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It is known that Genocchi polynomials have some advantages over classical orthogonal polynomials in approximating function,
such as lesser terms and smaller coefficients of individual terms. In this paper, we apply a new operational matrix via Genocchi
polynomials to solve fractional integro-differential equations (FIDEs). We also derive the expressions for computing Genocchi
coefficients of the integral kernel and for the integral of product of two Genocchi polynomials. Using the matrix approach, we
further derive the operational matrix of fractional differentiation for Genocchi polynomial as well as the kernel matrix. We are
able to solve the aforementioned class of FIDE for the unknown function 𝑓(𝑥). This is achieved by approximating the FIDE using
Genocchi polynomials in matrix representation and using the collocation method at equally spaced points within interval [0, 1].
This reduces the FIDE into a system of algebraic equations to be solved for the Genocchi coefficients of the solution 𝑓(𝑥). A few
numerical examples of FIDE are solved using those expressions derived for Genocchi polynomial approximation. Numerical results
show that the Genocchi polynomial approximation adopting the operational matrix of fractional derivative achieves good accuracy
comparable to some existing methods. In certain cases, Genocchi polynomial provides better accuracy than the aforementioned
methods.

1. Introduction

Fractional integro-differential equation (FIDE) is an equation
that contains a fractional derivative term 0𝐷𝛼𝑥𝑓(𝑥) and an
integral kernel operator term �̃�𝑓(𝑥) = ∫𝐾(𝑥, 𝑡, 𝑓(𝑡))𝑑𝑡. An
example is given as follows:

0𝐷𝛼𝑥𝑓 (𝑥) = ℎ1 (𝑥) 𝑓 (𝑥) + ∫𝑥
0

𝐾1 (𝑥, 𝑡) 𝑓 (𝑡) 𝑑𝑡
+ ∫1
0
𝐾2 (𝑥, 𝑡) 𝑓 (𝑡) 𝑑𝑡 + ℎ2 (𝑥) . (1)

Here,𝑓(𝑥) is the unknown function to be solved and𝐾1(𝑥, 𝑡),𝐾2(𝑥, 𝑡) are the Volterra integral kernel and Fredholm inte-
gral kernel, respectively. 0𝐷𝛼𝑥 is Caputo’s fractional derivative
and ℎ1(𝑥), ℎ2(𝑥) are coefficient functions.

In the past few years, variouswavelet operationalmatrices
and polynomial operational matrices for both fractional dif-
ferentiation and fractional integration have been derived one
after another to solve various kinds of fractional differential

equations (FDEs) and fractional integro-differential equa-
tions (FIDEs). Examples of polynomial operational matrices
that have been proposed in the past are Shifted Legendre
polynomials [1], shifted Chebyshev polynomials [2], and
shifted Jacobi polynomials [3] to name a few.The operational
matrix method is usually combined with methods such as
collocation method, spectral tau method, and tau method
to solve FDE and FIDE. In [4], Zhu and Fan have proposed
Chebyshev wavelet operational matrix of fractional integra-
tion and applied it to solve a certain type of nonlinear frac-
tional integro-differential equations (FIDEs). Apart from the
operational matrix approach, there exist various approaches
such as Adomian decomposition method [5], spectral tau
method [6], Taylor expansion method [7], and Bernoulli
matrix method [8]. In [9], Alshbool et al. have proposed a
new Bernstein function to solve fractional order differential
equations.

In this paper, different from the existing methods in
numerically solving FIDE, we explore the application of a
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relatively new polynomial, namely, Genocchi polynomials,
in the numerical solution of FIDE. Genocchi polynomial
belongs to a larger family class of polynomials which is the
Appell polynomial family. Throughout this paper, we denote
Genocchi polynomials by𝐺𝑛(𝑥). We apply these polynomials
to solve the FIDEs given the advantage of Genocchi poly-
nomials having smaller coefficients of each individual term
and relatively lesser terms compared to classical orthogonal
polynomials.Thus, this is expected to provide us with smaller
computational errors.

The rest of the paper is organized as follows: Section 2
introduces preliminary definitions and properties of the
Caputo fractional derivative. Section 3 gives basic definitions
and properties of 𝐺𝑛(𝑥), function approximation by 𝐺𝑛(𝑥),
and the analytical expression of 𝑇(𝑛,𝑚) = ∫𝑏

𝑎
𝐺𝑛(𝑥)𝐺𝑚(𝑥)𝑑𝑥

which is the integral of the product of two Genocchi poly-
nomials. Section 4.1 derives the Genocchi polynomial oper-
ational matrix of Caputo’s fractional derivative. Section 4.2
shows the way to approximate the integral kernel in terms of
Genocchi polynomials and derives the analytical expression
of the kernel matrix. Section 5 presents the general approach
of approximating (1) into a system of algebraic equations and
using collocationmethods to solve (1). Section 6 describes the

general procedure of using Genocchi polynomials approxi-
mation to solve (1). Section 7 shows results of the proposed
method. Section 8 sums up the findings of this paper.

2. Preliminaries

2.1. Fractional Calculus: Definitions. Fractional differentia-
tion comes in different versions [11, 12]. In this paper, we
consider Caputo’s fractional differentiation which provides a
more realistic physical interpretation in real-life applications.
Caputo’s fractional derivative operator 𝐷𝛼 of a function 𝑓(𝑡)
is defined as follows:

Definition 1.

0𝐷𝛼𝑥 𝑓 (𝑥) = 1Γ (𝑛 − 𝛼) ∫𝑥
0

(𝑥 − 𝑡)𝑛−𝛼−1 𝑓(𝑛) (𝑡) 𝑑𝑡,
𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 ∈ N,

𝑛 = ⌈𝛼⌉ .
(2)

Below are some properties of Caputo’s fractional deriva-
tives:

0𝐷𝛼𝑥 𝑘 = 0, (𝑘 is constant)
0𝐷𝛼𝑥 𝑥𝛽 = {{{{{

0, 𝛽 ∈ N ∪ {0} , 𝛽 < ⌈𝛼⌉Γ (𝛽 + 1)Γ (𝛽 + 1 − 𝛼)𝑥𝛽−𝛼, 𝛽 ∈ N ∪ {0} , 𝛽 ≥ ⌈𝛼⌉ or 𝛽 ∉ N, 𝛽 > ⌊𝛼⌋ ,
(3)

where ⌈𝛼⌉ denotes the smallest integer greater than or equal
to 𝛼 and ⌊𝛼⌋ denotes the largest integer less than or equal to𝛼.

Caputo’s fractional differential operator is linear:

0𝐷𝛼𝑥 (𝜆𝑓 (𝑥) + 𝜇ℎ (𝑥))
= 𝜆 ( 0𝐷𝛼𝑥 𝑓 (𝑥)) + 𝜇 ( 0𝐷𝛼𝑥 ℎ (𝑥)) , (4)

where 𝜆 and 𝜇 are arbitrary constants.

3. Genocchi Polynomials and
Function Approximation

3.1. Genocchi Polynomials: Definitions and Basic Properties.
The Genocchi polynomials 𝐺𝑛(𝑥) are defined as follows [13–
15].

Definition 2. The Genocchi polynomial 𝐺𝑛(𝑥) is defined by
the generating function 𝑄(𝑥, 𝑡):

𝑄 (𝑥, 𝑡) = 2𝑡𝑒𝑥𝑡𝑒𝑡 + 1 = ∞∑
𝑛=0

𝐺𝑛 (𝑥) 𝑡𝑛𝑛! ,
𝐺𝑛 (𝑥) = 𝑛∑

𝑘=0

(𝑛𝑘)𝑔𝑛−𝑘𝑥𝑘 = 2𝐵𝑛 (𝑥) − 2𝑛+1𝐵𝑛 (𝑥) ,
(5)

where 𝑔𝑘 = 2𝐵𝑘 − 2𝑘+1𝐵𝑘 is the Genocchi number. 𝐵𝑛, 𝐵𝑛(𝑥)
are the Bernoulli number and Bernoulli polynomial, respec-
tively.

Below are some of the important properties of Genocchi
polynomials:

𝑑𝐺𝑛 (𝑥)𝑑𝑥 = 𝑛𝐺𝑛−1 (𝑥) , 𝑛 ≥ 1,
𝑑𝑘𝐺𝑛 (𝑥)𝑑𝑥𝑘 = {{{{{{{{{

0, 𝑛 ≤ 𝑘
𝑘!(𝑛

𝑘)𝐺𝑛−𝑘 (𝑥) , 𝑛 > 𝑘
𝑘, 𝑛 ∈ N ∪ {0} ,

𝐺𝑛 (1) + 𝐺𝑛 (0) = 0, 𝑛 > 1.

(6)

3.2. Function Approximation by Genocchi Polynomials. We
may approximate a function 𝑓(𝑥) in terms of Genocchi poly-
nomials 𝐺𝑛(𝑥) by the following infinite series:

𝑓 (𝑥) = ∞∑
𝑛=1

𝑐𝑛𝐺𝑛 (𝑥) , (7)
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where𝐺𝑛(𝑥) are the Genocchi polynomials and the Genocchi
coefficients 𝑐𝑛.

In practice, we truncate the infinite series up to𝑁 number
ofGenocchi polynomials according to the desired accuracy of
the problem into the following truncated Genocchi series:

𝑓 (𝑥) ≃ 𝑁∑
𝑛=1

𝑐𝑛𝐺𝑛 (𝑥) , (8)

where in matrix notation,

𝑓 (𝑥) = C𝑇G (𝑥) , (9)

where C = [𝑐1 𝑐2 ⋅ ⋅ ⋅ 𝑐𝑁]𝑇 is the Genocchi coefficient vec-
tor.

G(𝑥) = [𝐺1(𝑥) 𝐺2(𝑥) ⋅ ⋅ ⋅ 𝐺𝑁(𝑥)]𝑇 is the Genocchi vec-
tor.

In this case, theGenocchi coefficients 𝑐𝑛maybe computed
as follows:

𝑐𝑛 = 12𝑛! (𝑓(𝑛−1) (0) + 𝑓(𝑛−1) (1)) , 𝑛 = 1, 2, . . . , 𝑁. (10)

3.3. Computing Genocchi Coefficients by Matrix Approach.
Equation (10) fails to work for functions that are not (𝑛 − 1)
differentiable at the points 𝑥 = 0 and 𝑥 = 1. An example is
shown below.

Let 𝑁 = 3; 𝑥3/2 ≈ ∑3𝑛=1 𝑐𝑛𝐺𝑛(𝑥) = 𝑐1𝐺1(𝑥) + 𝑐2𝐺2(𝑥) +𝑐3𝐺3(𝑥);
𝑐3 = 12 (3!) ( 𝑑2𝑑𝑥2 𝑥3/2

𝑥=0 + 𝑑2𝑑𝑥2 𝑥3/2
𝑥=1)

= 12 (3!) ( 34√𝑥
𝑥=0 + 34√𝑥

𝑥=1) . (11)

To avoid this problem that occurs in the case of differen-
tiation, we may evaluate the Genocchi coefficients 𝑐𝑛 using
Theorem 4. To proveTheorem 4, we first prove the following
Theorem 3 which gives the analytical expression of the
integral of the product of two Genocchi polynomials over an
arbitrary interval [𝑎, 𝑏], 0 ≤ 𝑎 ≤ 𝑏 which will be used in the
subsequent part of the paper.

Theorem 3. Given any two Genocchi polynomials 𝐺𝑛(𝑥),𝐺𝑚(𝑥), for 𝑥 ≥ 0
𝛾𝑛,𝑚 (𝑥) = ∫𝐺𝑛 (𝑥) 𝐺𝑚 (𝑥) 𝑑𝑥 = ∫𝑥

0
𝐺𝑛 (𝑥) 𝐺𝑚 (𝑥) 𝑑𝑥

= 𝑛−1∑
𝑟=0

(−1)𝑟
⋅ 𝑛(𝑟)(𝑚 + 1)(𝑟+1) (𝐺𝑛−𝑟 (𝑥) 𝐺𝑚+1+𝑟 (𝑥) − 𝑔𝑛−𝑟𝑔𝑚+1+𝑟) ,

(12)

where 𝑔𝑛−𝑟 = 𝐺𝑛−𝑟(0) is the Genocchi number, 𝑛(𝑟), (𝑚+1)(𝑟+1)
are the falling and rising factorial, respectively. In particular, we
have the following for [𝑎, 𝑏], 0 ≤ 𝑎 ≤ 𝑏

𝛾(𝑎,𝑏)𝑛,𝑚 = ∫𝑏
𝑎
𝐺𝑛 (𝑥) 𝐺𝑚 (𝑥) 𝑑𝑥 = 𝛾𝑛,𝑚 (𝑏) − 𝛾𝑛,𝑚 (𝑎)

= 𝑛−1∑
𝑟=0

(−1)𝑟 𝑛(𝑟)(𝑚 + 1)(𝑟+1) (𝐺𝑛−𝑟 (𝑏) 𝐺𝑚+1+𝑟 (𝑏)
− 𝐺𝑛−𝑟 (𝑎) 𝐺𝑚+1+𝑟 (𝑎)) ,

𝛾(0,1)𝑛,𝑚 = 𝑛−1∑
𝑟=0

(−1)𝑟 𝑛(𝑟)(𝑚 + 1)(𝑟+1) (𝐺𝑛−𝑟 (𝑏) 𝐺𝑚+1+𝑟 (𝑏)
− 𝑔𝑛−𝑟𝑔𝑚+1+𝑟) .

(13)

Proof. Using the following expression:

𝑑𝐺𝑚 (𝑥)𝑑𝑥 = 𝑚𝐺𝑚−1 (𝑥) ,
∫𝑏
𝑎
𝐺𝑚 (𝑥) 𝑑𝑥 = 𝐺𝑚+1 (𝑏) − 𝐺𝑚+1 (𝑎)𝑚 + 1 ,

∫𝑥
0

𝐺𝑚 (𝑥) 𝑑𝑥 = 𝐺𝑚+1 (𝑥) − 𝑔𝑚+1𝑚 + 1 .
(14)

We obtain

𝛾𝑛,𝑚 (𝑥) = ∫𝐺𝑛 (𝑥) 𝐺𝑚 (𝑥) 𝑑𝑥,
𝛾𝑛,𝑚 (𝑥) = 𝐺𝑛 (𝑥) (𝐺𝑚+1 (𝑥) − 𝑔𝑚+1𝑚 + 1 )

− ∫ (𝑛𝐺𝑛−1 (𝑥)) 𝐺𝑚+1 (𝑥) − 𝑔𝑚+1𝑚 + 1 𝑑𝑥 = 𝐺𝑛 (𝑥)
⋅ (𝐺𝑚+1 (𝑥) − 𝑔𝑚+1𝑚 + 1 ) − 𝑛𝑚 + 1
⋅ ∫𝐺𝑛−1 (𝑥) 𝐺𝑚+1 (𝑥) 𝑑𝑥 + 𝑛𝑚 + 1
⋅ 𝑔𝑚+1 ∫𝐺𝑛−1 (𝑥) 𝑑𝑥 = 𝐺𝑛 (𝑥)
⋅ (𝐺𝑚+1 (𝑥) − 𝑔𝑚+1𝑚 + 1 ) − 𝑛𝑚 + 1
⋅ ∫𝐺𝑛−1 (𝑥) 𝐺𝑚+1 (𝑥) 𝑑𝑥 + 1𝑚 + 1𝑔𝑚+1 (𝐺𝑛 (𝑥)
− 𝑔𝑛) = (𝐺𝑛 (𝑥) 𝐺𝑚+1 (𝑥) − 𝑔𝑛𝑔𝑚+1𝑚 + 1 ) − 𝑛𝑚 + 1
⋅ ∫𝐺𝑛−1 (𝑥) 𝐺𝑚+1 (𝑥) 𝑑𝑥,

𝛾𝑛,𝑚 (𝑥) = 𝐺𝑛 (𝑥) 𝐺𝑚+1 (𝑥) − 𝑔𝑛𝑔𝑚+1𝑚 + 1 − 𝑛𝑚 + 1
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⋅ 𝛾𝑛−1,𝑚+1 (𝑥) = 𝐺𝑛 (𝑥) 𝐺𝑚+1 (𝑥) − 𝑔𝑛𝑔𝑚+1𝑚 + 1
− 𝑛𝑚 + 1 [𝐺𝑛−1 (𝑥) 𝐺𝑚+2 (𝑥) − 𝑔𝑛−1𝑔𝑚+2𝑚 + 2
− 𝑛 − 1𝑚 + 2𝛾𝑛−2,𝑚+2 (𝑥)]
= (𝐺𝑛 (𝑥) 𝐺𝑚+1 (𝑥) − 𝑔𝑛𝑔𝑚+1𝑚 + 1 ) + (−1)1
⋅ 𝑛𝑚 + 1 (𝐺𝑛−1 (𝑥) 𝐺𝑚+2 (𝑥) − 𝑔𝑛−1𝑔𝑚+2𝑚 + 2 ) + (−1)2
⋅ 𝑛 (𝑛 − 1)(𝑚 + 1) (𝑚 + 2)𝛾𝑛−2,𝑚+2 (𝑥) .

(15)

Continuing this relation recursively for 𝑛 times, we arrive at

= 𝑛−1∑
𝑟=0

(−1)𝑟
⋅ 𝑛 (𝑛 − 1) ⋅ ⋅ ⋅ (𝑛 − 𝑟 + 1)(𝑚 + 1) ⋅ ⋅ ⋅ (𝑚 + 𝑟) (𝐺𝑛−𝑟 (𝑥) 𝐺𝑚+1+𝑟 (𝑥)
− 𝑔𝑛−𝑟𝑔𝑚+1+𝑟) = 𝑛−1∑

𝑟=0

(−1)𝑟
⋅ 𝑛(𝑟)(𝑚 + 1)(𝑟+1) (𝐺𝑛−𝑟 (𝑥) 𝐺𝑚+1+𝑟 (𝑥) − 𝑔𝑛−𝑟𝑔𝑚+1+𝑟) .

(16)

Adopting the techniques used in [16] for function approx-
imation, we prove the following theorem of function approx-
imation using Genocchi polynomials.

Theorem 4. Let 𝑓(𝑥) ∈ 𝐿2[0, 1] and {𝐺𝑖(𝑥), 𝑖 = 1, . . . , 𝑁}
be the set of Genocchi polynomials up to order 𝑁. Let 𝑌 =
span{𝐺1(𝑥), . . . , 𝐺𝑁(𝑥)}. Since 𝑌 is a finite dimensional closed
subspace of 𝐿2[0, 1], then ∃𝑓∗(𝑥) ∈ 𝑌 is the unique best
approximation in Genocchi polynomials such that 𝑓(𝑥) can be
approximated by unique coefficients 𝑐𝑛:

𝑓 (𝑥) ≈ 𝑓∗ (𝑥) = 𝑁∑
𝑛=1

𝑐𝑛𝐺𝑛 (𝑥) = C𝑇G (𝑥) . (17)

The Genocchi coefficient matrix C consisting of the unique
coefficients 𝑐𝑛 is given by the following:

C𝑇 = F𝑇T(0,1)
−1, (18)

where F = [∫1
0
𝑓(𝑥)𝐺𝑚(𝑥)𝑑𝑥]𝑁×𝑁 and T(0,1) =[∫1

0
𝐺𝑛(𝑥)𝐺𝑚(𝑥)𝑑𝑥]𝑁×𝑁 as derived in Theorem 3.

Proof.

𝑓 (𝑥) ≈ 𝑁∑
𝑛=1

𝑐𝑛𝐺𝑛 (𝑥) ,
∫1
0
𝑓 (𝑥)𝐺𝑚 (𝑥) 𝑑𝑥 = 𝑁∑

𝑛=1

𝑐𝑛 ∫1
0
𝐺𝑛 (𝑥) 𝐺𝑚 (𝑥) 𝑑𝑥.

(19)

Let 𝑓𝑚 = ∫1
0
𝑓(𝑥)𝐺𝑚(𝑥)𝑑𝑥. Then,

𝑓𝑚 = 𝑁∑
𝑛=1

𝑐𝑛 ∫1
0
𝐺𝑛 (𝑥) 𝐺𝑚 (𝑥) 𝑑𝑥 = 𝑁∑

𝑛=1

𝑐𝑛𝛾(0,1)𝑛,𝑚
𝑚 = 1, . . . , 𝑁.

(20)

Thus, we have a system of 𝑁 equations which is written in
matrix representation as follows:

[[[[[

𝑓1...𝑓𝑁
]]]]]

= [𝑐1, . . . , 𝑐𝑁]
[[[[[[[[

𝛾(0,1)1,1 ⋅ ⋅ ⋅ 𝛾(0,1)1,𝑁𝛾(0,1)2,1 ⋅ ⋅ ⋅ 𝛾(0,1)2,𝑁... d
...

𝛾(0,1)𝑁,1 ⋅ ⋅ ⋅ 𝛾(0,1)𝑁,𝑁

]]]]]]]]
,

F𝑇 = C𝑇T(0,1).
(21)

Therefore, the Genocchi coefficients matrix C is

C𝑇 = F𝑇T(0,1)
−1, (22)

where 𝛾𝑖,𝑗 can be obtained fromTheorem 3.

4. Main Result

4.1. Genocchi Polynomial Operational Matrix of Caputo’s Frac-
tional Differentiation. In this section, we derive the analytical
expression of the Genocchi polynomial operational matrix of
Caputo’s fractional derivative, which is the𝑁×𝑁matrix 0P

𝛼
𝐺,

where

0𝐷𝛼𝑥 G (𝑥) = 0P𝛼𝐺G (𝑥) ,

0𝐷𝛼𝑥
[[[[[[[

𝐺1𝐺2...𝐺𝑁

]]]]]]]
= [[[[[[[

𝜌11 𝜌12 ⋅ ⋅ ⋅ 𝜌1𝑁𝜌21 𝜌22 ⋅ ⋅ ⋅ 𝜌2𝑁... ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ...𝜌𝑁1 𝜌𝑁2 ⋅ ⋅ ⋅ 𝜌𝑁𝑁

]]]]]]]

[[[[[[[

𝐺1𝐺2...𝐺𝑁

]]]]]]]
. (23)

To derive 0P
𝛼
𝐺, we first prove the following Lemmas 5 and 6.

Lemma 5. Caputo’s fractional derivative of fractional order 𝛼
of a Genocchi polynomial of order 𝑖 is given by
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0𝐷𝛼𝑥 𝐺𝑖 (𝑥) = {{{{{{{
𝑖∑
𝑟=⌈𝛼⌉

𝑖!𝑔𝑖−𝑟(𝑖 − 𝑟)!Γ (𝑟 − 𝛼 + 1)𝑥𝑟−𝛼, 𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 = ⌈𝛼⌉ ∈ N, 𝑖 ≥ 𝛼
0, 𝑖 < 𝛼.

(24)

Proof. For 𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 = ⌈𝛼⌉
0𝐷𝛼𝑥 𝐺𝑖 (𝑥) = 1Γ (𝑛 − 𝛼) ∫𝑥

0
(𝑥 − 𝑡)𝑛−𝛼−1 𝑑𝑛𝑑𝑡𝑛𝐺𝑖 (𝑡) 𝑑𝑡

= 1Γ (⌈𝛼⌉ − 𝛼) ∫𝑥
0

(𝑥 − 𝑡)𝑛−𝛼−1 𝑑𝑛𝑑𝑡𝑛
𝑖∑
𝑟=0

(𝑖𝑟)𝑔𝑖−𝑟𝑡𝑟𝑑𝑡
= 1Γ (⌈𝛼⌉ − 𝛼)
⋅ 𝑖∑
𝑟=0

(𝑖𝑟)𝑔𝑖−𝑟 ∫𝑥
0

(𝑥 − 𝑡)⌈𝛼⌉−𝛼−1 𝑑⌈𝛼⌉𝑑𝑡⌈𝛼⌉ 𝑡𝑟𝑑𝑡
= 1Γ (⌈𝛼⌉ − 𝛼)
⋅ 𝑖∑
𝑟=⌈𝛼⌉

(𝑖𝑟)𝑔𝑖−𝑟 ∫𝑥
0

(𝑥 − 𝑡)⌈𝛼⌉−𝛼−1 ⌈𝛼⌉! ( 𝑟⌈𝛼⌉) 𝑡𝑟−⌈𝛼⌉𝑑𝑡
= 1Γ (⌈𝛼⌉ − 𝛼)
⋅ 𝑖∑
𝑟=⌈𝛼⌉

(𝑖𝑟) ⌈𝛼⌉! ( 𝑟⌈𝛼⌉)𝑔𝑖−𝑟 ∫𝑥
0

(𝑥 − 𝑡)⌈𝛼⌉−𝛼−1 𝑡𝑟−⌈𝛼⌉𝑑𝑡,

(25)

where 𝑖 ≥ ⌈𝛼⌉. Substituting 𝑡 = 𝑥𝑢
0𝐷𝛼𝑥 𝐺𝑖 (𝑥) = 1Γ (⌈𝛼⌉ − 𝛼)

𝑖∑
𝑟=⌈𝛼⌉

(𝑖𝑟) ⌈𝛼⌉! ( 𝑟⌈𝛼⌉)𝑔𝑖−𝑟𝑥𝑟−𝛼
⋅ ∫1
0
(1 − 𝑢)⌈𝛼⌉−𝛼−1 𝑢𝑟−⌈𝛼⌉𝑑𝑢 = 1Γ (⌈𝛼⌉ − 𝛼)

⋅ 𝑖∑
𝑟=⌈𝛼⌉

(𝑖𝑟) ⌈𝛼⌉! ( 𝑟⌈𝛼⌉)𝑔𝑖−𝑟𝑥𝑟−𝛼𝐵 (𝑟 − ⌈𝛼⌉ + 1, ⌈𝛼⌉ − 𝛼)
= 𝑖∑
𝑟=⌈𝛼⌉

𝑖!𝑔𝑖−𝑟(𝑖 − 𝑟)!Γ (𝑟 − 𝛼 + 1)𝑥𝑟−𝛼,

(26)

where 𝐵(𝑥, 𝑦) = ∫1
0
𝑢𝑥−1(1 − 𝑢)𝑦−1𝑑𝑢 is the Beta function for

Re(𝑥),Re(𝑦) > 0.
Lemma 6. The matrix Θ𝑁 defined as Θ𝑁 = ∫1

0
( 0𝐷𝛼𝑥 G(𝑥)) ∗

G𝑇(𝑥)𝑑𝑥 is given by the following:

Θ𝑁 = [𝜃𝑖𝑘]𝑁×𝑁 = [∫1
0
( 0𝐷𝛼𝑥 𝐺𝑖 (𝑥)) 𝐺𝑘 (𝑥) 𝑑𝑥]

𝑁×𝑁

, (27)

where

𝜃𝑖𝑘 = 𝑖∑
𝑟=⌈𝛼⌉

𝑘∑
𝑝=0

𝑖! ( 𝑘𝑝 ) 𝑔𝑖−𝑟𝑔𝑘−𝑝(𝑖 − 𝑟)! (𝑟 − 𝛼 + 𝑝 + 1) Γ (𝑟 − 𝛼 + 1) . (28)

Proof. From Lemma 5,

0𝐷𝛼𝑥 𝐺𝑖 (𝑥) = 𝑖∑
𝑟=⌈𝛼⌉

𝑖!𝑔𝑖−𝑟(𝑖 − 𝑟)!Γ (𝑟 − 𝛼 + 1)𝑥𝑟−𝛼,
( 0𝐷𝛼𝑥 𝐺𝑖 (𝑥)) 𝐺𝑘 (𝑥)

= ( 𝑖∑
𝑟=⌈𝛼⌉

𝑖!𝑔𝑖−𝑟(𝑖 − 𝑟)!Γ (𝑟 − 𝛼 + 1)𝑥𝑟−𝛼)
⋅ ( 𝑘∑
𝑝=0

(𝑘𝑝)𝑔𝑘−𝑝𝑥𝑝)
= 𝑖∑
𝑟=⌈𝛼⌉

𝑘∑
𝑝=0

𝑖!𝑔𝑖−𝑟(𝑖 − 𝑟)!Γ (𝑟 − 𝛼 + 1) (𝑘𝑝)𝑔𝑘−𝑝𝑥𝑟−𝛼+𝑝,
∫1
0
( 0𝐷𝛼𝑥 𝐺𝑖 (𝑥)) 𝐺𝑘 (𝑥) 𝑑𝑥
= 𝑖∑
𝑟=⌈𝛼⌉

𝑘∑
𝑝=0

𝑖!𝑔𝑖−𝑟(𝑖 − 𝑟)!Γ (𝑟 − 𝛼 + 1) (𝑘𝑝)𝑔𝑘−𝑝
⋅ ∫1
0
𝑥𝑟−𝛼+𝑝𝑑𝑥

= 𝑖∑
𝑟=⌈𝛼⌉

𝑘∑
𝑝=0

𝑖! ( 𝑘𝑝 ) 𝑔𝑖−𝑟𝑔𝑘−𝑝(𝑖 − 𝑟)! (𝑟 − 𝛼 + 𝑝 + 1) Γ (𝑟 − 𝛼 + 1) .

(29)

Now, we can prove the following theorem that computes
the operational matrix 0P

𝛼
𝐺.

Theorem 7. Given a set of 𝐺𝑖(𝑥), 𝑖 = 1, . . . , 𝑁, of 𝑁 Genocchi
polynomials, the Genocchi polynomial operational matrix of
Caputo’s fractional derivative of order 𝛼 over the interval [0, 1]
is the 𝑁 × 𝑁 matrix 0P

𝛼
𝐺 and is given by

0P
𝛼
𝐺 = Θ𝑁 (T(0,1))−1 , (30)

where Θ𝑁 is given in Lemma 6 and T(0,1) = [𝛾(0,1)𝑛,𝑚 ]𝑁×𝑁 with
elements 𝛾(0,1)𝑛,𝑚 given in Theorem 3.
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Proof. From Lemma 5,

0𝐷𝛼𝑥 G (𝑥) = 0P𝛼𝐺G (𝑥) ,
( 0𝐷𝛼𝑥 G (𝑥)) ∗ G𝑇 (𝑥) = 0P𝛼𝐺G (𝑥)G𝑇 (𝑥) ,
∫1
0
( 0𝐷𝛼𝑥 G (𝑥))G𝑇 (𝑥) 𝑑𝑥
= 0P𝛼𝐺 (∫1

0
G (𝑥)G𝑇 (𝑥) 𝑑𝑥) ,

Θ𝑁 = 0P𝛼𝐺T(0,1),
0P
𝛼
𝐺 = Θ𝑁 (T(0,1))−1 .

(31)

Here, we justify the better accuracy of the newoperational
matrix of Caputo’s fractional derivative due to Genocchi
polynomials by comparing its errors and that obtained when
using Shifted Legendre operational matrix. This may be due
to the fact that Genocchi polynomials have some advan-
tages over classical orthogonal polynomials in approximating
function, such as lesser terms and smaller coefficients of
individual terms. We define the absolute error and relative
error respectively, as follows:

𝐷𝛼𝑌𝑖 (𝑥) − [P𝛼 ∗ Y] (𝑖) ,
𝐷𝛼𝑌𝑖 (𝑥) − [P𝛼 ∗ Y] (𝑖)𝐷𝛼𝑌𝑖 (𝑥)

 ,
(32)

where 𝑌𝑖(𝑥) is either the Genocchi polynomial 𝐺𝑖(𝑥) or
Shifted Legendre polynomial �̃�𝑖(𝑥). In Figure 1, we compare
the relative error obtained due to Genocchi polynomial oper-
ational matrix of fractional derivative (GPOMFD) and the
Shifted Legendre operational matrix of fractional derivative
(SLOMFD) derived in [17]. One clearly sees from the figure
that the errors for GPOMFD become smaller than that of
SLOMFD for 𝑁 ≥ 3 and their difference gets larger as 𝑁
increases over the interval [0, 1]. Further, we also show the
absolute error and relative error in Tables 1 and 2, respectively,
for 𝛼 = 0.5 at different points.
4.2. Approximation of Integral Kernel by Genocchi Polynomi-
als. The integral kernel function𝐾(𝑥, 𝑡)will be approximated
by Genocchi polynomials for each variable 𝐺𝑖(𝑥), 𝐺𝑗(𝑡) as
follows:

𝐾 (𝑥, 𝑡) = ∞∑
𝑖=1

∞∑
𝑗=1

𝑘𝑖𝑗𝐺𝑖 (𝑥) 𝐺𝑗 (𝑡)
≈ 𝑁∑
𝑖=1

𝑁∑
𝑗=1

𝑘𝑖𝑗𝐺𝑖 (𝑥) 𝐺𝑗 (𝑡) = G𝑇 (𝑥)K𝐺G (𝑡) ,
(33)

where we refer to K𝐺 as the kernel matrix by Genocchi poly-
nomial. Theorem 8 provides the formula for obtaining the
kernel matrix K𝐺.

N = 9 Shifted Legendre polynomial OMFD relative error
N = 10 Genocchi polynomial OMFD relative error

0.2 0.4 0.6 0.8 10

x

0

1

2

3

4

5

Figure 1: Comparison of relative error of operational matrix of
fractional derivative (OMFD) with 𝛼 = 0.5 between 𝑁 = 9 Shifted
Legendre polynomials and 𝑁 = 10 Genocchi polynomials.

Table 1: Comparison of absolute error between SLOMFD and
GPOMFD with 𝛼 = 0.5 at points 𝑥 = 0, 0.5, 1.

SLOMFD GPOMFD𝑁 𝑥 = 0 𝑥 = 0.5 𝑥 = 1 𝑁 𝑥 = 0 𝑥 = 0.5 𝑥 = 1
1 0.113121 0.001562 0.005656 2 0.113121 0.001306 0.005656
3 0.696638 0.010167 0.036679 4 0.003583 0.000429 0.000549
5 1.836044 0.030079 0.107732 6 0.008628 0.000272 0.001283
7 3.773422 0.077279 0.273317 8 0.048392 0.004996 0.007218
9 7.468363 0.257570 0.899849 10 0.440694 0.045400 0.065718

Theorem 8. Let𝐾(𝑥, 𝑡) be a two-variable continuous function
in 𝐶𝑁−1([0, 1]).

Then, 𝐾(𝑥, 𝑡) can be approximated in terms of
Genocchi polynomials up to order 𝑁, that is, 𝐾(𝑥, 𝑡) ≈∑𝑁𝑖=1∑𝑁𝑗=1 𝑘𝑖𝑗𝐺𝑖(𝑥)𝐺𝑗(𝑡) = G𝑇(𝑥)K𝐺G(𝑡), 𝑁 ∈ N, where G is
the Genocchi polynomial basis matrix and K𝐺 is the 𝑁 × 𝑁
integral kernel matrix in Genocchi basis given by

K𝐺 = T(0,1)
−1
N𝐺T
(0,1)−1, (34)

where

N𝐺 = [𝜂𝑝𝑞]𝑁×𝑁
= [∫1
0
∫1
0
𝐾 (𝑥, 𝑡) 𝐺𝑝 (𝑥) 𝐺𝑞 (𝑡) 𝑑𝑥 𝑑𝑡]

𝑁×𝑁

,
T(0,1)
−1 = [𝛾(0,1)𝑛,𝑚 ]−1

𝑁×𝑁
= [𝑛−1∑
𝑟=0

(−1)𝑟
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Table 2: Comparison of relative error between SLOMFD and GPOMFD with 𝛼 = 0.5 at points 𝑥 = 0.1, 0.6, 1.
SLOMFD GPOMFD𝑁 𝑥 = 0.1 𝑥 = 0.6 𝑥 = 1 𝑁 𝑥 = 0.1 𝑥 = 0.6 𝑥 = 1

1 0.0061268 0.0009516 0.0025063 2 0.0061268 0.0009516 0.0025063
3 0.0095486 0.0256030 0.0081265 4 0.0016094 0.0000698 0.0003038
5 0.0235837 0.0171498 0.0159125 6 0.0014129 0.0000535 0.0002389
7 0.1314007 0.5765935 0.0302776 8 0.0014150 0.0000529 0.0002372
9 8.7021303 0.1871596 0.0797470 10 0.0014147 0.0000528 0.0002369

⋅ 𝑛(𝑟)(𝑚 + 1)(𝑟+1) (𝐺𝑛−𝑟 (𝑏) 𝐺𝑚+1+𝑟 (𝑏)
− 𝑔𝑛−𝑟𝑔𝑚+1+𝑟)]−1

𝑁×𝑁

.
(35)

Proof. From𝐾(𝑥, 𝑡) ≈ G𝑇(𝑥)K𝐺G(𝑡),
G (𝑥)𝐾 (𝑥, 𝑡) = G (𝑥)G𝑇 (𝑥)K𝐺G (𝑡) ,
∫1
0
G (𝑥)𝐾 (𝑥, 𝑡) 𝑑𝑥 = (∫1

0
G (𝑥)G𝑇 (𝑥) 𝑑𝑥)K𝐺G (𝑡)

= T(0,1)K𝐺G (𝑡) ,
(∫1
0
G (𝑥)𝐾 (𝑥, 𝑡) 𝑑𝑥)G𝑇 (𝑡) = T(0,1)K𝐺G (𝑡)G𝑇 (𝑡) ,

∫1
0
∫1
0
𝐾 (𝑥, 𝑡)G (𝑥)G𝑇 (𝑡) 𝑑𝑥 𝑑𝑡

= T(0,1)K𝐺 (∫1
0
G (𝑡)G𝑇 (𝑡) 𝑑𝑡) ,

(36)

where T(0,1) = ∫1
0
G(𝑥)G𝑇(𝑥)𝑑𝑥 = ∫1

0
G(𝑡)G𝑇(𝑡)𝑑𝑡.

Define N𝐺 = ∫1
0
∫1
0
𝐾(𝑥, 𝑡)G(𝑥)G𝑇(𝑡)𝑑𝑥 𝑑𝑡. Thus,

N𝐺 = T(0,1)K𝐺T
(0,1),

K𝐺 = (T(0,1))−1N𝐺 (T(0,1))−1 . (37)

5. Error Analysis

Following the analysis made in [18], we derive the error
estimates of numerical approximation using Genocchi poly-
nomials considering the two following scenarios.

(1) If the exact solution 𝑓(𝑥) of (1) is known, and 𝑓∗𝑁(𝑥)
is the numerical approximate solution using Genocchi poly-
nomials up to order𝑁, then we define the error estimation as
follows:

𝛿𝑁 = 𝑓 (𝑥) − 𝑓∗𝑁 (𝑥)2 , (38)

where ‖𝑦(𝑥)‖2 = ∫1
0
𝑦2(𝑥)𝑑𝑥. In the following theorem, we

derive a bound for the 𝐿2 error estimation of our Genocchi
polynomial method.

Theorem 9. Let 𝑓(𝑥) ∈ 𝐿2[0, 1] be an arbitrary function. If𝑓(𝑥) is approximated by truncated Genocchi polynomial series𝑓∗𝑁(𝑥) = ∑𝑁𝑛=1 𝑐𝑛𝐺𝑛(𝑥) and |𝑓(𝑛−1)(𝑥)|𝑥∈[0,1] ≤ 𝑀 (𝑀 is finite),
then the error in 𝐿2 is norm; 𝛿𝑁 = ‖𝑓(𝑥)−𝑓∗𝑁(𝑥)‖2 for𝑁 order
approximation is bounded above by

𝛿𝑁 ≤ √ ∞∑
𝑛=𝑁+1

𝑛∑
𝑘=1

𝑀22 ∗ (𝑛!)2 (𝑛𝑘)
2 𝑔2𝑛−𝑘2𝑘 + 1 . (39)

Proof.

𝛿2𝑁 = ∫1
0

𝑓 (𝑥) − 𝑓∗𝑁 (𝑥)2 𝑑𝑥
= ∫1
0

𝑓 (𝑥) − 𝑁∑
𝑛=1

𝑐𝑛𝐺𝑛 (𝑥)
2 𝑑𝑥

= ∫1
0


∞∑
𝑛=𝑁+1

𝑐𝑛𝐺𝑛 (𝑥)
2 𝑑𝑥

≤ ∫1
0

∞∑
𝑛=𝑁+1

𝑐𝑛𝐺𝑛 (𝑥)2 𝑑𝑥
= ∞∑
𝑛=𝑁+1

∫1
0

𝑐𝑛2 𝐺𝑛 (𝑥)2 𝑑𝑥,

(40)

∫1
0

𝐺𝑛 (𝑥)2 𝑑𝑥 = ∫1
0


𝑛∑
𝑘=1

(𝑛𝑘)𝑔𝑛−𝑘𝑥𝑘
2 𝑑𝑥

≤ 𝑛∑
𝑘=1

∫1
0
(𝑛𝑘)
2 𝑔2𝑛−𝑘 𝑥𝑘2 𝑑𝑥

= 𝑛∑
𝑘=1

(𝑛𝑘)
2 𝑔2𝑛−𝑘 ∫1

0
𝑥2𝑘𝑑𝑥

= 𝑛∑
𝑘=1

(𝑛𝑘)
2 𝑔2𝑛−𝑘2𝑘 + 1 .

(41)

Therefore,

𝛿2𝑁 ≤ ∞∑
𝑛=𝑁+1

𝑐𝑛2 𝑛∑
𝑘=1

(𝑛𝑘)
2 𝑔2𝑛−𝑘2𝑘 + 1

= ∞∑
𝑛=𝑁+1

 12 ∗ 𝑛! (𝑓(𝑛−1) (0) + 𝑓(𝑛−1) (1))
2 𝑛∑
𝑘=1

(𝑛𝑘)
2
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⋅ 𝑔2𝑛−𝑘2𝑘 + 1
≤ ∞∑
𝑛=𝑁+1

𝑛∑
𝑘=1

14 ∗ (𝑛!)2 (𝑓(𝑛−1) (0)2 + 𝑓(𝑛−1) (1)2)
⋅ (𝑛𝑘)

2 𝑔2𝑛−𝑘2𝑘 + 1 = ∞∑
𝑛=𝑁+1

𝑛∑
𝑘=1

14 ∗ (𝑛!)2 (2𝑀2)(𝑛𝑘)
2

⋅ 𝑔2𝑛−𝑘2𝑘 + 1 = ∞∑
𝑛=𝑁+1

𝑛∑
𝑘=1

𝑀22 ∗ (𝑛!)2 (𝑛𝑘)
2 𝑔2𝑛−𝑘2𝑘 + 1 ,

𝛿𝑁 ≤ √ ∞∑
𝑛=𝑁+1

𝑛∑
𝑘=1

𝑀22 ∗ (𝑛!)2 (𝑛𝑘)
2 𝑔2𝑛−𝑘2𝑘 + 1 .

(42)

Obviously, the estimation would become more precise if
the order 𝑁 increases.

(2) In usual cases, the exact solution is unknown. So, first
we obtain the approximate solution of order𝑁, 𝑓∗𝑁(𝑥). Then,
we obtain the approximate solution of order 𝑁 + 1, 𝑓∗𝑁(𝑥).
Define the error estimation as follows:𝜖𝑁 = 𝑓∗𝑁 (𝑥) − 𝑓∗𝑁+1 (𝑥)2 . (43)
For a given desired error 𝜖𝑁, one is able to determine the
smallest number𝑁 which gives the desired error.

Theorem 10. Suppose 𝑓∗𝑁(𝑥) and 𝑓∗𝑁+1(𝑥) are numerical solu-
tions for the unknown solution 𝑓(𝑥) of (1) with order𝑁,𝑁+1,
respectively. The error estimation defined as 𝜖𝑁 = ‖𝑓∗𝑁(𝑥) −𝑓∗𝑁+1(𝑥)‖2 is convergent.
Proof.𝜖𝑁 = 𝑓∗𝑁 (𝑥) − 𝑓∗𝑁+1 (𝑥)2= 𝑓∗𝑁 (𝑥) − 𝑓 (𝑥) + 𝑓 (𝑥) − 𝑓∗𝑁+1 (𝑥)2≤ 𝑓∗𝑁 (𝑥) − 𝑓 (𝑥)2 + 𝑓 (𝑥) − 𝑓∗𝑁+1 (𝑥)2= 𝛿𝑁 + 𝛿𝑁+1.

(44)

𝛿𝑁 and 𝛿𝑁+1 are bounded by upper bound given inTheorem9
and, in turn, are both convergent.Thus, 𝜖𝑁 is convergent too.
6. Solving Fractional

Integro-Differential Equation by Genocchi
Polynomial Approximation

As in any operational matrix method, we approximate each
term in the following fractional integro-differential equation
(FIDE) with Genocchi polynomials.

0𝐷𝛼𝑥 𝑓 (𝑥) = ℎ1 (𝑥) 𝑓 (𝑥) + ∫𝑥
0

𝐾1 (𝑥, 𝑡) 𝑓 (𝑡) 𝑑𝑡
+ ∫1
0
𝐾2 (𝑥, 𝑡) 𝑓 (𝑡) 𝑑𝑡 + ℎ2 (𝑥) ,

𝑓(𝑖) (𝑥𝑘) = 𝑦𝑘, 𝑖, 𝑘 = 0, . . . , ⌈𝛼⌉ − 1.
(45)

For the FIDE in (1), we approximate each term using a set
of Genocchi polynomials up to order𝑁. The functions ℎ1(𝑥)
and ℎ2(𝑥), which are known a priori in the FIDE, will not be
approximated since this adds additional computational error
to the numerical solution.

0𝐷𝛼𝑥 𝑓 (𝑥) ≈ C𝑇0P
𝛼
𝐺G (𝑥) ,

ℎ (𝑥) ≈ H𝑇G (𝑥) ,
𝐾1 (𝑥, 𝑡) ≈ G𝑇 (𝑥)K1G (𝑡) ,
𝐾2 (𝑥, 𝑡) ≈ G𝑇 (𝑥)K2G (𝑡) .

(46)

After approximation by Genocchi polynomial, the FIDE
written in the matrix representation becomes the following:

G𝑇 (𝑥) ( 0P𝛼𝐺)𝑇C = ℎ1 (𝑥)G𝑇 (𝑥)C
+ ∫𝑥
0
G𝑇 (𝑥)K1G (𝑡)G𝑇 (𝑡)C 𝑑𝑡

+ ∫1
0
G𝑇 (𝑥)K2G (𝑡)G𝑇 (𝑡)C 𝑑𝑡

+ ℎ2 (𝑥) ,
G𝑇 (𝑥) ( 0P𝛼𝐺)𝑇C = ℎ1 (𝑥)G𝑇 (𝑥)C

+ G𝑇 (𝑥)K1T
(0,𝑥)C 𝑑𝑡

+ G𝑇 (𝑥)K2T
(0,1)C 𝑑𝑡

+ ℎ2 (𝑥) ,

(47)

where T(0,𝑥) = ∫𝑥
0
G(𝑡)G𝑇(𝑡)𝑑𝑡 and T(0,1) = ∫1

0
G(𝑡)G𝑇(𝑡)𝑑𝑡.

Then, we select 𝑁 + 1 equally spaced points as the
collocation points in the interval [0, 1]; that is,

V𝑟 = 𝑟𝑁, 𝑟 = 0, . . . , 𝑁. (48)

After collocating (47), we obtain a system of 𝑁 + 1 alge-
braic equations consisting of 𝑁 Genocchi coefficients C =[𝑐1 ⋅ ⋅ ⋅ 𝑐𝑁]𝑇. Given ⌈𝛼⌉ initial conditions, 𝑓(𝑖)(𝑥𝑘) = 𝑦𝑘,𝑖, 𝑘 = 0, . . . , ⌈𝛼⌉ − 1, we select𝑁− ⌈𝛼⌉ equations out of the𝑁
algebraic equations and solve C numerically. Thus, we obtain
the approximate solution 𝑓∗𝑁(𝑥) = C𝑇G(𝑥) of order 𝑁.

7. Numerical Examples

We present some examples of FIDEs which are solved using
the proposed method of Genocchi polynomial approxima-
tion and Genocchi polynomial operational matrix of frac-
tional derivative (GPOMFD). As in [8], we compute the
maximum error function of the approximate function 𝑓∗𝑁(𝑥)
of order 𝑁 for each numerical solution obtained as follows:

𝑒∞ (𝑁) = 𝑓 (𝑥) − 𝑓∗𝑁 (𝑥)∞
= max 𝑓 (𝑥) − 𝑓∗𝑁 (𝑥) , 𝑎 ≤ 𝑥 ≤ 𝑏, (49)
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Figure 2: Comparison of exact solution𝑓(𝑥) and approximate solu-
tion 𝑓∗(𝑥) for Example 2.

where𝑓(𝑥) is the exact solution and𝑓∗𝑁(𝑥) is the approximate
solution of order𝑁. Also, we compute the absolute error of𝑁
order approximation at a particular point𝑥 ∈ [0, 1] as follows:

𝑒𝑁 (𝑥) = 𝑓 (𝑥) − 𝑓∗𝑁 (𝑥) . (50)

Example 1 (integer case). Given

0𝐷2𝑥 𝑓 (𝑥) = −𝑥2𝑓 (𝑥) + ∫𝑥
0

𝑥𝑡𝑓 (𝑡) 𝑑𝑡 + ℎ2 (𝑥) (51)

with initial conditions 𝑓(0) = 2, 𝑓(1)(0) = 0. ℎ2(𝑥) =−(1/30)𝑥7 + (1/5)𝑥6 + (1/4)𝑥5 − 𝑥4 + 𝑥3 + (2/5)𝑥2 − 2. The
exact solution is 𝑓(𝑥) = (1/5)𝑥4 − 𝑥2 − 2. Using 𝑁 = 5, that
is, 𝑓∗5 (𝑥) = ∑5𝑘=1 𝑐𝑖𝐺𝑖(𝑥), the Genocchi polynomial method
gives us the exact solution 𝑓∗5 (𝑥) = (1/5)𝑥4 − 𝑥2 − 2.
Example 2 (integer case). As for Example 3 in [8], given

0𝐷1𝑥 𝑓 (𝑥) = 𝑥𝑒𝑥 − 𝑒𝑥 − 𝑥 + ∫1
0
𝑥𝑓 (𝑡) 𝑑𝑡 (52)

with initial condition 𝑓(0) = 0, the exact solution is 𝑓(𝑥) =𝑥𝑒𝑥. Figure 2 shows both 𝑓(𝑥) and 𝑓∗11(𝑥) over the interval[0, 1]. Tables 3 and 4 show the numerical results of the
exact solutions and approximate solutions (𝑓∗11(𝑥), 𝑓∗17(𝑥))
by Genocchi polynomial for 𝑁 = 11, 17 and approximate
solutions (𝑦10(𝑥), 𝑦16(𝑥)) by Bernoulli matrix [8] together
with absolute errors for both methods. For comparison,
Genocchi polynomial approximation of 𝑁 + 1 (i.e., degree𝑁) is compared with the Bernoulli matrix method of order𝑁. Therefore, the Genocchi method of order 11 (i.e., degree10) is compared with the Bernoulli method of 𝑁 = 10.

Example 3 (integer case). We consider the following problem
as in [8]:

0𝐷1𝑥 𝑓 (𝑥) = 𝑓 (𝑥) + ∫1
0
𝑒𝑥𝑡𝑓 (𝑡) 𝑑𝑡 + 1 − 𝑒𝑥+1𝑥 + 1 (53)

with the initial condition 𝑓(0) = 1. The exact solution is𝑓(𝑥) = 𝑒𝑥. Table 5 shows the 𝐿∞ error of the Genocchi
approximate solutions for order 𝑁 = 7, . . . , 10 and that of
Bernoulli method [8] for the corresponding order of 𝑁 =7, . . . , 9.
Example 4 (fractional case). We consider the following prob-
lem in [10].

0𝐷1.7𝑥 𝑓 (𝑥) = ∫𝑥
0

(𝑥 − 𝑡) 𝑓 (𝑡) 𝑑𝑡 + ∫1
0
(𝑥 + 𝑡) 𝑓 (𝑡) 𝑑𝑡

+ 𝑔 (𝑥) (54)

with the initial conditions 𝑓(1)(0) = 𝑓(0) = 0 and 𝑔(𝑥) =(Γ(3)/Γ(1.3))𝑥0.3+(Γ(4)/Γ(2.3))𝑥1.3−𝑥4/12−𝑥5/20−7𝑥/12−9/20. The exact solution is 𝑓(𝑥) = 𝑥2 + 𝑥3. Table 6 shows
the numerical results of the Genocchi approximate solutions,𝑓∗8 (𝑥) for 𝑁 = 8, and Legendre wavelet method (LWM)
approximate solution for LWM𝑘=4,𝑀=2(𝑥) [10]. Though the
exact solution is a polynomial, one is unable to obtain the
exact solution.This is because the operationalmatrix does not
give exact approximation of fractional derivative 0𝐷1.7𝑥 𝑓(𝑥),
that is,  0𝐷1.7𝑥 𝑓 (𝑥) − C𝑇0P

1.7
𝐺 G (𝑥)𝐿2 ̸= 0. (55)

Example 5 (fractional case). We consider the following prob-
lem in [10].

0𝐷2.3𝑥 𝑓 (𝑥) = 14 ∫𝑥
0

(𝑥 − 𝑡) 𝑓 (𝑡) 𝑑𝑡 + 12 ∫1
0
𝑥𝑡𝑓 (𝑡) 𝑑𝑡

+ 𝑔 (𝑥) (56)

with the initial conditions 𝑓(2)(0) = 𝑓(1)(0) = 𝑓(0) = 0
and 𝑔(𝑥) = (Γ(4.5)/Γ(2.2))𝑥1.2 − 𝑥5.5/99 − 𝑥/11. The exact
solution is 𝑓(𝑥) = 𝑥7/2. Table 7 shows the numerical results
of the Genocchi approximate solutions 𝑓∗8 (𝑥) for 𝑁 = 8
and 𝑓∗9 (𝑥) for 𝑁 = 9 and Legendre wavelet method (LWM)
approximate solution (LWM𝑘=3,𝑀=2(𝑥)) in [10]. We manage
to obtain comparable errors for Genocchi polynomials with
that of Legendre wavelets which are known to be a more
powerful tool with a higher accuracy than its counterpart,
Legendre polynomials.

Example 6 (fractional case and solution is unknown). We
consider the following problem:

0𝐷1.5𝑥 𝑓 (𝑥) = 14 ∫𝑥
0

(𝑥 − 𝑡) 𝑓 (𝑡) 𝑑𝑡 + 12 ∫1
0
𝑥𝑡𝑓 (𝑡) 𝑑𝑡

+ 𝑔 (𝑥) (57)
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Table 3: Comparison of absolute errors for Example 2 using 𝑁 = 11 orders of Genocchi polynomials and Bernoulli method 𝑁 = 10 [8].
𝑥 Exact 𝑓(𝑥) Genocchi 𝑓∗11(𝑥) Genocchi 𝑒11(𝑥) Bernoulli 𝑒10(𝑥) [8]
0.0 0.0000000000000000 0.0000000000000000 0.00000𝐸 + 00 6.33107𝐸 − 16
0.1 0.1105170918075647 0.1105170918090843 1.51950𝐸 − 12 1.50312𝐸 − 10
0.2 0.2442805516320338 0.2442805516333059 1.27210𝐸 − 12 6.01255𝐸 − 10
0.3 0.4049576422728009 0.4049576422741780 1.37710𝐸 − 12 1.35331𝐸 − 09
0.4 0.5967298790565080 0.5967298790578598 1.35200𝐸 − 12 2.41699𝐸 − 09
0.5 0.8243606353500640 0.8243606353514914 1.42950𝐸 − 12 3.89875𝐸 − 09
0.6 1.0932712802343040 1.0932712802357070 1.40858𝐸 − 12 6.46841𝐸 − 09
0.7 1.4096268952293330 1.4096268952309410 1.61360𝐸 − 12 1.31824𝐸 − 08
0.8 1.7804327427939730 1.7804327427938810 8.72000𝐸 − 14 3.51353𝐸 − 08
0.9 2.2136428000412540 2.2136427999488390 9.24140𝐸 − 11 1.06298𝐸 − 07
1.0 2.7182818284590450 2.7182818284628360 3.79650𝐸 − 12 3.17917𝐸 − 07
Table 4: Comparison of absolute errors for Example 2 using 𝑁 = 17 orders of Genocchi polynomials and Bernoulli method 𝑁 = 16 [8].

𝑥 Exact 𝑓(𝑥) Genocchi 𝑓∗17(𝑥) Genocchi 𝑒17(𝑥) Bernoulli 𝑒16(𝑥) [8]
0.0 0.0000000000000000 0.0000000000000000 5.80000𝐸 − 17 3.00738𝐸 − 15
0.1 0.1105170918075647 0.1105170918075627 2.00000𝐸 − 15 2.34124𝐸 − 15
0.2 0.2442805516320338 0.2442805516320308 3.00000𝐸 − 15 1.23102𝐸 − 15
0.3 0.4049576422728009 0.4049576422727964 4.50000𝐸 − 15 4.89821𝐸 − 16
0.4 0.5967298790565080 0.5967298790565028 5.20000𝐸 − 15 2.87680𝐸 − 15
0.5 0.8243606353500640 0.8243606353500572 6.80000𝐸 − 15 5.76338𝐸 − 15
0.6 1.0932712802343040 1.0932712802342920 1.20000𝐸 − 14 8.76098𝐸 − 15
0.7 1.4096268952293330 1.4096268952293210 1.20000𝐸 − 14 1.25357𝐸 − 14
0.8 1.7804327427939730 1.7804327427939550 1.80000𝐸 − 14 1.65325𝐸 − 14
0.9 2.2136428000412540 2.2136428000412350 1.90000𝐸 − 14 2.76347𝐸 − 14
1.0 2.7182818284590450 2.7182818284590240 2.10000𝐸 − 14 7.29318𝐸 − 14
Table 5: Comparison of 𝐿∞ error for Example 3 using 𝑁 = 7, 8, 9
orders of Genocchi polynomials and that of Bernoulli method [8].

𝑁 Genocchi 𝑒∞(𝑁) 𝑁 Bernoulli 𝑒∞(𝑁) [8]
7 2.685084410123100𝐸 − 07 — —
8 4.733793870463971𝐸 − 08 7 1.11973𝐸 − 04
9 8.708190200000000𝐸 − 08 8 1.14161𝐸 − 05
with the initial conditions 𝑓(1)(0) = 𝑓(0) = 0 and 𝑔(𝑥) =(1/60)𝑥6 − (1/48)𝑥4 + (1/24)𝑥3 − (3/8)𝑥2 − (128/5√𝜋)𝑥5/2 −(13/24)𝑥 + 4(√𝑥/√𝜋). The solution is unknown. UsingThe-
orem 10 which follows the concept given in [18], we calculate𝜖𝑁 = ‖𝑓∗𝑁(𝑥) − 𝑓∗𝑁+1(𝑥)‖2 = √∫1

0
|𝑓∗𝑁(𝑥) − 𝑓∗𝑁+1(𝑥)|2𝑑𝑥 for𝑁 = 4, 5, 6, 7, 8 shown in Table 8. Table 9 shows Δ𝑁 =|𝑓∗𝑁(𝑥) −𝑓∗𝑁+1(𝑥)|, the so-called𝑁th level error estimate [18].

Based on the results of Table 8 which is calculated using
Theorem 10, one should choose 𝑁 ≥ 5 if 𝜖𝑁 < 0.005 is to be
achieved, where 0.005 is called the tolerance.

8. Conclusion

In this paper, FIDE is solved with a numerical approximation
scheme using Genocchi polynomial and Genocchi polyno-
mial operational matrix of fractional derivative (GPOMFD).
To overcome the problem that occurs for the classical formula

of Genocchi coefficients in the case of nondifferentiable func-
tion, we use the matrix approach to determine the Genocchi
coefficients of an arbitrary integrable function. Also, we
derive the analytical expression of T which is the integral
of the product of Genocchi polynomials, K𝐺 which is the
integral kernel matrix, and 0P𝛼𝐺 which is the Genocchi
polynomial operational matrix of Caputo’s fractional deriva-
tives. The approximation of Genocchi polynomial opera-
tional matrix of fractional derivative (GPOMFD) is shown to
achieve smaller error than that of Shifted Legendre polyno-
mial operational matrix of fractional derivative (SLOMFD).
This is due to the fact that Genocchi polynomials have smaller
coefficients for each 𝑥𝑛-term than the Shifted Legendre
polynomial. Applying Genocchi polynomial approximation,
the FIDE is transformed into a system of algebraic equations
of Genocchi coefficients C of the unknown function 𝑓(𝑥).
Using collocation method of equally spaced points over the
interval [0, 1] together with the initial conditions given, we
are able to solve FIDE with good accuracy. Comparison with
the Bernoulli matrix method [8] and the Legendre wavelet
method [10] indicates that Genocchi polynomial can achieve
comparable results as those of the aforementioned methods
which are known to have better accuracy than Legendre
polynomial. Estimation errors occur when one tries to solve
the FIDE in the case when the derivative 0𝐷𝛼𝑥 is of fractional
order.
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Table 6: Comparison of approximate solutions for Example 4 using 𝑁 = 8 order Genocchi polynomials and Legendre wavelet method
(LWM) [10] for 𝑘 = 4 and 𝑀 = 2.
𝑥 Exact Genocchi Genocchi LWM LWM𝑓(𝑥) 𝑓∗8 (𝑥) 𝑒8(𝑥) 𝑓∗𝑘=4,𝑀=2(𝑥) 𝑒𝑘=4,𝑀=2(𝑥) [10]
0.000 0.000000 0.000003 3.50000𝐸 − 06 0.000024 2.40000𝐸 − 05
0.125 0.017578 0.015382 2.19540𝐸 − 03 0.015822 1.75600𝐸 − 03
0.250 0.078125 0.074814 3.31010𝐸 − 03 0.075531 2.59400𝐸 − 03
0.375 0.193359 0.189006 4.35300𝐸 − 03 0.192880 4.79000𝐸 − 04
0.500 0.375000 0.364240 1.07600𝐸 − 02 0.361498 1.35020𝐸 − 02
0.625 0.634765 0.608990 2.57750𝐸 − 02 0.622950 1.18150𝐸 − 02
0.750 0.984375 0.936805 4.75700𝐸 − 02 0.930901 5.34740𝐸 − 02
0.875 1.435540 1.365460 7.00800𝐸 − 02 1.391340 4.42000𝐸 − 02
Table 7: Comparison of absolute errors for Example 5 using 𝑁 =8 order of Genocchi polynomials with respect to Legendre wavelet
method (LWM 𝑘 = 3, 𝑀 = 2) of [10].
𝑥 Genocchi 𝑒8(𝑥) Genocchi 𝑒9(𝑥) LWM 𝑒𝑘=3,𝑀=2(𝑥) [10]
0.000 1.10000𝐸 − 25 1.20000𝐸 − 25 0
0.125 1.60950𝐸 − 04 1.54175𝐸 − 04 2.2475𝐸 − 04
0.250 6.47020𝐸 − 04 6.30863𝐸 − 04 5.6882𝐸 − 03
0.375 1.26848𝐸 − 03 1.27497𝐸 − 03 8.0634𝐸 − 03
0.500 1.94127𝐸 − 03 2.01243𝐸 − 03 2.3712𝐸 − 04
0.625 2.66168𝐸 − 03 2.82528𝐸 − 03 2.8084𝐸 − 02
0.750 3.43505𝐸 − 03 3.70353𝐸 − 03 3.1612𝐸 − 02
0.875 4.25649𝐸 − 03 4.63810𝐸 − 03 3.3599𝐸 − 02
Table 8: 𝜖𝑁 = √∫1

0
|𝑓∗𝑁(𝑥) − 𝑓∗𝑁+1(𝑥)|2𝑑𝑥 of Example 6 for 𝑁 =4, 5, 6, 7, 8 of Genocchi polynomials.

𝜖4 𝜖5 𝜖6 𝜖7 𝜖8
0.295460 0.000466 0.000461 0.000337 0.000318

Table 9: Δ𝑁 = |𝑓∗𝑁(𝑥) − 𝑓∗𝑁+1(𝑥)| of Example 6 for 𝑁 = 4, 5, 6, 7, 8
of Genocchi polynomials.

𝑥 Δ 4 Δ 5 Δ 6 Δ 7 Δ 8
0.00 0.000000 0.000000 0.000000 0.000000 0.000000
0.10 0.027424 0.000156 0.000099 0.000047 0.000004
0.20 0.092740 0.000364 0.000091 0.000073 0.000142
0.30 0.174125 0.000393 0.000120 0.000267 0.000237
0.40 0.254577 0.000185 0.000379 0.000340 0.000223
0.50 0.321910 0.000189 0.000507 0.000290 0.000243
0.60 0.368759 0.000577 0.000435 0.000276 0.000349
0.70 0.392579 0.000786 0.000268 0.000416 0.000406
0.80 0.395643 0.000630 0.000251 0.000605 0.000322
0.90 0.385042 0.000020 0.000653 0.000503 0.000363
1.00 0.372688 0.001202 0.001572 0.000118 0.000917
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