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The method suggested by Waterman has been widely used in the last years to solve various light scattering problems. We analyze
themathematical foundations of this method when it is applied to layered nonspherical (axisymmetric) particles in the electrostatic
case. We formulate the conditions under which Waterman’s method is applicable, that is, when it gives an infinite system of linear
algebraic equations relative to the unknown coefficients of the field expansions which is solvable (i.e., the inverse matrix exists) and
solutions of the truncated systems used in calculations converge to the solution of the infinite system.The conditions obtained are
shown to agreewith results of numerical computations. Keeping inmind the strong similarity of the electrostatic and light scattering
cases and the agreement of our conclusions with the numerical calculations available for homogeneous and layered scatterers, we
suggest that our results are valid for light scattering as well.

1. Introduction

Scattering of light by small particles is an essential part
of various applications in physics of atmosphere, ecology,
biophysics, astrophysics, and many other fields. The problem
of light scattering is frequently treated by amethod suggested
by Waterman [1, 2]. In this method, the fields are expanded
in terms of wave functions and the field expansions are
substituted in the surface integral equations equivalent to the
Helmholtz equation with the standard boundary conditions.
Linear independence of the wave functions allows one to
get an infinite system of linear algebraic equations relative
to the unknown field expansion coefficients. In numerical
calculations, the system is truncated, and often the relation
between the unknown and known expansion coefficients
formulated in the matrix form is described by the transition𝑇-matrix (see for more details [3]). The method has become
very popular (see [4] and references therein) and got several
nearly equivalent names: the extended boundary condition
method, the 𝑇-matrix method, and the null-field method,
depending on the accents being made (see, e.g., [5, 6]).

Applicability of this method has been considered in the
analytical and numerical ways. The results derived were con-
troversial. For instance, calculations demonstrated serious
computational problems for spheroids with the aspect ratio𝑎/𝑏 above ∼10 (the use of extended precision reduces these
problems but does not remove them [7]), while theories
either said that the approach should have no limits [8] or
concluded that singularities of the wave fields led to method
inapplicability to spheroids with, for example, 𝑎/𝑏 > √2
[9]. In the meantime, a recent improvement of the numerical
implementation of the method in [10] has demonstrated that
the method should not have any limitations for spheroids. A
comparison of the theoretical studies showed that their main
difference is related to an unclear status of singularities of
the analytic continuation of the internal field. An up-to-date
review of the works on the subject can be found in [11].

The state-of-the-art analysis has been presented in [11],
where in the electrostatic case it is shown that the method is
applicable to homogeneous (nonspheroidal) scatterers; that
is, it gives the infinite system relative to the unknown field
coefficients which is solvable and solutions of the truncated
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systems converge to the solution of the infinite system, under
the condition that all singularities of the internal field are
more distant than all singularities of the scattered field. Due
to a clear similarity of the electrostatic and light scattering
cases (see, e.g., [5]), one can expect that the results of [11] are
applicable to light scattering.

It should be emphasized that Waterman’s method has
been thoroughly analyzed just for homogeneous particles,
while many natural scatterers are inhomogeneous, with two
nearly alternative often utilized structure models: random
inclusions versus layers. Homogeneous particles with an
effective medium theory are used in the former case, and
the layered spheres and core-mantle spheroids are used in
the latter one. Calculations for nonspherical layered particles
are still rather seldom mainly because Waterman’s method
does not work well for them; for example, in [12] we have
demonstrated that the method can treat just sphere-like
particles (layered spheroids with the aspect ratio less than
about 2).

In this paper, we extend the electrostatic analysis of
applicability of Waterman’s method from [11] to layered
axisymmetric particles. In Section 2, we formulate the elec-
trostatic problem for layered particles and apply Waterman’s
method to solve it. We analyze the infinite systems of linear
algebraic equations produced by the method and obtain the
conditions of its applicability to layered nonspherical parti-
cles in Section 3. In Section 4, we consider these conditions in
the particular case of layered spheroids, compare our results
with available numerical calculations, concern the question
on singularities of the analytic continuations of wave fields
in presence of a spheroidal particle that is far from being
clear and that gave rise to controversial results of the earlier
analysis, and finally discuss the applicability of the results
obtained to the light scattering case.We draw the conclusions
in Section 5.

2. Basic Equations

2.1. Electrostatic Problem. We consider this problem for a
particle with 𝐽 layers and introduce the scalar potentialsΦ( ⃗𝑟)
related to the fields in the usual way: �⃗� = −∇Φ. Then the
problem is reduced to the scalar Helmholtz equation, and, for
the 𝑗th medium, we have

ΔΦ(𝑗) ( ⃗𝑟) = 0, (1)

where 𝑗 = 1 corresponds to the medium outside the particle
and 𝑗 = 𝐽 + 1 corresponds to its core.

The boundary conditions at the layer surfaces are

Φ(𝑗) ( ⃗𝑟) = Φ(𝑗+1) ( ⃗𝑟) ,
𝜕Φ(𝑗) ( ⃗𝑟)𝜕𝑛𝑗 = 𝜖𝑗+1 𝜕Φ(𝑗+1) ( ⃗𝑟)𝜕𝑛𝑗 ,

⃗𝑟 ∈ 𝑆𝑗,
(2)

where 𝑆𝑗 is the inner surface of the 𝑗th layer, 𝑛𝑗 is the external
normal to 𝑆𝑗, 𝜖𝑗+1 = 𝜀𝑗+1/𝜀𝑗 is the relative permittivity 𝜀 of the(𝑗 + 1)th medium, and 𝑗 = 1, 2, . . . , 𝐽.

As usual, we separate all the fields in twoparts �⃗�(𝑗) = �⃗�(𝑗)1 +
�⃗�(𝑗)2 , so that the corresponding potentials Φ(𝑗)1 are regular at
the coordinate origin and Φ(𝑗)2 tend to zero at infinity.

2.2. Solution byWaterman’sMethod. Thismethod is based on
thewell-known surface integral equations called the extended
boundary condition (see, e.g., [3]). In the electrostatic case,
those equations written in terms of the potentialsΦ(𝑗) can be
simplified as discussed in [11], and one arrives to a surface
integral equation for each 𝑆𝑗 (see for more details [13]):

(𝜖𝑗+1 − 1)
⋅ ∫
𝑆𝑗

{{{
𝜕 (Φ(𝑗+1)1 ( ⃗𝑟) + Φ(𝑗+1)2 ( ⃗𝑟))

𝜕𝑛𝑗 𝐺( ⃗𝑟, ⃗𝑟)}}}
d𝑠

= {{{
Φ(𝑗)1 ( ⃗𝑟) − Φ(𝑗+1)1 ( ⃗𝑟) , ⃗𝑟 ∈ 𝐷𝑗,
−Φ(𝑗)2 ( ⃗𝑟) + Φ(𝑗+1)2 ( ⃗𝑟) , ⃗𝑟 ∈ 𝑅3 \ 𝐷𝑗,

(3)

where 𝐷𝑗 is the domain inside 𝑆𝑗 and we assume that the
potential Φ(𝑗)1 , being regular at the coordinate origin, can be
continued into the interior region 𝐷𝑗+1, while Φ(𝑗+1)2 , being
finite at infinity, can be continued into the outer region𝑅3\𝐷𝑗.

We expand the Green function 𝐺( ⃗𝑟, ⃗𝑟) and all the poten-
tials in terms of the eigenfunctions of the Laplace operator,Ψ(𝑖)
𝑚𝑙

( ⃗𝑟), being analogs of the spherical wave functions (for
more details, see [11]):

𝐺( ⃗𝑟, ⃗𝑟) =
{{{{{{{{{{{

∞∑
𝑚=0

∞∑
𝑙=𝑚

Ψ(1)
𝑚𝑙

( ⃗𝑟)Ψ(3)
𝑚𝑙 ( ⃗𝑟) 𝑟 > 𝑟,

∞∑
𝑚=0

∞∑
𝑙=𝑚

Ψ(1)
𝑚𝑙 ( ⃗𝑟) Ψ(3)𝑚𝑙 ( ⃗𝑟) 𝑟 < 𝑟,

(4)

Φ(𝑗)1 ( ⃗𝑟) = ∞∑
𝑚=0

∞∑
𝑙=𝑚

𝑎(𝑗)
𝑚𝑙

Ψ(1)𝑚𝑙 ( ⃗𝑟) ,

Φ(𝑗)2 ( ⃗𝑟) = ∞∑
𝑚=0

∞∑
𝑙=𝑚

𝑏(𝑗)
𝑚𝑙

Ψ(3)𝑚𝑙 ( ⃗𝑟) .
(5)

Note that when one considers the light scattering by small
particles in comparison with the wavelength of the incident
radiation, the problem is reduced to the electrostatic one
with a uniform applied field (see, e.g., [14]). Hereafter, we will
consider this case too.

The main contribution to the scattered field in the far-
field zone is then known to be given by a dipole term. So, in
the expansions (5) of the corresponding potentialsΦ(𝐽+1)1 andΦ(𝐽+1)2 , we leave only one termwith 𝑙 = 1 and𝑚 = 0 or 1. Note
that the orientation of the applied field relative to the particle
symmetry axis defines the azimuthal mode, that is, the value
of 𝑚, which is the same for all the expansions (5) as there is
the separation of variables relative to the azimuthal angle 𝜑
(see for more details [15]).
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In the usual way, we get a system of linear algebraic equa-
tions relative to the unknown potential expansion coefficients
(see, e.g., [13]):

�⃗�(𝑗) = 𝐴(𝑗)31 �⃗�(𝑗+1) + 𝐴(𝑗)33 �⃗�(𝑗+1),
�⃗�(𝑗) = 𝐴(𝑗)11 �⃗�(𝑗+1) + 𝐴(𝑗)13 �⃗�(𝑗+1),

(6)

with �⃗�(𝑗) = {𝑎(𝑗)
𝑚𝑙

}∞𝑙=𝑚, �⃗�(𝑗) = {𝑏(𝑗)
𝑚𝑙

}∞𝑙=𝑚, and
{𝐴(𝑗)31}𝑛𝑙 = 𝛿𝑛𝑙 + (𝜖𝑗+1 − 1) 𝐿31,𝑗

𝑛𝑙,𝑚
,

{𝐴(𝑗)33}𝑛𝑙 = (𝜖𝑗+1 − 1) 𝐿33,𝑗
𝑛𝑙,𝑚

,
{𝐴(𝑗)11}𝑛𝑙 = − (𝜖𝑗+1 − 1) 𝐿11,𝑗

𝑛𝑙,𝑚
,

{𝐴(𝑗)13}𝑛𝑙 = 𝛿𝑛𝑙 − (𝜖𝑗+1 − 1) 𝐿13,𝑗
𝑛𝑙,𝑚

,

(7)

where 𝛿𝑛𝑙 is the Kronecker delta, 𝑗 = 1, 2, . . . , 𝐽, and𝑚 = 0 or
1. The surface integrals are

𝐿𝑘𝑖,𝑗
𝑛𝑙,𝑚

= ∫
𝑆𝑗

Ψ(𝑘)𝑚𝑛 ( ⃗𝑟) 𝜕Ψ(𝑖)
𝑚𝑙 ( ⃗𝑟)
𝜕𝑛𝑗 d𝑠. (8)

Using (6), we can relate the coefficients of expansions of
the electrostatic analogs of the incident (�⃗�(1)) and scattered
(�⃗�(1)) fields with those of the field in the core (�⃗�(𝐽+1)) as
follows:

�⃗�(1) = 𝐴1�⃗�(𝐽+1),
�⃗�(1) = 𝐴2�⃗�(𝐽+1),

(9)

where 𝐴1 and 𝐴2 are some combinations of the matrices𝐴(𝑗)11 , . . . , 𝐴(𝑗)33 with 𝑗 = 1, 2, . . . , 𝐽 (see for more details [13]).
So, the transition 𝑇-matrix is 𝑇 = 𝐴2𝐴−11 .

Solution of system (9) gives the solution to the problem.
In electrostatics, themain characteristic in the far-field zone is
polarizability.When the applied field is parallel to the particle
symmetry axis (𝑚 = 0), it is equal to 𝛼𝑧 = 𝑏(1)01 /3𝑎(1)01 . When
the incident field is perpendicular to the symmetry axis (𝑚 =1), we get 𝛼𝑥 = 𝑏(1)11 /3𝑎(1)11 .
3. Analysis

Here we extend our analysis of Waterman’s method, made
for homogeneous particles in the electrostatic case in [11], to
layered nonspherical particles with the axial symmetry. The
analysis is based on consideration of the properties of the
infinite system of linear algebraic equations relative to the
field expansion coefficients. It is known that such systems
have a solution and it can be found by the reduction method
if the matrix elements and free terms are limited in a certain
way (see for more details [16]). Note that, being different in
some details, our analysis is generally identical to that earlier
proposed by Kyurkchan and Smirnova and described, for
example, in [9].

3.1. Earlier Results for Homogeneous Particles. For such par-
ticles, it was shown in [11] that in the electrostatic case the
infinite system produced byWaterman’s method has the only
solution and the solutions to truncated systems of the size𝑁 × 𝑁 converge to it with growing 𝑁 being the number of
terms kept in the expansions under the condition

𝜎1 < 𝜎2, (10)

where the quantities 𝜎1 and 𝜎2 are determined from the
asymptotic behavior of the matrix elements, being some sur-
face integrals of wave functions and their derivatives, for large
index values and depend only on the particle shape (and a
dimension parameter).

The quantities 𝜎1 and 𝜎2 can be interpreted as the dis-
tances to the farthest and closest singularities of the analytic
continuation of the “scattered” and internal fields, respec-
tively, keeping in mind that these quantities and these
distances are determined by the same equations [11]. Then
condition (10) gets a physical sense that there should be a
spherical layer where the expansions of these fields converge.

Note that application of these results to homogeneous
spheroids (𝐽 = 1) needs a correction as for them (and only
for them) in electrostatics we have (see for more details [11])

𝐿31,𝐽𝑛𝑙,𝑚 = 0 for 𝑛 > 𝑙; (11)

that is, the matrix 𝐴1 = 𝐴(𝐽)31 of system (9) is triangular. For
a uniform applied field, its expansion (5) includes only one
term with 𝑙 = 1 and 𝑚 = 0 or 1. So, the free terms of the
system in the left part of (9) form a vector with only one
nonzero element.Then the solution to this system having the
triangular matrix will be a vector with only one nonzero
element. In other words, we get that the electrostatic field
inside a spheroid is to be uniform. This is the well-known
feature of spheroids (see, e.g., [17] and references therein).
So, in electrostatics, the uniform internal field and equality
(11) for the integrals 𝐿31,1

𝑛𝑙,𝑚
which make the matrix triangular

are related. Obviously, the infinite system (9) with such a
triangular matrix 𝐴1 always has a unique solution.

Thus, condition (10) defines the applicability range of
Waterman’smethod for homogeneous particles in the electro-
static case, but for spheroids and only for them this condition
must be replacedwith something like𝜎1 < ∞, that is, with the
conclusion that the method is applicable to any homogeneous
spheroids.

3.2. Analysis for Layered Particles. We apply the approach
described in [11] to system (6) produced by Waterman’s
method for a layered particle in the electrostatic case. To
use the theorems of [16], we should bring this system to a
standard form by the substitution:

𝑎(𝑗)
𝑚𝑙

= �̃�(𝑗)
𝑚𝑙𝜎𝑙 ,

𝑏(𝑗)
𝑚𝑙

= 𝑏(𝑗)𝑚𝑙𝜎𝑙,
(12)

where 𝜎 is a constant.
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Let us start with a core-mantle particle. From (6) and (7),
we easily get the system

�̃�(1)𝑚𝑛 = 𝜖2 + 12 �̃�(2)𝑚𝑛 + (𝜖2 − 1)
⋅ [ ∞∑
𝑙=𝑚

(𝐿31,1
𝑛𝑙,𝑚

− (1/2) 𝛿𝑛𝑙)𝜎𝑙−𝑛 �̃�(2)𝑚𝑙 +
∞∑
𝑙=𝑚

𝐿33,1𝑛𝑙,𝑚𝜎𝑙+𝑛�̃�(2)𝑚𝑙] ,
(13)

�̃�(1)𝑚𝑛 = 𝜖2 + 12 𝑏(2)𝑚𝑛 − (𝜖2 − 1)
⋅ [ ∞∑
𝑙=𝑚

𝐿11,1
𝑛𝑙,𝑚𝜎𝑛+𝑙 �̃�(2)𝑚𝑙 +

∞∑
𝑙=𝑚

(𝐿13,1
𝑛𝑙,𝑚

+ (1/2) 𝛿𝑛𝑙)𝜎𝑛−𝑙 𝑏(2)𝑚𝑙] ,
(14)

�̃�(2)𝑚𝑛 = 𝜖3 + 12 �̃�(3)𝑚𝑛 + (𝜖3 − 1) ∞∑
𝑙=𝑚

(𝐿31,2
𝑛𝑙,𝑚

− (1/2) 𝛿𝑛𝑙)𝜎𝑙−𝑛 �̃�(3)𝑚𝑙 , (15)

�̃�(2)𝑚𝑛 = − (𝜖3 − 1)∑
𝑙

𝐿11,2
𝑛𝑙,𝑚𝜎𝑛+𝑙 �̃�(3)𝑚𝑙 , (16)

where we took into account that for large 𝑛 the integrals 𝐿13,𝑗𝑛𝑛,𝑚
and 𝐿31,𝑗𝑛𝑛,𝑚 will tend to −1/2 and 1/2, respectively.

The asymptotic behavior of the integrals 𝐿𝑖𝑘,𝑗
𝑛𝑙,𝑚

is an
important element of the analysis. Follow the estimates of
these integralsmade by using the saddle-point approximation
in [11]; we obtain

𝐿11,𝑗
𝑛𝑙,𝑚

∼ [𝜎(𝑗)1 ]𝑙 ,
𝐿13,𝑗
𝑛𝑙,𝑚

∼ [𝜎(𝑗)2 ]−𝑙 ,
𝐿31,𝑗
𝑛𝑙,𝑚

∼ [𝜎(𝑗)1 ]𝑙 ,
𝐿33,𝑗
𝑛𝑙,𝑚

∼ [𝜎(𝑗)2 ]−𝑙
for 𝑙 ≫ 𝑛,

(17)

𝐿11,𝑗
𝑛𝑙,𝑚

∼ [𝜎(𝑗)1 ]𝑛 ,
𝐿13,𝑗
𝑛𝑙,𝑚

∼ [𝜎(𝑗)1 ]𝑛 ,
𝐿31,𝑗
𝑛𝑙,𝑚

∼ [𝜎(𝑗)2 ]−𝑛 ,
𝐿33,𝑗
𝑛𝑙,𝑚

∼ [𝜎(𝑗)2 ]−𝑛
for 𝑙 ≪ 𝑛,

(18)

where 𝜎(𝑗)1 and 𝜎(𝑗)2 are the quantities determined from the
asymptotic behavior of the surface integrals 𝐿𝑖𝑘,𝑗

𝑛𝑙,𝑚
and

depending on the shape of the boundary surface 𝑆𝑗 and a
dimension parameter (see formore details [11] and references
therein).

For 𝑛 ≫ 1, we have got
𝐿31,𝑗𝑛𝑛,𝑚 = 12 + 𝑂(1𝑛) ,
𝐿13,𝑗𝑛𝑛,𝑚 = −12 + 𝑂(1𝑛) , (19)

and when 𝑙 ∼ 𝑛 ≫ 1 and 𝑙 ̸= 𝑛,
𝐿31,𝑗
𝑛𝑙,𝑚

= 𝑂 [(𝑛 + 𝑙)−𝑘] , (20)

where 𝑘 is any natural. The last estimate is valid under the
condition that the function 𝑟(𝑗)(𝜃) defining the axisymmetric
surface 𝑆𝑗 is infinitely differentiated. In the general case, the
speed of the decrease of the integrals depends on smoothness
of 𝑟(𝑗)(𝜃).

The use of these asymptotic formulae allows us to find the
conditions under which system (6) has a solution. According
to [11], it occurs when the system written in the form

𝑥𝑛 = ∞∑
𝑙=𝑚

𝑐𝑛𝑙𝑥𝑙 + 𝑏𝑛, 𝑛 = 1, 2, . . . (21)

is limited so that there is a number 𝑁 such that for 𝑛 < 𝑁
∞∑
𝑙=𝑚

𝑐𝑛𝑙 < ∞,
𝑏𝑛 < ∞,

(22)

and for 𝑛 ≥ 𝑁
∞∑
𝑙=𝑚

𝑐𝑛𝑙 ≤ 𝑝 < 1,
𝑏𝑛 ≤ 𝐾,

(23)

where 𝑝 and 𝐾 are some constants.
To satisfy conditions (23), the sums in (13)–(16) must be

asymptotically finite. So, considering the asymptotic behavior
of the matrix elements of (13), we see that the first and second
sums in that equation are limitedly provided, respectively:

∞∑
𝑙=𝑚


𝜎(1)1𝜎


𝑙

≤ �̃�1,
∞∑
𝑙=𝑚


𝜎

𝜎(1)2

𝑙 ≤ �̃�2,

(24)

where �̃�1 and �̃�2 are some constants. It can take place only
when 𝜎(1)1 < 𝜎 and 𝜎 < 𝜎(1)2 , and hence we get the conditions

𝜎(1)1 < 𝜎,
𝜎 < 𝜎(1)2 . (25)

It is easy to see that the same conditions are derived from (14).
In a similar way, from (15) and (16), we get more conditions:

𝜎(2)1 < 𝜎,
𝜎 < 𝜎(2)2 , (26)

where 𝜎 is the same constant as in (25).
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Our accurate consideration of the restrictions (23) for
system (13)–(16) has naturally shown that (25) and (26) are
the necessary and sufficient conditions under which for core-
mantle particles system (6) satisfies the restrictions and hence
has a solution that can be found by the reduction method.

It is not difficult to prove the obvious general statement
that for particles with 𝐽 layers these conditions can be written
as

max {𝜎(𝑗)1 } < min {𝜎(𝑗)2 } , (27)

where 𝑗 = 1, 2, . . . , 𝐽.
Thus, condition (27) is a generalization of condition (10)

to layered particles in electrostatics, except for the case of
spheroids when this condition must be modified according
to the ideas of [11]. Note that the addition of any one layer can
just make the applicability range of the methodmore narrow.

4. Discussion

The spheroidal shape is the most often used one in modeling
of nonspherical scatterers. Here we discuss the modification
of condition (27) for such models and compare our results
with available results of numerical calculations in both the
electrostatic and light scattering cases.

4.1. The Case of Layered Spheroids. Following the consid-
eration of homogeneous spheroids in [11], it is easy to
demonstrate that for the core of a layered spheroidal particle
in the electrostatic case

𝐿31,𝐽𝑛𝑙,𝑚 = 0 for 𝑛 > 𝑙. (28)

This changes the method applicability condition (27) but not
as strongly as for homogeneous spheroids. It is easy to see that
we just have to skip a part of the condition related to 𝜎(𝐽)2 . So,
we get

max {𝜎(1)1 , 𝜎(2)1 , . . . , 𝜎(𝐽)1 }
< min {𝜎(1)2 , 𝜎(2)2 , . . . , 𝜎(𝐽−1)2 } . (29)

The physical sense of this conditionmay be the fact that there
should be a spherical layer, where the expansions of all the
fields, except for that in the core, converge.

In the particular case of spheroids with the confocal
surfaces of the layers, we have 𝜎(𝑗)1 = 𝑑(𝑗)/2 = 𝑑(1)/2, where

𝑑(𝑗) is the focal distance of the surface 𝑆𝑗 and 𝑗 = 1, 2, . . . , 𝐽.
Then in the electrostatic case we derive the condition

𝜎(1)1 < min {𝜎(1)2 , 𝜎(2)2 , . . . , 𝜎(𝐽−1)2 } . (30)

Thus, while Waterman’s method is applicable to any
homogeneous spheroids, the method can give results only
for a rather narrow set of even core-mantle spheroids and
an addition of any next layer can just further decrease the
method’s applicability range.

4.2. Confocal Core-Mantle Spheroids. These particles present
a very important particular case when there is a well-known
analytical solution to the electrostatic problem (see, e.g., [14]).
So, we can understand some important details.

Our analysis says that the method is applicable under
condition (30) that takes here (𝐽 = 2) the form

𝜎(1)1 < 𝜎(1)2 , (31)

where the quantities 𝜎(1)1 and 𝜎(1)2 are related to the particle
surface. For a confocal core-mantle particle with the semiaxes𝑎 and 𝑏, we have 𝜎(1)1 = 𝑑(1)/2 = √𝑎2 − 𝑏2 and 𝜎(1)2 =2𝑎𝑏/𝑑(1) = 2𝑎𝑏/√𝑎2 − 𝑏2, which gives the condition

𝑎𝑏 < √2 + 1. (32)

This electrostatic problem has always the solution that
allows one directly to calculate the polarizability [14], but this
can be done by Waterman’s method only under condition
(31). In [8] we have considered in detail what happens, when
condition (31) is not satisfied and hereafter just remind the
main points. It is easy to see that system (9) has the matrix

𝐴1 = 𝐴(1)31𝐴(2)31 + 𝐴(1)33𝐴(2)11 , (33)

where for spheroids the product of the triangular matrices
including the integrals 𝐿31,𝑗

𝑛𝑙,𝑚
is triangular (the regular part of

the field in the layer is obviously uniform and hence 𝐿31,1
𝑛𝑙,𝑚

= 0
for 𝑛 > 𝑙) and does not affect the solution existence analysis.
Problems are connected with the term 𝐴(1)33𝐴(2)11 . They appear
as follows.

It is not difficult to obtain the polarizability from the
solution by Waterman’s method; for example, in the case of𝑚 = 0,

𝛼𝑧 = 𝑉4𝜋
(𝜖2 − 1) [1 + (𝜖3 − 1) 𝐿2𝑧] + (𝜖3 − 1) [1 − (𝜖2 − 1) (𝐿1𝑧 − 1)] (𝑉2/𝑉1)
[1 + (𝜖2 − 1) 𝐿1𝑧] [1 + (𝜖3 − 1) 𝐿2𝑧] − (𝜖2 − 1) (𝜖3 − 1)∑∞𝑙=1 𝐿33,11𝑙,𝑚𝐿11,21𝑙,𝑚 , (34)

where 𝐿𝑗𝑧 is the usual geometric factor of the surface 𝑆𝑗 along𝑧-axis [14] and𝑉𝑗 is the volume of the domain𝐷𝑗; that is, the
particle volume 𝑉 = 𝑉1.

Relation (34) coincides with the expression given in [14],
provided that the series converges as follows (see for details
[13]):
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∞∑
𝑙=1

𝐿33,11𝑙,𝑚𝐿11,21𝑙,𝑚 = 𝐿1𝑧 (𝐿1𝑧 − 1) 𝑉2𝑉1 . (35)

From the asymptotic behavior of the integrals (17), we easily
find that the sum cannot converge if 𝜎(2)1 = 𝜎(1)1 ≥ 𝜎(1)2 .

We have proven that this series converges (to the given
value) under condition (31) by using special computations
made with accuracy of about 300 digits due to the use of
the Multiple Precision Arithmetic Library and some other
packages in [8]. For instance, we found that the ratio of 402nd
term to 400th one was equal to 1.0 with accuracy better than10−30 just for 𝑎/𝑏 = √2 + 1.

Thus, using the case of confocal core-mantle spheroids,
we completely confirmed our condition of applicability of
Waterman’s method in electrostatics and saw in detail what
happens when the method’s applicability condition is not
satisfied: the solution of the problem exists but cannot be
found by the method because of the divergence of a series.

4.3. Problem of Singularities of the Field inside Spheroids. The
problem is as follows. When in electrostatics we consider
a homogeneous spheroid with the semiaxes 𝑎 and 𝑏, we
formally get the quantities 𝜎1 and 𝜎2 from the asymptotic
behavior of the matrix elements (see for more details [11]).
The values of 𝜎1 = √𝑎2 − 𝑏2 and 𝜎2 = 2𝑎𝑏/√𝑎2 − 𝑏2,
where 𝑎 and 𝑏 are the spheroid semiaxes, are determined
by the same equations as the distances to singularities of
the analytic continuations of the scattered and internal field
analogs, respectively. However, when the applied electrostatic
field is uniform, the field inside the spheroid is uniform too.
This produces a contradiction on one side; we formally have
got the value of 𝜎2 that has the sense of the distance to
singularities of the internal field, but, on the other side, the
analytic continuation of this uniform field should not have
any singularities.

Some authors believe that, for a spheroidal shape,𝜎2 is not
related to any singularity of wave fields (and often formally
put 𝜎2 = ∞). Then, for homogeneous spheroids, they get
the applicability condition 𝜎1 < ∞, which agrees with our
conclusion that the method is applicable to any spheroid.

Our analysis of confocal core-mantle spheroids shows
that the situation is not as simple. We have firmly established
the applicability condition 𝜎(1)1 = 𝜎(2)1 < 𝜎(1)2 , where𝜎(1)2 = 2𝑎𝑏/√𝑎2 − 𝑏2 (see Section 4.1). This condition does
not include 𝜎(2)2 , and one may consider 𝜎(2)2 = ∞. However,
in electrostatics for the uniform applied field and a confocal
core-mantle spheroid, the field in its mantle is known to be
uniform too [14]. So, the situation becomes even less clear
than for the homogeneous spheroids; the applicability condi-
tion now includes 𝜎(1)2 related to the distance to singularities
of the field inside the mantle, while this field is uniform.

Some understanding of this problem is given by so-
called inverse spheroids: axisymmetric particles obtained
from homogeneous spheroids with the profile 𝑟 = 𝑟sph(𝜃)
by their inversion 𝑟(𝜃) = 𝑎𝑏/𝑟sph(𝜃). In [11] we have
considered such particles in electrostatics and found sin-
gularities of the analytic continuations of the scattered and
internal field analogs at the distances �̃�1 = √𝑎2 − 𝑏2/2 and

�̃�2 = 𝑎𝑏/√𝑎2 − 𝑏2, respectively. After the back inversion to
spheroids, the singularities of the internal field transformed
into those of the scattered field in foci at the distance 𝑎𝑏/�̃�2 =√𝑎2 − 𝑏2, while the singularities of the scattered field should
become those of the internal field at 𝑎𝑏/�̃�1 = 2𝑎𝑏/√𝑎2 − 𝑏2.
Thus, we see that the singularities of the field inside the
inverse spheroids transform correctly, while the singularities
of the scattered field thatmust become those of the field inside
the spheroid just disappear. We believe that this point needs
a further analysis.

4.4. Applicability to the Light Scattering Case. The light
scattering problem is known to be reduced to the electrostatic
one when the size of a scatterer is small in comparison with
the wavelength of the incident radiation (see for details [14]).
However, the transition from light scattering to electrostatics
is not as simple as it seems because of the differences in
the potential definitions and the radial functions. Waterman
needed certain efforts to show this transition in his paper
[5].

Despite these differences, the similarity of the electro-
static and light scattering cases is strong enough because of
the resemblance of the wave functions, of the wave fields
in the presence of a particle, of their expansions, and of
singularities of their analytic continuations (see for more
details [11]). That is why in [5] Waterman recommended
using the electrostatic case in analyzing the light scattering
methods, and we extend the results of our analysis to light
scattering.

This extension is supported by the agreement of our
electrostatic conclusions with the theoretical works and
numerical calculations made in light scattering case.

Earlier analyses of the method in this case are discussed
in detail in [11], and an agreement with our results is found
everywhere. For example, in [9], the authors gave condition
(10) of light scattering applicability of their pattern equation
method which is a version ofWaterman’s method formulated
just for the far-field zone.

Concerning the numerical tests, the electrostatic condi-
tion (10) gives very clear predictions, for example, for the
Chebyshev (axisymmetric) particles having the profile 𝑟(𝜃) =𝑟0(1 + 𝜀 cos 𝑛𝜃). Our light scattering calculations [15] (as well
as our recent special electrostatic ones for inverse spheroids)
well agree with these predictions. The exceptional case of
homogeneous spheroids that we describe in Section 3.1 and
in more detail in [11] is confirmed by very accurate light
scattering computations in [10].

It is not simple to compare our electrostatic results
even for layered spheroids with numerical light scattering
calculations based onWaterman’s method as they should not
have been published because of their unexpectedly narrow
range of parameter values. In [12], we developed a code based
on this method and applied it to three-layered spheroids. We
could not find well converging solutions for prolate particles
with the layers of an equal volume and of the same aspect ratio𝑎/𝑏 already for 𝑎/𝑏 ≳ 1.7. Note that condition (29) is satisfied
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for such particles for 𝑎/𝑏 ≲ 2.2. Thus, we see that our results
generally agree with these numerical tests.

5. Conclusions

In the electrostatic case, we have obtained the general
condition of Waterman’s method applicability to layered
scatterers, which depends only on the shape of their layers.
We have considered this condition in the particular case of
layered spheroids and noted that the set of such particles that
can be treated by Waterman’s method is surprisingly small,
which has a large practical value. Using the explicit solu-
tion for confocal core-mantle spheroids, we consider what
happens when the condition is not satisfied. We have found
that the conclusions of our analysis agree with the results
of different numerical calculations. A consideration of core-
mantle spheroids has revealed another aspect of the “virtual
singularities” of the analytic continuation of the field inside
a homogeneous spheroid which still requires a better under-
standing.

The similarity of the electrostatic and light scattering
cases, earlier theoretical works on homogeneous scatterers
(see for a review [11]), and the agreement of our conclusions
with the numerical calculations available allow us to suggest
that the results obtained are valid for light scattering as well.
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