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The clustering phenomena are very important to determine structure of light nuclei and deformation of spherical shape is
inevitable. Hence, we calculated the energy levels of two-center Gaussian potential well including spin-orbit coupling by solving
the Schrödinger equation in the cylindrical coordinates.This model can predict the spin and parity of the light nuclei that have two
identical cluster structures.

1. Introduction

In the light nucleus, deformation plays an important role
in determining nuclear structure. These deviations from
spherical structures are found in the axial deformations and
the clustering because numerous experimental studies have
revealed clustering phenomena in them [1, 2]. Freer andMer-
chant in 1997 studied the role of clustering and clustermodels
in nuclear reactions and examined the evidence for 𝛼-cluster
chain configurations in the even-even light nuclei from 8Be
to 28Si [3, 4]. In 2001, Kanada-En’yo and Horiuchi showed
that the valence neutrons in nucleus with cluster structure
can form a covalent bond between the clusters and named
it “nuclear molecules” [5]. For example, 9Be has a neutron
that exchanges between the two alpha clusters. They studied
nuclear molecules by the one-center deformed harmonic
oscillator potential [5, 6].

For studying light nucleus in cluster model, many physi-
cists used various methods such as antisymmetrized molecu-
lar dynamics (AMD) [7] and fermionic molecular dynamics
(FMD) [8] and condensates and the THSR Wave-Function
[9–11]. These models have many important advantages for
studying nuclei in cluster models but do not make assump-
tions about the cluster [12].

The two-center shell model is more appropriate for
modeling nuclei with clustered nature. This model assumes a
clustered structure, and each cluster is represented by its own

potential.This potential is the two-center harmonic oscillator
(TCHO) [13]. It has a complete analytical solution but does
not have a sufficiently sharp edge to satisfy finite separation
energies.

In this article, we consider axially symmetric nuclear
parameterization, so the nuclear surface equation is given in
the cylindrical coordinates [14, 15]. In this case, the defor-
mation removes the degeneracy of single nucleon levels
associated with spherical symmetry [16]. In the next section,
we introduce new potential for studying the nucleus with the
cluster structure.

2. 2D Potential in Cylindrical Coordinates

If the nucleus structure consists of two identical clusters, the
nuclear surface in the cylindrical coordinates is defined by
[15, 17]

𝜌 =
{{{{{{{{{{{{{{{{{{{

𝑏√1 − (𝑧 + 𝑐1𝑎 )2 𝑧 ≤ 𝑧1
𝜌2 − √𝑅2 − (𝑧 − 𝑐2)2 𝑧1 ≺ 𝑧 ≺ 𝑧2
𝑏√1 − (𝑧 − 𝑐1𝑎 )2 𝑧2 ≤ 𝑧,

(1)

where ±𝑐1 are the positions of the two cluster centers and
other parameters are shown in Figure 1.
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Figure 1: Parameterizations of nuclear shape in two cluster struc-
tures.

Hence, we use two-center Gaussian potential well for
calculating the energy levels of nucleus which are nearly
spherical or deformed because of having cluster structure.
Our potential in cylindrical coordinates can be split into two
parts:

𝑉0 (𝜌, 𝑧)
= {{{
𝐴 exp (−𝛼 (𝑧 − 𝑧0)2) + 𝐵 exp (−𝛽𝜌2) , 𝑧 ≥ 0
𝐶 exp (−𝜆 (𝑧 + 𝑧0)2) + 𝐵 exp (−𝛽𝜌2) , 𝑧 < 0,

(2)

where 𝐴, 𝐶, and 𝐵 are the potential depth, the parameters𝛼, 𝛽, and 𝜆 are inverse square range, and 𝑧0 is cluster
centers. We study nucleus that has two identical cluster
structures. Hence, we suppose that the parameters 𝐴 = 𝐶
and 𝛼 = 𝜆 have a symmetric potential form. In Figure 2,
the potential is plotted for some values of 𝑧0. The nuclei with
the closed shell such as 4He nucleus have a spherical shape
and are exceptionally stable. Hence, the spherical Gaussian
potential well (Figure 2(a)) can describe energy levels of
the nucleus that has a spherical shape. But in light nucleus
with almost half full shells 𝑁 = 2, the nucleons have been
observed to cluster structure with a two-center structure. For
example, 8Be isotope at the ground state has two alpha cluster
structures and decays to alpha particles by 92 keV energy. In
this case, the potential in Figure 2(d) can be used to describe
it. Likewise, for light neutron-rich nucleus that have covalent
binding between two clusters due to valence neutrons, the
potentials are shown in Figures 2(b) and 2(c).

If the potential of the quantum system to be examined
is axially symmetric, then the Schrödinger equation in
the cylindrical coordinates can be employed. For a three-
dimensional problem, the Laplacian in cylindrical coordi-
nates is used to express the Schrödinger equation in the
following form:

−ℏ22𝑀∇2𝜓 (𝜌, 𝜙, 𝑧) + 𝑉0 (𝜌, 𝑧) 𝜓 (𝜌, 𝜙, 𝑧) = 𝐸𝜓 (𝜌, 𝜙, 𝑧) , (3)

where 𝐸 and𝑀 denote the energy eigenvalue and the mass,
respectively. 𝑉0(𝜌, 𝑧) is potential that does not depend on 𝜙
because of the axial symmetry and is separable to 𝑉0(𝜌) and

𝑉0(𝑧). In the cylindrical coordinates, the Laplace operator
takes the following form:

∇2 = 𝜕2𝜓𝜕𝜌2 + 1𝜌 𝜕𝜓𝜕𝜌 + 1𝜌2 𝜕
2𝜓𝜕𝜙2 + 𝜕

2𝜓𝜕𝑧2 . (4)

The separation of variables is accomplished by substituting

𝜓 (𝜌, 𝜙, 𝑧) = 𝑅 (𝜌)𝑍 (𝑧)Φ (𝜙) . (5)

In the usual way, this leads to the following ordinary differ-
ential equations [18]:

𝑑2Φ(𝜙)
𝑑𝜙2 + 𝑚2Φ(𝜙) = 0, (6)

𝑑2𝑍 (𝑧)𝑑𝑧2 − 2𝑀ℏ2 (𝑉0 (𝑧) − 𝐸)𝑍 (𝑧) + 𝛾2𝑍 (𝑧) = 0, (7)

𝑑2𝑅 (𝜌)
𝑑𝜌2 + 1𝜌

𝑑𝑅 (𝜌)
𝑑𝜌 − (𝛾2 + 𝑚2𝜌2 )𝑅 (𝜌)

− 2𝑀ℏ2 𝑉0 (𝜌) 𝑅 (𝜌) = 0.
(8)

The solution of the first equation is

Φ(𝜙) = 1√2𝜋 exp (𝑖𝑚𝜙) , (9)

where 𝑚 is the magnetic quantum number and integer. The
next step is to obtain the solutions of (7) and (8) which
cannot be solved by analytical methods. But the Hamiltonian
is diagonal, and there are some numerical methods to solve it.
We use a well-known Numerov’s numerical method to solve
ordinary differential equations of second order [19, 20]. In
this method, we first organize the square matrix Hamiltonian
of the system consisting of the kinetic energy matrix and the
potential energy matrix; then we obtain the eigenvectors of
Hamiltonian and the eigenvalues for the stationary states of
the time-independent Schrödinger equation.The values of𝑀
and ℏ are considered as𝑀 = 1 and ℏ = 1. The eigenvectors𝑅𝑛𝜌(𝜌) for three lowest states are shown in Figure 3 and
the eigenvectors 𝑍𝑛](𝑧) are plotted for some values of 𝑧0 in
Figure 4. 𝑛𝜌 is the radial quantum number and 𝑛𝑧 is the
quantum number along 𝑧-axis having values 0, 1, 2, . . ..

The eigenvectors 𝑅𝑛𝜌(𝜌) vanish on the boundaries of
our system and behave as expected. For the eigenvectors𝑍𝑛](𝑧), in addition to boundary conditions, we consider the
continuity conditions too:

𝑍𝑛] (𝑧 → 0) = 𝑍𝑛] (𝑧 → 0)𝑧 < 0 𝑧 > 0, (10)

𝜕𝑍𝑛] (𝑧 → 0)𝜕𝑧 = 𝜕𝑍𝑛] (𝑧 → 0)𝜕𝑧𝑧 < 0 𝑧 > 0. (11)

While we describe nuclei in an axially symmetric model, the
orbital angularmomentum, 𝑙, and the intrinsic spin, 𝑠, are not
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(b) 𝑧0 = 3 fm
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Figure 2: The Gaussian potential for some values of 𝑧0.
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Figure 3: The eigenvectors 𝑅𝑛𝜌 (𝜌) of three lowest states.

good quantum numbers because states with different 𝑙-values
with the same parity can mix. In this model, the quantum
number 𝑁 = 𝑛𝜌 + 𝑛𝑧 is the principal quantum number and
the parity is determined by (−1)𝑁. The magnetic quantum
number has the integer values between −𝑛𝜌 and 𝑛𝜌 too.

Figures 4(a)–4(d) show that the wave functions associ-
ated with 𝑧-axis have a definite parity with respect to 𝑧 =0. For finite separations, the wave functions do not feel the
presence of the other cluster across the barrier in low energy.
The energy levels with the same quantum number which
located in the first or in the second potential well have the
same value.

The eigenvalues from the solution of the Hamiltonian
equation in 𝑧-axis are obtained for the different values of the
distance between the two cluster centers, and the variation of
them is given in Figure 5. In this figure, the shell structure
of the spherical nucleus is reproduced for the two separate
clusters, in higher energy. At 𝑧0 = 0, there are the principal
levels without spin-orbit coupling (𝑁,𝑚) and, for large values
of 𝑧0, the levels start to form two clusters and their levels
overlap with each other.

One of the interesting features of Figure 5 is that states
having the same 𝑧-component of angular momentum, 𝑚,
repulse each other and prevent crossing. This is consistent
with the theory of Neumann and Wigner. They showed that
such level crossings are highly improbable [21].

The levels with different values of 𝑛𝜌 and 𝑛𝑧 but the same
value of𝑁 are degenerate. For example, (𝑛𝑧, 𝑛𝜌, 𝑚) = (1, 0, 0)
are degenerate with (𝑛𝑧, 𝑛𝜌, 𝑚) = (0, 1, 0). We calculated the
spin-orbit coupling to eliminate this degeneracy.

3. The Effect of Spin-Orbit Coupling on Levels

After the presentation of the solutions of the Schrödinger
equation with the potential in (2), we want to explain the
effect of spin-orbit coupling on the single particle levels for
spherical nuclei and for nuclei with two cluster structures
separated at an infinite distance.

The spin-orbit coupling is defined in the form of [15, 22]

𝑉𝐿⋅𝑆 = −𝜆( 12𝑚0𝑐)
2 �⃗� ⋅ �⃗�, (12)
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Figure 4: The eigenvectors 𝑍(𝑧) of three lowest states for some values of 𝑧0.
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Figure 5: Variations of the eigenvalues in 𝑧-axis with the distance
between the two cluster centers.

where 𝜆 = 35 is a dimensionless coupling constant; 𝑚0 and𝑐 are the nucleon and the speed of the light, respectively [15].

The orbital angular momentum operator is �⃗� = ∇⃗𝑉 × �⃗� and
we must transform it into cylindrical coordinates:

�̂�± = ∓ℏ𝑒±𝑖𝜑 (𝜕𝑉𝜕𝜌 𝜕𝜕𝑧 − 𝜕𝑉𝜕𝑧 𝜕𝜕𝜌 ± 𝑖𝜕𝑉𝜕𝑧 1𝜌 𝜕𝜕𝜑) ;
�̂�𝑧 = 𝑖ℏ𝜕𝑉𝜕𝜌 1𝜌 𝜕𝜕𝜑 ,

(13)

hence,

�⃗� ⋅ �⃗� = 12 (𝐿+𝑠− + 𝐿−𝑠+) + 𝐿𝑧𝑠𝑧. (14)

The shift of the energy levels due to the spin-orbit coupling
was calculated using the orthogonality of the wave functions.
The matrix elements of the spin operators are

⟨𝑚𝑠 𝑠+ 𝑚𝑠⟩ = ℏ𝛿𝑚𝑠 ,𝑚𝑠+1,
⟨𝑚𝑠 𝑠− 𝑚𝑠⟩ = ℏ𝛿𝑚𝑠 ,𝑚𝑠−1,
⟨𝑚𝑠 𝑠𝑧 𝑚𝑠⟩ = ℏ𝑚𝑠𝛿𝑚𝑠 ,𝑚𝑠 ,

(15)
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Figure 6: Variations of the eigenvalues (𝑛𝑧, 𝑛𝜌, 𝑚) in 𝑧-axis includ-
ing spin-orbit coupling with the distance between the two cluster
centers.

and the spin-orbit matrix is

⟨𝑛𝑧, 𝑛𝜌, 𝑚, 𝑚𝑠  12 (𝐿+𝑠− + 𝐿−𝑠+) + 𝐿𝑧𝑠𝑧
 𝑛𝑧, 𝑛𝜌, 𝑚,𝑚𝑠⟩

= ℏ2 ⟨𝑛𝑧, 𝑛𝜌, 𝑚 𝐿+ 𝑛𝑧, 𝑛𝜌, 𝑚⟩ 𝛿𝑚𝑠 ,𝑚𝑠−1
+ ℏ2 ⟨𝑛𝑧, 𝑛𝜌, 𝑚 𝐿− 𝑛𝑧, 𝑛𝜌, 𝑚⟩ 𝛿𝑚𝑠 ,𝑚𝑠+1
+ ℏ𝑚𝑠 ⟨𝑛𝑧, 𝑛𝜌, 𝑚 𝐿𝑧 𝑛𝑧, 𝑛𝜌, 𝑚⟩ 𝛿𝑚𝑠 ,𝑚𝑠 .

(16)

Now, we use the parabolic approximation [23], and conse-
quently the levels of single particle energies are obtained as a
function of 𝑧0 by the diagonalization of the potential𝑉0+𝑉𝐿⋅𝑆.
The structure of levels is plotted in Figure 6 and labeled
them by 𝑗𝑧. In our model, the projection of the total angular
momentum on the symmetry axis, 𝑗𝑧 = 𝑚 + 𝑚𝑠, is the good
quantumnumber.Hence, states of different 𝑗𝑧 are not coupled
by the Hamiltonian but the states with ±𝑗𝑧 are degenerate
because the nuclei have reflection symmetry for either of the
two possible directions of the symmetry axis.

In Figure 6, the level scheme of the spherical nuclei is
obtained for 𝑧0 = 0. But, by increasing 𝑧0, two separated
clusters are formed. An example of light nuclei by two cluster
structures is 9Be isotope. The nucleon single particle level
scheme is plotted in Figure 6. 9Be isotope is stable and has
4 protons and 5 neutrons. Alpha cluster is in the first level
and in the second level there will be other alpha clusters
and the remaining single nucleon located in the next level.
Experimental evidence for 9Be shows that it has a ground
state with spin and parity 3/2− and a 1/2+ excited state [24, 25].
For predicting these results, we must use the potential well
in Figure 4(b). When two separate centers in potential well
are formed, the levels (1, 0, 0) and (0, 1, 0) overlap with each
other. In our model, the single neutron is in the level 𝐽𝑧 = 3/2
at the ground state and its parity is (−1)𝑁 = −1. For the first

excited state, the single neutron moves into level 𝐽𝑧 = 1/2+.
We will predict other excited states by considering the rota-
tional band and Coulomb potential between the clusters.

4. Conclusion

In light nuclei, close to decay threshold, the cluster phe-
nomenon is the favored mode. Hence, we use two-center
Gaussian potential well for calculating the energy levels of
nucleus which are nearly spherical or deformed because
of having two identical cluster structures. We solved the
Schrödinger equation in the cylindrical coordinates and plot-
ted the level scheme without considering spin-orbit coupling.
Then we modified results with it. For 𝑧0 = 0, the level
scheme of the spherical nuclei is obtained, and two separated
clusters are formedby increasing 𝑧0. In principle, a two-center
potential well can be used to study light nuclei with two
cluster structures and make assumptions about the cluster in
them.
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nuclei cluster,” Nature, vol. 487, no. 7407, pp. 341–344, 2012.

[17] D. Aranghel and A. Sandulescu, “Shell effects in the fragmen-
tation potential for superheavy elements,” Romanian Journal of
Physics, vol. 60, no. 1-2, pp. 147–155, 2015.

[18] J. Maruhn and W. Greiner, “The asymmetrie two center shell
model,” Zeitschrift für Physik, vol. 251, no. 5, pp. 431–457, 1972.

[19] T. Dongjiao, Y. Ye, and M. A. Dewanto, “Generalized Matrix
Numerov Solutions to the Schrödinger Equation,” 2014.

[20] G. Avdelas, A. Konguetsof, and T. E. Simos, “Generalization of
Numerov’s method for the numerical solution of the Schrodin-
ger equation in two dimensions,”Computers and Chemistry, vol.
24, no. 5, pp. 577–584, 2000.

[21] R. del Rı́o andC.Villegas-Blas, Eds., SpectralTheory of Schrödin-
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