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We study the behavior of the eigenvalues of the one and two dimensions of 𝑞-deformed Dirac oscillator. The eigensolutions have
been obtained by using a method based on the 𝑞-deformed creation and annihilation operators in both dimensions. For a two-
dimensional case, we have used the complex formalism which reduced the problem to a problem of one-dimensional case. The
influence of the 𝑞-numbers on the eigenvalues has been well analyzed. Also, the connection between the 𝑞-oscillator and a quantum
optics is well established. Finally, for very small deformation 𝜂, we (i) showed the existence of well-known 𝑞-deformed version of
Zitterbewegung in relativistic quantum dynamics and (ii) calculated the partition function and all thermal quantities such as the
free energy, total energy, entropy, and specific heat. The extension to the case of Graphene has been discussed only in the case of a
pure phase (𝑞 = 𝑒�푖�휂).

1. Introduction

Quantum groups and quantum algebras have attracted much
attention of physicists and mathematicians during the last
eight years. There had been a great deal of interest in this
field, especially after the introduction of the 𝑞-deformed
harmonic oscillator. Quantum groups and quantum algebras
have found unexpected applications in theoretical physics [1].
From themathematical point of view they are 𝑞-deformations
of the universal enveloping algebras of the corresponding
Lie algebras, being also concrete examples of Hopf algebras.
When the deformation parameter 𝑞 is set equal to 1, the usual
Lie algebras are obtained. The realization of the quantum
algebra SU(2) in terms of the 𝑞-analogue of the quantum
harmonic oscillator [2, 3] has initiated much work on this
topic [4–6]. Biedenharn and Macfarlane [2, 3] have studied
the 𝑞-deformed harmonic oscillator based on an algebra of𝑞-deformed creation and annihilation operators. They have
found the spectrum and eigenvalues of such a harmonic
oscillator under the assumption that there is a state with a
lowest energy eigenvalue.

Recently, the theory of the 𝑞-deformed has become a
topic of great interest in the last few years, and it has been
finding applications in several branches of physics because of
its possible applications in a wide range of areas, such as a𝑞-deformation of the harmonic oscillator [7], a 𝑞-deformed
Morse oscillator [8], a classical and quantum 𝑞-deformed
physical systems [9], Jaynes-Cummings model and the
deformed-oscillator algebra [10], 𝑞-deformed supersymmet-
ric quantum mechanics [11], for some modified 𝑞-deformed
potentials [12], on the thermostatistic properties of a 𝑞-
deformed ideal Fermi gas [13], 𝑞-deformed Tamm-Dancoff
oscillators [14], 𝑞-deformed fermionic oscillator algebra,
and thermodynamics [15], and finally on the fermionic 𝑞
deformation and its connection to thermal effective mass of
a quasiparticle [16].

The relativistic harmonic oscillator is one of the most
important quantum systems, as it is one of the very few that
can be solved exactly. The Dirac relativistic oscillator (DO)
interaction is an important potential both for theory and for
application. It was for the first time studied by Itô et al. [17].
They considered a Dirac equation in which the momentum
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�⃗� is replaced by �⃗� − 𝑖𝑚𝛽𝜔 ⃗𝑟, with ⃗𝑟 being the position vector,𝑚 the mass of particle, and 𝜔 the frequency of the oscillator.
The interest in the problem was revived by Moshinsky and
Szczepaniak [18], who gave it the name of DO because, in
the nonrelativistic limit, it becomes a harmonic oscillator
with a very strong spin-orbit coupling term. Physically, it
can be shown that the DO interaction is a physical system,
which can be interpreted as the interaction of the anomalous
magnetic moment with a linear electric field [19, 20]. The
electromagnetic potential associated with the DO has been
found by Benitez et al. [21]. The DO has attracted a lot of
interests both because it provides one of the examples of the
Dirac’s equation exact solvability and because of its numerous
physical applications [22–27]. Finally, Franco-Villafañe et al.
[28] have exposed the proposal of the first experimental
microwave realization of the one-dimensional DO.

An important phenomena which we will discuss here
is the connection between (2 + 1) DO with the Jaynes-
Cummings JC model, an archetypical quantum optical sys-
tem: the Jaynes-Cummings model (JCM) is a theoretical
model in quantum optics. It describes the system of a two-
level atom interacting with a quantized mode of an optical
cavity, with or without the presence of light (in the form of a
bath of electromagnetic radiation that can cause spontaneous
emission and absorption) [29, 30].The JCM is of great interest
in atomic physics, quantum optics, and solid-state quantum
information circuits, both experimentally and theoretically.
This model describes well the DO interaction and, following
Bermudez et al. [31], the exact mapping of the 2 + 1 Dirac
oscillator onto the Jaynes-Cummings model well established.
In this paper, the extension of this connection in the presence
of deformation will be our goal.

The 𝑞-deformed oscillator systems have attracted much
attention and have been considered in many papers (see
[32] and references therein).The representation theory of the
quantum algebras has led to the development of 𝑞-deformed
oscillator algebra. Since there have been an increasing interest
in the study of physical systems using 𝑞-oscillator algebra,
it has found applications in several branches of physics
such as vibrational spectroscopy, nuclear physics, and many
body theory and quantum optics. The 𝑞-analogue of the
one-dimensional nonrelativistic harmonic oscillator has been
studied by several authors [2, 3, 33, 34]. Realizations of
the quantum algebra SU�푞(1, 1) via the one-dimensional 𝑞-
harmonic oscillator were suggested by Chaichian [35]. The
representation theory of quantum algebras with a single
deformation parameter, 𝑞, has led to the development of tile
now well-known 𝑞-deformed harmonic oscillator algebra.

In the nonrelativistic case, the investigation of thermody-
namic functions of some types of potentials, such as Morse
and improved Manning-Rosen potentials and improved
Rosen-Morse and Tiez oscillators, through a partition func-
tion and its derivatives with respect to temperature, was an
important field of research in the literature (see [36–39]).
The extension of the nonrelativistic 𝑞-harmonic oscillator
to the relativistic case, to the best of our knowledge, is
not available in the literature. In this context and in order
the overcome this lack in the literature, the principal aim
of this paper will be the study of 𝑞-deformed DO in one

and two dimensions. The concept of 𝑞-deformation is also
applied to the investigation of the connection of 𝑞-deformed
DO with quantum optics and the existence of the well-
known Zitterbewegung in relativistic quantum dynamics of
the problem in question. In addition, for small deformation 𝜂,
we have evaluated various thermodynamic quantities such as
partition function, entropy, and internal energy. Such studies
are expected to be relevant when we want to extended them
to the case of Graphene. To prove existence of such a system,
we want to indicate some papers including applications of𝑞-deformations such as study of electronic conductance in
disorderedmetals and doped semiconductors [40], analyzing
of the phonon spectrum in 4He [41], and expression of the
oscillatory-rotational spectra of diatomic and multiatomic
molecules [42–46].

The structure of this paper is as follows: Section 2 is
devoted to the case of the standard 𝑞-harmonic oscillator.The
extension to the 𝑞-deformed DO will be treated in Section 3.
Different numerical results about the thermal properties of𝑞-deformed DO are discussed in Section 4. Finally, Section 5
will be the conclusions.

2. 𝑞-Deformed One-Dimensional
Harmonic Oscillator

TheHamiltonian of the 𝑞-deformed harmonic oscillator is

𝐻 = 𝑃2
�푞2𝑚 + 12𝑚𝜔2𝑄2

�푞, (1)

where the 𝑞-momentum (𝑃�푞) and 𝑞-position (𝑄�푞) operators
are directly written in terms of the 𝑞-boson operators 𝑎 and𝑎+ as

𝑃�푞 = 𝑖√𝑚𝜔ℏ2 (𝑎 − 𝑎+) ,
𝑄�푞 = √ ℏ𝜔2𝑚 (𝑎 + 𝑎+) ,

(2)

with

[𝑎, 𝑎+]�푞 = 𝑎𝑎+ − 𝑞−1𝑎+𝑎 = 𝑞�푁,
𝑎 | 0⟩ = 0, |𝑛⟩ = (𝑎+)�푛√[𝑛]! | 0⟩ . (3)

Both 𝑞-factorial and 𝑞-numbers are defined, respectively, by

[𝑛]! = [𝑛] [𝑛 − 1] ⋅ ⋅ ⋅ [1] , (4)

[𝑛] = 𝑞�푛 − 𝑞−�푛𝑞 − 𝑞−1 . (5)

Here𝑁 = 𝑎+𝑎 is the number operator. The eigenvalues of the𝑞-deformed one-dimensional harmonic oscillator are [47]

𝐸�푛 = ℏ𝜔2 ([𝑛] + [𝑛 + 1]) . (6)
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Following (5) and (6), two cases can be distinguished.

(i) When we put 𝑞 = 𝑒�휂, the eigenvalues become

𝐸�푛 = ℏ𝜔2 sinh [𝜂 (𝑛 + 1/2)]
sinh (𝜂/2) . (7)

(ii) Now, whenwewrite 𝑞 = 𝑒�푖�휂, the formof the spectrum,
in this case, is

𝐸�푛 = ℏ𝜔2 sin [𝜂 (𝑛 + 1/2)]
sin (𝜂/2) . (8)

In both cases, when 𝑞 → 1 (𝜂 → 0) the well-known relation

𝐸�푛 = ℏ𝜔(𝑛 + 12) (9)

is recovered.
Thus, according to (7) and (8), one can see that for 𝑞

real (𝑞 = 𝑒�휂) the energy eigenvalues increase more rapidly
than the ordinary case, and the spectrum, in this case, gets
expanded. In contrast, when 𝑞 is a pure phase (𝑞 = 𝑒�푖�휂),
the eigenvalues of the energy increase less rapidly than the
ordinary case; that is, the spectrum is squeezed [47].

In what follows, we treat the case of the one- and two-
dimensional 𝑞-deformed DO.

3. Solutions of a 𝑞-Deformed Dirac Oscillator

3.1. One-Dimensional 𝑞-Deformed Dirac Oscillator. The one-
dimensional DO is

{𝑐𝛼�푥 (𝑃�푞 − 𝑖𝑚𝜔𝛽𝑄�푞) + 𝛽𝑚𝑐2} 𝜓�퐷 = 𝜖𝜓�퐷, (10)

with 𝜓�퐷 = (𝜓1 𝜓2)�푇, 𝛼�푥 = 𝜎�푥, and 𝛽 = 𝜎�푧. In this case, (10)
becomes

𝐻�퐷𝜓�퐷 = 𝜖𝜓�퐷, (11)

with

𝐻�퐷 = ( 𝑚𝑐2 𝑐 (𝑝�푥 + 𝑖𝑚𝜔𝑥)
𝑐 (𝑝�푥 − 𝑖𝑚𝜔𝑥) −𝑚𝑐2 ) ; (12)

by introducing the usual annihilation and creation operators
of the 𝑞-deformed harmonic oscillator

𝑃�푞 = 𝑖√𝑚𝜔ℏ2 (𝑎 − 𝑎+) ,
𝑄�푞 = √ ℏ𝜔2𝑚 (𝑎 + 𝑎+) ,

(13)

this Hamiltonian transforms into

𝐻�퐷 = (𝑚𝑐2 𝑔𝑎†
𝑔∗𝑎 −𝑚𝑐2) (14)

with 𝑔 = 𝑖𝑚𝑐2√2𝑟 being the coupling strength between
orbital and spin degrees of freedom, and 𝑟 = ℏ𝜔/𝑚𝑐2 =1 is a parameter which controls the nonrelativistic limit. It
is an important parameter that specifies the importance of
relativistic effects in the DO.

Writing that 𝜓�퐷 = (|𝑛⟩, |𝑛 − 1⟩)�푇, this equation can be
solved algebraically. Following the above section, when 𝑞 is
real, the spectrum of energy is

𝜖�푛 = ±𝑚𝑐2√1 + 2 sinh (𝜂𝑛)
sinh (𝜂) . (15)

Now, if 𝑞 is complex, it becomes

𝜖�푛 = ±𝑚𝑐2√1 + 2 sin (𝜂𝑛)
sin (𝜂) . (16)

In both cases, when 𝑞 → 1 (𝜂 → 0) the well-known relation

𝜖�푛 = ±𝑚𝑐2√1 + 2𝑛 (17)

is recovered [25]. The eigensolutions of a two-dimensional
DO, in both cases, can be written as

𝜓⟩ = [[[[[
[

√𝐸�푛 ± 𝑚𝑐22𝐸�푛�푙

| 𝑛⟩
∓𝑖√𝐸�푛 ∓ 𝑚𝑐22𝐸�푛�푙

| 𝑛 − 1⟩
]]]]]
]

. (18)

Using the creation and annihilation operators and the raising
and lowering operators 𝜎± = (1/2)(𝜎�푥 ± 𝑖𝜎�푦) Dirac Spinor
one can rewrite the previous equation as

𝐻1�퐷 = 𝑔 (𝜎†𝑎 + 𝜎−𝑎†) + Δ𝜎�푧. (19)

This Hamiltonian is exactly the JCM Hamiltonian in quan-
tum optics [48]. Thus the one-dimensional DO maps exactly
onto the Jaynes-Cummings (JC), provided that one identifies
the isospin with the atomic system and the spatial degrees of
freedomwith the cavitymode.Thus, as a result, the relativistic
Hamiltonian of a 𝑞-deformed one-dimensional DO can be
mapped onto a 𝑞-deformed Jaynes-Cummings (JC).

3.2. Two-Dimensional 𝑞-Deformed Dirac Oscillator

3.2.1. Complex Formalism. In terms of complex coordinates
and its complex conjugate, we have

𝑧 = 𝑥 + 𝑖𝑦,
𝑧 = 𝑥 − 𝑖𝑦,
𝜕𝜕𝑧 = 12 ( 𝜕𝜕𝑥 − 𝑖 𝜕𝜕𝑦) ,
𝜕𝜕𝑧 = 12 ( 𝜕𝜕𝑥 + 𝑖 𝜕𝜕𝑦) .

(20)
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The operators momenta 𝑝�푥 and 𝑝�푦, in the Cartesian coordi-
nates, are defined by

𝑝�푥 = −𝑖ℏ 𝜕𝜕𝑥 ,
𝑝�푦 = −𝑖ℏ 𝜕𝜕𝑦 . (21)

When we use 𝑝�푧 = −𝑖ℏ(𝜕/𝜕𝑧), we get
𝑝�푧 = −𝑖ℏ 𝑑𝑑𝑧 = 12 (𝑝�푥 − 𝑖𝑝�푦) ,
𝑝�푧 = −𝑖ℏ 𝑑𝑑𝑧 = 12 (𝑝�푥 + 𝑖𝑝�푦) ,

(22)

with 𝑝�푧 = −𝑝�푧. These operators obey the basic commutation
relations

[𝑧, 𝑝�푧] = [𝑧, 𝑝�푧] = 𝑖ℏ,
[𝑧, 𝑝�푧] = [𝑧, 𝑝�푧] = 0. (23)

Theusual creation and annihilation operators, 𝑎�푥 and 𝑎�푦, with
𝑎�푥 = √𝑚𝜔2ℏ 𝑥 + 𝑖 1√2𝑚𝜔ℏ𝑝�푥,
𝑎�푦 = √𝑚𝜔2ℏ 𝑦 + 𝑖 1√2𝑚𝜔ℏ𝑝�푦

(24)

can be reformulated, in the formalism complex, as follows:

𝑎�푧 = 𝑖 ( 1√𝑚𝜔ℏ𝑝�푧 − 𝑖2√𝑚𝜔ℏ 𝑧) ,
𝑎�푧 = −𝑖 ( 1√𝑚𝜔ℏ𝑝�푧 + 𝑖2√𝑚𝜔ℏ 𝑧) .

(25)

These operators, also, satisfy the habitual commutation rela-
tions

[𝑎�푧, 𝑎�푧] = 1,
[𝑎�푧, 𝑎�푧] = 0,
[𝑎�푧, 𝑎�푧] = 0.

(26)

Now, In the case of 𝑞-deformed DO, the creation and
annihilation operators 𝑎�푧 and 𝑎�푧 satisfy the commutation
relation

[𝑎�푧, 𝑎�푧]�푞 = 𝑎�푧𝑎�푧 − 𝑞−1𝑎�푧𝑎�푧 = 𝑞�푁, (27)

where𝑁 is the number operator, satisfying

[𝑁, 𝑎�푧] = 𝑎�푧,
[𝑁, 𝑎�푧] = −𝑎�푧. (28)

3.2.2. The Solutions. The two-dimensional DO is

[𝑐𝜎�푥 (𝑝�푥 − 𝑖𝑚𝜔𝑥) + 𝑐𝜎�푦 (𝑝�푦 − 𝑖𝑚𝜔𝑦)]𝜓 = 𝜀𝜓, (29)

with 𝜓�퐷 = (𝜓1 𝜓2)�푇, 𝛼�푥 = 𝜎�푥, and 𝛽 = 𝜎�푧. With definitions
of Dirac matrices,

𝛼�푥 = 𝜎�푥 = (0 1
1 0) ,

𝛼�푦 = 𝜎�푦 = (0 −𝑖
𝑖 0 ) ,

(30)

(8) can be decoupled in a set of equations as follows:

𝜀 𝜓1⟩ = 𝑐 (𝑝�푥 + 𝑖𝑚𝜔𝑥 − 𝑖𝑝�푦 + 𝑚𝜔𝑦) 𝜓2⟩ ,
𝜀 𝜓2⟩ = 𝑐 (𝑝�푥 − 𝑖𝑚𝜔𝑥 + 𝑖𝑝�푦 + 𝑚𝜔𝑦) 𝜓1⟩ , (31)

and so (9) reads

𝐻�퐷

= ( 𝑚𝑐2 𝑐 (𝑝�푥 + 𝑖𝑚𝜔𝑥 − 𝑖𝑝�푦 + 𝑚𝜔𝑦)
𝑐 (𝑝�푥 − 𝑖𝑚𝜔𝑥 + 𝑖𝑝�푦 + 𝑚𝜔𝑦) −𝑚𝑐2 ) . (32)

This last form of Hamiltonian of Dirac can be written, in the
complex formalism, by

𝐻�퐷 = ( 𝑚𝑐2 2𝑐𝑝�푧 + 𝑖𝑚𝜔𝑐𝑧
2𝑐𝑝�푧 − 𝑖𝑚𝜔𝑐𝑧 −𝑚𝑐2 )

= ( 𝑚𝑐2 2𝑔𝑎�푧2𝑔∗𝑎�푧 −𝑚𝑐2) .
(33)

Thus the problem is transformed to the one-dimensional case
with a complex variable 𝑧.

Now, following (9) and (10), the wave functions𝜓1 and𝜓2

can be rewritten in the language of the complex annihilation-
creation operators as

𝜓1⟩ = 𝑔𝜀 − 𝑚𝑐2 𝑎�푧 𝜓2⟩ , (34)

𝜓2⟩ = 𝑔∗

𝜀 + 𝑚𝑐2 𝑎�푧 𝜓1⟩ . (35)

When we write the component |𝜓1⟩ in terms of the quanta
bases, |𝑛⟩ = ((𝑎†)�푛/√[𝑛]!)|0⟩, these equations can be
simultaneously diagonalized, and the energy spectrum can be
described by

𝜀�푛 = ±𝑚𝑐2√1 + 4 sinh [𝜂𝑛]
sinh (𝜂) (36)

when 𝑞 is real and by

𝜀�푛 = ±𝑚𝑐2√1 + 4 sin [𝜂𝑛]
sin (𝜂) (37)
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if 𝑞 is complex. In both cases, when 𝑞 → 1 (𝜂 → 0) the well-
known relation

𝜀�푛 = ±𝑚𝑐2√1 + 4𝑛 (38)

is recovered. Our results are in good agreement with those
obtained by Hatami and Setare [49].

In order to establish the connection between a two-
dimensional 𝑞-deformed DO and quantum optics, the Dirac
Hamiltonian can be rewritten into another form as

𝐻2�퐷 = 𝑔 (𝜎†𝑎�푧 + 𝜎−𝑎�푧) + Δ𝜎�푧. (39)

This form of the Hamiltonian corresponds to the 𝑞-deformed
Anti-Jaynes-Cummings (AJC) model. Here 𝜎± = (1/2)(𝜎�푥 ±𝑖𝜎�푦) are the spin arising and lowering operators, and Δ =𝑚𝑐2 is a detuning parameter. As a result, the relativistic
Hamiltonian of a 𝑞-deformed two-dimensional DO can be
mapped onto a couple of 𝑞-deformed Anti-Jayne-Cummings
(AJC) which describes the interaction between the relativistic
spin and bosons.

We further observe that the Zitterbewegung frequency
for the 𝑞-deformed (2 + 1)-dimensional DO depends on the
parameter of deformation 𝜂. To show this we, first, start with
the following eigensolutions of a two-dimensional DO:

𝜓1,2⟩ = [[[[[
[

√𝐸�푛 ± 𝑚𝑐22𝐸�푛�푙

| 𝑛⟩
∓𝑖√𝐸�푛 ∓ 𝑚𝑐22𝐸�푛�푙

| 𝑛 − 1⟩
]]]]]
]

. (40)

Here, 𝐸�푛 ≡ 𝜖�푛 (or 𝐸�푛 ≡ 𝜀�푛) for 𝑞 real (or 𝑞 complex),
respectively. The eigenstates can be expressed transparently
in terms of two-component Pauli spinors |𝜒↑⟩ and |𝜒↓⟩ [31]:𝜓1⟩ = 𝛼�푛 | 𝑛⟩ 𝜒↑⟩ − 𝑖𝛾�푛 | 𝑛 − 1⟩ 𝜒↓⟩ ,

𝜓2⟩ = 𝛾�푛 | 𝑛⟩ 𝜒↑⟩ + 𝑖𝛼�푛 | 𝑛 − 1⟩ 𝜒↓⟩ , (41)

where 𝛼�푛 = √(𝜀�푛 + 𝑚𝑐2)/2𝜖�푛 (or √(𝜀�푛 + 𝑚𝑐2)/2𝜀�푛) and

𝛿�푛 = √(𝜀�푛 − 𝑚𝑐2)/2𝜖�푛 (or √(𝜀�푛 − 𝑚𝑐2)/2𝜀�푛) are real. Fol-
lowing these equations, the eigenstates present entanglement
between the orbital and spin degrees of freedom. To clarify
this, we start with some initial pure state at 𝑡 = 0,

|Ψ (0)⟩ = |𝑛 − 1⟩ 𝜒↑⟩ = 𝑖𝛼�푛 𝜓1⟩ − 𝑖𝛾�푛 𝜓2⟩ . (42)

This equation shows that the starting initial state is a super-
position of both the positive and negative energy solutions,
which is the fundamental ingredient that leads to Zitterbe-
wegung in relativistic quantum dynamics.

The evolution of this initial state can be expressed as

|Ψ (𝑡)⟩ = 𝑖𝛾�푛𝑒−�푖�휔𝑛�푡 𝜓1⟩ − 𝑖𝛼�푛𝑒�푖�휔𝑛�푡 𝜓2⟩ , (43)

where

𝜔�푛 = 𝜖�푛ℏ = 𝑚𝑐2ℏ √1 + 4 sinh (𝜂𝑛)
sinh (𝜂) (44)

for 𝑞 real and
𝜔�푛 = 𝜖�푛ℏ = 𝑚𝑐2ℏ √1 + 4 sin (𝜂𝑛)

sin (𝜂) (45)

for 𝑞 complex. In both cases, 𝜔�푛 describes the frequency of
oscillations: the frequency oscillation between positive and
negative energy solutions.

If we consider very small deformation and neglect all
terms proportional to 𝜂4, we have

𝜔�푛 = 𝜖�푛ℏ = 𝑚𝑐2ℏ √1 + 4 sinh [𝜂𝑛]
sinh (𝜂)

≈ 𝑚𝑐2ℏ √1 + 4𝑛 + 23𝜂2𝑛3
≈ 𝜔�퐷�푂(1 ± 13 𝑛3(1 + 4𝑛)𝜂2) ,

(46)

with 𝜔�퐷�푂 = (𝑚𝑐2/ℏ)√1 + 4𝑛 being the frequency of a two-
dimensionalDOwithout deformation, and the sign+denotes
the case for 𝑞 real and the sign − denotes the case of 𝑞
complex. In the approximation of very small 𝜂, the final form
will be

|Ψ (𝑡)⟩ = |Ψ (𝑡)⟩ �휂=0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
without deformation

+ 𝜂2 |Ψ (𝑡)⟩ �휂 ̸=0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
with deformation

, (47)

where

|Ψ (𝑡)⟩ �휂=0 = (cos𝜔�퐷�푂𝑡 + 𝑖 sin𝜔�퐷�푂𝑡√1 + 4𝑛 ) 𝜓1⟩
+ √ 4𝑛1 + 4𝑛 sin𝜔�퐷�푂𝑡 𝜓2⟩ ,

|Ψ (𝑡)⟩ �휂 ̸=0 = ([13 𝑛3𝜔�퐷�푂𝑡(1 + 4𝑛) sin𝜔�퐷�푂𝑡 + 𝑖√1 + 4𝑛 {∓13
⋅ 𝑛3𝜔�퐷�푂𝑡(1 + 4𝑛) (cos𝜔�퐷�푂𝑡 + sin𝜔�퐷�푂𝑡)}]) 𝜓1⟩
+ {√ 4𝑛1 + 4𝑛 13 𝑛3𝜔�퐷�푂𝑡(1 + 4𝑛) cos𝜔�퐷�푂𝑡 − √ 4𝑛1 + 4𝑛 (𝑛212
+ 13 𝑛3(1 + 4𝑛)) sin𝜔�퐷�푂𝑡} 𝜓2⟩ .

(48)

The sign (−) denotes the case of 𝑞 real and (+) denotes the
other case (pure phase). This equation shows the oscillatory
behavior between the states |𝑛⟩|𝜒↑⟩ and |𝑛 − 1⟩|𝜒↓⟩ which is
exactly similar to atomic Rabi oscillations occurring in the JC
and AJCmodels.The 𝑞-deformed Rabi frequency,𝜔�푛, follows
(46) for both cases.

3.3. Discussions. This section is devoted to study the influ-
ence of 𝑞-deformed algebra on the eigenvalues of the DO
in one and two dimensions. This influence has been well
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(b) �푞-deformed two-dimensional Dirac oscillator

Figure 1: Spectrum of energy of one- and two-dimensional Dirac oscillator versus quantum number for both cases of 𝑞.

established through the parameter 𝜂 with 𝑞 = 𝑒�휂. In Figure 1,
we present the eigenvalues of the 𝑞-deformed DO in one and
two dimensions versus the quantum number with different
values of parameter 𝜂 in both cases of 𝑞 real and complex.
In order to discuss the results, we use the same explication
used by Neskovic and Urosevic [50] in their study of the
statistical properties of quantum oscillator: thus, the energy
levels of the 𝑞-oscillator are not uniformly spaced for 𝑞 = 1.
The behavior of the energy spectra is completely different in
the cases 𝑞 = 𝑒�푖�휂 and 𝑞 = 𝑒�휂. When 𝑞 is real 𝑞 = 𝑒�푖�휂, the
separation between the levels increases with the value of 𝑛;

that is, the spectrum is extended. On the other hand, when 𝑞
is a pure phase, the separation between all the levels decreases
with increasing 𝑛; that is, the spectrum is squeezed.

In Figure 2 we present the frequency𝜔�푛 versus a quantum
number 𝑛 for both 𝑞 real and complex in one and two
dimensions: this frequency describes the oscillations between
positive and negative energy solutions. As a consequence,
we are in the case of well-known Zitterbewegung in rela-
tivistic quantum dynamics. This phenomenon, due to the
interference of positive and negative energies, has never been
observed experimentally. The reason is that the amplitude of
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Figure 2: Reduced frequency versus quantum number: here ℏ = 𝑚 = 𝑐 = 1.

these rapid oscillations lies below the Compton wavelength.
The influence of the deformation on this frequency is well
established also.

Finally, the exact connection of the 𝑞-deformed DO with
both Jaynes-Cummings (JC) and anti-Jaynes-Cummings
(AJC) models has been established.

4. Thermal Properties of 𝑞-Deformed
Dirac Oscillator

The probability of finding a system in a state with energy 𝐸�푛

is given by [50, 51]

𝑃�푛 = 𝑒−�퐸𝑛/�푘𝐵�푇𝑍 , (49)

where 𝑍 = tr𝑒−�퐻/�푘𝐵�푇 = ∑ 𝑒−�훽�퐸𝑛 is the partition function.
In what follows, our main object is to obtain this partition
function for small deformation 𝜂: in this case the summation
appearing in 𝑍 can be easily performed, and all thermo-
dynamic potentials such as free energy F, entropy S, total
energy U, and specific heat can be calculated. Before doing
so, lets rewrite the form of energy in a more convenient form,
starting with the following equation:

𝜖�푛 = ±𝑚𝑐2√1 + 𝑎 sinh (𝜂𝑛)
sinh (𝜂) , (50)

for 𝑞 real and
𝜖�푛 = ±𝑚𝑐2√1 + 𝑎 sin (𝜂𝑛)

sin (𝜂) , (51)

for 𝑞 complex. Here 𝑎 = 2 for one-dimensional case (and 𝑎 =4 for a two-dimensional case). Now, in order to extract these

properties of our 𝑞-oscillator, wewill only restrict ourselves to
stationary states of positive energy.TheDOpossesses an exact
Foldy-Wouthuysen transformation (FWT): so, the positive-
and negative-energy solutions never mix. Following this, we
only consider the positive part of energy.

As sinh(𝜂𝑛)/sinh(𝜂) is even as a function of 𝜂, the same
property has the energy and all quantities derived from it
[50]. Now, we will consider very small deformation and
neglect all terms proportional to 𝜂4. In this case, we have

𝜖�푛 ≃ √1 + 𝑎𝑛(1 + 𝑎𝑛312 (1 + 𝑎𝑛)𝜂2) . (52)

With the same argument, the energy spectrum of the 𝑞
complex case can be written as

𝜖 ⋍ √1 + 𝑎𝑛(1 − 𝑎𝑛312 (1 + 𝑎𝑛)𝜂2) . (53)

A both equations can be written in a compact form as

𝜉�푛 = √1 + 𝑎𝑛(1 ± 𝑎𝑛312 (1 + 𝑎𝑛)𝜂2) (54)

or

𝜉�푛 = 𝜉�푛0 + 𝜉�푛±, (55)

with

𝜉�푛0 = √1 + 𝑎𝑛 (56)

being the reduced spectrum of energy of the ordinary DO,
and

𝜉�푛± = ± 𝑎𝑛312√1 + 𝑎𝑛𝜂2 (57)

is the correction on the energy when the deformation exists.
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In this case, the partition function is

𝑍 = ∞∑
�푛=0

𝑒−�휉𝑛±/�휏 ⋍ ∞∑
�푛=0

𝑒−√1+�푎�푛/�휏 (1 ± 𝑎𝑛312𝜏√1 + 𝑎𝑛𝜂2)
= 𝑍0 + 𝑍1

(58)

with 𝜏 = 𝑘�퐵𝑇/𝑚𝑐2 and
𝑍0 = ∞∑

�푛=0

𝑒−√1+�푎�푛/�휏,
𝑍1 = ±𝑎𝜂212𝜏

∞∑
�푛=0

𝑛3√1 + 𝑎𝑛𝑒−√1+�푎�푛/�휏.
(59)

In order to evaluate the first term,𝑍0, we use a method based
on Zeta function: so, by using the formula [25, 26]

𝑒−�푥 = 12𝜋𝑖 ∫�퐶 𝑑𝑠𝑥−�푠Γ (𝑠) , (60)

the sum in (12) is transformed into

∑
�푛

𝑒−(�훾/�휏)√�훼+�푛 = 12𝜋𝑖 ∫�퐶 𝑑𝑠 (𝛾𝜏)−�푠 ∑
�푛

(𝑛 + 𝛼)−�푠/2 Γ (𝑠)
= 12𝜋𝑖 ∫�퐶 𝑑𝑠 (𝛾𝜏)−�푠 𝜁�퐻 ( 𝑠2 , 𝛼) Γ (𝑠) ,

(61)

with 𝑥 = (𝛾/𝜏)√𝛼 + 𝑛, 𝛾 = √𝑎, 𝛼 = 1/𝑎. Here, Γ(𝑠)
and 𝜁�퐻(𝑠/2, 𝛼) are, respectively, the Euler and Hurwitz zeta
functions. Applying the residues theorem, for the two poles𝑠 = 0 and 𝑠 = 2, the desired partition function is written
down in terms of the Hurwitz zeta function as follows:

𝑍0 (𝜏) = 𝜏2𝑎 + 𝜁�퐻 (0, 1𝑎) . (62)

Now, the second term can be evaluated by using the Euler-
Maclaurin formula; starting by the equation

𝑍1 = ±𝑎𝜂212𝜏
∞∑
�푛=0

𝑛3√1 + 𝑎𝑛𝑒−√1+�푎�푛/�휏 (63)

and, according to this approach, the sum transforms to the
integral as follows:

∞∑
�푥=0

𝑓 (𝑥) = 12𝑓 (0) + ∫∞

0
𝑓 (𝑥) 𝑑𝑥

− ∞∑
�푝=1

𝐵2�푝(2𝑝)!𝑓(2�푝−1) (0) .
(64)

Here 𝑓(𝑥) = (𝑥3/√1 + 𝑎𝑥)𝑒−√1+�푎�푥/�휏, 𝐵2�푝 are the Bernoulli
numbers, and 𝑓(2�푝−1) is the derivative of order (2𝑝−1). Up to𝑝 = 1, the final form of 𝑍1 term is

𝑍�퐼 (𝜏, 𝜂) = ∫∞

0
𝑓 (𝑥) 𝑑𝑥

= 𝑏𝜂2𝑒−1/�휏 (15𝜏6 + 15𝜏5 + 6𝜏4 + 𝜏3) , (65)

with 𝑏 = 6𝑒−1/�휏 when 𝑎 = 2, and 𝑏 = (3/8)𝑒−1/�휏 when 𝑎 = 4.

Finally, the compact final form of the 𝑞-deformed parti-
tion function of the DO in one and two dimensions for both
cases of 𝑞 is

𝑍�푞 (𝜏, 𝜂) = 𝜏22 + 𝜁�퐻 (0, 1𝑎)
± 𝜂2𝑏 (15𝜏6 + 15𝜏5 + 6𝜏4 + 𝜏3) .

(66)

Here, the sign (−) describes the partition function in the case
where 𝑞 is real and (+) describes the case of 𝑞 complex.

Via (30), the determination of all thermal properties,
such as the free energy, the entropy, total energy, and the
specific heat, can be obtained through the numerical partition
function 𝑍(𝜏) by using the following relations [26]:

𝐹 = −𝜏 ln (𝑍) ,
𝑈 = 𝜏2 𝜕 ln (𝑍)𝜕𝜏 ,
𝑆𝑘�퐵 = ln (𝑍) + 𝜏𝜕 ln (𝑍)𝜕𝜏 ,
𝐶𝑘�퐵 = 2𝜏𝜕 ln (𝑍)𝜕𝜏 + 𝜏2 𝜕2 ln (𝑍)𝜕𝜏2 .

(67)

4.1. Numerical Results. Figure 3 shows the thermal properties
of a one- and two-dimensional 𝑞-deformed DO in both cases
of 𝑞. from this figure, we can confirm that the deformation
plays a significant role in these properties, and the effect
of the parameters is very important on the thermodynamic
properties. Also, the behavior of these quantities is completely
different in the cases 𝑞 = 𝑒�푖�휂 and 𝑞 = 𝑒�휂. When 𝑞 is a
pure phase, the behavior of different thermal quantities has
a similar comportment as in the case of nondeformed DO in
both one and two dimensions [25, 26]. On the other hand if 𝑞
is real, these quantities show a strange behavior.This situation
is closely related to the nature of spectrum: if 𝑞 is real,
the spectrum is extended which is the cause of the strange
behavior of the thermodynamics quantities, contrary to the
case where 𝑞 is complex where the spectrum is squeezed:
in this case we obtain the same form of all curves in these
quantities. In what follows, in order to compare our results
with those obtained in literature, we focus on the case of pure
phase.

We should mention that, in all figures, we have used
dimensionless quantities, and the temperature range is taken
from 108 K to 1014 K.These values give an order of the oscilla-
tor frequency about 1020 Hz similar to that of Zitterbewegung
frequency in the DO, which has so far been experimentally
inaccessible. For the asymptotic limits, as are shown by the
figures of the specific heat in the presence of deformation, all
curves coincide and reach the fixed value𝐶 = 6 𝑘�퐵 three times
greater compared to the case of nondeformed DO in one and
two dimensions.

As an application, we can extend our calculations to the
case of Graphene: Graphene is a two-dimensional configura-
tion of carbon atoms organized in a hexagonal honeycomb
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Figure 3: Thermal properties of a 𝑞-deformed Dirac oscillator in one and two dimensions.

structure. The electronic properties of Graphene are excep-
tionally novel. For instance, the low-energy quasiparticles in
Graphene behave as massless chiral Dirac fermions, which
has led to the experimental observation of many interesting
effects similar to those predicted in the relativistic regime.
In the recent study [26], the author has shown, by using an
approach based on the effectivemass, that themodel of a two-
dimensional DO can be used to describe the thermodynamic
properties of Graphene under an uniform magnetic field.
By using the formalism of the creation and annihilation
operators in complex formalism, he arrives at the following
spectrum of energy:

𝜍±�푛 = ±√2ℏ𝑐𝑙�퐵 √𝑛, (68)

with 𝑙�퐵 = √ℏ/𝑒𝐵 being the so-called magnetic length and 𝑐
the Fermi velocity of electrons in the Graphene. The form of
this spectrum of energy is in good agreement with the form
of the case of Graphene (see [52]). This form of spectrum of
energy in the presence of a deformation 𝑞 can be written in a
pure phase by

𝜁±�푛 = ±√2ℏ𝑐𝑙�퐵 √ sin (𝜂𝑛)
sin (𝜂) . (69)

In the approximation of very small deformation, we have
𝜁�푞�푛𝑎1 = 𝜍+�푛 (1 + 𝑛212𝜂2) , (70)

with 𝑎1 = √2ℏ𝑐/𝑙�퐵, and, consequently, the final partition
function of the 𝑞-deformed version of Graphene is

𝑍�耠
�푞 (𝜏, 𝜂) = 𝑍�耠

0 + 𝑍�耠
1, (71)

with

𝑍�耠
0 = 𝜏2 + 12 , (72)

according to [26], and

𝑍�耠
1 = 𝜂212𝜏

∞∑
�푛=0

𝑛2𝑒−√�푛/�휏. (73)

Here 𝜏 = 𝑘�퐵𝑙�퐵𝑇/√2ℏ𝑐. In order to evaluate 𝑍1, we use the
Euler-Maclaurin formula; so we obtain

𝑍�耠
1 = 20𝜂2𝜏5. (74)

Thus, the final form of partition function is

𝑍�耠
�푞 (𝜏, 𝜂) = 𝜏2 + 12 + 20𝜏5𝜂2. (75)

Via (34), the determination of all thermal properties, such as
the free energy, the entropy, total energy, and the specific heat,
can be obtained through the numerical partition function𝑍�耠
�푞(𝜏, 𝜂) via the following relations:

𝐹𝑎1 = − 1𝛽 ln (𝑍) = −𝜏 ln (𝑍) ,
𝑈𝑎1 = −𝜕 ln (𝑍)𝜕𝛽 = 𝜏2 𝜕 ln (𝑍)𝜕𝜏 ,
𝑆𝑘�퐵 = 𝛽2 𝜕 (𝐹/𝑎)𝜕𝛽 = ln (𝑍) + 𝜏𝜕 ln (𝑍)𝜕𝜏 ,
𝐶𝑘�퐵 = −𝛽2 𝜕 (𝑈/𝑎)𝜕𝛽 = 2𝜏𝜕 ln (𝑍)𝜕𝜏 + 𝜏2 𝜕2 ln (𝑍)𝜕𝜏2 .

(76)

The thermodynamic quantities are, respectively, plotted in
Figure 4. From this figure, we observe that the behavior of
the specific heat in the asymptotic regions is greater than that
in the case of Graphene: here the limit is 5𝑘�퐵. In addition,
as in the nondeformed case of Graphene, we can argue this
situation by saying that these limits follow the Dulong-Petit
law for an ultrarelativistic ideal gas.
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Figure 4: Thermal properties of Graphene in its 𝑞-deformed version.

5. Conclusion

In this paper, after a brief preliminary around 𝑞-deformed
oscillator, we studied the DO in this deformation formalism.
We have found the eigenvalues and eigenfunctions by intro-
ducing 𝑞-deformed creation and annihilation operators using
the complex formalism. It has been shown that eigenvalues
of these oscillators can be derived, and especially we have
tested them in limited cases where the ordinary results have
been well recovered. And treatments of energy eigenvalues
for real and complex values of the 𝑞 parameter were depicted
where difference between real and complex cases were
shown clearly. It was seen that, for real values of 𝑞, in the
energy eigenvalues we faced rapid rise so that the spectrum
expanded. On the contrary, when we set complex values for𝑞, we witness that the eigenvalues increased less rapidly than
real case.

The connection between our 𝑞-deformed DO with quan-
tum optics is well established via JC and AJC models,
and the existence of well-known 𝑞-deformed version of
Zitterbewegung in relativistic quantum dynamics has been

discussed. In the case of very small deformation, we have
calculated in the pure phase case (𝑞 = 𝑒�푖�휂) the partition
function and all thermal quantities such as the free energy,
total energy, entropy, and specific heat. As an application, we
have extended our results to the case of Graphene.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] D. Bonatsost, L. Britot, D. Menezes, and J. Phys, “Thermal
properties of graphene in its q-deformed version,” Journal of
Physics A:Mathematical and General, vol. 26, pp. 895–904, 1993.

[2] L. C. Biedenharn, “Thequantumgroup SUq(2) and a q-analogue
of the boson operators,” Journal of Physics. A: Mathematical and
General, vol. 22, no. 18, pp. L873–L878, 1989.

[3] A. J. Macfarlane, “On q-analogues of the quantum harmonic
oscillator and the quantum group SU(2)q,” Journal of Physics. A.
Mathematical and General, vol. 22, no. 21, pp. 4581–4588, 1989.



Advances in High Energy Physics 11

[4] P. P. Kulish and E. V. Damaskinsky, “On the q oscillator and the
quantum algebra suq(1,1),” Journal of Physics. A. Mathematical
and General, vol. 23, no. 9, pp. L415–L419, 1990.

[5] Y. J. Ng, “Comment on the q-analogues of the harmonic
oscillator,” Journal of Physics. A. Mathematical and General, vol.
23, no. 6, pp. 1023–1027, 1990.

[6] H. Ui and N. Aizawa, “-analogue of boson commutator and the
quantum groups SUq(2) and SUq(1, 1),” Modern Physics Letters
A, vol. 5, no. 4, pp. 237–242, 1990.

[7] A. Lorek, A. Ruffing, and J. Wess, “A q-deformation of the
harmonic oscillator,” Zeitschrift für Physik, vol. 74, no. 2, pp.
369–377, 1997.

[8] I. L. Cooper and R. K. Gupta, “q-deformed Morse oscillator,”
Physical Review. A.Third Series, vol. 52, no. 2, pp. 941–948, 1995.

[9] A. Lavagno, A. M. Scarfone, and P. N. Swamy, “Classical and
quantum q-deformed physical systems,”The European Physical
Journal C. Particles and Fields, vol. 47, no. 1, pp. 253–261, 2006.

[10] J. Črnugelj, M. Martinis, and V. Mikuta-Martinis, “Jaynes-
Cummings model and the deformed-oscillator algebra,” Physics
Letters. A, vol. 188, no. 4-6, pp. 347–354, 1994.

[11] A.M. Gavrilik, I. I. Kachurik, andA. V. Lukash, “New version of
q-deformed supersymmetric quantum mechanics,” Ukrainian
Journal of Physics, vol. 58, no. 11, pp. 1025–1032, 2013.

[12] M. S. Abdalla, H. Eleuch, and J. Appl, “Exact analytic solutions
of the Schrödinger equations for some modified q-deformed
potentials,” Journal of Applied Physics, vol. 115, Article ID
234906, 2014.

[13] S. Cai, G. Su, and J. Chen, “Thermostatistic properties of a
q-deformed ideal Fermi gas with a general energy spectrum,”
Journal of Physics. A. Mathematical and Theoretical, vol. 40, no.
37, pp. 11245–11254, 2007.

[14] W. S. Chung, “q-deformed tamm–dancoff oscillators: represen-
tation, fermionic extension and physical application,” Interna-
tional Journal of Modern Physics B, vol. 29, Article ID 1550177,
2015.

[15] W. S. Chung, “New q-deformed fermionic oscillator algebra and
thermodynamics,” Journal of Advanced Physics, vol. 4, pp. 1–4,
2015.

[16] A. Algin and M. Senay, “Fermionic image-deformation and its
connection to thermal effective mass of a quasiparticle,” Physica
A, vol. 447, pp. 232–246, 2016.
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