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This article presents a technique for synchronizing arrays of a class of chaotic systems known as Sprott circuits. This technique
can be applied to different topologies and is robust to parametric uncertainties caused by tolerances in the electronic components.
The design of coupling signals is based on the definition of a set of functionals which depend on the errors between the outputs of
the nodes and the errors between the output of a reference system and the outputs of the nodes. When there are no parametric
uncertainties, we establish a criterion to design the coupling signals using only one state variable of each system. When the
parametric uncertainties are present, we add a robust observer and a low pass filter to estimate the perturbation terms, which
are subsequently compensated through the coupling signals, resulting in a robust closed loop system. The performance of the
synchronization technique is illustrated by real-time simulations.

1. Introduction

Synchronization is a dynamical behavior that two or more
systems exhibit when a correlated motion between them
is established [1]. This phenomenon appears very often in
nature, but it can also be forcibly induced by introducing
some coupling elements or input signals in a convenient way.
This last case is often denoted as controlled synchronization
because it becomes a control objective [2].

Controlled synchronization can be achieved in dynamical
systems on chaotic regime [3–8]. However, in practice, chaos
synchronization is far from being straightforward because
different aspects, as the presence of external disturbances
and parameter uncertainties, affect significantly the ability
of systems to synchronize. Therefore, robustness is a very
desirable property of a synchronization approach.

Chaos synchronization has important applications, for
example, in private communication systems; see, for example,
[4, 5, 9], where simplicity is always a desirable characteristic
to consider in a practical implementation. As shown by Sprott
[10], a practical chaos generator can be constructed with a
simple electronic circuit with nonlinear terms as piecewise
linear functions.

Recently, some synchronization techniques for Sprott
circuits and other kinds of systems have been proposed for
the master/slave scheme and for arrays or networks of them.
Some important papers are [5, 9, 11–14].

A proposal to synchronize Sprott circuits and their appli-
cation in secure communication are presented in [4]. Here
a proportional-integral-derivative (PID) control scheme is
used to solve the synchronization problem of identical
chaotic systems and without disturbances under the mas-
ter/slave configuration. To verify the system performance,
basic electronic components are used to implement the
proposed chaotic secure communication system. Something
similar is presented in [5], but here, the information is
incorporated as a disturbance, which is recovered through the
equivalent control produced by a variable structure control.

A robust algorithm to synchronize Sprott circuits, under
the master/slave configuration, using sliding mode control
is presented in [14]. The objective is to obtain identical
synchronization between the master and slave systems in
spite of existence of external disturbances. An important
condition is that both systems must have the same nonlinear
function. The coupling signal contains a term to linearize
the error dynamics and add a discontinuous part that gives
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robustness to the closed loop system.With the same objective
and conditions, a technique to synchronize two Sprott circuits
in finite time is presented in [15]. An important characteristic
in this work is that the slave system incorporates two control
inputs.These are designed based on variable structure control
and depend on all of states of the systems. As in [14], the
master and the slave systems must have the same nonlinear
function.

In [16], a technique to synchronize arrays of dynamical
systems is presented. The arrays are formed by uncertain
nonlinear second-order systems where only the generalized
position is available. The synchronization technique can be
applied to many array topologies where the connections
can be unidirectional or bidirectional with different weights;
this produces a connection matrix that it is not necessarily
symmetric. The design of the coupling signals is based on
a robust discontinuous controller and on an exact deriver
that estimates the velocity of each node.This is an interesting
proposal but it is not applicable to Sprott circuits.

In this paper, we present a technique, based on [16], for
synchronizing arrays of a class of chaotic systems known
as Sprott circuits. This technique can be applied to different
topologies and is robust to parametric uncertainties caused
by tolerances in the electronic components. The design
of coupling signals is based on the definition of a set of
functionals, which depend on the errors between the outputs
of the nodes and on the errors between the output of a
reference system and the outputs of the nodes; when there
are no parametric uncertainties, we establish a criterion to
design the coupling signals using only one state variable of
each system. When the parametric uncertainties are present,
we add a robust observer and a low pass filter to estimate
the perturbation terms, which are subsequently compensated
through the coupling signals, resulting in a robust closed loop
system.The performance of the synchronization technique is
illustrated by experimental results.

The organization of the paper is as follows. Section 2
includes some preliminary definitions and the statement of
the synchronization objective. In Section 3, the synchro-
nization technique is described. Here, a sufficient condition
on synchronizability is established. Also, in this section, a
methodology to design the coupling signals is presented. In
Section 4, the performance of the synchronization technique
is shown through a real-time simulation where an array
formed by four nodes and a reference system is synchronized.
Finally, in Section 5, some conclusions are presented.

2. Preliminary Definitions and
Problem Statement

Consider 𝑘 nonlinear dynamical systems, known as Sprott
circuits [10], modeled by

Σ𝑖 : 𝑑3𝑦𝑖
𝑑𝑡3 + (𝑎0 + Δ 𝑎𝑖)

𝑑2𝑦𝑖
𝑑𝑡2 + 𝑑𝑦𝑖

𝑑𝑡 = 𝐺𝑙𝑖 (𝑦𝑖) + 𝑢𝑖, (1)

for 𝑖 = 1, . . . , 𝑘, where𝐺𝑙𝑖(𝑦𝑖) is one of the following functions:
𝐺𝑎𝑖 (𝑦𝑖) = (𝑏0 + Δ 𝑏𝑖) 𝑦𝑖 − (𝑐0 − Δ 𝑐𝑖) ,

𝐺𝑏𝑖 (𝑦𝑖) = − (𝑏0 + Δ 𝑏𝑖)max (𝑦𝑖, 0) + (𝑐0 − Δ 𝑐𝑖) ,
𝐺𝑐𝑖 (𝑦𝑖) = (𝑏0 + Δ 𝑏𝑖) 𝑦𝑖 − (𝑐0 − Δ 𝑐𝑖) sign (𝑦𝑖) ,
𝐺𝑑𝑖 (𝑦𝑖) = − (𝑏0 + Δ 𝑏𝑖) 𝑦𝑖 + (𝑐0 − Δ 𝑐𝑖) sign (𝑦𝑖) ,

(2)

where 𝑦𝑖 is the output system; 𝑎0, 𝑏0, and 𝑐0 are nominal
values proposed in [10], for which system (1) presents chaotic
behavior; Δ 𝑎𝑖 , Δ 𝑏𝑖 , and Δ 𝑐𝑖 are parametric variations due to
tolerances in electronic components; and 𝑢𝑖 are the coupling
signals to be designed for each node.

A state space representation of system (1), taking the state
variables as 𝑥1𝑖 = 𝑦𝑖, 𝑥2𝑖 = 𝑑𝑦𝑖/𝑑𝑡, and 𝑥3𝑖 = 𝑑2𝑦𝑖/𝑑𝑡2, is

Σ𝑖 : [[[
[

�̇�1𝑖
�̇�2𝑖
�̇�3𝑖

]]]
]

= [[[
[

𝑥2𝑖
𝑥3𝑖

−𝑎0𝑥3𝑖 − 𝑥2𝑖 + 𝐺𝑙𝑖 (𝑥1𝑖) + 𝛾𝑖 (𝑥1𝑖) + 𝑢𝑖

]]]
]

,

𝑦𝑖 = 𝑥1𝑖 ,

(3)

where 𝛾𝑖(𝑥1𝑖) is a disturbance term due to parametric varia-
tions; it is unknown but bounded. Also, consider a reference
system given by

Σ𝑟 : [[[
[

�̇�1𝑟
�̇�2𝑟
�̇�3𝑟

]]]
]

= [[[
[

𝑥2𝑟
𝑥3𝑟

−𝑎0𝑥3𝑟 − 𝑥2𝑟 + 𝐺𝑙𝑟 (𝑥1𝑟) + 𝛾𝑟 (𝑥1𝑟)
]]]
]

.

𝑦𝑟 = 𝑥1𝑟 .

(4)

System (4) is defined in the sameway of system (3), but in this
case a coupling signal is not present.

Let us consider 𝑘 functionals 𝜖𝑖 : 𝑌1 ×𝑌2 × ⋅ ⋅ ⋅ ×𝑌𝑘 ×𝑌𝑟 →
R, 𝑖 = 1, . . . , 𝑘. Here 𝑌𝑖 are the sets of all output functions.
Definition 1. One says that outputs 𝑦1(𝑡), . . . , 𝑦𝑘(𝑡), 𝑦𝑟(𝑡) of
the systems Σ1, . . . , Σ𝑘, Σ𝑟 are synchronized with respect to
the functionals 𝜖1, . . . , 𝜖𝑘 if

𝜖𝑖 (𝑦𝑖 (𝑡) , . . . , 𝑦𝑘 (𝑡) , 𝑦𝑟 (𝑡)) = 0, 𝑖 = 1, . . . , 𝑘. (5)

Definition 2. One says that outputs 𝑦1(𝑡), . . . , 𝑦𝑘(𝑡), 𝑦𝑟(𝑡)
of the systems Σ1, . . . , Σ𝑘, Σ𝑟 with initial conditions
(𝑥11(0), 𝑥21(0), 𝑥31(0))𝑇, . . . , (𝑥1𝑘(0), 𝑥2𝑘(0), 𝑥3𝑘(0)), (𝑥11(0),𝑥21(0), 𝑥31(0))𝑇 are asymptotically synchronized with re-
spect to the functionals 𝜖1, . . . , 𝜖𝑘 if

lim
𝑡→∞

𝜖𝑖 (𝑦𝑖 (𝑡) , . . . , 𝑦𝑘 (𝑡) , 𝑦𝑟 (𝑡)) = 0, 𝑖 = 1, . . . , 𝑘. (6)

Definition 3. One says that outputs 𝑦1(𝑡), . . . , 𝑦𝑘(𝑡), 𝑦𝑟(𝑡)
of the systems Σ1, . . . , Σ𝑘, Σ𝑟 with initial conditions
(𝑥11(0), 𝑥21(0), 𝑥31(0))𝑇, . . . , (𝑥1𝑘(0), 𝑥2𝑘(0), 𝑥3𝑘(0))𝑇, (𝑥11(0),𝑥21(0), 𝑥31(0))𝑇 are approximately synchronized with respect
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to the functionals 𝜖1, . . . , 𝜖𝑘 if there is an 𝜀 > 0 such that
𝜖𝑖 (𝑦𝑖 (𝑡) , . . . , 𝑦𝑘 (𝑡) , 𝑦𝑟 (𝑡)) ≤ 𝜀, 𝑖 = 1, . . . , 𝑘. (7)

Finally, we define the concept of connection graph. A
connection graph is a figure that describes the presence or
absence of couplings among reference system (4) and nodes
(3) in an array of systems. Figure 1 shows an example of
a connection graph with three nodes Σ𝑖, orange spheres,
and a reference system Σ𝑟, green sphere. Here solid lines
denote connections among nodes and dashed lines connect
the reference systemwith nodes. Both kinds of couplings have
a particular direction represented by an arrow.An arrow from
Σ𝑖 to Σ𝑗 indicates that the 𝑗th node has access to the output 𝑦𝑖
of 𝑖th node. It is important to notice that couplings between
nodes may be bidirectional; however, couplings from the
reference system to nodes are unidirectional.

2.1. The Synchronization Objective. Based on the precedent
definitions, the problem is to design the coupling signals 𝑢𝑖
such that the objectives

lim
𝑡→∞

𝑦𝑖 (𝑡) − 𝑦𝑗 (𝑡) = 0, ∀𝑖, 𝑗 ∈ {1, . . . , 𝑘} , 𝑖 ̸= 𝑗,
lim
𝑡→∞

𝑦𝑟 (𝑡) − 𝑦𝑖 (𝑡) = 0, ∀𝑖 ∈ {1, . . . , 𝑘} (8)

are satisfied.
Define the error variables between the reference system

and the nodes as

𝑒𝑖,𝑟 = 𝑦𝑖 − 𝑦𝑟. (9)

Also, define errors between nodes as

𝑒𝑖,𝑗 = 𝑦𝑖 − 𝑦𝑗, 𝑖 ̸= 𝑗, (10)

for 𝑖, 𝑗 = 1, . . . , 𝑘.

Equations (9) and (10) define 𝑘(𝑘 + 1)/2 independent
errors which we want to regulate around zero with only 𝑘
coupling signals. For that, a set of functionals 𝜖1, . . . , 𝜖𝑘 is
defined as a linear combination of errors 𝑒𝑖,𝑟 and 𝑒𝑖,𝑗 defined
by

𝜖1 = 𝛼1,𝑟𝑒1,𝑟 + 𝛽1,2𝑒1,2 + ⋅ ⋅ ⋅ + 𝛽1,𝑗𝑒1,𝑗 + ⋅ ⋅ ⋅ + 𝛽1,𝑘𝑒1,𝑘,
𝜖2 = 𝛼2,𝑟𝑒2,𝑟 + 𝛽2,1𝑒2,1 + ⋅ ⋅ ⋅ + 𝛽2,𝑗𝑒2,𝑗 + ⋅ ⋅ ⋅ + 𝛽2,𝑘𝑒2,𝑘,

...
𝜖𝑖 = 𝛼𝑖,𝑟𝑒𝑖,𝑟 + 𝛽𝑖,1𝑒𝑖,1 + ⋅ ⋅ ⋅ + 𝛽𝑖,𝑗𝑒𝑖,𝑗 + ⋅ ⋅ ⋅ + 𝛽𝑖,𝑘𝑒𝑖,𝑘,

𝑖 ̸= 𝑗,
...

𝜖𝑘 = 𝛼𝑘,𝑟𝑒𝑘,𝑟 + 𝛽𝑘,1𝑒𝑘,1 + ⋅ ⋅ ⋅ + 𝛽𝑘,𝑗𝑒𝑘,𝑗 + ⋅ ⋅ ⋅
+ 𝛽𝑘,𝑘−1𝑒𝑘,𝑘−1,

(11)

where 𝛼𝑖,𝑟 and 𝛽𝑖,𝑗 are constants. Analyzing the 𝑖th functional,
we can see that the constant 𝛼𝑖,𝑟 always corresponds to error
𝑒𝑖,𝑟 whose composition requires that reference system output
𝑦𝑟 be available, which is possible according to the connection
graph definitionwhenever a dashed line arrow exists between
𝑖-node and the reference system. If a coupling actually exists,
the elements 𝛼𝑖,𝑟 take the value of one; or else these elements
are zero. Similarly, constant 𝛽𝑖,𝑗 indicates presence or absence
of solid lines from the 𝑗-node to the 𝑖-node.

A matrix form of (11) is

𝜖 = B𝑦 −A𝑦𝑟, (12)

where

𝜖 = [𝜖1 𝜖2 ⋅ ⋅ ⋅ 𝜖𝑗 ⋅ ⋅ ⋅ 𝜖𝑘]𝑇 ,
𝑦 = [𝑦1 𝑦2 ⋅ ⋅ ⋅ 𝑦𝑗 ⋅ ⋅ ⋅ 𝑦𝑘]𝑇 ,

B =

[[[[[[[[[[[[[[[[[[[[[[[[
[

𝛼1,𝑟 +
𝑘

∑
𝑖=1,𝑖 ̸=1

𝛽1,𝑖 −𝛽1,2 ⋅ ⋅ ⋅ −𝛽1,𝑗 ⋅ ⋅ ⋅ −𝛽1,𝑘

−𝛽2,1 𝛼2,𝑟 +
𝑘

∑
𝑖=1,𝑖 ̸=2

𝛽2,𝑖 ⋅ ⋅ ⋅ −𝛽2,𝑗 ⋅ ⋅ ⋅ −𝛽2,𝑘
... d

...
−𝛽𝑗,1 −𝛽𝑗,2 ⋅ ⋅ ⋅ 𝛼𝑗,𝑟 +

𝑘

∑
𝑖=1,𝑖 ̸=𝑗

𝛽𝑗,𝑖 ⋅ ⋅ ⋅ −𝛽𝑗,𝑘
... ...

−𝛽𝑘,1 −𝛽𝑘,2 ⋅ ⋅ ⋅ −𝛽𝑘,𝑗 ⋅ ⋅ ⋅ 𝛼𝑗,𝑟 +
𝑘

∑
𝑖=1,𝑖 ̸=𝑘

𝛽𝑘,𝑖

]]]]]]]]]]]]]]]]]]]]]]]]
]

,

A = [𝛼1,𝑟 𝛼2,𝑟 ⋅ ⋅ ⋅ 𝛼𝑗,𝑟 ⋅ ⋅ ⋅ 𝛼𝑘,𝑟]𝑇 ,

(13)
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Figure 1: A connection graph. Example of full chain interconnec-
tion scheme.

𝑦𝑟 ∈ R, and all vectors and matrices have suitable dimen-
sions.

Theorem 4. If vectorA ̸= 0, matrixB is not singular, and the
functionals (11) are zero, then the nodes (3) and the reference
system (4) are synchronized according to Definition 1.

Proof. The proof of this theorem is in [17].

Note that if 𝜖 is not zero, then the synchronization
objective given by Definition 2 can be attained if the coupling
signals 𝑢𝑖 are designed such that these signals make 𝜖
converge to zero.This design is detailed in the next section. In
practice, due to nonidealities in actual systems, we expect an
approximate synchronization as established in Definition 3.

3. Design of the Coupling Signals

To design the coupling signals 𝑢𝑖, we define the state variables
𝜖 = B𝑥1 −A𝑥1𝑟 ,
𝑧 = B𝑥2 −A𝑥2𝑟 ,
𝑤 = B𝑥3 −A𝑥3𝑟 ,

(14)

whose dynamics are given by

̇𝜖 = 𝑧,
�̇� = 𝑤,
�̇� = −𝐴0𝑤 − 𝑧 +B𝐺𝑙 (𝑥1) −A𝐺𝑙𝑟 (𝑥1𝑟) +BΓ (𝑥1)

−A𝛾𝑟 (𝑥1𝑟) +B𝑈,

(15)

where
𝐴0 = diag {𝑎0} ,

𝐺𝑙 (𝑥1) = [𝐺𝑙1 (𝑥11) 𝐺𝑙2 (𝑥12) ⋅ ⋅ ⋅ 𝐺𝑙𝑘 (𝑥1𝑘)]
𝑇 ,

Γ (𝑥1) = [𝛾1 (𝑥11) 𝛾2 (𝑥12) ⋅ ⋅ ⋅ 𝛾𝑘 (𝑥1𝑘)]
𝑇 ,

𝑈 = [𝑢1 𝑢2 ⋅ ⋅ ⋅ 𝑢𝑘]𝑇 ,
𝑥1 = [𝑥11 𝑥12 ⋅ ⋅ ⋅ 𝑥1𝑘]𝑇 ,

𝑥2 = [𝑥21 𝑥22 ⋅ ⋅ ⋅ 𝑥2𝑘]𝑇 ,
𝑥3 = [𝑥31 𝑥32 ⋅ ⋅ ⋅ 𝑥3𝑘]𝑇 .

(16)

Now the problem is to design a control vector 𝑈 to stabilize
the origin of system (15). To do this, it is important to consider
the following:

(1) System (15) has a linear part and nonlinear part that
only depends on 𝑥1; the termB𝐺𝑙(𝑥1) −A𝐺𝑙𝑟(𝑥1𝑟) is
well known.

(2) MatrixB is invertible.
(3) The Sprott systems are electronic circuits; therefore all

state variables are available; then we can use a state
observer to estimate the termBΓ(𝑥1)−A𝛾𝑟(𝑥1𝑟), and
we compensate it through 𝑈.

We propose the control input 𝑈 given by

𝑈 = B
−1 (−𝐾𝜖 −B𝐺𝑙 (𝑥1) +A𝐺𝑙𝑟 (𝑥1𝑟) −BΓ̃ (𝑥1)

+A𝛾𝑟 (𝑥1𝑟)) ,
(17)

where Γ̃(𝑥1) and 𝛾𝑟(𝑥1𝑟) are the asymptotic estimates of Γ(𝑥1)
and 𝛾(𝑥1𝑟), respectively. 𝐾 is a constant diagonal matrix that
will be designed.

Substituting (17) in (15), we have

̇𝜖 = 𝑧,
�̇� = 𝑤,
�̇� = −𝐾𝜖 − 𝑧 − 𝐴0𝑤 +B (Γ (𝑥1) − Γ̃ (𝑥1))

+A (𝛾𝑟 (𝑥1𝑟) − 𝛾𝑟 (𝑥1𝑟)) .

(18)

System (18) is a disturbed linear system with a vanish
disturbance; the disturbance is

B (Γ (𝑥1) − Γ̃ (𝑥1)) +A (𝛾𝑟 (𝑥1𝑟) − 𝛾𝑟 (𝑥1𝑟)) , (19)

and the linear part has the form

[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

̇𝜖1
...
̇𝜖𝑘

�̇�1
...
�̇�𝑘
�̇�1
...

�̇�𝑘

]]]]]]]]]]]]]]]]]]]]]]]]]]]
]



Advances in Mathematical Physics 5

=

[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

0 ⋅ ⋅ ⋅ 0
... d

...
0 ⋅ ⋅ ⋅ 0

1 ⋅ ⋅ ⋅ 0
... d

...
0 ⋅ ⋅ ⋅ 1

0 ⋅ ⋅ ⋅ 0
... d

...
0 ⋅ ⋅ ⋅ 0

0 ⋅ ⋅ ⋅ 0
... d

...
0 ⋅ ⋅ ⋅ 0

0 ⋅ ⋅ ⋅ 0
... d

...
0 ⋅ ⋅ ⋅ 0

1 ⋅ ⋅ ⋅ 0
... d

...
0 ⋅ ⋅ ⋅ 1

−𝑘1 ⋅ ⋅ ⋅ 0
... d

...
0 ⋅ ⋅ ⋅ −𝑘𝑘

−1 ⋅ ⋅ ⋅ 0
... d

...
0 ⋅ ⋅ ⋅ −1

−𝑎0 ⋅ ⋅ ⋅ 0
... d

...
0 ⋅ ⋅ ⋅ −𝑎0

]]]]]]]]]]]]]]]]]]]]]]]]]]]
]

[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

𝜖1
...
𝜖𝑘
𝑧1
...
𝑧𝑘
𝑤1
...

𝑤𝑘

]]]]]]]]]]]]]]]]]]]]]]]]]]]
]

.

(20)

Theorem 5. Consider an array of Sprott circuits defined by (3)
and (4), whose interconnections are established by the function-
als (11) with the coupling signals given in (17). There exists a
matrix𝐾 that guarantees the asymptotic synchronization of the
array defined by (8).

Proof. Equation (20) defines a nominal system formed by a
set of uncoupled linear systems given by

[[
[

̇𝜖𝑖
�̇�𝑖
�̇�𝑖

]]
]

= [[
[

0 1 0
0 0 1

−𝑘𝑖 −1 −𝑎0
]]
]

[[
[

𝜖𝑖
𝑧𝑖
𝑤𝑖

]]
]

, (21)

for 𝑖 = 1, . . . , 𝑘, whose characteristic polynomial is

𝑃 (𝜆) = 𝜆3 + 𝑎0𝜆2 + 𝜆 + 𝑘𝑖, (22)

and applying the Ruth-Hurwitz criterion, we obtain that the
constant 𝑘𝑖 must satisfy

0 < 𝑘𝑖 < 𝑎0 (23)

to guarantee exponentially asymptotic stability of the origin
of system (21).

Now perturbed system (18) is analyzed. Considering that
a state observer is designed such that the term B(Γ(𝑥1) −
Γ̃(𝑥1)) + A(𝛾𝑟(𝑥1𝑟) − 𝛾𝑟(𝑥1𝑟)) satisfies the vanish conditions
established in [18], then the closed loop system (18) will have a
globally asymptotically stable equilibrium point at the origin,
which is why the synchronization problem defined by (8) is
resolved.

In the following subsection, a proposal for an observer
and a filter for perturbation estimation is presented.

3.1. State Observer for Disturbances Estimation. Consider the
scalar system defined by the following equation:

�̇� = 𝑓 (𝑥) + 𝛾 (𝑥, 𝑡) + 𝑢,
𝑦 = 𝑥, (24)

where 𝑥 ∈ R is the state of the system; 𝑓(𝑥) is a well-known
function which satisfies the Lipschitz condition; 𝛾(𝑥, 𝑡) is an

unknown but bounded perturbation term; |𝛾(𝑥, 𝑡)| < 𝛿. 𝑢 is
a known entrance and the output is given by 𝑦. An observer
for system (24) is as follows:

̇̂𝑥 = 𝑓 (𝑥) + 𝑢 + 𝑐1 (𝑦 − 𝑦) + 𝑐2 sign (𝑦 − 𝑦) ,
𝑦 = 𝑥. (25)

To demonstrate the convergence of the state of the observer
(25) to the state of the plant (24), an error variable is defined
𝑒 = 𝑦 − 𝑦, whose dynamics are given by

̇𝑒 = 𝛾 (𝑥, 𝑡) − 𝑐1𝑒 − 𝑐2 sign (𝑒) . (26)

The right side of (26) is discontinuous, which is why the
conditions for the existence of sliding mode on 𝑠 = 𝑒 = 0
are analyzed.

The convergence of the trajectories of system (26) to 𝑠 = 0
is verified through the derivative of the function

𝑉 = 1
2𝑠
2,

�̇� = 𝑒𝛾 (𝑥, 𝑡) − 𝑐1𝑒2 − 𝑐2 |𝑒| ,
≤ −𝑐1𝑒2 − (𝑐2 − 𝛾 (𝑥, 𝑡)) |𝑒| ;

(27)

if

𝑐2 > 𝛿, (28)

then

�̇� < 0, (29)

which is why the trajectories converge to 𝑒 = 0 for any initial
condition. Now we use the criterion given in [19] to ensure
finite time convergence to the discontinuity surface.

lim
𝑠→0+

̇𝑠 < 0,
lim
𝑠→0−

̇𝑠 > 0; (30)

in this case, because 𝑐2 > 𝛿, we have
lim
𝑠→0+

̇𝑠 = 𝛾 (𝑥, 𝑡) − 𝑐2 < 0,
lim
𝑠→0−

̇𝑠 = 𝛾 (𝑥, 𝑡) + 𝑐2 > 0, (31)

which implies that the state of the observer converges the state
of the plant in finite time.

Now, based on [19], we found the control that appears
when the trajectories remain at 𝑠 = 0, which is called
equivalent control 𝑢eq.

Consider

̇𝑠 = 𝛾 (𝑥, 𝑡) − 𝑢eq = 0; (32)

therefore

𝑢eq = 𝛾 (𝑥, 𝑡) , (33)
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and the equivalent control 𝑢eq is equal to the disturbances and
it can be recovered through a low pass filter as indicated in
[20].

�̇�𝑓 = −𝛼𝑥𝑓 + 𝛼 (𝑐2 sign (𝑒)) . (34)

By using the observer (25) and the filter (34) to estimate
the perturbations in the nodes and reference system, the
conditions established in [18] are satisfied since equivalent
control 𝑢eq is presented in finite time and, in theory, it can
be recuperated in exact form using a low pass filter [19].

4. Synchronization Technique Performance

In this section, the performance of the synchronization
technique is shown through a real-time simulation where an
array formed by four nodes (3) and a reference system (4) is
synchronized. The parameters of each system are in Table 1.

The array has the full chain interconnection scheme
shown in Figure 1; therefore 𝛽𝑖,𝑗 = 𝛼𝑖 = 1, for 𝑖, 𝑗 = 1, 2, 3, 4.
This way the functionals are as follows:

𝜖1 = 𝑒1,𝑟 + 𝑒1,2 + 𝑒1,3 + 𝑒1,4,
𝜖2 = 𝑒2,𝑟 + 𝑒2,1 + 𝑒2,3 + 𝑒2,4,
𝜖3 = 𝑒3,𝑟 + 𝑒3,1 + 𝑒3,2 + 𝑒3,4,
𝜖4 = 𝑒4,𝑟 + 𝑒4,1 + 𝑒4,2 + 𝑒4,3,

(35)

where the matricesA,B,K, 𝐺𝑙(𝑥1), 𝐺𝑙𝑟(𝑥1𝑟) are

A = [1 1 1 1]𝑇 ,

B =
[[[[[
[

4 −1 −1 −1
−1 4 −1 −1
−1 −1 4 −1
−1 −1 −1 4

]]]]]
]

,

𝐾 = diag {0.3} ,
𝐺𝑙 (𝑥1) = [𝐺𝑎1 𝐺𝑏2 𝐺𝑐3 𝐺𝑑4]𝑇

𝐺𝑙𝑟 (𝑥1𝑟) = 𝐺𝑑𝑟 .

(36)

The disturbance terms produced by parametric variations
are estimated by an observer and a filter in each node and
reference system. For the node Σ1, the observer and the filter
are

̇̂𝑥31 = −0.6𝑥31 − 𝑥21 + 𝑥11
 − 2 + 𝑢1 + (𝑥31 − 𝑥31)

+ 2 sign (𝑥31 − 𝑥31) ,
�̇�𝑓1 = −5𝑥𝑓1 + 5 (2 sign (𝑥31 − 𝑥31)) ;

(37)

for the node Σ2
̇̂𝑥32 = −0.6𝑥32 − 𝑥22 − 6max (𝑥12 , 0) + 0.5 + 𝑢2

+ (𝑥32 − 𝑥32) + 2 sign (𝑥32 − 𝑥32) ,
�̇�𝑓2 = −5𝑥𝑓2 + 5 (2 sign (𝑥32 − 𝑥32)) ;

(38)

the observer and filter for the node Σ3 are
̇̂𝑥33 = −0.6𝑥32 − 𝑥22 + 1.2𝑥13 − 4.5 sign (𝑥13) + 𝑢3

+ (𝑥33 − 𝑥33) + 2 sign (𝑥33 − 𝑥33) ,
�̇�𝑓3 = −5𝑥𝑓3 + 5 (2 sign (𝑥33 − 𝑥33)) ;

(39)

for the node Σ4
̇̂𝑥34 = −0.6𝑥34 − 𝑥24 − 1.2𝑥14 + 2 sign (𝑥14) + 𝑢4

+ (𝑥34 − 𝑥34) + 2 sign (𝑥34 − 𝑥34) ,
�̇�𝑓4 = −5𝑥𝑓4 + 5 (2 sign (𝑥34 − 𝑥34)) ;

(40)

finally, for the reference system Σ𝑟
̇̂𝑥3𝑟 = −0.6𝑥3𝑟 − 𝑥2𝑟 − 1.2𝑥1𝑟 + 2 sign (𝑥1𝑟)

+ (𝑥3𝑟 − 𝑥3𝑟) + 2 sign (𝑥3𝑟 − 𝑥3𝑟) ,
�̇�𝑓𝑟 = −5𝑥𝑓𝑟 + 5 (2 sign (𝑥3𝑟 − 𝑥3𝑟)) .

(41)

This way the vectors of estimated perturbations are defined as
follows:

Γ̃ (⋅) = [𝑥𝑓1 𝑥𝑓2 𝑥𝑓3 𝑥𝑓4]𝑇 ,
𝛾𝑟 (⋅) = 𝑥𝑓𝑟 .

(42)

With these elements, the vector of coupling signals (17) is
implemented.

The array and the coupling signals were implemented in a
dSPACE� 1103 real-time control platform through Simulink�
from Matlab�. The algorithm ode1 (Euler) fixed step, with
a sample time of 0.0001 seconds, was used to carry out the
experiment. The results are described as follows.

In Figure 2, the actual and identified perturbations, in
each node and reference system, are shown. Since it is a
numerical experiment, it is possible to compare the actual
perturbations produced by parametric variations, shown in
Table 1, with the one estimated perturbation. As can be
observed in the said figure, both graphs overlap, which is why
perturbation identification is efficient. Graphs (a), (b), (c),
and (d) correspond to the perturbations in systemsΣ1, Σ2, Σ3,
and Σ4, respectively, while graph (e) corresponds to the
reference system Σ𝑟, which is zero because there are not
parametric variations.

In Figure 3, coupling signals for each node are shown.
Here the time starts at 𝑡 = 100 sec because at this time the
coupling signals are applied. As can be observed, such signals
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Table 1: Parameters of the nodes and the reference system.

System 𝐺𝑙 𝑎0 Δ 𝑎 𝑏0 Δ 𝑏 𝑐0 Δ 𝑐
Σ1 𝐺𝑎 0.6 0.006 1 0 2 0.02
Σ2 𝐺𝑏 0.6 0.006 6 0 0.5 0
Σ3 𝐺𝑐 0.6 0 1.2 0.012 4.5 0
Σ4 𝐺𝑑 0.6 0.006 −1.2 −0.012 2 0
Σ𝑟 𝐺𝑑 0.6 0 −1.2 0 2 0
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Figure 2: Actual and estimated disturbances in each node and reference system.
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Figure 3: Coupling signals in each node.

do not contain high frequency components as when a sliding
mode technique is used.

Figure 4 shows the output for each node and reference
systems. When the coupling signals are not applied, in the
first 100 seconds, the systems evolve freely. In 𝑡 = 100 sec,
as the dashed line indicates, the coupling signals are applied
and the output of each node converges asymptotically to
the output of the reference system. Finally, in Figure 5, the
attractors of each node before applying the coupling signals
(left) and after applying the said signals (right) are shown; the
attractor of each node transforms into the reference system
attractor.

50 100 150 200 2500
Time (sec.)

−6

−4

−2

0

2

4

6

x
1
1
,x

2
1
,x

3
1
,x

4
1
,x

1


Figure 4: Outputs of each node and reference system before and
after applying coupling signals.

5. Conclusions

The synchronization technique proposed in this paper can
be applied to different kinds of arrays of Sprott circuits
like master–slave, rings, and trees. Furthermore, by means
of the individual connection sense, the unidirectional or
bidirectional couplings among the nodes conforming the
array can be established. This technique does not impose a
symmetric structure of the connectivity matrix and uses a
robust observer and a filter that estimates the disturbances
due to parametric uncertainties; therefore the closed loop is
robust.

The application of the proposed synchronization method
to an array with four nodes and a reference system on a
real-time platform showed a good robustness, even when
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Figure 5: Projection in the plain (𝑥1𝑖 , 𝑥2𝑖 ) of the phase portrait of each node of the array before (left hand) and after (right hand) applying
coupling signals.

there were parametric uncertainties that produce nonsmooth
terms.

The main limitation of the proposed synchronization
technique is that it needs a real-time control platform, such
as the dSPACE 1103 system, for its implementation, since the
accuracy of the identification of the disturbances depends on
the sampling time and its periodicity.

In this way, the future work is the implementation of
Sprott circuit array using analog circuits, both nodes and
coupling signals, in order to avoid the use of a real-time
control platform.
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