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In this paper, we demonstrated that the multiple turning point problems within the framework of the Wentzel-Kramers-Brillouin
(WKB) approximation method can be reduced to two turning point one for a nonsymmetric potential function by using an
appropriate Pekeris-type approximation scheme. We solved the Schrödinger equation with the Killingbeck potential plus an
inversely quadratic potential (KPIQP) function. The special cases of the modeled potential are discussed. We obtained the
energy eigenvalues and the mass spectra of the heavy ðQ�QÞ and heavy-light ðQ�qÞ mesons systems. The results in this present
work are in good agreement with the results obtained by other analytical methods and available experimental data in the literature.

1. Introduction

In the Quark model, a meson is a hadronic subparticle which
consists of the quark and its antiquark, and the reduced mass
is dominated by the light quark mass [1]. The meson system
is mediated by the strong interactions which are described by
the theory of quantum chromo-dynamics (QCD) [2]. The
heavier mesons also known as quarkonia ðQ�QÞ are the con-
stituents of the heavy quarks such as the bottom (b) and
charmed (c) and are considered as nonrelativistic bound sys-
tems described by the Schrodinger wave equation (SE) [1, 2].
However, the case is different for the light (uds) quark inter-
action systems ðq�qÞ which are described by relativistic equa-
tions [1, 2]. Also, the heavy-light meson ðQ�qÞ system bound
states have been studied using both the relativistic and non-
relavistic quark models [1, 2]. The bound state solutions to
the wave equations under the quark-antiquark interaction
potential functions such as the Killingbeck or the Cornell
potentials have attracted much research interest in atomic
and high energy physics [3–26]. The Killingbeck potential
comprises the sum of the Cornell plus the Harmonic oscilla-
tor potentials, while the Cornell potential is the sum of the
Coulomb plus linear potentials. The Cornell potential and
its extended forms have been extensively solved with the SE
[3–22], semirelativistic equation [23], and also with the rela-

tivistic equation [24–26]. The solution of the wave equation
with some potentials are exactly solvable for l = 0, whereas
other potentials are insoluble and nontrivial for any arbitrary
angular momentum quantum number ðl ≠ 0Þ. In this case,
numerical methods and approximate analytical techniques
are required to obtain the solutions of the quantum system
of choice [27, 28]. Owing to the nontrivial mathematical
properties of the quark-antiquark interaction potentials,
several analytical techniques and approximate methods have
been used to calculate the energy and mass spectra. The stan-
dard methods used in the literature are the Nikoforov Uvarov
(NU) method [12–17, 29], asymptotic iterative method
(AIM) [30], the Laplace transformation method (LTM)
[18], artificial neural network method (ANN) [19], and the
analytical exact iterative method (AEIM) [11]. The authors
in [12–17] obtained the mass spectrum of the quark-
antiquark interaction system using an appropriate Pekeris-
type approximation scheme to deal with the orbital centrifu-
gal energy barrier. In this present work, motivated by their
approach, the same Pekeris-type approximation scheme is
extended to the WKB formalism for the first time to the best
of our knowledge. It is well known that the multiple turning
points problems within the framework of the WKB approx-
imation method can be reduced to the standard two turn-
ing points problem for symmetric potential functions, for
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example, the isotropic harmonic oscillator and the molecu-
lar pseudoharmonic potential with the proper coordinate
transformation [31–33]. This approach allows us to obtain
the exact bound state solutions of the SE for any arbitrary l
quantum numbers in the physical axis ð0 < r1 < r2Þ, where
r1, r2 are the classical turning points.

In this present work, we studied the nonrelativistic quark
model under the interaction of the nonsymmetric KPIQP.
The main focus of this paper is to obtain the mass spectra
of the heavy meson such as charmonium ðc�cÞ, bottomonium
ðb�bÞ, bottom-charmed ðb�cÞ, and the heavy-light meson such
as the charmed-strange ðc�sÞ system via the WKB approxima-
tion method.

The KPIQP has the form [15, 30] of

V rð Þ = Ar2 + Br −
C
r
+ D
r2
, ð1Þ

where A, B, C, and D are constant potential parameters.
If we set A = B =D = 0,, the KPIQP reduces to the Cou-

lomb potential used in the description of the hydrogenic
atom.

V rð Þ = −
C
r

ð2Þ

The KPIQP reduces to the Cornell potential if we set the
constants ðA =D = 0Þ

V rð Þ = Br −
C
r
, B, C > 0: ð3Þ

where C is a coupling constant and B is a linear confinement
parameter.

The SE spectrum generated by the Cornell potential can
be used in the investigation of the masses and decay widths
of charmonium states [8, 19]. The coulombic term arises
from one gluon exchange between the quark and its anti-
quark and dominates at short distances [25]. While the linear
term, which is supported by lattice QCD measurements,
dominates at large distances [19]. The addition of an
inversely quadratic potential (IQP) and the harmonic oscilla-
tor (HO) term to the Cornell potential improves the behavior
of the potential in the region r→ 0. Furthermore, it leads to
improved results as compared to the Cornell potential [30].

The remaining part of the paper is organized as follows.
In section two, the synopsis of the WKB approximation for-
malism is presented. Section three contains the analytical
solution of the bound states of the SE generated by the
KPIQP. The special cases of the obtained energy eigenvalue
are discussed. In section four, we present the numerical
results of the masses of charmonium ðc�cÞ, bottomonium ðb
�bÞ, bottom-charmed ðb�cÞ, and charmed-strange ðc�sÞ mesons.
Furthermore, we compared the WKB mass spectra with the
ones obtained by other analytical methods and available
experimental data. The paper is concluded in section five.

2. WKB Approximation Formalism

The WKB approximation method is an effective tool initially
proposed to find approximate solutions to the one dimen-
sional time independent SE in the limiting case of large radial
quantum numbers. It is used to obtain the finite wave func-
tion and energy eigenvalues of potentials of interest [20,
31–43]. The method can be used to study quantum tunneling
rates in a potential barrier, resonance behavior in a contin-
uum, the exponential decay of an unstable system [43], and
the quasi-normal nodes of a black hole and quantum cosmol-
ogy [44]. The method fails at the classical turning point
where the momentum vanishes. This failure is one of the
major problem associated with the method. The difficulty
can be circumvented using the connection formula [42, 43].
The method accuracy varies markedly for the ground and
other low lying states depending on the potential function
[39]. Also, the leading order WKB approximation scheme
does not yield an exact eigenvalue of the radial SE [31].
To overcome this problem, the orbital centrifugal barrier
term lðl + 1Þ in the radial SE has to be replaced with the
term ðl + 1/2Þ2: This modification is known as the Langer
correction [40]. Sergeenko [38] stated that the Langer cor-
rection regularizes the WKB wave function at the origin
and ensures the correct asymptotic behaviour at large radial
quantum numbers. Also, the centrifugal barrier contribution
of the effective potential does not vanish for the s-wave case
ðl = 0Þ which makes the SE nontrivial for some potential
functions [31, 45], hence the need to use an appropriate
approximation scheme.

The three-dimensional time-independent SE with a
reduced mass μ and wave-function ψðr, θ, ϕÞ is given as

ℏ2

2μ
1
r2

∂
∂r

r2
∂
∂r

� �
+ 1
r2 sin θ

∂
∂θ

sin θ
∂
∂θ

� ��

+ 1
r2 sin2θ

∂2

∂ϕ2

�
ψ r, θ, ϕð Þ +V rð Þψ r, θ, ϕð Þ = Eψ r, θ, ϕð Þ:

ð4Þ

With the help of the method of separation of variables,
we can obtain the radial SE by using the transformation
ψðr, θ, ϕÞ = RðrÞYðθ, ϕÞ/r

d2R rð Þ
dr2

+ 2μ
ℏ2

E −V rð Þ − l + 1/2ð Þ2ℏ2
2μr2

" #
R rð Þ = 0 ð5Þ

where the effective potential is given as

Vef f rð Þ =V rð Þ + l + 1/2ð Þ2ℏ2
2μr2 ð6Þ

We can rewrite Eq. (5) as

−i
ℏd
dr

� �2
" #

R rð Þ = 2μ E −V rð Þ l + 1/2ð Þ2ℏ2
2μr2

" #
R rð Þ: ð7Þ
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From Eq. (7), the classical momentum is given as

P rð Þ = 2μ E −V rð Þ − l + 1/2ð Þ2ℏ2
2μr2

" #( )1/2

ð8Þ

The standard WKB quantization condition [38, 39] for
two turning points (r1, r2) problem is given as

ðr2
r1

P rð Þdr = πℏ n + 1
2

� �
⋅ r1 < r < r2 n = 0, 1, 2⋯ ð9Þ

The turning points are gotten from Eq. (8) by setting
PðrÞ = 0.

The semiclassical wave function in the leading ℏ approx-
imation has the form

ψWKB rð Þ = Nffiffiffiffiffiffiffiffiffi
P rð Þp exp ± i

ℏ

ð
P rð Þdr

� �
: ð10Þ

3. Solution of the Radial Schrodinger Equation

In this section, we obtain the bound state solution of the SE
by substituting Eq. (1) into the WKB standard quantization
condition given by Eq. (9)

ðr2
r1

2μ E − Ar2 − Br + C
r
−
D
r2

−
l + 1/2ð Þ2ℏ2
2μr2

" #( )1/2

dr

= πℏ n + 1
2

� �
⋅ r1 < r < r2, n = 0, 1, 2⋯

ð11Þ

In this case, the classical momentum is given as

P rð Þ = 2μ E − Ar2 − Br + C
r
−
D
r2

−
l + 1/2ð Þ2ℏ2
2μr2

" #( )1/2

ð12Þ

Equation (12) will produce four turning points r1, r2, r3
and r4 of which two of the points must lie in the real axis
ðr > 0Þ where PðrÞ = 0. The multiple turning point problem
with the potential in Eq (1) is beset with some mathematical
challenges. (i) The turning points of the polynomial equation
in Eq. (12) would have to be determined by some means of
algebra. (ii) The evaluation of the integral in Eq. (11) is not
so easy to solve analytically even without the centrifugal bar-
rier term.

To obtain the analytical solution of the WKB quantiza-
tion integral in Eq. (11), we used the Pekeris-type approxima-
tion scheme by setting r = 1/y.

Changing the variable from r to y, we obtained

−
ffiffiffiffiffi
2μ

p ðy2
y1

dy
y2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E −

A
y2

−
B
y
+ Cy −Dy2 −

l + 1/2ð Þℏ2y2
2μ

s

= πℏ n + 1
2

� �
, y1 < y < y2, n = 0, 1, 2

ð13Þ

Next, we expanded the terms A/y2 and B/y in power
series form to the second-order around r0ðδ = 1/r0Þ which
is assumed to be the characteristic radius of a meson [12–17].

If we let x = y − δ and expand around x = 0, we obtained

A
y2

= A

x + δð Þ2
= A

δ2
1 + x

δ

� �2
≈

A

δ2
1 − 2x

δ
+ 3x2

δ2

� �

≈ A
6
δ2

−
8y
δ3

+ 3y2
δ4

� �
:

ð14Þ

In the same vein, we obtained the expansion for B/y as

B
y
≈ B

3
δ
−
3y
δ2

+ y2

δ3

� �
: ð15Þ

On substituting Eqs. (14) and (15) into (13), we obtained

−
ffiffiffiffiffi
2μ

p ðy2
y1

dy
y2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−T +My −Ny2

q

= πℏ n + 1
2

� �
:y1 < y < y2, n = 0, 1, 2⋯ :,

ð16Þ

where

N = D + 3A
δ4

+ B

δ3
+ l + 1/2ð Þ2ℏ2

2μ

 !
ð17Þ

M = C + 8A
δ3

+ 3B
δ2

� �
ð18Þ

−T = E −
6A
δ2

−
3B
δ

� �
ð19Þ

Equation (16) can further be simplified as

−
ffiffiffiffiffiffiffiffiffi
2μN

p ðy2
y1

dy
y2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−C + By − y2

p

= πℏ n + 1
2

� �
⋅ y1 < y < y2, n = 0, 1, 2⋯ :,

ð20Þ

where

B = M
N

ð21Þ
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C = T
N

ð22Þ

Furthermore, we can write Eq. (20) in a more compact or
standard form:

−
ffiffiffiffiffiffiffiffiffi
2μN

p ðy2
y1

dy
y2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − yð Þ y − y1ð Þ

p
= πℏ n + 1

2

� �
:0 < y1 < y2

ð23Þ

Where y1, y2 are real turning points obtained by solving
the quadratic equation in the squared root of the integrand
of Eq. (20).

y1 =
B −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 4C

p

2
ð24Þ

y2 =
B +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 4C

p

2
ð25Þ

Performing the integration of (23), we obtained the
solution

ðy2
y1

dy
y2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − yð Þ y − y1ð Þ

p
= π

ffiffiffiffiffiffiffiffiffi
y2y1

p − 1/2 y2 + y1ð Þ	 

ffiffiffiffiffiffiffiffiffi
y2y1

p , 0 < y1 < y2

ð26Þ

By comparing Eqs. (23) and (26), implies that

ffiffiffiffiffiffiffiffiffi2μNp 1/2 y2 + y1ð Þ − ffiffiffiffiffiffiffiffiffi
y2y1

p	 

ffiffiffiffiffiffiffiffiffi
y2y1

p = ℏ n + 1
2

� �
: ð27Þ

Furthermore, with the help of Eqs. (24) and (25), we
can write the sum and products of the turning points as

y2 + y1ð Þ = B = M
N

ð28Þ

y2y1 = C = T
N

ð29Þ

substituting Eqs. (28) and (29) into (27), we obtained the
expression

T = μ

2
M

ℏ n + 1/2ð Þ + ffiffiffiffiffiffiffiffiffi2μNp
� �2

ð30Þ

Finally, using the respective notations T ,M, and N
given in Eqs. ((17)–(19)), we obtained the energy eigen-
value expression for the KPIQP as

4. Discussion

In this section, we present some special cases of the energy
eigenvalues of the KPIQP and also obtain the mass spectra
of quarkonia and the heavy-light meson system.

If we set A = B =D = 0 and C = Ze2 in Eq. (31), we imme-
diately retrieved the Coulomb’s energy eigenvalue equation
given as

ECP
nl = −

μZ2e4

2ℏ2n2p
, np = 1, 2, 3 ð32Þ

where Z is the atomic number, e is the electronic charge,
and np is a principal quantum number with the notation
np = n + l + 1.

Setting A = B = 0,D ≠ 0, C ≠ 0, Eq. (1) reduces to the
molecular Kratzer-type [46–59] potential and the energy
eigenvalue equation has the form of

Enl = −
2μ
ℏ2

C

2n + 1ð Þ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8μ/ℏ2 D + l + 1/2ð Þ2ℏ2/2μ� �� �q

2
64

3
75
2

ð33Þ

If we let A =D = 0, then Eq. (31) reduces to the approxi-
mate energy expression of the Cornell potential,

Enl = −
2μq�q
ℏ2

C + 3B/δ2
� �� �

2n + 1ð Þ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8μ/ℏ2
� �

B/δ3
� �

+ l + 1/2ð Þ2ℏ2/2μ� �� �q
2
64

3
75
2

+ 3B
δ

ð34Þ

In order to compute the mass spectra of meson systems,
we use the meson mass relation [12]

Mnl =mq +m�q + Enl ð35Þ

Enl = −
2μ
ℏ2

8A/δ3
� �

+ C + 3B/δ2
� �� �

2n + 1ð Þ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8μ/ℏ2
� �

3A/δ4
� �

+ B/δ3
� �

+D + l + 1/2ð Þ2ℏ2/2μ� �� �q
2
64

3
75
2

+ 6A
δ2

+ 3B
δ

ð31Þ
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Wheremq andm�q are the respective quark and antiquark
masses.

By substituting Eq. (34) into (35), the mass spectrum of
the meson systems for any arbitrary radial and angular
momentum quantum numbers becomes

Mnl =mq +m�q

−
2μq�q
ℏ2

C + 3B/δ2
� �� �

2n + 1ð Þ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8μ/ℏ2
� �

B/δ3
� �

+ l + 1/2ð Þ2ℏ2/2μ� �� �q
2
64

3
75
2

+ 3B
δ

ð36Þ

Where mq�q is the reduced mass of the quark-antiquark
systems given by the relation

μq�q =
mqm�q

mq +m�q
ð37Þ

With the numerical support of the MAPLE package, we
generated the masses of ðQ�QÞ and ðQ�qÞ mesons systems by
fitting Eq. (36) with experimental data given in Tables 1–4.
For the charmonium meson, we substituted the experimental
data for the 1S, 2S, 3S states into Eq. (36) and obtained the
free parameters B, C and δ by solving three algebraic equa-
tions. For the bottomonium meson, we substituted the value
of B obtained from the charmonium fit, including the substi-
tution of the experimental values for the 1S and 2S states into
Eq. (36) to obtain the parameters C and δ. Also, for the
bottom-charmed meson, the values of B, C gotten from the
charmonium fit with the 1S state experimental data are

substituted into Eq. (36) to obtain the parameter δ. Finally,
the free parameters for the charmed-strange meson are
obtained by inserting B, and the experimental data for the
1S and 2S states into Eq. (36). This enabled us to determine
the C and δ parameters from two algebraic equations. The
masses for other excited states are obtained and compared
with the results obtained by other analytical methods includ-
ing available experimental data. Generally, the mass spectra
increase as the adjacent quantum levels increase. These
trends are in consonance with the results reported in the lit-
erature [11, 15, 18, 19, 30], including available experimental
data [60–62]. Also, the results for the charmed-strange
meson tabulated in Table 4 are in excellent agreement with
the ones obtained in Refs. [15, 30] and experimental data
such as the excited 1D-state [62]. Furthermore, in Table 3,
the mass spectrum of the bottom-charmed meson is very
close to the ones obtained with the artificial neural network
method [19] and also to the 2S state experimental data [60]
indicating an improvement compared to the other methods.

5. Conclusion

The energy eigenvalue equation of the SE with the KPIQP has
been obtained with elegance. We demonstrated that the mul-
tiple turning point problems can be truncated to two turning
points one for a nonsymmetric potential function by using an
appropriate Pekeris-type approximation scheme to the deal
with the orbital centrifugal barrier energy. This approxima-
tion scheme allows us to solve the WKB integral analytically
for any angular momentum quantum number.We computed
the masses of mesons systems by using the Cornell potential
as a model. The approximate mass spectra of the meson sys-
tems obtained in this present work are in excellent agreement

Table 1: Charmonium ðc�cÞ spectra in GeVðmc = 1:209GeV , B = 0:202GeV2, C = 1:213, δ = 0:236GeVÞ.
State Present work AEIM [11] NU [15] AIM [30] LTM [18] ANN [19] Exp. [60]

1S 3.098 3.095481 3.095 3.096 3.0963 3.098 3.097

2S 3.689 3.567354 3.685 3.686 3.5681 3.688 3.686

3S 4.041 4.039226 4.040 4.275 4.0400 4.029 4.039

4S 4.266 4.511098 4.262 4.865 4.5119

1P 3.262 3.567735 3.258 3.214 3.5687 3.516 3.511

2P 3.784 4.039607 3.779 3.773 4.0406 3.925 3.927

1D 3.515 4.039683 3.510 3.412 4.0407 3.779 3.770

Table 2: Bottomonium ðb�bÞ spectra in GeVðmb = 4:823GeV , B = 0:202GeV2, C = 1:664, δ = 0:361GeVÞ.
State Present work AEIM[11] NU [15] AIM [30] LTM [18] ANN [19] Exp. [60]

1S 9.461 9.74473 9.460 9.460 9.745 9.460 9.460

2S 10.023 10.02315 10.022 10.023 10.023 10.026 10.023

3S 10.365 10.30158 10.360 10.585 10.3016 10.354 10.355

4S 10.588 10.58000 10.580 11.148 10.580 10.572 10.579

1P 9.608 10.02406 9.609 9.492 10.0246 9.891 9.899

2P 10.110 10.30248 10.109 10.038 10.3029 10.258 10.260

1D 9.841 10.30266 9.846 9.551 10.3032 10.156 10.164
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with the results obtained by the other analytical methods and
thus reinforce the exactness of the leading order WKB
approximation method. Finally, our results may be useful
to future experimental works and also can be applied in the
study of molecular structures and interactions of diatomic
molecules.
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