 (𝜉) = 𝜉

|𝑙|/2

𝑒

−𝜉/2

𝑀(

|𝑙|

2

+

1

2

−

𝑚E

2𝑀𝜆

+

𝑙

2

, |𝑙| + 1, 𝜉) , (8)

where 𝑀(|𝑙|/2 + 1/2 − 𝑚E/2𝑀𝜆, |𝑙| + 1, 𝜉) is the Kummer
function of first kind or the confluent hypergeometric func-
tion [51].

In condensed matter physics, a hard-wall confining
potential is used with the purpose of describing a more
realistic geometry of quantum dots and quantum rings as
shown in [52–57]. For this purpose, let us now assume that
the wave function of the atom is well behaved at the origin
and thus vanishes at a fixed radius 𝜉

0
; therefore, we have

𝑅 (𝜉
0
= 𝑀𝜆𝜌

2

0
) = 0. (9)

Note that the parameter 𝜉 is defined in the range 0 <

𝜉 < ∞ since the radial coordinate is defined in this range.
However, by confining the system to a hard-wall confining
potential, then, the parameter 𝜉 becomes defined in the
range 0 < 𝜉 < 𝜉

0
. Therefore, we cannot impose the

notion that the confluent hypergeometric series becomes a
polynomial of degree 𝑛 as made in [42] in order that the
Landau quantization could be achieved because we now need
to obtain a normalized wave function in the range 0 < 𝜉 <

𝜉
0
. A particular solution to (9) is obtained by considering a

fixed value for the parameter 𝑏 = |𝑙| + 1 of the confluent
hypergeometric function and the intensity of the electric field
(4) to be small; that is, we consider the parameter 𝜆 in (4) to
be small. As a consequence, we can consider the product𝑀𝜆

to be quite small, and hence the parameter 𝑎 = |𝑙|/2 + 1/2 −

𝑚E/2𝑀𝜆+ 𝑙/2 of the confluent hypergeometric function can
be considered to be large, without loss of generality. Thereby,
for a fixed 𝜉

0
, the confluent hypergeometric function can be

written in the following form [51]:

𝑀(𝑎, 𝑏, 𝜉
0
= 𝑀𝜆𝜌

2

0
) ≈

Γ (𝑏)

√𝜋

𝑒

𝜉0/2

(

𝑏𝜉
0

2

− 𝑎𝜉
0
)

(1−𝑏)/2

⋅ cos(√2𝑏𝜉
0
− 4𝑎𝜉
0
−

𝑏𝜋

2

+

𝜋

4

) ,

(10)

where Γ(𝑏) is the gamma function. Next, by applying the
boundary condition established in (9), we obtain the follow-
ing expression for the energy levels:

E
𝑛,𝑙
≈

1

2𝑚𝜌

2

0

[𝑛𝜋 +

|𝑙|

2

𝜋 +

3𝜋

4

]

2

+

𝑀𝜆𝑙

𝑚

. (11)

Thereby, (11) is the spectrumof energy of the Landau-type
system of an atom with a magnetic quadrupole moment sub-
ject to a hard-wall confining potential. Despite the presence
of an effective uniform magnetic field characteristic of the
Landau quantization, the influence of the hard-wall confining
potential yields a spectrum of energy that differs from that

of the analogue of the Landau quantization [42], where we
have that the energy levels (11) are parabolic with respect to
the quantum number 𝑛 associated with radial modes and the
analogue of the Landau levels is nonparabolic with respect to
𝑛.

4. Landau-Type System Subject to
a Coulomb-Type Confinement

In this section, our focus is on the effects of a Coulomb-type
interaction on the Landau-type systemdiscussed in Section 2.
Coulomb-type potentials have been reported as being in
the interests of condensed matter physics, for instance,
studies that haveworkedwith 1-dimensional systems [58–62],
molecules [63–65], position-dependent mass systems [66–
68], and the Kratzer potential [69–71]. Furthermore, it is
worthmentioning studies that have dealt with Coulomb-type
potential in the propagation of gravitational waves [72], quark
models [73], and relativistic quantummechanics [74–76]. For
this purpose, let us consider the Landau-type system to be
subject to the confining potential:

𝑉 (𝜌) =

𝛼

𝜌

, (12)

where 𝛼 is a constant that characterizes the Coulomb-type
interaction. Since molecules can have a magnetic quadrupole
moment [33–35], then, a particular interest in the Coulomb-
type potential (12) comes from the studies of molecular
interactions described by the Kratzer potential [69–71].

From (6) and (7), the radial equation with the Coulomb-
type scalar potential (12) is given by

[2𝑚E + 2𝑀𝜆𝑙] 𝑅 = −𝑅



−

1

𝜌

𝑅



+

𝑙

2

𝜌

2
𝑅 +𝑀

2

𝜆

2

𝜌

2

𝑅

+

2𝑚𝛼

𝜌

𝑅,

(13)

where we have also taken 𝑘 = 0. Now, we perform a change
of variable given by 𝑟 = √

𝑀𝜆𝜌 and, then, rewrite (13) as

𝑅



+

1

𝑟

𝑅



−

𝑙

2

𝜌

2
𝑅 − 𝑟

2

𝑅 −

]
𝑟

𝑅 + 𝛽𝑅 = 0, (14)

where

] =
2𝑚𝛼

√
𝑀𝜆

;

𝛽 =

1

𝑀𝜆

[2𝑚E + 2𝑀𝜆𝑙] .

(15)

Observe that the asymptotic behaviour is determined for
𝑟 → 0 and 𝑟 → ∞; then, we can write the function 𝑅(𝑟) in
terms of an unknown function 𝐺(𝑟) as follows [40, 77–79]:

𝑅 (𝑟) = 𝑒

−𝑟
2
/2

𝑟

|𝑙|

𝐺 (𝑟) .
(16)

By substituting function (16) into (14), we obtain the
following equation for 𝐺(𝑟):

𝐺



+ [

2 |𝑙| + 1

𝑟

− 2𝑟]𝐺



+ [𝛽 − 2 − 2 |𝑙| −

]
𝑟

]𝐺 = 0, (17)
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which is called the biconfluent Heun equation [79], and the
function 𝐺(𝑟) is the biconfluent Heun function [79]: 𝐺(𝑟) =
𝐻
𝐵
(2|𝑙|, 0, 𝛽, 2], 𝑟).
We proceed with using the Frobenius method [80]; then,

we can write the solution to (17) as a power series expansion
around the origin: 𝐺(𝑟) = ∑

∞

𝑘=0
𝑎
𝑘
𝑟

𝑘. By substituting this
series into (17), we obtain the recurrence relation:

𝑎
𝑘+2

=

]
(𝑘 + 2) (𝑘 + 2 + 2 |𝑙|)

𝑎
𝑘+1

−

(𝛽 − 2 − 2 |𝑙| − 2𝑘)

(𝑘 + 2) (𝑘 + 2 + 2 |𝑙|)

𝑎
𝑘
.

(18)

Let us start with 𝑎
0
= 1; then, from (18), we can obtain

other coefficients of the power series expansion, for instance,
the coefficients 𝑎

1
and 𝑎
2
:

𝑎
1
=

]
(1 + 2 |𝑙|)

;

𝑎
2
=

]2

2 (2 + 2 |𝑙|) (1 + 2 |𝑙|)

−

(𝛽 − 2 − 2 |𝑙|)

2 (2 + 2 |𝑙|)

.

(19)

By focusing on achieving bound states solutions, then, we
need to impose the notion that the biconfluent Heun series
becomes a polynomial of degree 𝑛. From recurrence relation
(18), we have that the biconfluent Heun series becomes a
polynomial of degree 𝑛 by imposing the notion that [40, 75]

𝛽 − 2 − 2 |𝑙| = 2𝑛;

𝑎
𝑛+1

= 0,

(20)

where 𝑛 = 1, 2, 3, . . .. By analysing the first condition given in
(20), we obtain

E
𝑛,𝑙
= 𝜛 [𝑛 + |𝑙| − 𝑙 + 1] , (21)

where 𝑛 = 1, 2, 3, . . . is the quantum number associated with
the radial modes, 𝑙 = 0, ±1, ±2, . . . is the angular momentum
quantum number, and the angular frequency of the system
becomes

𝜛 =

𝑀𝜆

𝑚

. (22)

Note that the angular frequency is modified in contrast to the
cyclotron frequency 𝜔 = 2𝑀𝜆/𝑚 obtained in [42].

Next, we analyse the condition 𝑎
𝑛+1

= 0 given in (20) for
the ground state of the system (𝑛 = 1). Let us assume that the
angular frequency 𝜛 can be adjusted in such a way that the
condition 𝑎

𝑛+1
= 0; therefore, we will label 𝜛 = 𝜛

𝑛,𝑙
from

now on. As a result of this assumption, we have that both
conditions imposed in (20) are satisfied and a polynomial
solution to the function 𝐺(𝑟) is obtained. Hence, for 𝑛 = 1,
we have that 𝑎

𝑛+1
= 𝑎
2
= 0, and thus the possible values of

the angular frequency 𝜛 associated with the ground state of
the system are given by

𝜛
1,𝑙
=

2𝑚𝛼

2

(1 + 2 |𝑙|)

, (23)

which shows us that only some specific values of the angular
frequency of the harmonic oscillator are allowed in the system
in order that bound state solutions can be obtained. Besides,
from (23), we have that the possible values of the angular
frequency are determined by the quantum numbers {𝑛, 𝑙} of
the system and the parameter associated with Coulomb-type
interaction. By substituting (23) into (21), we have that the
energy of the ground state of the system is given by

E
1,𝑙
=

2𝑚𝛼

2

(1 + 2 |𝑙|)

[|𝑙| − 𝑙 + 2] . (24)

Hence, the general expression for the energy levels (21)
can be written as

E
𝑛,𝑙
= 𝜛
𝑛,𝑙
[𝑛 + |𝑙| − 𝑙 + 1] . (25)

In contrast to [42], we have that the energy levels of the
Landau-type system are modified due to the influence of the
Coulomb-type interaction. Moreover, the angular frequency
is also modified by the effects of the Coulomb-type interac-
tion, where the possible values of the angular frequency 𝜛

are determined by the quantum numbers of the system {𝑛, 𝑙}

and the parameter associatedwithCoulomb-type interaction.
The ground state of the system becomes determined by the
quantum number 𝑛 = 1 instead of the quantum number
𝑛 = 0 given in [42], and the degeneracy of the analogue of
the Landau levels is broken.

5. Landau-Type System Subject to
a Linear Confining Potential

Several works have dealt with a linear scalar potential in
molecular and atomic physics through the perturbation
theory [81–86]. In the context of the quantumfield theory, the
interest in the linear scalar potential comes from the studies of
confinement of quarks [87–92]. Besides, relativistic quantum
systems [75, 77, 78, 93–99] have shown a great interest in
the linear scalar potential. Now, we focus on the effects of
a linear confining potential on the Landau-type system for
an atom/molecule with a magnetic quadrupole moment by
searching for analytical solutions. In this way, we introduce
the following scalar potential into the Schrödinger equation
(6):

𝑉 (𝜌) = 𝜂𝜌, (26)

where 𝜂 is a constant that characterizes the linear interaction.
Then, by following the steps from (6) to (7), then, the radial
equation with the linear confining potential (26) becomes

[2𝑚E + 2𝑀𝜆𝑙] 𝑅 = −𝑅



−

1

𝜌

𝑅



+

𝑙

2

𝜌

2
𝑅 +𝑀

2

𝜆

2

𝜌

2

𝑅

+ 2𝑚𝜂𝜌𝑅.

(27)

Let us also take 𝑘 = 0 andperform the same change of variable
made in the previous section; that is, 𝑟 =

√
𝑀𝜆𝜌; thus, we

have

𝑅



+

1

𝑟

𝑅



−

𝑙

2

𝜌

2
𝑅 − 𝑟

2

𝑅 − 𝜃𝑟𝑅 + 𝛽𝑅 = 0, (28)
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where the parameter 𝛽 has been defined in (15) and the
parameter 𝜃 is defined as

𝜃 =

2𝑚𝜂

(𝑀𝜆)

3/2

. (29)

By analysing the asymptotic behaviour as in the previous
section, we can write the function 𝑅(𝑟) in terms of an
unknown function𝐻(𝑟) as follows [40, 77–79]:

𝑅 (𝑟) = 𝑒

−𝑟
2
/2

𝑒

−𝜃𝑟/2

𝑟

|𝑙|

𝐻(𝑟) .
(30)

By substituting the function (30) into (28), we obtain the
following equation for𝐻(𝑟):

𝐻



+ [

2 |𝑙| + 1

𝑟

− 𝜃 − 2𝑟]𝐻



+ [𝛽 +

𝜃

2

4

− 2 − 2 |𝑙| −

𝜃 (2 |𝑙| + 1)

2𝑟

]𝐻 = 0,

(31)

which is the biconfluent Heun equation [79], and the func-
tion 𝐻(𝑟) is the biconfluent Heun function [79]: 𝐻(𝑟) =

𝐻
𝐵
(2|𝑙|, 𝜃, 𝛽 + 𝜃

2

/4, 0, 𝑟). Further, by following the steps from
(18) to (19), we obtain a recurrence relation given by

𝑎
𝑘+2

=

𝜃 (2𝑘 + 3 + 2 |𝑙|)

2 (𝑘 + 2) (𝑘 + 2 + 2 |𝑙|)

𝑎
𝑘+1

−

(4𝛽 + 𝜃

2

− 8 − 8 |𝑙| − 8𝑘)

4 (𝑘 + 2) (𝑘 + 2 + 2 |𝑙|)

𝑎
𝑘
,

(32)

and with 𝑎
0
= 1, we have that the coefficients 𝑎

1
and 𝑎

2
are

given by

𝑎
1
=

𝜃

2

;

𝑎
2
=

𝜃

2

(2 |𝑙| + 3)

8 (2 + 2 |𝑙|)

−

(4𝛽 + 𝜃

2

− 8 − 8 |𝑙|)

8 (2 + 2 |𝑙|)

.

(33)

By imposing the notion that the biconfluent Heun series
becomes a polynomial of degree 𝑛, then, from (32) we have
that the biconfluent Heun series becomes a polynomial of
degree 𝑛 when

4𝛽 + 𝜃

2

− 8 − 8 |𝑙| = 8𝑛;

𝑎
𝑛+1

= 0,

(34)

where 𝑛 = 1, 2, 3, . . .. The first condition given in (34) yields

E
𝑛,𝑙
= 𝜛 [𝑛 + |𝑙| − 𝑙 + 1] −

𝜂

2

2𝑚𝜛

2
,

(35)

where 𝑛 = 1, 2, 3, . . . is the quantum number associated with
the radial modes, 𝑙 = 0, ±1, ±2, . . . is the angular momentum
quantum number, and 𝜛 is the angular frequency of the
system given in (22).

Further, let us analyse the second condition 𝑎
𝑛+1

= 0

given in (34) by considering the ground state of the system

as in the previous section. Again, we assume that the angular
frequency 𝜛 is a parameter that can be adjusted in order to
satisfy the condition 𝑎

𝑛+1
= 0. For 𝑛 = 1, we obtain

𝜛
1,𝑙
= [

𝜂

2

2𝑚

(2 |𝑙| + 3)]

1/3

,
(36)

where we also have that the possible values of the angular
frequency are determined by the quantum numbers of the
system {𝑛, 𝑙} and, in this case, by the parameter associated
with the linear interaction. Besides, from (35) and (36), the
energy level associated with the ground state is

E
1,𝑙
= [

𝜂

2

2𝑚

(2 |𝑙| + 3)]

1/3

[|𝑙| − 𝑙 + 2]

−

𝜂

2

2𝑚

(

2𝑚

𝜂

2
[2 |𝑙| + 3]

)

2/3

.

(37)

Hence, the general form of the energy levels of the
Landau-type system under the influence of a linear confining
potential can be written as

E
𝑛,𝑙,𝑠

= 𝜛
𝑛,𝑙
[𝑛 + |𝑙| − 𝑙 + 1] −

𝜂

2

2𝑚𝜛

2

𝑛,𝑙

. (38)

By comparing the spectrum of energy (38) with the
analogue of the Landau levels, we have that the energy levels
are modified by the linear confining potential. The effects of
the linear interaction yield a new contribution to the energy
levels given by the last term of (35) and (38). The angular
frequency is also modified due to the linear interaction in
contrast to the cyclotron frequency 𝜔 = 2𝑀𝜆/𝑚 obtained in
[42], but it has the same form of that obtained in the previous
section for the Coulomb-type interaction case given in (22).
Furthermore, in this case, the possible values of the angular
frequency 𝜛 are determined by the quantum numbers of the
system {𝑛, 𝑙} and by the parameter associated with the linear
interaction. The ground state of the system also becomes
determined by the quantum number 𝑛 = 1 instead of the
quantum number 𝑛 = 0 of the Landau-like levels. Finally,
from (35) to (38), we have that the degeneracy of the analogue
of the Landau levels is broken.

6. Landau-Type System
Subject to a Coulomb-Type Plus
Linear Confining Potential

Linear plus Coulomb-type potential has been studied in the
context of the perturbation theory [100], with the WKB
approximation [101] and the Bohr-Sommerfeld quantization
[102]. Analytical solutions to the Schrödinger equation in
the presence of linear and Coulomb-type potentials have
been discussed in the context of the quark systems [103]
and in mesoscopic systems. In this section, we consider the
Landau-type system for an atom/molecule with a magnetic
quadrupole moment to be subject to the Coulomb-type plus
linear confining potential and search for analytical solutions.
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Thereby, let us introduce a scalar potential into the Schrödi-
nger equation (6) given by

𝑉 (𝜌) =

𝛼

𝜌

+ 𝜂𝜌, (39)

where𝛼 and 𝜂 are constants as we have established previously.
From (6) and (7), the radial equation becomes

𝑅



+

1

𝑟

𝑅



−

𝑙

2

𝜌

2
𝑅 − 𝑟

2

𝑅 − 𝜃𝑟𝑅 −

]
𝑟

𝑅 + 𝛽𝑅 = 0, (40)

where parameters ], 𝛽, and 𝜃 have been defined in (15) and
(29), respectively. By analysing the asymptotic behaviour, we
can write the radial wave function 𝑅(𝑟) in the same way as
that given in (30); thus, substituting radial wave function (30)
into (40), we obtain the following second-order differential
equation. By substituting function (30) into (28), we obtain
the following equation for𝐻(𝑟):

𝐻



+ [

2 |𝑙| + 1

𝑟

− 𝜃 − 2𝑟]𝐻



+ [𝛽 +

𝜃

2

4

− 2 − 2 |𝑙| −

𝜃 (2 |𝑙| + 1) + 2]
2𝑟

]𝐻

= 0,

(41)

which is also the biconfluent Heun equation [79], and the
function𝐻(𝑟) is the biconfluent Heun function [79]:𝐻(𝑟) =

𝐻
𝐵
(2|𝑙|, 𝜃, 𝛽+𝜃

2

/4, 2], 𝑟). Further, by following the steps from
(18) to (19), we obtain a recurrence relation given by

𝑎
𝑘+2

=

𝜃 (2𝑘 + 3 + 2 |𝑙|) + 2]
2 (𝑘 + 2) (𝑘 + 2 + 2 |𝑙|)

𝑎
𝑘+1

−
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2

− 8 − 8 |𝑙| − 8𝑘)

4 (𝑘 + 2) (𝑘 + 2 + 2 |𝑙|)

𝑎
𝑘
,

(42)

and with 𝑎
0
= 1, we have that the coefficients 𝑎

1
and 𝑎

2
are

given by

𝑎
1
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𝜃

2

+

]
(1 + 2 |𝑙|)

;

𝑎
2
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𝜃

2

(3 + 2 |𝑙|)

8 (2 + 2 |𝑙|)

+

𝜃] (1 + |𝑙|)

(2 + 2 |𝑙|) (1 + 2 |𝑙|)

+

]2

2 (2 + 2 |𝑙|) (1 + 2 |𝑙|)

−

(4𝛽 + 𝜃

2

− 8 − 8 |𝑙|)

8 (2 + 2 |𝑙|)
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(43)

Again, we must impose the notion that the biconfluent
Heun series becomes a polynomial of degree 𝑛; then, from
(42), we have that the biconfluent Heun series becomes a
polynomial of degree 𝑛 with the following conditions:

4𝛽 + 𝜃

2

− 8 − 8 |𝑙| = 8𝑛;

𝑎
𝑛+1

= 0,

(44)

where 𝑛 = 1, 2, 3, . . .. The first condition of (44) yields a
general expression for the energy levels:

E
𝑛,𝑙
= 𝜛 [𝑛 + |𝑙| − 𝑙 + 1] −

𝜂

2

2𝑚𝜛

2
,

(45)

where 𝑛 = 1, 2, 3, . . . is the quantum number associated with
the radial modes, 𝑙 = 0, ±1, ±2, . . . is the angular momentum
quantum number, and 𝜛 is the angular frequency of the
system given in (22).

From the second condition 𝑎
𝑛+1

= 0 given in (44), where
we also assume that the angular frequency 𝜛 is a parameter
that can be adjusted in order to satisfy the condition 𝑎

𝑛+1
=

0, we have for the ground state of the system (𝑛 = 1) that
the possible values of the angular frequency associated with
the ground state are determined by the following third-degree
algebraic equation [41, 75]:

𝜛

3

1,𝑙
−

2𝑚𝛼

2

(1 + 2 |𝑙|)

𝜛

2

1,𝑙
−

4 (1 + |𝑙|)

(1 + 2 |𝑙|)

𝜛
1,𝑙
−

𝜂

2

2𝑚

(3 + 2 |𝑙|)

= 0.

(46)

Despite the fact that (46) has at least one real solution, we do
not write it because its expression is very long. Besides, the
general expression for energy levels (45) should be written in
the same form of (38).

Hence, we have obtained analytical solutions to the
Landau-type system for an atom/molecule with a magnetic
quadrupole moment to be subject to the Coulomb-type and
linear confining potentials. Note that the possible values of
the angular frequency 𝜛 are determined by the quantum
numbers of the system {𝑛, 𝑙} and by the parameters associated
with the linear and Coulomb-type confining potentials in
order that a polynomial solution to the function𝐻(𝑟) can be
obtained.Theground state of the system is also determined by
the quantum number 𝑛 = 1 instead of the quantum number
𝑛 = 0 of the Landau-like levels. Finally, from (45) to (46), we
have that the degeneracy of the analogue of the Landau levels
is broken.

7. Conclusions

Wehave investigated the behaviour of a neutral particle (atom
ormolecule) with amagnetic quadrupolemoment in a region
with a uniform effective magnetic field subject to confining
potentials. We have analysed the confinement of the Landau-
type system to a hard-wall confining potential, a Coulomb-
type potential, a linear confining potential, and a linear plus
Coulomb-type potential. In the confinement to a hard-wall
confining potential, we have seen that the spectrum of energy
is modified in contrast to the Landau-type levels, where
the energy levels are parabolic with respect to the quantum
number associated with the radial modes.

On the other hand, with respect to the confinement to a
Coulomb-type potential, a linear confining potential, and a
linear plus Coulomb-type potential, we have obtained differ-
ent spectrum of energies. In these three cases, the ground
state of the system becomes determined by the quantum
number 𝑛 = 1 instead of the quantum number 𝑛 = 0
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obtained in the Landau-like levels, and the degeneracy of
the analogue of the Landau levels is broken. Moreover, the
cyclotron frequency of the Landau-type system ismodified by
the influence of the confining potentials, where the possible
values of the angular frequency of the system are determined
by the quantum numbers {𝑛, 𝑙} and by the parameters asso-
ciated with confining potentials. In particular, in the case of
the confinement to the linear plus Coulomb-type potential,
the possible values of the angular frequency associated with
the ground state are determined by a third-degree algebraic
equation.
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with a magnetic field and for the Morse potential,” Annals of
Physics, vol. 187, no. 1, pp. 110–134, 1988.

[4] G. V. Dunne, “Hilbert space for charged particles in perpendic-
ular magnetic fields,” Annals of Physics, vol. 215, no. 2, pp. 233–
263, 1992.

[5] R. E. Prange and S. M. Girvin, Eds., The Quantum Hall Effect,
Springer, New York, NY, USA, 1990.

[6] B. Paredes, P. Fedichev, J. I. Cirac, and P. Zoller, “1/2-anyons
in small atomic Bose-Einstein condensates,” Physical Review
Letters, vol. 87, no. 1, Article ID 010402, 2001.

[7] B. Paredes, P. Zoller, and J. I. Cirac, “Fractional quantum Hall
regime of a gas of ultracold atoms,” Solid State Communications,
vol. 127, no. 2, pp. 155–162, 2003.
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