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Transverse momentum spectra of proton, deuteron, and triton in gold-gold (Au-Au) collisions at 54.4GeV are analyzed in different
centrality bins by the blast wave model with Tsallis statistics. The model results are approximately in agreement with the
experimental data measured by STAR Collaboration in special transverse momentum ranges. We extracted the kinetic freeze-
out temperature, transverse flow velocity, and freeze-out volume from the transverse momentum spectra of the particles. It is
observed that the kinetic freeze-out temperature is increasing from the central to peripheral collisions. However, the transverse
flow velocity and freeze-out volume decrease from the central to peripheral collisions. The present work reveals the mass
dependent kinetic freeze-out scenario and volume differential freeze-out scenario in collisions at STAR Collaboration. In
addition, parameter q characterizes the degree of nonequilibrium of the produced system, and it increases from the central to
peripheral collisions and increases with mass .

1. Introduction

The two important stages in the evolution system are chem-
ical and kinetic freeze-out. The degree of excitation of the
interacting system at the two stages is different from each
other. The chemical and kinetic freeze-out temperatures are
used to describe different excitation degrees of interacting
system of the two stages. In general, the ratios of different
kinds of particles are no longer changed at the stage of chem-
ical freeze-out. The chemical freeze-out temperature can be
obtained from different particle ratios in the framework of
the thermal model [1–3]. The transverse momentum spectra
of different particles are no longer changed at the stage of
kinetic freeze-out and thermal/kinetic freeze-out tempera-
ture can be obtained from the transverse momentum spectra
according to the hydrodynamical model [4].

It is important to point out that the transverse momen-
tum spectra even though in a narrow pT range, but it contains
both the contribution of thermal motion and transverse flow
velocity. The random thermal motion reflects the excitation,

and the transverse flow velocity reflects the degree of expan-
sion of the interacting system. In order to extract the kinetic
freeze-out temperature (T0), we have excluded the contribu-
tion of transverse flow velocity (βT), that is, to disengage the
random thermal motion and transverse flow velocity. There
are various methods to disengage the two issues. The
methods include but are not limited to blast wave fit with
Boltzmann Gibbs statistics [5–7], blast wave model with
Tsallis statistics [8–10], and alternative methods [11–17].

The dependence of T0 and βT on centrality is a very com-
plex situation. There are two schools of thought. (1) T0
increase decrease from the central to peripheral collisions
[18–21] and (2) T0 increase from the central to peripheral
collisions [22, 23]. Both have their own explanations. Larger
T0 in the central collisions explain higher degree of excitation
of the system due to more violent collisions, while smaller T0
in the central collisions indicates longer lived fireball in the
central collisions. It is very important to find out which colli-
sion system contains larger T0. Furthermore, there are sev-
eral opinions about the freeze-out of particles which
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include single, double, and multiple kinetic freeze-out. It is
also very important to dig out the correct freeze-out scenario.

In the present work, we will analyze the pT spectra of pro-
ton, deuteron, and triton and will extract T0 and βT . Deu-

teron and triton are light nuclei. The fundamental
mechanism for light nuclei production in relativistic heavy
ion collision is not well understood [24–26]. Coalescence of
anti(nucleons) is a possible approach [27–31]. Because of
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Figure 1: Transverse mass spectra of (a–c) p, d, and t produced in different centrality bins in Au-Au collisions at
ffiffiffiffiffiffiffiffiffiffi
sNN

p
= 54:4GeV. The

symbols represent the experimental data measured by the STAR Collaboration at ∣y ∣ <0:5 [40]. The curves are our fitted results by
Equation (1). Each panel is followed by its corresponding ratios of data/fit.
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small binding energies (d with 2.2MeV and t with 8.8MeV),
the light nuclei cannot persists when the temperature is much
higher than their binding energy. The typical kinetic freeze-
out temperature is around 100MeV for light hadrons, so they
might disintegrate and be formed again by final-state coales-
cence after nucleons are decoupled from the hot and dense
system. Hence, the study of the light nuclei can be useful in
the extraction of information of nucleon distribution at the
freeze-out [27, 30, 32].

Before going to the formalism, we would point out that
the concept of the volume is also important in high-energy
collisions. The volume occupied by the ejectiles, when the
mutual interactions become negligible and the only force
they feel is the columbic repulsive force, is called the kinetic
freeze-out volume (V). Various freeze-out volumes occur at
various freeze-out stages, but we are only focusing on the
kinetic freeze-out volume V in the present work. The freeze-
out volume gives information about the coexistence of phase
transition and is important in the extraction of multiplicity,
microcanonical heat capacity, and its negative branch or
shape of the caloric curves under the thermal constraints
can be obtained V .

The remainder of the paper consists of method and for-
malism in Section 2, followed by the results and discussion
in Section 3. In Section 4, we summarized our main observa-
tions and conclusions.

2. The Method and Formalism

In high-energy collisions, there are two types of particle pro-
duction process: (1) soft process ad (2) hard process. For soft
process, there are various methods which include but are not
limited to blast wave model with boltzmann Gibbs statistics
[5–7], blast wave model with Tsallis statistics [8–10], Hage-

dorn thermal model [20], and standard distribution [33,
34]. We are interested in the blast wave model with Tsallis
statistics. According to [8], the blast wave fit with Tsallis sta-
tistics results in the probability density function be

f1 pTð Þ = 1
N

dN
dpT

= C
gV

2πð Þ2 pTmT

ðπ
−π
dϕ

ðR
0
rdr

× 1 +
q − 1
T0

mT cosh ρð Þ − pT sinh ρð Þ × cos ϕð Þ½ �
� �−1/ q−1ð Þ

,

ð1Þ

where C denotes the normalization constant that leads the
integral in Equation (1) to be normalized to 1, g is the degen-
eracy factor which is different for different particles based on
gn = 2Sn + 1, mT =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2T +m2

0
p

is the transverse mass, m0
denotes rest mass of the particle, ϕ shows the azimuthal
angle, r is the radial coordinate, R is the maximum r, q repre-
sents the measure of degree of deviation of the system from
an equilibrium state, ρ = tanh−1½βðrÞ� is the boost angle, βðr
Þ = βSðr/RÞn0 is a self-similar flow profile, βS represents the
flow velocity on the surface, as a mean of βðrÞ, βðrÞ = ð2/R2

ÞÐ R0 rβðrÞdr = 2βs/ðn0 + 2Þ = 2βs/3, and n0 = 1. Furthermore,
the index −1/ðq − 1Þ in Equation (1) can be substituted by
−q/ðq − 1Þ due to the reason that q is being close to 1. This
substitution results in a small and negligible divergence in
the Tsallis distribution.

In case of a not too wide pT range, the above equation can
be used to describe the pT spectra and we can extract T0 and
βT . But, if we use the wide pT spectra, then the contribution
of the hard scattering process can be considered. According
to quantum chromodynamics (QCD) calculus [35–37], the
contribution of hard process is parameterized to be an

Table 1: Values of free parameters (T0 and βT ), entropy index (q), normalization constant (N0), χ
2, and degree of freedom (dof)

corresponding to the curves in Figures 1.

Collisions Centrality Particle T0 βT V (fm3) q N0 χ2/dof

Figure 1
Au-Au 54.4GeV

0–10% p 0:082 ± 0:006 0:454 ± 0:009 4000 ± 220 1:012 ± 0:004 0:019 ± 0:005 5/13

10–20% — 0:086 ± 0:005 0:434 ± 0:008 3800 ± 300 1:015 ± 0:005 0:0072 ± 0:0004 6/13

20–40% — 0:090 ± 0:007 0:420 ± 0:010 3650 ± 234 1:018 ± 0:007 0:00194 ± 0:0005 11/13

40–60% — 0:094 ± 0:006 0:370 ± 0:008 3400 ± 190 1:022 ± 0:006 6 × 10− 4 ± 6 × 10−5 7/13

60–80% — 0:099 ± 0:002 0:340 ± 0:011 3100 ± 200 1:024 ± 0:007 1:2 × 10− 4 ± 4 × 10−5 29/13

0–10% d 0:127 ± 0:007 0:360 ± 0:010 3000 ± 177 1:004 ± 0:006 4:15 × 10−4 ± 4 × 10−5 10/12

10–20% — 0:130 ± 0:005 0:340 ± 0:009 2700 ± 220 1:007 ± 0:005 1:5 × 10−5 ± 5 × 10−5 11/12

20–40% — 0:134 ± 0:005 0:280 ± 0:010 2500 ± 180 1:011 ± 0:004 5:1 × 10−5 ± 6 × 10−6 39/12

40–60% — 0:138 ± 0:006 0:224 ± 0:008 2200 ± 200 1:013 ± 0:005 1:2 × 10−6 ± 6 × 10−6 3/12

60–80% — 0:142 ± 0:008 0:130 ± 0:009 2000 ± 200 1:016 ± 0:006 2:7 × 10− 7 ± 4 × 10−7 16/10

0–10% t 0:136 ± 0:005 0:340 ± 0:007 2200 ± 165 1:0002 ± 0:004 9:17 × 10−7 ± 3 × 10−8 4/3

10–20% — 0:139 ± 0:006 0:320 ± 0:009 2000 ± 150 1:0006 ± 0:006 4 × 10− 7 ± 4 × 10−8 3/3

20–40% — 0:148 ± 0:007 0:250 ± 0:008 1823 ± 135 1:0009 ± 0:007 1:4 × 10−8 ± 6 × 10−8 12/8

40–60% — 0:154 ± 0:006 0:170 ± 0:010 1500 ± 180 1:0012 ± 0:006 3:7 × 10− 6 × 10−9 6/3
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inverse power law.

f H pTð Þ = 1
N

dN
dpT

= ApT 1 +
pT
p0

� �−n
, ð2Þ

which is the Hagedorn function [38, 39], A is the normaliza-
tion constant while p0 and n are the free parameters.

The superposition of the soft and hard scattering pro-
cesses can be used if the pT spectra are distributed in a wide
range. If Equation (1) describes the contribution of the soft
process, then the contribution of the hard process can be
described by Equation (2). To describe the spectrum in a
wide pT range, one can superpose the two-component super-
position like this

f0 pTð Þ = kf S pTð Þ + 1 − kð Þf H pTð Þ, ð3Þ

where k denotes the contribution fraction of soft excitation
and ð1 − kÞ shows the hard scattering process, f S denotes
the soft process which contributes in the low pT region and
f H is the hard process which contributes in a whole pT
region. The two contributions overlap each other in the low
pT region.

We may also use the usual step function to superpose the
two functions. According to the Hagedorn model [38],

f0 = pTð Þ = A1θ p1 − pTð Þf S pTð Þ + A2θ pT − p1ð Þf H pTð Þ, ð4Þ

where A1 and A2 are the normalization constants that syn-
thesize A1 f Sðp1Þ = A1 f Hðp1Þ and θðxÞ is the usual step
function.

3. Results and Discussion

Figure 1 presents the transverse momentum (pT) spectra ½ð
1/2πpTÞ d2N/dydpT � of proton, deuteron, and triton in Au-
Au collisions at

ffiffiffiffiffiffiffiffiffi
sNN

p
= 54:4GeV. The pT spectra is distrib-

uted in different centrality bins of 0–10%, 10−20%, 20−40%,
40−60%, and 60−80% for p and d, and 0–10%, 10−20%, 20
−40%, and 40−60% for triton at ∣y ∣ <0:5, where ∣y ∣ denotes
the rapidity. The symbols represent the experimental data
measured by the STAR Collaborations [40], and the curves
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are our fitting results by using the blast wave model with
Tsallis statistics. Each panel is followed by its corresponding
data/fit. The related parameters, χ2 and degree of freedom
(dof) are listed in Table 1. One can see that Equation (1) fits
well the data in Au-Au collisions at 54.4GeV at the RHIC.

To show the trend of the extracted parameters, Figure 2
shows the dependence of kinetic freeze-out temperature on
centrality. One can see that T0 in central collisions is smaller,
and it is increasing with the decrease of centrality which indi-
cates a decrease of lifetime of fireball from central collisions
to peripheral collisions. Furthermore, T0 is observed to be
mass dependent, as it is larger from triton, followed by deu-
teron and then proton which means heavy particles freeze-
out early than lighter particles.

Figure 3 shows the centrality dependence of transverse
flow velocity. βT is observed to decrease with the decrease
of centrality due to the reason that in central collisions the
system undergoes more violent collisions and the system
expands very rapidly. In addition, βT is observed for smaller
for heavy particles.

Figure 4 is same as Figure 3 but shows the centrality-
dependent freeze-out volume. The freeze-out volume
decreases with the decrease of centrality due to decreasing
the number of participant nucleons. There are large number
of binary collisions due to the rescattering of partons in cen-
tral collisions, and therefore, the system with more partici-
pants reaches quickly to the equilibrium state. Furthermore,
the volume differential scenario is observed and heavy parti-
cles are observed to have less freeze-out volume and this

shows the early freeze-out heavier particles. The different
freeze-out of different particles exhibits different freeze-out
surfaces of different particles. Figures 5 and 6 are the same.
Figure 5 shows the correlation of T0 and βT and Figure 6
shows the correlation of T0 and V . One can see that both
T0 and βT , and T0 and V exhibit a two-dimensional anticor-
relation band. The larger the T0, the smaller the β and V .
Figure 7 shows the dependence of q on centrality. The
parameter q is smaller in central collisions, but as we go from
the central to peripheral collisions, it is going to increase. The
parameter is varying with mass of the particle, larger q is
observed for light particles. The interacting system stays at
equilibrium because q is being very close to 1. In Figure 8,
the parameter N0 decreases with the mass of the particle.
N0 basically shows the multiplicity, and it is larger in the cen-
tral collision which decreases towards periphery.

3.1. Further Discussion. The study of pT spectra of the parti-
cles may give some fruitful information about effective tem-
perature (Teff ), initial temperature (Ti), thermal/kinetic
freeze-out temperature (T0), thermal freeze-out volume (V)
of the interacting system, and transverse flow velocity (βT)
of the final-state particles. We use the fitting method to
extract this information by using different models and distri-
butions. In the present work, the blast wave model with Tsal-
lis statistics is used.

The structure of transverse momentum (pT) spectra of
charged particles generated in high-energy heavy ion colli-
sions is very complex. It is not enough to use only one
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probability density function to describe the pT spectra,
though this function can be of various forms, particularly,
in the case when the maximum pT reaches to 100GeV at
LHC collisions [41]. Several pT regions are observed by the
model analysis [42], including the first region pT < 4
-6GeV/c, 4 − 6GeV/c < pT < 17 − 20GeV/c, and the third
region with pT > 17 − 20GeV/c. The boundaries of different
pT regions at the RHIC are slightly lower. It is expected that
different pT regions correspond to different interacting
mechanisms. Even for the same pT region, there are different
explanations due to different model methods and microcos-
mic pictures.

According to [42], different whole features of fragmenta-
tion and hadronization of partons through the string dynam-
ics corresponds to different pT regions. The effects and
changes by the medium take part in the main role in the first
pT region, while it has weak appearance in second pT region.
At the same time, in the third region, the nuclear transpar-
ency results in a negligible impact of the medium. From
number of strings’ point of view, the maximum number of
strings is in the second pT region that results in fusion and
creation of strings and collective behavior of partons. The
second pT region is proposed as a possible area of quark-
gluon plasma (QGP) through the string fusion. Due to direct
hadronization of the low-energy strings into mesons [42], the
first pT region has the minimum number of strings and max-
imum number of hadrons. In some cases, there may be the
contribution region (pT < 0:2-0.3GeV/c) of the very soft pro-
cess which is due to resonant production of charged particles,
e.g., pions, and this region is considered as the fourth pT

region. Different components in a unified superposition can
describe the four pT regions. We have two methods in order
to structure the unified superposition. The first method is the
common method of overlapping of the contribution regions
of various components; however, the second method is the
Hagedorn model [38] which excludes this overlapping. If
the contribution of the hard component in the first method
is neglected in the low pT region due to its small value, the
first method can be changed into the second method. Indeed
the contribution to T0 and βT is less for the hard component.
If the spectra in the low pT region is analyzed to extract only
T0 and βT , then we can give up the second part of Equations
(3) and (4). That is, f SðpTÞ can be used directly from Equa-
tion (1) which also includes the contribution of the very soft
component that comes from resonance decays if available in
the data. In the present work, the contribution of the hard
component in the low pT region if available is included in
the extraction of T0 and βT which may cause a slight increase
in T0 and/or βT but the relative increase can be neglected due
to small values [43]. In the present work, we only use Equa-
tion (1), which means that the fraction of the hard compo-
nent is zero in the low pT region. But, we also show
Equations (3) and (4) to show a method for further analysis
if necessary.

4. Conclusions

The main observations and conclusions are summarized
here.
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(a) The transverse momentum spectra of proton (p),
deuteron (d), and triton (t) are analyzed by the blast
wave model with Tsallis statistics and the bulk prop-
erties in terms of the kinetic freeze-out temperature,
transverse flow velocity, and kinetic freeze-out vol-
ume are extracted

(b) The kinetic freeze out temperature (T0) is observed
to increase from the central to peripheral collisions.
However, the transverse flow velocity and freeze-
out volume is decreasing from the central to periph-
eral collisions

(c) The entropy index (q) increasing with from centrality
while parameter N0 is decreasing with centrality

(d) The kinetic freeze-out temperature, transverse flow
velocity, and freeze-out volume decrease with the
increasing mass of the particle. Therefore, the mass
differential kinetic freeze-out scenario and volume
differential freeze out scenario are observed

(e) Both the entropy index (q) and the parameter N0
decrease with the mass of particle
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