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Energy eigenvalues of quartic and sextic type anharmonic potentials are obtained by using an alternative method called asymptotic
Taylor expansionmethod (ATEM)which is an approximate approach based on the asymptotic Taylor series expansion of a function.
It is shown that the energy eigenvalues found by ATEM are in excellent agreement with the existing results.

1. Introduction

It is well known that the exact solution of Schrödinger
equation is only possible for very few numbers of potentials
and it is required to apply the numerical methods or some
approximate schemes in most quantum mechanical systems.
In the literature, there are many studies for this purpose
such as numerical calculation [1, 2], the perturbation [3], the
variational [4], the WKB [5, 6], the shifted 1/𝑁 expansion
[7, 8], the Nikiforov-Uvarov (NU) [9], and the supersym-
metry (SUSY) [10] to find the approximate solutions of the
potentials that are not exactly solvable. In the last decades,
the study of anharmonic oscillator potentials (such as quartic
and sextic anharmonic oscillators) has been taking attention
because they are open for the theoretical perception of
some recently discovered phenomena in different branches
of physics [11–13]. On the other hand, these potentials are
not exactly solvable which make them very popular for
examining the validity of any approach [14–17]. In all these
attempts, it is merely required to get a relatively effective
and simple approach that gives the energy eigenvalues—and
eigenfunctions—to a high degree of accuracy. In this study, an
efficient method called asymptotic Taylor expansion method
(ATEM) is applied to compute the energy eigenvalues of both
the quartic and the sextic anharmonic oscillator potentials in
one dimension.

The ATEM based on the Taylor series expansion is
proposed by Koç and Sayın [18]. It is claimed that one
can easily apply ATEM to solve second-order differential
equations by introducing a simple code in Mathematica [19]
computer program.Therefore, it is focused on the solution of
the eigenvalue problems of anharmonic oscillator potentials
by using ATEM in this paper.

The organization of the paper is as follows. In Section 2, a
brief outline of the method ATEM is presented. In Section 3,
we obtain numerically the eigenenergies and make compar-
ison with other existing results. Finally, Section 4 is devoted
to a conclusion.

2. Asymptotic Taylor Expansion Method

Following the notation in [18], one can consider the Taylor
series expansion of a function 𝑓(𝑥) about the point 𝑎:
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where𝑓(𝑛)(𝑎) is the 𝑛th derivative of the function at𝑎. If 𝑎 = 0,
then it is called Maclaurin’s series and given by

𝑓 (𝑥) = 𝑓 (0) + 𝑥𝑓
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It is claimed in [18] that one can construct a method to solve
the second-order linear differential equations in the form of

𝑓
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By differentiating (3) with respect to 𝑥, one can get the higher
order derivatives of 𝑓(𝑥) in terms of 𝑓(𝑥) and 𝑓(𝑥). Thus,
one obtains
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At this point, it is seen that the eigenvalues and eigenfunctions
of the Schrödinger-type equations can efficiently be obtained
by usingATEM.To this end, the recurrence relations (5) allow
one to get analytical or numerical solution of (3) under some
certain conditions. After substituting (5) into (1) and obeying
the termination condition 𝑛 = 𝑚 of the eigenfunction 𝑓(𝑥)
in the bound-state quantum mechanical systems (the reader
is addressed to [18]), one can finally write
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and then eliminating 𝑓(0) and 𝑓(0) one gets
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which will involve a parameter related to eigenvalues of the
potential in the study.

It is seen that the method ATEM is iterative and iteration
number is given by 𝑚. It is proposed that the method can be
applied to the Schrödinger equation, with any type of poten-
tials, as follows. Using a Mathematica computer program,
one can repeat the calculation of the eigenvalues for different
values of iteration number such as 𝑚 = 10, 20, 30, . . ., till
desired digits. When the eigenvalues reach their asymptotic
value, then one can choose the corresponding𝑚 and truncate
the iteration for next calculations. For instance, if one obtains
the eigenvalues for desired digits when𝑚 = 80, then the first
few eigenvalues—first eight-energy state, for example—will
automatically reach their asymptotic values [20].

3. Applications

We consider the one-dimensional quartic double well poten-
tial as a first application:

𝑉 (𝑥) = 𝑥
4
− 𝛾𝑥
2
, 𝛾 > 0. (8)

This potential has great importance in many branches of
physics such as molecular vibrations [21], solid state physics
[22, 23], quantum field theories [24], and quantum chromo-
dynamics [25]. The Schrödinger equation is written as

(−
𝑑
2

𝑑𝑥
2
+ 𝑥
4
− 𝛾𝑥
2
)𝜓 (𝑥) = 𝐸𝜓 (𝑥) , (9)

where ℎ2 = 2𝑚 = 1. To apply ATEM, now we introduce an
ansatz wavefunction as the asymptotic solutions of (9):
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and (9) can now be written as

𝐿 (𝑥) = −𝑓


(𝑥) + 2 (𝛼𝑥 + 𝛽𝑥
3
) 𝑓


(𝑥)

+ (𝛼 − 𝐸 + (3𝛽 − 𝛼
2
− 𝛾) 𝑥

2
+ (1 − 2𝛼𝛽) 𝑥

4
− 𝛽
2
𝑥
6
)

× 𝑓 (𝑥) = 0.

(11)

Comparing (3) and (11) one can deduce that
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Before proceeding ATEM, we note here some points about
the ansatz wave function and the selection of numerical
values of adjustable parameters 𝛼 and 𝛽; to satisfy the
quantum mechanical postulates in the limit of large 𝑥 for
the bound systems, the asymptotic solutions of (9) can
be taken as the multiplication of any power of 𝑥 with a
decreasing Gaussian-type function. Therefore, we suggest
the ansatz wave function in the form of (10). Additionally,
there is strong relation among the wave function and the
potential parameters of 𝛼, 𝛽, and 𝛾, respectively, in the
solution of (9). Since the exact analytical solution of the
potential in (9) cannot be obtained, then one can look for the
effective partner potential solutions; since we introduce (10),
then the superpotential function for the partner potentials
by supersymmetric quantum mechanics (SUSYQM) [26] is
given by
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Since the superpotential𝑊(𝑥) obtained from (10) is
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then the partner potential 𝑉
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It is observed that the potential (16) has one minimum
if 𝛼2 > 3𝛽. Searching for this one-minimum case, we select
the adjustable parameters as 𝛼 = 2 and 𝛽 = 1 in this study.
Since the iteration number 𝑚 is desired to be as much low
as possible, then one has to search for the optimum iteration
number in the calculation of eigenvalues of potential in (9).
By setting 𝛾 = 2, 𝛼 = 2, and 𝛽 = 1, we search for the optimum
iteration number 𝑚 by comparing the results of ATEM with
the known exact value of third excited state, 𝐸exact

𝑛=3
= 8.33293,

in Table 1. We also obtain the percent errors and then set
𝑚 = 80 to truncate the iteration in the following calculations.
It is seen that the term asymptotic means the ATEM value
approaching to a given value as the iteration number tends to
infinity.

We present our results carried out for a range of 𝛾 values
in Table 2 and Table 3 with 7 significant digits and they are
comparedwith those of variational supersymmetric approach
by [27] and the ones computed numerically by [28]. In our
calculations, we set 𝑚 = 80, 𝛼 = 2, and 𝛽 = 1. We observe
that the results by ATEM are in very good agreement with
numerical ones of [28]. In particular, for 𝛾 < 1, the errors are
less than 1% in all cases.

As a second application, we consider the energy eigenval-
ues of the quasi-exactly solvable sextic anharmonic oscillator
potentials:
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6
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2
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2
, 1,
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Since only (2𝑗 + 1) energy eigenvalues can be obtained
analytically while the other levels remain unknown, these
potentials are classified as quasi-exactly solvable potentials
[29, 30]. Following the same procedure given above and the
ansatz wave function in (10) by the same numerical values of
𝑚 = 80, 𝛼 = 2, and 𝛽 = 1, one obtains
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(𝑥) + 2 (2𝑥 + 2𝑥
3
) 𝑓


(𝑥)

+ (2 − 𝐸 − (4 + 8𝑗) 𝑥
2
− 4𝑥
4
) 𝑓 (𝑥) = 0.

(18)

We present and compare our results in Table 4 for 𝑗 =

0, 1/2, 1, 3/2. It is seen from Table 4 that the eigenvalues
obtained by theATEMare acceptably in good agreementwith
the exact numerical results [31]. We also present the percent
errors. It is observed that the errors are less than 1%except the
highest energy state—in this study—for 𝑗 = 0, 1/2, 1 values.

As a last example, we consider the quasi-exactly solvable
potential [6] given as

𝑉 (𝑥) = 𝑥
6
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4
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2
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Using the ansatz wave function of the form defined in (10)
and following the same procedure given above for the same
numerical values of𝑚 = 80, 𝛼 = 2, and 𝛽 = 1, one obtains

𝐿 (𝑥) = −𝑓
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We present and compare our results for 𝑛 = 0, 2, 4 energy
states in Table 5. It is seen that ATEM reproduces excellent
results consistent with the existing literature.

Table 1: Comparison of third excited state eigenvalue of the quartic
potential in (9) by means of ATEM for 𝛾 = 2, 𝑎 = 2, and 𝑏 = 1 and
selection of optimum value for iteration number 𝑚 due to percent
error calculations.

𝑚 𝐸ATEM Error (%)
10 27.22914 226.766

20 10.70786 28.500

30 9.167173 10.011

40 8.612519 3.355

50 8.421598 1.064

60 8.359757 0.322

70 8.340775 0.094

80 8.335161 0.027

90 8.333531 0.007

100 8.333059 0.002

𝐸
exact
𝑛=3

= 8.33293

4. Conclusion

We have applied relatively simple and efficient method for
calculating the energy eigenvalues of some type of one-
dimensional anharmonic oscillator potentials. The method
is based upon the asymptotic Taylor series expansion of a
function. It is shown that the optimal truncation of the Taylor
series reproduces the numerical results for eigenvalues with
higher accuracy. The algorithm constructed for a computer
system using symbolic or numerical calculation is relatively
simple in ATEM.

It is clear that the determination of the adjustable parame-
ters𝛼 and𝛽directly affects the iterationnumber𝑚.Therefore,
the efficiency of the method is then dependent on these
parameters. Since we set 𝑚 = 80 by choosing 𝛼 = 2 and
𝛽 = 1, then the iteration number may seem to be not low
enough. One can choose different 𝛼 and 𝛽 values obeying
the constraint given in text; then the iteration number is
expected to get lower values. On the other hand, one can also
investigate the best approximate values of the parameters 𝛼
and 𝛽 by searching theminimum expectation value of energy
that satisfies (9), for example, for the ground state. Since we
focus on the application ofATEMfor the determination of the
energy eigenvalues by choosing 𝛼 and 𝛽 values given above,
it is thought in our calculations that the percent error ranges
for the potentials in this study are acceptable for the selected
values of𝛼 and𝛽 parameters, by satisfying theminimum-case
condition of supersymmetric partner-like potentials.

It is believed that the simplicity and mathematical facility
of themethod suggested here can be useful to the treatment of
the Schrödinger equation including large class of potentials.
For example, the method can be used for other unidi-
mensional potentials and for isotropic potentials in three
dimensions. Additionally, one can focus on the potential
function given in (8) to search for energy splitting in the wells
for 𝛾 value being large enough [33]. Studies along this line are
in progress.
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Table 2: Energy eigenvalues for the potential in (9) with different values of 𝛾. 𝐸
0,1
(𝑉) and 𝐸

0,1
(𝑁) show the values obtained by variational

supersymmetric method and numerical integration, respectively.The percent errors for ATEM are also shown in the fifth and ninth columns.

𝛾 𝐸
0
(ATEM) 𝐸

0
(𝑉) 𝐸

0
(𝑁) Error (%) 𝐸

1
(ATEM) 𝐸

1
(𝑉) 𝐸

1
(𝑁) Error (%)

0.1 1.023810 1.023910 1.023810 0.0000 3.70894 3.71064 3.70897 0.0008
0.2 0.986535 0.986646 0.98654 0.0005 3.61702 3.61890 3.61704 0.0007
0.3 0.948503 0.948629 0.948507 0.0004 3.52388 3.52596 3.52390 0.0007
0.4 0.909677 0.909820 0.909681 0.0004 3.42948 3.43179 3.42950 0.0006
0.5 0.870019 0.870181 0.870022 0.0004 3.33379 3.33636 3.33381 0.0005
0.6 0.829486 0.829670 0.829488 0.0003 3.23678 3.23962 3.23679 0.0005
0.7 0.788033 0.788243 0.788035 0.0003 3.13839 3.14155 3.13840 0.0004
0.8 0.745612 0.745852 0.745613 0.0002 3.03858 3.04210 3.03859 0.0003
0.9 0.702171 0.702447 0.702172 0.0001 2.93733 2.94123 2.93733 0.0003
1 0.657656 0.657972 0.657656 0.0000 2.83456 2.83891 2.83456 0.0001
2 0.137807 0.139170 0.137786 0.0152 1.71314 1.72629 1.71304 0.0061

Table 3: Energy eigenvalues for the potential in (9) with different values of 𝛾. 𝐸
2,3
(𝑉) and 𝐸

2,3
(𝑁) show the values obtained by variational

supersymmetric method and numerical integration, respectively.The percent errors for ATEM are also shown in the fifth and ninth columns.

𝛾 𝐸
2
(ATEM) 𝐸

2
(𝑉) 𝐸

2
(𝑁) Error (%) 𝐸

3
(ATEM) 𝐸

3
(𝑉) 𝐸

3
(𝑁) Error (%)

0.1 7.33081 7.31384 7.33079 0.0002 11.48879 11.54258 11.48857 0.0019
0.2 7.20494 7.18687 7.20491 0.0004 11.33161 11.38692 11.33136 0.0022
0.3 7.07813 7.05889 7.07809 0.0005 11.17348 11.23045 11.17319 0.0026
0.4 6.95037 6.92988 6.95033 0.0006 11.01439 11.07307 11.01406 0.0030
0.5 6.82167 6.79984 6.82162 0.0008 10.85434 10.91477 10.85396 0.0035
0.6 6.69203 6.66874 6.69197 0.0009 10.69332 10.75556 10.69288 0.0041
0.7 6.56144 6.53660 6.56137 0.0010 10.53132 10.59547 10.53083 0.0047
0.8 6.42991 6.40340 6.42982 0.0014 10.36835 10.43448 10.36778 0.0055
0.9 6.29744 6.26913 6.29734 0.0016 10.20439 10.27258 10.20375 0.0063
1 6.16404 6.13379 6.16393 0.0018 10.03944 10.10978 10.03872 0.0072
2 4.78291 4.72244 4.78245 0.0096 8.33516 8.43395 8.33293 0.0268

Table 4: Comparison of the first few energy eigenvalues of potential in (17) with different values of 𝑗. The percent errors for ATEM are also
shown in the fifth and tenth columns.

𝑗 𝑛 𝐸ATEM 𝐸
[31]
exact Error (%) 𝑗 𝑛 𝐸ATEM 𝐸

[31]
exact Error (%)

0

0 0 0 0.0000

1/2

0 −2.82843 −2.82843 0.000
1 1.9354 1.9354 0.0000 1 −2.26507 — —
2 6.2981 6.2985 0.0064 2 2.83243 2.83843 0.1414
3 11.6869 11.6809 0.0514 3 7.19836 7.19806 0.0042
4 18.1031 18.0426 0.3353 4 13.0142 13.0093 0.0377
5 24.7273 25.2546 2.0879 5 19.6564 19.7215 0.3301

6 26.6816 27.2400 2.0499
𝑗 𝑛 𝐸ATEM 𝐸

[31]
exact Error (%) 𝑗 𝑛 𝐸ATEM 𝐸

[31]
exact Error (%)

1

0 −8 −8 0.0000

3/2

0 −15.0775 — —
1 7.91736 7.91735 0.0001 1 −15.0686 — —
2 0 0 0.0000 2 −3.55932 — —
3 2.52034 2.52036 0.0008 3 −2.73313 — —
4 8 8 0.0000 4 3.55932 — —
5 14.1105 14.1130 0.0177 5 8.52713 — —
6 21.1161 21.1575 0.1957 6 15.0775 — —
7 29.6605 28.9748 2.3665 7 22.4392 — —
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Table 5: Comparison of energy eigenvalues of the potential in (19)
for 𝑛 = 0, 2, 4 states.

𝑛 𝐸ATEM 𝐸
[6]
WKB 𝐸

[32]
exact

0 3.725 616 038 3 3.659 044 83 3.725 616 038 3
2 21.745 704 430 1 21.745 700 933 21.745 704 430 1
4 44.325 350 115 4 44.325 350 114 4 44.325 350 115 4
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