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The negative order Camassa-Holm (CH) hierarchy consists of nonlinear evolution equations associated with the CH spectral
problem. In this paper, we show that all the negative order CH equations admit peakon solutions; the Lax pair of the 𝑁-order
CH equation given by the hierarchy is compatible with its peakon solutions. Special peakon-antipeakon solutions for equations
of orders −3 and −4 are obtained. Indeed, for 𝑁 ≤ −2, the peakons of 𝑁-order CH equation can be constructed explicitly by the
inverse scattering approach using Stieltjes continued fractions.The properties of peakons for𝑁-order CH equation when𝑁 is odd
are much different from the CH peakons; we present the case 𝑁 = −3 as an example.

1. Introduction

The Camassa-Holm (CH) equation [1, 2],

𝑚𝑡 + 𝑚𝑥𝑢 + 2𝑚𝑢𝑥 = 0,
2𝑚 = 4𝑢 − 𝑢𝑥𝑥, (1)

where 𝑢(𝑥, 𝑡) may be interpreted as a horizontal fluid veloc-
ity, retains higher order terms of derivatives in a small
amplitude expansion of incompressible Euler’s equations for
unidirectional motion of waves at the free surface under
the influence of gravity. The CH equation can also arise
in the modeling of the propagation of shallow water waves
over a flat bed [3], capturing stronger nonlinear effects than
the classical nonlinear dispersive Benjamin-Bona-Mahoney
and Korteweg-de Vries equations, in particular, tests ideas
about wave breaking [3–5]. Mathematically, the CH equation
possesses bi-Hamiltonian structure, Lax pair, and peaked
soliton solutions (peakons), which were described by a finite
dimensional Hamiltonian system [1, 2], the integrability of
which was established in the framework of the 𝑟-matrix
approach [6] and the explicit multipeakons were expressed
in terms of the orthogonal polynomials associated with

classical moment problem [4]. Since the rediscovery by
Camassa and Holm in 1993, a large number of studies
related to CH equation have been developed; see [7–12]
and references therein for other topics. We remark that the
peakon interactionswere a key ingredient in the development
of the theory of continuation after blow-up of global weak
solutions of the CH equation, as developed in the papers
[13–15].

In the past two decades, peakons have become a hot
subject in the field of integrable system and some relevant
branches of mathematics. Some other partial differential
equations admitting peakons have been reported [16–21];
these equations introduced many challenging problems,
including existence, uniqueness, stability, and breakdown of
solutions, for part of which one can see [22–30]. We recall
that the CH (periodic) peakons [31, 32] and Degasperis-
Procesi peakons [33] are stable in the sense that their shape
is stable under small perturbations, which shows the peakons
are detectable.

In this paper, we consider equations in the negative CH
hierarchy associated with the CH spectral problem with the
aimof obtainingmore peakon equations and properties of the
negative𝑁-order CH equation. Equation (1) can be obtained

Hindawi
Advances in Mathematical Physics
Volume 2018, Article ID 1679625, 11 pages
https://doi.org/10.1155/2018/1679625

http://orcid.org/0000-0002-9828-9361
https://doi.org/10.1155/2018/1679625


2 Advances in Mathematical Physics

as the compatibility condition for an overdetermined system
[1, 4]

𝜑𝑥𝑥 = (𝑧𝑚 + 1) 𝜑,
𝜑𝑡 = (1𝑧 − 𝑢)𝜑𝑥 + 12𝑢𝑥𝜑. (2)

Starting from the first equation in (2), one can derive inte-
grable hierarchies of nonlinear evolution equations, which
contain the well-known Dym-type equation and CH equa-
tion [7, 8, 12]. Qiao [12] derived the negative order CH
hierarchy and the positive order CH hierarchies via the
spectral gradient method, and Alber et al. [7, 8] gave the
hierarchy by the method of generating equations, both of
which based on the assumption that the potential 𝑚 is a
smooth function.

We extend the differential operator 𝐽 = −(𝑚𝜕𝑥 + 𝜕𝑥𝑚)
to 𝑃𝐶∞(R) ∩ 𝐶(R), the space of continuous and piecewise
smooth functions on R, where 𝑚 is a discrete measure, and
show that all negative order CH equations admit peakons of
the form

𝑢 (𝑥, 𝑡) = 12
𝑛∑
𝑗=1

𝑚𝑗 (𝑡) 𝑒−2|𝑥−𝑥𝑗(𝑡)|. (3)

Besides, we show that the Lax integrability is preserved in
the peakon case; some constants of motion for the peakon
dynamical systems of 𝑁-order CH equations are obtained.

The remainder of this paper is organized as follows.
In Section 2, we describe the negative order CH hierarchy
using the method of finite power expansion with respect to
spectral parameter for the purpose of this paper. In Section 3,
we derive the negative order CH hierarchy for discrete
potential. In Section 4, we prove that the equations of orders−3, −4, . . . admit multipeakons and the Lax pair of the 𝑁-
order CH equation given by the negative order CH hierarchy
is compatible with its peakons. In Section 5, we give some
examples for peakon solutions of the −3-order equation and
the −4-order equation. In Section 6, we give some remarks on
the work of this paper and that in [34, 35].

2. Negative Order Camassa-Holm Hierarchy

To make a self-contained discussion on equations in the
negative order CH hierarchy, we now make a description for
the negative order CH hierarchy in the following way.

Consider the CH spectral problem

𝜑𝑥𝑥 = (𝑧𝑚 + 1) 𝜑, (4)

with potential 𝑚 and spectral parameter 𝑧. The equation
above is equivalent to

Φ𝑥 = 𝑈Φ,
𝑈 = 𝑈 (𝑚, 𝑧) = [ 0 1

𝑧𝑚 + 1 0] , (5)

where Φ = (𝜑, 𝜑𝑥)𝑇.

The negative order CH hierarchy is the following linear
system of differential equations

Φ𝑥 = 𝑈Φ = (𝑧𝐴 + 𝐵)Φ,
Φ𝑡 = 𝑉Φ, (6)

where

𝐴 = [ 0 0
𝑚 (𝑥, 𝑡) 0] ,

𝐵 = [0 1
1 0] ,

𝑉 = 1∑
𝑗=𝑁+1

𝑉𝑗𝑧𝑗 (𝑁 < −1) ,
𝑉𝑗 = 𝑉𝑗 (𝑥, 𝑡) ∈ sl (2,C) .

(7)

The compatibility condition of (6) is 𝑈𝑡 − 𝑉𝑥 + [𝑈,𝑉] = 0,
which should hold for all 𝑧. Equating like powers of 𝑧, we
obtain

[𝐴, 𝑉1] = 0,
[𝐴, 𝑉𝑗−1] − 𝑉𝑗,𝑥 + [𝐵, 𝑉𝑗] = 0, (𝑁 + 2 ≤ 𝑗 ≤ 0) ,

[𝐵, 𝑉𝑁+1] − 𝑉𝑁+1,𝑥 = 0,
(8)

and the evolution of matrix 𝐴
𝐴 𝑡 − 𝑉1,𝑥 + [𝐴,𝑉0] + [𝐵, 𝑉1] = 0. (9)

Solving the recursion (8), we will obtain the evolution of 𝑚
from (9).

Let

𝐾 = −12𝜕3𝑥 + 2𝜕𝑥,
𝐽 = − (𝑚𝜕𝑥 + 𝜕𝑥𝑚) . (10)

Formally, we have

𝐾−1 = −2𝜕−1𝑥 𝑒2𝑥𝜕−1𝑥 𝑒−4𝑥𝜕−1𝑥 𝑒2𝑥,
𝐽−1 = −12𝑚−1/2𝜕−1𝑥 𝑚−1/2, (11)

where 𝜕−1𝑥 is an integral operator. SetL = 𝐽−1𝐾, then

L
−1 = 𝐾−1𝐽 = 2𝜕−1𝑥 𝑒2𝑥𝜕−1𝑥 𝑒−4𝑥𝜕−1𝑥 𝑒2𝑥 (𝑚𝜕𝑥 + 𝜕𝑥𝑚) . (12)

Remark 1. In general, the differential operator𝐾 is not invert-
ible; (12) just gives an integrodifferential operator formally. In
Section 3, we shall see thatL−1 is actually an operator on the
function space 𝑃𝐶∞(R) ∩ 𝐶(R) when 𝑚 is a finite discrete
measure.
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In terms of the components, (8) shows that

𝑉111 = 𝑉121 = 𝑉221 = 0,
𝐾𝑉12𝑁+1 = 0,
𝑉21𝑁+1 = 𝑉12𝑁+1 − 12𝑉12𝑁+1,𝑥𝑥,
𝑉11𝑗 = −12𝑉12𝑗,𝑥, (𝑁 + 1 ≤ 𝑗 ≤ 0) ,
𝑉12𝑗 = L

−1𝑉12𝑗−1, (𝑁 + 2 ≤ 𝑗 ≤ 0) ,
𝑉21𝑗 = −12𝑉12𝑗,𝑥𝑥 + 𝑉12𝑗 + 𝑚𝑉12𝑗−1, (𝑁 + 2 ≤ 𝑗 ≤ 0) ,

(13)

where the superscripts denote the position of the entry in the
matrix; that is, 𝑉12𝑗 is the (1, 2) entry of 𝑉𝑗.

Let 𝐺−1 = 𝑉12𝑁+1, then 𝐺−1 ∈ Ker𝐾. Define the following
recursion sequence (called Lenard’s sequence in [12]):

𝐺𝑗 = L
𝑗+1𝐺−1, 𝑗 ≤ −1. (14)

Substituting (14) into (13) and (9), we have

𝑉𝑁+1 = [[
[

−12𝐺−1,𝑥 𝐺−1
𝐺−1 − 12𝐺−1,𝑥𝑥 12𝐺−1,𝑥

]]
]

,

𝑉1 = [ 0 0
𝑚𝐺𝑁 0] ,

𝑉𝑗 = [[
[

−12𝐺𝑁−𝑗,𝑥 𝐺𝑁−𝑗
𝐺𝑁−𝑗 − 12𝐺𝑁−𝑗,𝑥𝑥 + 𝑚𝐺𝑁−𝑗+1 12𝐺𝑁−𝑗,𝑥

]]
]

,
(𝑁 + 2 ≤ 𝑗 ≤ 0) ,

(15)

and the nonlinear evolution equation

𝑚𝑡 + 𝐽𝐺𝑁 = 0. (16)

With the discussion above, we can define the𝑁-order CH
equation (𝑁 < −1) as follows.
Definition 2. The 𝑁-order CH equation (𝑁 < −1) is the zero
curvature equation𝑈𝑡 −𝑉𝑥 + [𝑈,𝑉] = 0, where𝑈 = [ 0 1𝑧𝑚+1 0 ]
and 𝑉 is a sl(2,C)-valued Laurent polynomial of 𝑧 with the
lowest degree term [ 0 11 0 ] 𝑧𝑁+1 and the highest degree term
(i.e., 𝑧1-term) with nonvanishing (2, 1) entry.
Remark 3. Note that

Ker𝐾 = {𝛼1 (𝑡) + 𝛼2 (𝑡) 𝑒2𝑥 + 𝛼3 (𝑡) 𝑒−2𝑥 | 𝛼𝑖
∈ 𝐶∞ (R) , 𝑖 = 1, 2, 3} , (17)

1 ∈ Ker𝐾, and the𝑁-order CH equation is given by (16) with𝐺−1 = 1. The −2-order equation is (1), where 𝐺−2 = −𝑢 by
setting 2𝑚 = 4𝑢−𝑢𝑥𝑥. For𝑁 < −2, the𝑁-order CH equation
is an integrodifferential equation in general.

Remark 4. Choosing other 𝐺−1 ∈ Ker𝐾, for example, 𝐺−1 =𝑒2𝑥, the first equation in our negative order CH hierarchy is
an integrodifferential equation; one can see examples in [12].

3. Hierarchy Associated with
Discrete Potential

In the description of the negative order CH hierarchy, we
have tacitly assumed that the potential 𝑚 in (5) is a smooth
function. In the remainder, we suppose that 𝑚 is a finite
discrete measure given by

𝑚 = 𝑛∑
𝑘=1

𝑚𝑘𝛿𝑥𝑘 , − ∞ < 𝑥1 < ⋅ ⋅ ⋅ < 𝑥𝑛 < +∞, (18)

where 𝛿𝑥𝑘 fl 𝛿(𝑥−𝑥𝑘) is a Dirac delta distribution supported
at the point 𝑥𝑘. In this case, to define𝐺𝑁 (𝑁 < −2) from (14),
distributional calculus will be needed, we take derivatives
as distributional derivatives, and 𝐷𝑥 will be used to denote
distributional derivative with respect to 𝑥. Besides, we extend
the definition of 𝐽 = −(𝑚𝜕𝑥 + 𝜕𝑥𝑚) to 𝑓 ∈ 𝑃𝐶∞(R) ∩ 𝐶(R)
as follows:

𝐽𝑓 fl −𝐷𝑥 (𝑚𝑓) − ⟨𝑓𝑥⟩𝑚
= −𝐷𝑥 (𝑚𝑓) − 𝑛∑

𝑘=1

⟨𝑓 (𝑥𝑘)⟩ (𝑥𝑘)𝑚𝑘𝛿𝑥𝑘 , (19)

where ⟨𝑓𝑥(𝑥𝑘)⟩ is the average of 𝑓 at 𝑥𝑘. As we shall see in
Section 4, (19) makes the distributional Lax pair of the 𝑁-
order CH equation compatible with its peakons.

The distributional derivatives we need in this paper can
be calculated from the following lemma on piecewise smooth
functions.

Lemma 5. Suppose 𝑓(𝑥) is a piecewise smooth function and
has discontinuities at 𝑥𝑖 (𝑖 = 1, . . . , 𝑛), then we have

𝐷𝑘𝑥𝑓 = 𝑓𝑘𝑥 + 𝑛∑
𝑖=1

[𝑓𝑥 (𝑥𝑖)]𝐷𝑘−1𝛿𝑥𝑖 + ⋅ ⋅ ⋅
+ 𝑛∑
𝑖=1

[𝑓(𝑘−1)𝑥 (𝑥𝑖)] 𝛿𝑥𝑖 ,
(20)

where 𝑓𝑘𝑥 = 𝑑𝑘𝑓/𝑑𝑥𝑘 and 𝑓𝑡 are ordinary partial derivatives;[𝑓(𝑥𝑖)] = 𝑓(𝑥𝑖+) − 𝑓(𝑥𝑖−) denotes the jump of 𝑓 at 𝑥𝑖.
In the remainder, we take the convention that 𝑥0 = −∞,𝑥𝑛+1 = +∞.
In this section, we show that𝐺𝑁 (𝑁 < −2) can be defined

by formula (14) recursively for 𝑚 given by (18).
The following proposition gives the well-defined 𝐺−2.

Proposition 6. For 𝑚 given by (18), there exists a unique
continuous function in 𝑃𝐶∞(R) solving the following problem:

(−12𝐷3𝑥 + 2𝐷𝑥)𝑓 = −𝐷𝑥𝑚, (21)
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𝑓 ∼ −(12
𝑛∑
𝑖=1

𝑚𝑖𝑒−2𝑥𝑖)𝑒2𝑥,
𝑥 → −∞.

(22)

Proof. According to Lemma 5, (21) is equivalent to

− 12𝑓𝑥𝑥𝑥 + 2𝑓𝑥 − 12
𝑛∑
𝑘=1

[𝑓 (𝑥𝑘)]𝐷2𝛿𝑥𝑘
− 12
𝑛∑
𝑘=1

[𝑓𝑥 (𝑥𝑘)]𝐷𝛿𝑥𝑘 − 12
𝑛∑
𝑘=1

[𝑓𝑥𝑥 (𝑥𝑘)] 𝛿𝑥𝑘
+ 2 𝑛∑
𝑘=1

[𝑓 (𝑥𝑘)] 𝛿𝑥𝑘 = − 𝑛∑
𝑘=1

𝑚𝑘𝐷𝛿𝑥𝑘 .
(23)

Therefore,𝑓 ∈ 𝑃𝐶∞(R) satisfies (21) if and only if −(1/2)𝑓𝑥𝑥𝑥+2𝑓𝑥 = 0 when 𝑥 ̸= 𝑥𝑘 and
[𝑓 (𝑥𝑘)] = 0,
[𝑓𝑥 (𝑥𝑘)] = 2𝑚𝑘,

[𝑓𝑥𝑥 (𝑥𝑘)] = 0,
(1 ≤ 𝑘 ≤ 𝑛) .

(24)

Thus, we can set

𝑓 (𝑥) = 𝐴𝑘𝑒2𝑥 + 𝐵𝑘𝑒−2𝑥 + 𝐶𝑘, 𝑥𝑘 < 𝑥 < 𝑥𝑘+1. (25)

A straightforward calculation translates (24) into the follow-
ing relation:

[[
[
𝐴𝑘𝐵𝑘𝐶𝑘

]]
]

= [[
[
𝐴𝑘−1𝐵𝑘−1𝐶𝑘−1

]]
]

+ [[[[
[

12𝑚𝑘𝑒−2𝑥𝑘
−12𝑚𝑘𝑒2𝑥𝑘0

]]]]
]

. (26)

The asymptotic condition (22) shows that 𝐵0 = 𝐶0 = 0, 𝐴0 =−(1/2)∑𝑛𝑖=1𝑚𝑖𝑒−2𝑥𝑖 , and substituting into (26) yields

𝐴𝑘 = −12
𝑛∑
𝑖=𝑘+1

𝑚𝑖𝑒−2𝑥𝑖 ,
𝐵𝑘 = −12

𝑘∑
𝑖=1

𝑚𝑖𝑒2𝑥𝑖 ,
𝐶𝑘 = 0,

𝑘 = 0, 1, . . . , 𝑛.

(27)

Hence,

𝑓 (𝑥) = −12
𝑛∑
𝑖=𝑘+1

𝑚𝑖𝑒2(𝑥−𝑥𝑖) − 12
𝑘∑
𝑖=1

𝑚𝑖𝑒2(𝑥𝑖−𝑥),
𝑥𝑘 < 𝑥 < 𝑥𝑘+1.

(28)

Define a function on R by

𝑓 (𝑥) = {{{
𝑓 (𝑥𝑘+) , when 𝑥 = 𝑥𝑘,
𝑓 (𝑥) , when 𝑥 ̸= 𝑥𝑘 (29)

by the first condition in (24), 𝑓 ∈ 𝐶(R), which completes the
proof.

Denote the unique solution to (21) and (22) by 𝐺−2, and
with Lemma 5 and (19), we have the following theorem.

Theorem 7. For𝑚 given by (18), 𝐺𝑁 (𝑁 < −2) is well defined
by (14), and 𝐺𝑁 ∈ 𝑃𝐶∞(R) ∩ 𝐶(R).
Proof. According to formula (14), 𝐾𝐺𝑗 = 𝐽𝐺𝑗+1; in the dis-
tribution sense, we have the following equation formally:

(−12𝐷3𝑥 + 2𝐷𝑥)𝐺𝑗 = −𝐷𝑥 (𝑚𝐺𝑗+1) − 𝑚𝐷𝑥𝐺𝑗+1. (30)

Thus, with the definition (19) of 𝐽, 𝐺𝑁 can be defined
recursively. We now prove this theorem by induction.

First, Proposition 6 shows that 𝐺−2 is a continuous
function in 𝑃𝐶∞(R). Consider the following problem:

(−12𝐷3𝑥 + 2𝐷𝑥)𝑓 = −𝐷𝑥 (𝑚𝐺−2) − 𝑚𝐷𝑥𝐺−2, (31)

𝑓
∼ −𝑒2𝑥 𝑛∑

𝑖=1

(12𝐺−2 (𝑥𝑖)𝑚𝑖 + 14 ⟨𝐺−2,𝑥 (𝑥𝑖)⟩𝑚𝑖) 𝑒−2𝑥𝑖 ,
𝑥 → −∞,

(32)

where𝑚 is given by (18).With (19) and Lemma 5 at hand, (31)
is equivalent to

− 12𝑓𝑥𝑥𝑥 + 2𝑓𝑥 + 2 𝑛∑
𝑘=1

[𝑓 (𝑥𝑘)] 𝛿𝑥𝑘
− 12
𝑛∑
𝑘=1

[𝑓𝑥 (𝑥𝑘)]𝐷𝛿𝑥𝑘 − 12
𝑛∑
𝑘=1

[𝑓𝑥𝑥 (𝑥𝑘)] 𝛿𝑥𝑘
− 12
𝑛∑
𝑘=1

[𝑓 (𝑥𝑘)]𝐷2𝛿𝑥𝑘
= − 𝑛∑
𝑘=1

⟨𝐺−2,𝑥 (𝑥𝑘)⟩𝑚𝑘𝛿𝑥𝑘 − 𝑛∑
𝑘=1

𝐺−2 (𝑥𝑘)𝑚𝑘𝐷𝛿𝑥𝑘 .

(33)

Therefore,𝑓 ∈ 𝑃𝐶∞(R) satisfies (31) if and only if −(1/2)𝑓𝑥𝑥𝑥+2𝑓𝑥 = 0 when 𝑥 ̸= 𝑥𝑘 and
[𝑓 (𝑥𝑘)] = 0,
[𝑓𝑥 (𝑥𝑘)] = 2𝐺−2 (𝑥𝑘)𝑚𝑘,

[𝑓𝑥𝑥 (𝑥𝑘)] = 2 ⟨𝐺−2,𝑥 (𝑥𝑘)⟩𝑚𝑘,
(1 ≤ 𝑘 ≤ 𝑛) .

(34)
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Hence,

𝑓 (𝑥) = 𝐴𝑘𝑒2𝑥 + 𝐵𝑘𝑒−2𝑥 + 𝐶𝑘, 𝑥𝑘 < 𝑥 < 𝑥𝑘+1, (35)

where 𝐴𝑘, 𝐵𝑘, 𝐶𝑘 satisfy
[[
[
𝐴𝑘𝐵𝑘𝐶𝑘

]]
]

= [[
[
𝐴𝑘−1𝐵𝑘−1𝐶𝑘−1

]]
]

+
[[[[[[
[

12𝐺−2 (𝑥𝑘)𝑚𝑘𝑒−2𝑥𝑘 + 14 ⟨𝐺−2,𝑥 (𝑥𝑘)⟩𝑚𝑘𝑒−2𝑥𝑘
−12𝐺−2 (𝑥𝑘)𝑚𝑘𝑒2𝑥𝑘 + 14 ⟨𝐺−2,𝑥 (𝑥𝑘)⟩𝑚𝑘𝑒2𝑥𝑘

−12 ⟨𝐺−2,𝑥 (𝑥𝑘)⟩𝑚𝑘

]]]]]]
]

.
(36)

The asymptotic condition (32) shows that 𝐵0 = 𝐶0 = 0 and
𝐴0 = − 𝑛∑

𝑖=1

(12𝐺−2 (𝑥𝑖)𝑚𝑖 + 14 ⟨𝐺−2,𝑥 (𝑥𝑖)⟩𝑚𝑖) 𝑒−2𝑥𝑖 . (37)

Thus, (36) defines a function 𝑓 ∈ 𝑃𝐶∞(R) satisfying the
asymptotic condition; using the first condition in (34), we can
define a unique continuous function𝑓 as we have done in the
proof of Proposition 6. Thus, 𝐺−3 is well defined by (14) and𝐺−3 ∈ 𝑃𝐶∞(R) ∩ 𝐶(R); we have so far proved the conclusion
for the case 𝑁 = −3.

Next, we assume that 𝐺𝑁+1(𝑁 ≤ −4) is well defined by
(14) and 𝐺𝑁+1 ∈ 𝑃𝐶∞(R) ∩ 𝐶(R). Consider the following
problem:

(−12𝐷3𝑥 + 2𝐷𝑥)𝑓 = −𝐷𝑥 (𝑚𝐺𝑁+1) − 𝑚𝐷𝑥𝐺𝑁+1, (38)

𝑓 ∼ −𝑒2𝑥 𝑛∑
𝑖=1

(12𝐺𝑁+1 (𝑥𝑖)𝑚𝑖 + 14 ⟨𝐺𝑁+1,𝑥 (𝑥𝑖)⟩𝑚𝑖)
⋅ 𝑒−2𝑥𝑖 , 𝑥 → −∞,

(39)

where 𝑚 is given by (18). Similarly, we can obtain a unique
continuous function in 𝑃𝐶∞(R) solving (38) and (39).

By induction, for any 𝑁 < −2, 𝐺𝑁 is well defined by (14)
and 𝐺𝑁 ∈ 𝑃𝐶∞(R) ∩ 𝐶(R), which completes the proof.

Remark 8. In Proposition 6 and the proof of Theorem 7,
we have chosen different exponential decay conditions at
negative infinity for different 𝐺𝑁; however, we can replace
them by boundary condition: 𝑓 → 0, |𝑥| → ∞; see
Remark 13.

4. Peakons and Lax Integrability

The 𝑁-order CH equation can be written formally as

𝑚𝑡 − (𝜕𝑥𝑚 + 𝑚𝜕𝑥) 𝐺𝑁 = 0,
2𝑚 = 4𝑢 − 𝑢𝑥𝑥, (40)

where𝑢 = −𝐺−2 and𝐺𝑁 given by (14).The−2-order equation,
that is, CH equation (1), admits peakons (3), where 𝑥𝑘, 𝑚𝑘
obey the following Hamiltonian system:

�̇�𝑘 = 𝑢 (𝑥𝑘) ,
�̇�𝑘 = − ⟨𝑢𝑥 (𝑥𝑘)⟩𝑚𝑘. (41)

In Section 3, we define 𝐺𝑁 by (14) for discrete potential;
based on this, we have the following theorem.

Theorem 9. The 𝑁-order CH equation given by Definition 2
admits peakons taking the form (3).

Proof. Substituting (3) into the second equation in (40), we
obtain

𝑚(𝑥, 𝑡) = 2𝑢 − 12𝐷2𝑢 = 𝑛∑
𝑘=1

𝑚𝑘 (𝑡) 𝛿 (𝑥 − 𝑥𝑘 (𝑡)) . (42)

By Proposition 6 and Theorem 7, 𝑚 above makes 𝐺𝑁 a
function in 𝑃𝐶∞(R) ∩ 𝐶(R), which is expressed by elemen-
tary functions composed of power functions and exponential
functions. In the sense of distribution, the 𝑁-order CH
equation (40) is equivalent to the following dynamic system:

�̇�𝑘 = −𝐺𝑁 (𝑥𝑘) ,
�̇�𝑘 = 𝑚𝑘 ⟨𝐺𝑁,𝑥 (𝑥𝑘)⟩ , (43)

for 𝑘 = 1, . . . , 𝑛. Hence, for the initial condition
𝑥1 (𝑡0) < ⋅ ⋅ ⋅ < 𝑥𝑛 (𝑡0) , (44)

(43) has a unique solution locally, which completes the proof.

We shall see that the Lax pair of the𝑁-order CH equation
(40) given by (6) is compatible with its peakons. Recall that
for the case 𝑁 = −2 the same result had been used in [4]; we
will prove the compatibility just for the case 𝑁 < −2.

In the remainder of this section, 𝐷𝑡 denotes the distribu-
tional derivatives in 𝑡, the subscripts of functions denoting
the usual partial derivatives, and for simplicity, we will write∑ instead of∑𝑛𝑘=1 . We first present a lemma on the calculus
of piecewise smooth function.

Lemma 10. Given smooth functions 𝑥1(𝑡) < ⋅ ⋅ ⋅ < 𝑥𝑛(𝑡),
suppose 𝑓 and 𝑔 are piecewise smooth functions with jumps
at 𝑥𝑘(𝑡) (𝑘 = 1, . . . , 𝑛), then

[𝑓𝑔 (𝑥𝑘)] = ⟨𝑓 (𝑥𝑘)⟩ [𝑔 (𝑥𝑘)]
+ [𝑓 (𝑥𝑘)] ⟨𝑔 (𝑥𝑘)⟩ ,

⟨𝑓𝑔 (𝑥𝑘)⟩ = ⟨𝑓 (𝑥𝑘)⟩ ⟨𝑔 (𝑥𝑘)⟩
+ 14 [𝑓 (𝑥𝑘)] [𝑔 (𝑥𝑘)] ,

𝑑𝑑𝑡 [𝑓 (𝑥𝑘)] = [𝑓𝑥 (𝑥𝑘)] �̇�𝑘 + [𝑓𝑡 (𝑥𝑘)] ,
𝑑𝑑𝑡 ⟨𝑓 (𝑥𝑘)⟩ = ⟨𝑓𝑥 (𝑥𝑘)⟩ �̇�𝑘 + ⟨𝑓𝑡 (𝑥𝑘)⟩ .

(45)
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For peakon solutions (3), 𝑚 is given by (42). By Propo-
sition 6 and Theorem 7, 𝐺𝑗 (𝑗 ≤ −2) given by (14) are con-
tinuous functions in 𝑃𝐶∞(R) and [𝑢𝑥(𝑥𝑘)] = −2𝑚𝑘,

[𝐺𝑗 (𝑥𝑘)] = 0,
[𝐺𝑗,𝑥 (𝑥𝑘)] = 2𝐺𝑗+1 (𝑥𝑘)𝑚𝑘,

[𝐺𝑗,𝑥𝑥 (𝑥𝑘)] = 2 ⟨𝐺𝑗+1,𝑥 (𝑥𝑘)⟩𝑚𝑘,

(𝑁 ≤ 𝑗 ≤ −3) .
(46)

The derivatives in (15) should be replaced by corresponding
distributional derivatives. Thus, (6) can be rewritten as the
following well-defined distributional Lax pair:

𝐷𝑥Φ = �̃�Φ,
𝐷𝑡Φ = �̃�Φ, (47)

where

�̃� = 𝑋 + 𝑧 (∑𝑚𝑘𝛿𝑥𝑘) 𝑆,
𝑋 = [0 1

1 0] ,
𝑆 = [0 0

1 0] ,
�̃� = 𝑇 + 𝑧 (∑𝑚𝑘𝐺𝑁 (𝑥𝑘) 𝛿𝑥𝑘) 𝑆,

𝑇 = [[[[[
[

12𝑢𝑥𝑧𝑁+2 − 12
−3∑
𝑗=𝑁

𝐺𝑗,𝑥𝑧𝑁−𝑗 𝑧𝑁+1 − 𝑢𝑧𝑁+2 + −3∑
𝑗=𝑁

𝐺𝑗𝑧𝑁−𝑗
𝑧𝑁+1 + 𝑢𝑧𝑁+2 + −3∑

𝑗=𝑁

(𝐺𝑗 − 12𝐺𝑗,𝑥𝑥) 𝑧𝑁−𝑗 −12𝑢𝑥𝑧𝑁+2 + 12
−3∑
𝑗=𝑁

𝐺j,𝑥𝑧𝑁−𝑗
]]]]]
]

.

(48)

Note that 𝑢𝑥𝑥 = 4𝑢 and 2𝐺𝑗,𝑥 − (1/2)𝐺𝑗,𝑥𝑥𝑥 = 0 when 𝑥 ̸= 𝑥𝑘;
it is easy to see that 𝑇𝑥 = 𝑋𝑇 − 𝑇𝑋.

Theorem 11. With 𝑢 and 𝑚 given by (3) and (42) and 𝐺𝑗
defined by (14) and (19), the Lax pair (47) satisfies the com-
patibility condition: 𝐷𝑡𝐷𝑥Φ = 𝐷𝑥𝐷𝑡Φ if and only if

�̇�𝑘 = −𝐺𝑁 (𝑥𝑘) ,
�̇�𝑘 = ⟨𝐺𝑁,𝑥 (𝑥𝑘)⟩𝑚𝑘. (49)

Proof. Computing the distributional derivatives of Φ, com-
paring the coefficients of 𝛿𝑥𝑘 and the regular parts in (47)
leads to

[Φ (𝑥𝑘)] = 𝑧𝑚𝑘𝑆Φ (𝑥𝑘) ,
�̇�𝑘 = −𝐺𝑁 (𝑥𝑘) , (50)

Φ𝑥 = 𝑋Φ,
Φ𝑡 = 𝑇Φ. (51)

Next we compute 𝐷𝑡𝐷𝑥Φ and 𝐷𝑥𝐷𝑡Φ; using (50) we have

𝐷𝑡𝐷𝑥Φ = 𝑋(𝑇 + 𝑧𝑆∑𝑚𝑘𝐺𝑁 (𝑥𝑘) 𝛿𝑥𝑘)Φ

+ 𝑧𝑆∑ 𝑑𝑑𝑡 (𝑚𝑘Φ(𝑥𝑘)) 𝛿𝑥𝑘
+ 𝑧𝑆∑𝑚𝑘Φ(𝑥𝑘) 𝐺𝑁 (𝑥𝑘)𝐷𝛿𝑥𝑘 ,

𝐷𝑥𝐷𝑡Φ = (𝑇Φ)𝑥 + ∑[𝑇Φ (𝑥𝑘)] 𝛿𝑥𝑘
+ 𝑧𝑆∑𝑚𝑘𝐺𝑁 (𝑥𝑘)Φ (𝑥𝑘)𝐷𝛿𝑥𝑘 .

(52)

Thus, 𝐷𝑡𝐷𝑥Φ = 𝐷𝑥𝐷𝑡Φ is equivalent to

𝑧𝑚𝑘𝑋𝑆𝐺𝑁Φ(𝑥𝑘) + 𝑧𝑆 𝑑𝑑𝑡 (𝑚𝑘Φ(𝑥𝑘)) = [𝑇Φ (𝑥𝑘)] . (53)

Computing [𝑇Φ(𝑥𝑘)] by using Lemma 10 and relations (50)
and (46), we have that (53) is equivalent to

𝑚𝑘 [[[[
[
−𝑧𝑁+2 − −3∑

𝑗=𝑁

𝐺𝑗+1𝑧𝑁−𝑗 0
− −3∑
𝑗=𝑁

⟨𝐺𝑗+1,𝑥⟩ 𝑧𝑁−𝑗 𝑧𝑁+2 + −3∑
𝑗=𝑁

𝐺𝑗+1𝑧𝑁−𝑗
]]]]
]𝑥𝑘
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⋅ ⟨Φ (𝑥𝑘)⟩

+ 𝑧𝑚𝑘 [[[[
[

𝑧𝑁+1 − 𝑢𝑧𝑁+2 + −3∑
𝑗=𝑁+1

𝐺𝑗𝑧𝑁−𝑗 0
−12 ⟨𝑢𝑥⟩ 𝑧𝑁+2 + 12

−3∑
𝑗=𝑁

⟨𝐺𝑗,𝑥⟩ 𝑧𝑁−𝑗 0
]]]]
]𝑥𝑘

⋅ Φ (𝑥𝑘) = 𝑧�̇�𝑘𝑆Φ (𝑥𝑘) + 𝑧𝑚𝑘𝑆 𝑑𝑑𝑡 (Φ (𝑥𝑘)) .
(54)

The second component of Φ, that is, 𝜑𝑥, has jump disconti-
nuities at 𝑥𝑘. By (50) and (51), we have

𝑆 𝑑𝑑𝑡 (⟨Φ (𝑥𝑘)⟩) = 𝑆 (⟨Φ𝑥 (𝑥𝑘)⟩ �̇�𝑘 + ⟨Φ𝑡 (𝑥𝑘)⟩) = −𝐺𝑁 (𝑥𝑘) 𝑆𝑋 ⟨Φ (𝑥𝑘)⟩ + 𝑆 ⟨𝑇 (𝑥𝑘)⟩ ⟨Φ (𝑥𝑘)⟩

= [[
[

0 0
12 ⟨𝑢𝑥⟩ 𝑧𝑁+2 − 12

−3∑
𝑗=𝑁

⟨𝐺𝑗,𝑥⟩ 𝑧𝑁−𝑗 (1 − 𝑢𝑧) 𝑧𝑁+1 + −3∑
𝑗=𝑁+1

𝐺𝑗𝑧𝑁−𝑗]]]𝑥𝑘
⟨Φ (𝑥𝑘)⟩ . (55)

Therefore,

𝑚𝑘𝑆 𝑑𝑑𝑡 (Φ (𝑥𝑘) − ⟨Φ (𝑥𝑘)⟩)
= (𝑚𝑘 ⟨𝐺𝑁,𝑥 (𝑥𝑘)⟩ − �̇�𝑘) 𝑆Φ (𝑥𝑘)

− 12𝑚𝑘 ⟨𝐺𝑁,𝑥 (𝑥𝑘)⟩ 𝑆 (Φ (𝑥𝑘) − ⟨Φ (𝑥𝑘)⟩) .
(56)

The first row of (56) holds naturally for that the first element
of 𝑆Φ is zero; by the continuity of𝜑 at the point 𝑥𝑘, the second
row holds if and only if �̇�𝑘 = ⟨𝐺𝑁,𝑥(𝑥𝑘)⟩𝑚𝑘, which completes
the proof.

Remark 12. Replacing �̃� in (47) by �̃� − 𝑧𝑁+1 ( 1 00 1 ) or �̃� +𝑧𝑁+1 ( 1 00 1 ), the compatibility condition of (47) is also (43).

Theorem 11 implies that the Lax pair of the 𝑁-order CH
equation is compatible with its peakons when extending the
definition of 𝐽 by (19). Using this result, we can also obtain
some constants of motion for the peakon ODEs (43).

The Lax pair for the 𝑁-order CH equation (40) given by
the negative order CH hierarchy is equivalent to

𝜑𝑥𝑥 = (𝑧𝑚 + 1) 𝜑,
𝜑𝑡 = (12𝑢𝑥𝑧𝑁+2 − 12

−3∑
𝑗=𝑁

𝐺𝑗,𝑥𝑧𝑁−𝑗)𝜑

+ (𝑧𝑁+1 − 𝑢𝑧𝑁+2 + −3∑
𝑗=𝑁

𝐺𝑗𝑧𝑁−𝑗)𝜑𝑥.
(57)

When 𝑚 is given by (42), the spatial part leads to

1𝑧𝜑 (𝑥, 𝑡) = −12
𝑛∑
𝑗=1

𝑚𝑗𝑒−|𝑥−𝑥𝑗|𝜑 (𝑥𝑗 (𝑡) , 𝑡) . (58)

Define 𝐿 = (𝐿 𝑖𝑗), 𝐿 𝑖𝑗 = −(1/2)𝑚𝑗𝑒−|𝑥𝑖−𝑥𝑗|, then
𝐿Ψ = 1𝑧Ψ, (59)

where

Ψ = (𝜑 (𝑥1 (𝑡) , 𝑡) , . . . , 𝜑 (𝑥𝑛 (𝑡) , 𝑡))𝑇 . (60)

Taking derivative of (1/𝑧)𝜑(𝑥𝑖(𝑡), 𝑡) with respect to 𝑡, using�̇�𝑘 = −𝐺𝑁(𝑥𝑘), the second equation in (57), and (58), we
obtain certain matrix 𝐴 = (𝐴 𝑖𝑗) such that

𝑑𝑑𝑡 (1𝑧Ψ) = 𝐴Ψ. (61)

Since 𝐸 = (𝐸𝑖𝑗) with 𝐸𝑖𝑗 = 𝑒−|𝑥𝑖−𝑥𝑗| is single-pair matrix and is
oscillatory [36], so 𝐿 is nonsingular. Hence, the compatibility
condition of (59) and (61) 𝐿 𝑡𝐿 = 𝐴𝐿 − 𝐿𝐴 = [𝐴, 𝐿] leads
to (𝑑/𝑑𝑡)(tr 𝐿𝑠) = ∑𝑠−1𝑘=0 tr(𝐿𝑘[𝐴, 𝐿]𝐿𝑠−𝑘−2) = 0, where 𝑠 is
arbitrary positive integer. Therefore, tr(𝐿𝑠) is a constant of
motion for the peakon ODEs of the 𝑁-order CH equation.

Remark 13. When 𝑠 = 1, tr(𝐿) = −(1/2)(𝑚1 + ⋅ ⋅ ⋅ + 𝑚𝑛), for
any𝑁 ≤ −2, the peakon ODEs (43) has a constant of motion:𝑚1 + ⋅ ⋅ ⋅ + 𝑚𝑛; therefore,

𝑛∑
𝑘=1

⟨𝐺𝑁,𝑥 (𝑥𝑘)⟩𝑚𝑘 = 𝑛∑
𝑘=1

�̇�𝑘 = 0. (62)

By (62), for 𝑚 given by (18) and 𝐺−1 = 1, there is a unique𝐺𝑁 defined by (14) and 𝐺𝑁 approaches to zero as |𝑥| → ∞.
Indeed, onlyminormodifications are needed. Replacing (22),
(32), and (39) by 𝑓 → 0, |𝑥| → ∞, which is equivalent to𝐵0 = 𝐶0 = 𝐶𝑛 = 𝐴𝑛 = 0, then the condition (62) implies the
existence and uniqueness of corresponding boundary prob-
lems, and 𝐺𝑗 (𝑗 ≤ −2) defined in Section 3 are exactly the
solutions to the modified problems.

Remark 14. When 𝑠 = 2, tr(𝐿2) = ∑𝑛𝑖,𝑗=1 𝐿 𝑖𝑗𝐿𝑗𝑖, particularly,
when 𝑛 = 2, we have tr(𝐿2) = (1/4)(𝑚21 + 𝑚22) + (1/2)𝑚1𝑚2𝑒−2|𝑥1−𝑥2|. Thus, for any 𝑁-order equation, the cor-
responding two-peakon ODEs have a constant of motion:(1/4)(𝑚21 + 𝑚22) + (1/2)𝑚1𝑚2𝑒−2|𝑥1−𝑥2|, which equals the
Hamiltonian of CH peakon ODEs [1, 4].



8 Advances in Mathematical Physics

5. Examples of Peakon Solutions

In this section, we present some special peakon solutions
for the 𝑁-order CH equation in the cases 𝑁 = −3, −4 by
integrating the ODEs (43).

The−3-order CH equation can bewritten as the following
integrodifferential equation:

𝑚𝑡 + 2 (𝜕𝑚 + 𝑚𝜕) 𝜕−1𝑒2𝑥𝜕−1𝑒−4𝑥𝜕−1𝑒2𝑥 (𝑚𝜕 + 𝜕𝑚) 𝑢
= 0,

2𝑚 = 4𝑢 − 𝑢𝑥𝑥.
(63)

For 𝑁 = −3, the ODEs (43) can be written as

�̇�𝑘 = −12
𝑛∑
𝑖=1

𝑚𝑖𝑢 (𝑥𝑖) 𝑒−2|𝑥𝑖−𝑥𝑘| + 14
𝑛∑
𝑖=1

sgn (𝑥𝑘 − 𝑥𝑖)𝑚𝑖 ⟨𝑢𝑥 (𝑥𝑖)⟩ 𝑒−2|𝑥𝑖−𝑥𝑘| − 12
𝑘−1∑
𝑖=1

⟨𝑢𝑥 (𝑥𝑖)⟩𝑚𝑖 − 14 ⟨𝑢𝑥 (𝑥𝑘)⟩𝑚𝑘
= 14
𝑛∑
𝑖,𝑗=1

𝑚𝑖𝑚𝑗 (sgn (𝑥𝑖 − 𝑥𝑘) sgn (𝑥𝑖 − 𝑥𝑗) − 1) 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑖−𝑥𝑗| + 12
𝑘−1∑
𝑖=1

𝑛∑
𝑗=1

𝑚𝑖𝑚𝑗 sgn (𝑥𝑖 − 𝑥𝑗) 𝑒−2|𝑥𝑖−𝑥𝑗|

− 14
𝑛∑
𝑖=1

𝑚𝑖𝑚𝑘 sgn (𝑥𝑖 − 𝑥𝑘) 𝑒−2|𝑥𝑖−𝑥𝑘|,
�̇�𝑘 = 𝑚𝑘 𝑛∑

𝑖=1

sgn (𝑥𝑖 − 𝑥𝑘)𝑚𝑖𝑢 (𝑥𝑖) 𝑒−2|𝑥𝑖−𝑥𝑘|

+ 12𝑚𝑘 𝑛∑
𝑖=1

𝑚𝑖 ⟨𝑢𝑥 (𝑥𝑖)⟩ 𝑒−2|𝑥𝑖−𝑥𝑘| = 12𝑚𝑘 𝑛∑
𝑖,𝑗=1

𝑚𝑖𝑚𝑗 (sgn (𝑥𝑖 − 𝑥𝑘) − sgn (𝑥𝑖 − 𝑥𝑗)) 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑖−𝑥𝑗|.

(64)

Example 1. When 𝑛 = 1, (64) is simplified as

�̇�1 = −14𝑚21,
�̇�1 = 0. (65)

Imposing the initial condition 𝑥1(0) = 0, 𝑚1(0) = 𝑐, we have
𝑢 (𝑥, 𝑡) = 𝑐2𝑒−2|𝑥+(𝑐2/4)𝑡|, (66)

where 𝑐 is an arbitrary nonzero constant. Thus, (63) admits
the peakon solution (66).

Example 2. When 𝑛 = 2, for 𝑥1(0) < 𝑥2(0), in the neigh-
borhood of 𝑡 = 0, (64) is simplified as

�̇�1 = −14𝑚21 − 12𝑚1𝑚2𝑒2(𝑥1−𝑥2) − 14𝑚22𝑒2(𝑥1−𝑥2),
�̇�1 = 12𝑚1𝑚2 (𝑚1 + 𝑚2) 𝑒2(𝑥1−𝑥2),
�̇�2 = −14𝑚22 − 12𝑚1𝑚2𝑒2(𝑥1−𝑥2) − 14𝑚21𝑒2(𝑥1−𝑥2),
�̇�2 = −12𝑚1𝑚2 (𝑚1 + 𝑚2) 𝑒2(𝑥1−𝑥2).

(67)

Given the initial condition,

𝑚1 (0) + 𝑚2 (0) = 0,
𝑥1 (0) < 𝑥2 (0) . (68)

Note that 𝑚1 + 𝑚2 is a constant of motion for system (67);
thus, (67) admits the following solution:

𝑚1 = 𝐶12 ,
𝑚2 = −𝐶12 ,
𝑥1 = 12 (𝐶2 + 𝐶3) + 𝐶2116 (𝑒2𝐶2 − 1) 𝑡,
𝑥2 = 12 (𝐶3 − 𝐶2) + 𝐶2116 (𝑒2𝐶2 − 1) 𝑡,

(69)

where𝐶1,𝐶2,𝐶3 are constants and𝐶1 ̸= 0,𝐶2 < 0.Therefore,
the −3-order CH equation (63) admits the following peakon-
antipeakon solution:

𝑢 (𝑥, 𝑡) = 𝐶14 (𝑒−2|𝑥−𝑥1| − 𝑒−2|𝑥−𝑥2|) , (70)

where 𝑥1, 𝑥2 are given by (69).

Remark 3. Note that 𝑥1 − 𝑥2 ≡ 𝐶2 < 0 for all 𝑡 ∈ R;
this peakon-antipeakon pair can not collide; that is, (70)
gives a peakon-antipeakon solution globally. Besides, (70)
is a superposition of two traveling waves (with constant
amplitudes and the same constant speeds), which is an
unusual feature for two-peakon solutions compared with the
CH equation (1).
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For the case𝑁 = −4, the peakonODEs (43) can bewritten
as

�̇�𝑘 = 18
𝑛∑
𝑖,𝑗,𝑙=1

𝑚𝑖𝑚𝑗𝑚𝑙 (1 + sgn (𝑥𝑗 − 𝑥𝑙) sgn (𝑥𝑖 − 𝑥𝑗))

⋅ 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑖−𝑥𝑗|−2|𝑥𝑗−𝑥𝑙| − 14
𝑛∑
𝑖,𝑙=1

𝑖∑
𝑗=1

𝑚𝑖𝑚𝑗𝑚𝑙
⋅ sgn (𝑥𝑗 − 𝑥𝑙) 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑗−𝑥𝑙| + 18

𝑛∑
𝑖,𝑗=1

𝑚2𝑖𝑚𝑗
⋅ sgn (𝑥𝑖 − 𝑥𝑗) 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑖−𝑥𝑗| − 18

𝑛∑
𝑖,𝑗,𝑙=1

𝑚𝑖𝑚𝑗𝑚𝑙
⋅ sgn (𝑥𝑖 − 𝑥𝑘) (sgn (𝑥𝑗 − 𝑥𝑙) + sgn (𝑥𝑖 − 𝑥𝑗))
⋅ 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑖−𝑥𝑗|−2|𝑥𝑗−𝑥𝑙| − 14
⋅ 𝑘∑
𝑖=1

𝑛∑
𝑗,𝑙=1

𝑚𝑖𝑚𝑗𝑚𝑙 (sgn (𝑥𝑗 − 𝑥𝑙) + sgn (𝑥𝑖 − 𝑥𝑗))
⋅ 𝑒−2|𝑥𝑖−𝑥𝑗|−2|𝑥𝑗−𝑥𝑙| − 18𝑚𝑘 𝑛∑

𝑖,𝑗=1

𝑚𝑖𝑚𝑗 (sgn (𝑥𝑖 − 𝑥𝑘)
− sgn (𝑥𝑖 − 𝑥𝑗)) 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑖−𝑥𝑗|,

�̇�𝑘 = 14𝑚𝑘 𝑛∑
𝑖,𝑗,𝑙=1

𝑚𝑖𝑚𝑗𝑚𝑙 (sgn (𝑥𝑖 − 𝑥𝑗)
− sgn (𝑥𝑖 − 𝑥𝑘)) 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑖−𝑥𝑗|−2|𝑥𝑗−𝑥𝑙| − 14
⋅ 𝑚𝑘 𝑛∑
𝑖,𝑗,𝑙=1

𝑚𝑖𝑚𝑗𝑚𝑙 sgn (𝑥𝑗 − 𝑥𝑙) (sgn (𝑥𝑖 − 𝑥𝑘)
⋅ sgn (𝑥𝑖 − 𝑥𝑗) − 1) 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑖−𝑥𝑗|−2|𝑥𝑗−𝑥𝑙| + 12
⋅ 𝑚𝑘 𝑛∑
𝑖,𝑙=1

𝑖∑
𝑗=1

𝑚𝑖𝑚𝑗𝑚𝑙 sgn (𝑥𝑖 − 𝑥𝑘)
⋅ sgn (𝑥𝑗 − 𝑥𝑙) 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑗−𝑥𝑙| − 14𝑚𝑘 𝑛∑

𝑖,𝑗=1

𝑚2𝑖𝑚𝑗
⋅ sgn (𝑥𝑖 − 𝑥𝑘) sgn (𝑥𝑖 − 𝑥𝑗) 𝑒−2|𝑥𝑖−𝑥𝑘|−2|𝑥𝑖−𝑥𝑗|.

(71)

Example 4. When 𝑛 = 1, (71) is simplified as

�̇�1 = 18𝑚21,
�̇�1 = 0. (72)

Imposing the initial condition 𝑥1(0) = 0, 𝑚1(0) = 𝑐, we have
𝑢 (𝑥, 𝑡) = 𝑐2𝑒−2|𝑥−(𝑐3/8)𝑡|, (73)

where 𝑐 is an arbitrary nonzero constant. Thus, the −4-order
CH equation admits the peakon solution (73).

Example 5. When 𝑛 = 2, let 𝑥1(0) < 𝑥2(0); in the
neighborhood of 𝑡 = 0, (71) is simplified as

�̇�1 = 18𝑚31 + (18𝑚32 + 38𝑚21𝑚2 + 14𝑚1𝑚22) 𝑒2(𝑥1−𝑥2)
+ 18𝑚1𝑚22𝑒4(𝑥1−𝑥2),

�̇�1 = −14𝑚21𝑚22𝑒4(𝑥1−𝑥2) − 14𝑚1𝑚32𝑒2(𝑥1−𝑥2)
− 14𝑚21𝑚2 (𝑚1 + 𝑚2) 𝑒2(𝑥1−𝑥2),

�̇�2 = 18𝑚32 + (18𝑚31 + 38𝑚1𝑚22 + 14𝑚21𝑚2) 𝑒2(𝑥1−𝑥2)
+ 18𝑚21𝑚2𝑒4(𝑥1−𝑥2),

�̇�2 = 14𝑚21𝑚22𝑒4(𝑥1−𝑥2) + 14𝑚2𝑚31𝑒2(𝑥1−𝑥2)
+ 14𝑚1𝑚22 (𝑚1 + 𝑚2) 𝑒2(𝑥1−𝑥2).

(74)

Let

𝑝 (𝑡) = 𝑚1 (𝑡) + 𝑚2 (𝑡) ,
𝑃 (𝑡) = 𝑚1 (𝑡) − 𝑚2 (𝑡) ,
𝑞 (𝑡) = 𝑥1 (𝑡) + 𝑥2 (𝑡) ,
𝑄 (𝑡) = 𝑥1 (𝑡) − 𝑥2 (𝑡) .

(75)

Obviously, 𝑚1 + 𝑚2 is a constant of motion for system (74);
for 𝑝(0) = 0, we have that 𝑝(𝑡) ≡ 0; then ̇𝑞 = 0; thus (74)
admits the following solution:

𝑚1 = − 𝑐2 tanh ((𝑐3/32) (𝑡 + 𝑐2)) ,
𝑚2 = 𝑐2 tanh ((𝑐3/32) (𝑡 + 𝑐2)) ,
𝑥1 = 12𝑐1 + 12 ln(sech( 𝑐332 (𝑡 + 𝑐2))) ,
𝑥2 = 12𝑐1 − 12 ln(sech( 𝑐332 (𝑡 + 𝑐2))) ,

(76)

where 𝑐 > 0, 𝑐1, 𝑐2 are arbitrary constants. Exchanging the
place of 𝑥1 and 𝑥2, we can obtain another solution to (76).
Hence, the−4-order CH equation admits symmetric peakon-
antipeakon solution

𝑢 (𝑥, 𝑡) = − 𝑒−2|𝑥−𝑥1| − 𝑒−2|𝑥−𝑥2|4 tanh ((𝑐3/32) (𝑡 + 𝑐2)) , (77)

where 𝑥1, 𝑥2 are given by (76) and can be exchanged.
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Remark 6. It is easy to find that peakon-antipeakon given by
(77) will collide at the position 𝑥 = (1/2)𝑐1 as 𝑡 = −𝑐2. This
phenomenon is similar to the CH equation (1).

6. Concluding Remarks

In this paper, we extend the negative order CH hierarchy to
the case where the potential is a finite discretemeasure, show-
ing that the 𝑁-order CH equation (𝑁 < −1) admits peakons
and the peakons are compatible with corresponding Lax
pairs obtained from negative order CH hierarchy. We have
proved the existence of multipeakons of (40), and peakon-
antipeakon solutions for −3- and −4-order CH equation were
given.

We would like to remark that, due to Remark 12, the
peakon ODEs (43) can be solved explicitly by the inverse
scattering approach using Stieltjes continued fractions, and
the process is similar to that in [4]. Specifically, the 𝑁-order
CH equation (𝑁 < −1) admits peakon solutions (3) with

𝑥𝑗 = 12 ln(2Δ̃0𝑛−𝑗+1Δ2𝑛−𝑗 ) ,

𝑚𝑗 = 2Δ̃0𝑛−𝑗+1Δ2𝑛−𝑗Δ1𝑛−𝑗+1Δ1𝑛−𝑗 ,
(78)

where

Δ0𝑘 = Δ̃0𝑘 + 12Δ2𝑘−1 (𝑘 ≥ 1) ,
Δ𝑙𝑘 = Δ̃𝑙𝑘 (𝑘 ≥ 1, 𝑙 ≥ 1) , (79)

Δ̃𝑙𝑘 = det(𝐴 𝑖+𝑗+𝑙)𝑘−1𝑖,𝑗=0, 𝐴𝑘 = ∫+∞
−∞

𝜆𝑘𝑑𝜇(𝜆), 𝜇 = ∑𝑛𝑗=1 𝑎𝑗𝛿−𝜆𝑗 ,
and

𝑎𝑗 = 𝑎𝑗 (0) exp (−2𝜆𝑁+1𝑗 𝑡) , 𝑎𝑗 (0) > 0. (80)

When 𝑁 is even, the properties of peakons of the 𝑁-order
CH equation are similar to the CH equation [4], while for
the odd cases, there are some new features (see Example 2
and Remark 3 for peakon-antipeakon pair); further studies
on multipeakons given above will be needed.

The CH equation (1) can be viewed as isospectral defor-
mation of the string equation [4, 34]. Recently, we found the
work [34, 35] of Szmigielski et al., in which they studied the
isospectral deformation of mass density of the classical string
problem. The 𝑁-order CH equation (16) we derived using
method of finite power expansion with respect to spectral
parameter may be interpreted as limit of small parameter;
one can see [35, Example 3.8] for details, where vanishing
condition was imposed on associated spectral problem in
their setting, which is implied by the fact that (𝑑/𝑑𝑡)tr(𝐿) = 0
holds for 𝑥𝑖 < 𝑥𝑗 (𝑖 < 𝑗); see Remark 13.
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thesis], Linköping University Electronic Press, 2016.

[26] H. Lundmark and J. Szmigielski, “Degasperis-Procesi peakons
and the discrete cubic string,” International Mathematics Re-
search Papers, vol. 2005, pp. 53–116, 2005.

[27] H. Lundmark, “Formation and dynamics of shock waves in the
Degasperis-Procesi equation,” Journal of Nonlinear Science, vol.
17, no. 3, pp. 169–198, 2007.

[28] H. Lundmark and J. Szmigielski, “An inverse spectral problem
related to the Geng-Xue two-component peakon equation,”
Memoirs of the American Mathematical Society, vol. 244, no.
1155, pp. 1–102, 2016.

[29] J. Szmigielski and L. Zhou, “Peakon-antipeakon interactions in
the Degasperis-Procesi equation,” in Algebraic and geometric
aspects of integrable systems and random matrices, vol. 593 of
Contemp. Math., pp. 83–107, Amer. Math. Soc., Providence, RI,
2013.

[30] J. Szmigielski and L. Zhou, “Colliding peakons and the forma-
tion of shocks in the Degasperis-Procesi equation,” Proceedings
of the Royal Society A Mathematical, Physical and Engineering
Sciences, vol. 469, no. 2158, Article ID 20130379, 2013.

[31] A. Constantin and W. A. Strauss, “Stability of peakons,” Com-
munications on Pure and AppliedMathematics, vol. 53, no. 5, pp.
603–610, 2000.

[32] J. Lenells, “A variational approach to the stability of periodic
peakons,” Journal of Nonlinear Mathematical Physics, vol. 11, no.
2, pp. 151–163, 2004.

[33] Z. Lin and Y. Liu, “Stability of peakons for the Degasperis-
Procesi equation,” Communications on Pure and Applied Math-
ematics, vol. 62, no. 1, pp. 125–146, 2009.

[34] K. Colville, D. Gomez, and J. Szmigielski, “On isospectral
deformations of an inhomogeneous string,” Communications in
Mathematical Physics, vol. 348, no. 3, pp. 771–802, 2016.

[35] A. Z. Gorski and J. Szmigielski, Isospectral flows for the inho-
mogeneous string density problem., arXiv, 1710.01149v1 [math-
ph],.

[36] F. R. Gantmacher and M. G. Krein, Oscillation Matrices and
Kernels and Small Vibrations of Mechanical Systems, AMS
Chelsea Publishing, Providence, Russia, 2002.



Hindawi
www.hindawi.com Volume 2018

Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Problems 
in Engineering

Applied Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Probability and Statistics
Hindawi
www.hindawi.com Volume 2018

Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi
www.hindawi.com Volume 2018

Optimization
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Engineering  
 Mathematics

International Journal of

Hindawi
www.hindawi.com Volume 2018

Operations Research
Advances in

Journal of

Hindawi
www.hindawi.com Volume 2018

Function Spaces
Abstract and 
Applied Analysis
Hindawi
www.hindawi.com Volume 2018

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi
www.hindawi.com Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Hindawi
www.hindawi.com Volume 2018Volume 2018

Numerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical Analysis
Advances inAdvances in Discrete Dynamics in 

Nature and Society
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

Di�erential Equations
International Journal of

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Decision Sciences
Advances in

Hindawi
www.hindawi.com Volume 2018

Analysis
International Journal of

Hindawi
www.hindawi.com Volume 2018

Stochastic Analysis
International Journal of

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

