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The present work analyzes the statistics of finite scale local Lyapunov exponents of pairs of fluid particles trajectories in fully
developed incompressible homogeneous isotropic turbulence. According to the hypothesis of fully developed chaos, this statistics
is here analyzed assuming that the entropy associated with the fluid kinematic state is maximum. The distribution of the local
Lyapunov exponents results in an unsymmetrical uniform function in a proper interval of variation. From this PDF, we determine
the relationship between average and maximum Lyapunov exponents and the longitudinal velocity correlation function. This link,
which in turn leads to the closure of vonKármán–Howarth andCorrsin equations, agrees with results of previousworks, supporting
the proposed PDF calculation, at least for the purposes of the energy cascade main effect estimation. Furthermore, through the
property that the Lyapunov vectors tend to align the direction of the maximum growth rate of trajectories distance, we obtain the
link between maximum and average Lyapunov exponents in line with the previous results. To validate the proposed theoretical
results, we present different numerical simulations whose results justify the hypotheses of the present analysis.

1. Introduction

In fully developed turbulence, the finite scale Lyapunov
exponents of the fluid kinematic field are of paramount
importance because they (i) describe the turbulent energy
cascade phenomenon and (ii) give the fluid viscous dis-
sipation when the length scale goes to zero. One of the
characteristics of these exponents in turbulence is that their
statistics is related to the instantaneous velocity field, whereas
they do not depend directly on the time variations of this
latter. Such characteristic, which represents the crucial point
of this work, is consequence of the fact that the times of
variations of the velocity field, which changes according to
the Navier–Stokes equations, are much greater than those
of the fluid displacements which follow the fluid kinematics
[1, 2]. Specifically, whereas the velocity field is a function of
slow growth of the time, the distance between particles and
the local fluid deformation are unbounded quantities which
rise exponentially with the time [1]. Accordingly, the fluid
particles displacements statistics, being not directly linked to
the time variations of the velocity field, can be considered to
be the result of the current fluid act of motion.

It is worth remarking that the adoption of the finite
scale Lyapunov exponents in place of the classical ones
is justified by the fact that the turbulence is a complex
phenomenon involving numerous length scales; each of
them is characterized by different properties. The several
perturbations of finite size will vary following nonlinear
differential equations out of tangent space; thus the sole use of
classical Lyapunov exponents is not adequate to describe the
perturbations behavior associated with the different length
scales and therefore the energy cascade.

Next, as a result of item (i), the knowledge of the
Lyapunov exponents statistics would lead to the closure of the
equations of velocity and temperature correlations and there-
fore to the determination of kinetic energy and temperature
spectra. Therefore, the distribution of such exponents is very
important for quantifying the effects of the turbulent energy
cascade.

Several works dealing with the closure of the correlations
equations are present in the literature, for instance, [3–9].
Nevertheless, to the author’s knowledge, the influence of the
finite scale Lyapunov exponents statistics on turbulent energy
cascade and on the closure of the correlations equations
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has not received due attention. Hence, the objective of the
present work is to develop a theoretical analysis based on
the aforementioned properties which leads to determining
the statistics of the local finite scale Lyapunov exponent
in fully developed homogeneous isotropic turbulence for
incompressible fluids. This local exponent defined as

�̃� ≡ 𝑑 ln 𝜌𝑑𝑡 = �̇� ⋅ 𝜉𝜉 ⋅ 𝜉 (1)

provides the instantaneous growth rate of the distance 𝜌 =√𝜉 ⋅ 𝜉 between two fluid particles trajectories x(𝑡) and y(𝑡) =
x(𝑡) + 𝜉(𝑡), where 𝜉 is the separation vector (finite scale
Lyapunov vector). This exponent is linked to the so called
finite size Lyapunov exponent, FSLE, defined in [10] in amore
general framework of dynamic systems. Specifically, FSLE can
be obtained in terms of �̃� as a proper average of �̃� over a given
interval, say 𝑇 = ∑𝑘(𝑡𝑘 −𝑡𝑘−1), where (𝑡𝑘, 𝑡𝑘−1) is the subset in
which 𝜌 rises from 𝜌(𝑡𝑘−1) to 𝑅𝜌(𝑡𝑘−1), 𝑅 > 1 is an assigned
threshold slightly greater than the unity to avoid interferences
between the scales, and 𝜉(𝑡𝑘), 𝑘 = 1, 2, . . ., are rescaled along
the direction 𝜉(𝑡𝑘)/|𝜉(𝑡𝑘)|.

Because of nonsmooth spatial variations of the velocity
field, �̃� can exhibit fluctuations of sizable amplitude with
respect to its average value; thus �̃� plays the role of a
stochastic variable and will be distributed according to a
certain PDF. To define the magnitude of these oscillations,
average and maximum finite scale Lyapunov exponents, 𝜆
and 𝜆+ respectively, are defined as

𝜆 ≡ ⟨�̃�⟩ ,
𝜆+ ≡ ⟨�̃�⟩ ̇𝜉⋅𝜉≥0 ,

(2)

where ⟨∘⟩ and ⟨∘⟩ ̇𝜉⋅𝜉≥0 denote the average over the entire
ensemble of 𝜉 and the average calculated on the ensemble
where �̇� ⋅ 𝜉 ≥ 0.

As a consequence of the aforementioned properties, the
present analysis assumes that the kinematics of a pair of fluid
particles, characterized by 𝜉, is much faster and statistically
independent with respect to the time variations of velocity
field. This property, just discussed in [1, 2] for what concerns
the closure of von Kármán–Howarth and Corrsin equations
[11–13], was previously supported by the arguments presented
in [14] (and references therein), where the author observes
the following: (i) the velocity fields u(𝑡, x) produce chaotic
trajectories also for relatively simple mathematical structure
of u(𝑡, x); (ii) the flows given by u(𝑡, x) stretch and fold
continuously and rapidly causing an effective mixing of the
particles trajectories.

Through the hypotheses of fully developed chaos and
fluid incompressibility, we first estimate the interval of vari-
ation of �̃� and thereafter determine the distribution function
of �̃� by maximizing the entropy associated with the fluid
kinematic state.Themaximization of such entropy is justified
by the fact that the regime of fully developed turbulence
corresponds to a situation of maximum chaos where the
bifurcations cause a total loss of the initial condition data of

x and 𝜉. As a consequence, we show that �̃� will be uniformly
distributed in such interval; in particular, we determine the
relationship between 𝜆 and 𝜆+, resulting in 𝜆+ = 2𝜆.

A further confirmation of such link is obtained by
exploiting the alignment property of 𝜉, following which the
Lyapunov vectors tend to align the direction of themaximum
growth rate of 𝜌 [15].

In order to compare the proposed statistics with the
average energy cascade effects, 𝜆 and 𝜆+ are expressed in
terms of the longitudinal velocity correlation function 𝑓 =⟨𝑢𝑟𝑢𝑟⟩/𝑢2, where 𝑢2 = 1/3⟨u ⋅ u⟩, 𝑢𝑟 = u(𝑡, x) ⋅ r/𝑟, and𝑢𝑟 = u(𝑡, x + r) ⋅ r/𝑟. This relationship leads to the closure
formulas of von Kármán–Howarth and Corrsin equations
and coincides with that just presented in [1], where the author
adopts only 𝜆+ and 𝜆 without considering the distribution
of the local exponents. There, the proposed closure formula
leads to a value of the skewness of 𝜕𝑢𝑟/𝜕𝑟 equal to −3/7, in
agreement with those obtained by the several authors with
direct numerical simulation of the Navier–Stokes equations
(DNS) [16–18] and Large–eddy simulations (LES) [19–21].
Therefore, the here proposed statistics should be adequate for
describing the distribution of �̃�, at least for what concerns
the main properties of the energy cascade phenomenon. The
novelty of this work with respect to the literature and in
particular with respect to [1] is represented by the statistics
of �̃� and its distribution function. This latter provides much
more detailed statistical information about the energy cas-
cade and viscous dissipation than the analysis of [1] which,
adopting average exponents, describes only the mean effects.
The present analysis provides, by means of such PDF, the
estimation of all the Lyapunov exponent statistical moments.
Accordingly, this study recovers, among the other things, the
results of [1] and, in addition, gives all the statistical properties
arising from this specific PDF, in particular, the deviations of
such effects of dissipation and energy cascade with respect to
their average values.

Furthermore, to justify the hypotheses of the proposed
statistics, the theoretical results of this latter are compared
with numerical simulations of a proper differential system
representing the incompressible fluid kinematics.

2. Interval of Variation of �̃� in
Incompressible Turbulence

This section proposes an analysis for estimating the range of
variations of �̃� based on the hypotheses of fluid incompress-
ibility and fully developed chaos.

The present analysis starts from the consideration that
the turbulent energy cascade is related to the fluid particles
trajectories divergence; therefore the relative fluid kinematics
plays an important role in the estimation of the properties
of such energy cascade [1, 2]. The relative kinematics is
expressed by finite scale Lyapunov vector 𝜉 which satisfies

ẋ = u (𝑡, x) ,
�̇� = u (𝑡, x + 𝜉) − u (𝑡, x) , (3)

where u = u(𝑡, x) varies according to the Navier–Stokes
equations and x(𝑡) and y(𝑡) = x(𝑡) + 𝜉(𝑡) are two fluid
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particles trajectories. The local divergence between x(𝑡) and
y(𝑡) is quantified by �̃� which, due to the bifurcations of the
kinematic field (kinematic bifurcations), exhibits oscillations
of sizable amplitude with respect to its average value. These
bifurcations continuously happen in those points of the space
where

det (∇u (𝑡, x)) = 0. (4)

Observe that the kinematic bifurcations defined by (4) are not
the Navier–Stokes equations bifurcations (dynamic bifurca-
tion) but arise from these latter [2]. In fact, the Navier–Stokes
bifurcations frequently occur determining continuously non-
smooth spatial variations of u(𝑡, x) which in turn lead to
condition (4) in the several points of the space.

Thedefinition of �̃� given by (1) implies that 𝜉 can be locally
expressed as

𝜉 = Q (𝑡) 𝜉 (0) exp (�̃�𝑡) , (5)

where �̃� plays the role of the stochastic variable and Q(𝑡) is a
proper orthogonal matrix providing the orientation of 𝜉with
respect to the inertial frameR. Accordingly, �̇� is

�̇� = �̃�𝜉 + 𝜔 × 𝜉 (6)

in which 𝜔 defines the angular velocity of 𝜉 with respect to
R.

For an assigned velocity field, finite scale Lyapunov expo-
nents and vectors are formally calculated with (1) through
the following orthogonalization procedure: (a) the maximal
local Lyapunov exponent, say �̃�1, is first obtained by choosing
the direction e1(𝑡) ≡ 𝜉1/|𝜉1| which maximizes �̃� in (1), (b)
the second exponent �̃�2 ≤ �̃�1 is calculated by selecting the
direction e2(𝑡) ≡ 𝜉2/|𝜉2| in the subspace (plane) orthogonal
to 𝜉1 which maximizes �̃�, and (c) finally, the third one�̃�3 ≤ �̃�2 ≤ �̃�1 corresponds to the direction e3 ≡ 𝜉3/|𝜉3|
normal to both e1 and e2, where |𝜉1| = |𝜉2| = |𝜉3|. The so
obtained vectors system 𝐸 ≡ (e1, e2, e3) defines a rigid space
which moves with respect toR with a given angular velocity
𝜔𝐸 depending on the local fluid motion. Therefore, 𝜉𝑘 and�̃�𝑘, 𝑘 = 1, 2, 3, are locally expressed by

𝜉𝑘 = Q (𝑡) 𝜉𝑘 (0) exp (�̃�𝑘𝑡) ,
�̇�𝑘 = �̃�𝑘𝜉𝑘 + 𝜔𝐸 × 𝜉𝑘,

𝑘 = 1, 2, 3.
(7)

The classical local Lyapunov exponents Λ̃ 𝑘 are defined for
𝜉𝑘 → 0, 𝑘 = 1, 2, 3.

Now, in order to estimate the set of variations of �̃�,
observe that, due to fluid incompressibility, ∇ ⋅ u ≡ 0 and
the classical local exponents obey to the following condition:

Λ̃ 1 + Λ̃ 2 + Λ̃ 3 = 0. (8)

In general, (8) does not hold for finite scale Lyapunov vectors.
Nevertheless, (8) is valid for those finite scale vectors for

which the volume 𝜉1 × 𝜉2 ⋅ 𝜉3 is locally preserved: therefore,
without lack of generality, these exponents can be written in
the form

�̃�1 = 𝜆𝑚 cos (𝜀) ,
�̃�2 = 𝜆𝑚 cos(𝜀 + 23𝜋) ,
�̃�3 = 𝜆𝑚 cos(𝜀 + 43𝜋) ,

(9)

where 𝜀 and 𝜆𝑚 are variables depending on the current act of
motion and

�̃�1 + �̃�2 + �̃�3 = 0, �̃�1 ≥ �̃�2 ≥ �̃�3. (10)

Now, following the hypothesis of fully developed chaos, it is
reasonable that �̃� ranges in the set (𝜆0, 𝜆𝑆), where 𝜆𝑆 > 0
assumes its maximum value compatible with (9) and 𝜆0 is
consequently calculated. This implies that 𝜆0 = −𝜆𝑆/2, that
is,

�̃� ∈ (−𝜆𝑆2 , 𝜆𝑆) ,
𝜆𝑆 = sup {𝜆𝑚} .

(11)

It is worth remarking that 𝜆𝑆 depends on the instantaneous
velocity field which in turn is the result of time evolution of
the fluid motion starting from the initial condition following
the Navier–Stokes equations. Hence, at the current time,𝜆𝑆 assumes values related to viscous dissipation and kinetic
energy both consequence of the fluid motion.

3. Incompressible Fully Developed Turbulence

This section studies the distribution functions 𝑃 = 𝑃(𝑡, x, 𝜉)
and 𝑃𝜆 = 𝑃𝜆(𝑡, �̃�) in incompressible fully developed turbu-
lence, where 𝑃(𝑡, x, 𝜉) and 𝑃𝜆(𝑡, �̃�) are, respectively, the dis-
tribution functions of fluid particles position and Lyapunov
vector and of local Lyapunov exponent. In particular, we
will show that the proposed statistics leads to the following
relations:

⟨�̃�⟩ = 𝜆+2 ,
⟨�̃�2⟩ = 𝜆2+

(12)

and to the link between 𝜆+ and the longitudinal velocity
correlation function.

According to (1), 𝑃𝜆 depends on 𝑃 and is expressed in
terms of this latter through the Frobenius–Perron equation

𝑃𝜆 (𝑡, �̃�) = ∫
x
∫
𝜉
𝑃 (𝑡, x, 𝜉) 𝛿 (�̃� − �̇� ⋅ 𝜉

𝜉 ⋅ 𝜉)𝑑x 𝑑𝜉, (13)

where 𝛿 is the Dirac’s delta. Hence, the distribution function𝑃 is first studied.This PDF changeswith the time according to
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the Liouville theorem [22] associated with (3). This theorem,
arising from the relation

∫
x
∫
𝜉
𝑃𝑑x 𝑑𝜉 = 1, ∀𝑡 > 0 (14)

and from (3), provides the evolution equation of 𝑃 [22]
𝜕𝑃𝜕𝑡 + ∇x ⋅ (𝑃ẋ) + ∇𝜉 ⋅ (𝑃�̇�) = 0, (15)

where ∇x ⋅ (∘) and ∇𝜉 ⋅ (∘) denote the divergence of (∘) defined
in the spaces {x} and {𝜉} respectively and 𝑑x and 𝑑𝜉 are the
elemental volumes in the corresponding spaces.

Taking into account (14) and that the homogeneous
isotropic turbulence is defined for unbounded fluid domains,𝑃 will satisfy the following boundary condition:

𝑃 = 0, ∀ (x, 𝜉) ∈ 𝜕 {{x} × {𝜉}} ≡ 𝜕 {x} ∪ 𝜕 {𝜉} . (16)

Accordingly, the statistical average of an integrable function
of x and 𝜉, say 𝜁, is calculated in terms of 𝑃

⟨𝜁⟩ = ∫
x
∫
𝜉
𝑃𝜁 𝑑x 𝑑𝜉. (17)

In particular, average and maximum finite scale Lyapunov
exponents are

⟨�̃�⟩ = ∫
x
∫
𝜉
𝑃 (𝑡, x, 𝜉) �̇� ⋅ 𝜉

𝜉 ⋅ 𝜉𝑑x 𝑑𝜉 ≡ ∫𝜆 𝑃𝜆 (𝑡, �̃�) �̃� 𝑑�̃�, (18)

𝜆+ = ∫x ∫ ̇𝜉⋅𝜉≥0 𝑃 (𝑡, x, 𝜉) ((�̇� ⋅ 𝜉) / (𝜉 ⋅ 𝜉)) 𝑑x 𝑑𝜉∫x ∫ ̇𝜉⋅𝜉≥0 𝑃 (𝑡, x, 𝜉) 𝑑x 𝑑𝜉
= ∫̃𝜆≥0 𝑃𝜆 (𝑡, �̃�) �̃� 𝑑�̃�∫̃
𝜆≥0
𝑃𝜆 (𝑡, �̃�) 𝑑�̃� .

(19)

Remark 1. It is very important to observe that the Liouville
theorem in the form of (15) holds also when the variable
velocity field is replaced with the same field frozen at the
current time. This is due to the hypothesis that the times
of variations of the velocity field, which changes according
to the Navier–Stokes equations, are much larger than those
associated with x and 𝜉 whose times of variations are of the
order of 1/�̃�. Following such hypothesis, the statistics of x and
𝜉 does not depend on the time variations of u and can be
considered to be the result of the instantaneous fluid act of
motion.

3.1. Distribution Function of x and 𝜉. For the sake of our
convenience, we introduce the quantity y ≡ (x, 𝜉) ∈ A ⊂ {y}
which defines the relative kinematics, being {y} ≡ {x} × {𝜉};
thus the Liouville theorem reads as

𝜕𝑃𝜕𝑡 + ∇y ⋅ (𝑃f) = 0, (20)

where

ẏ = f (y) ≡ (u (𝑡, x) , u (𝑡, x + 𝜉) − u (𝑡, x)) . (21)

Now, the entropyH associated with y is defined as

H (𝑃) = −∫
x
∫
𝜉
𝑃 ln𝑃𝑑x 𝑑𝜉 ≡ −∫

y
𝑃 ln𝑃𝑑y. (22)

Due to fluid incompressibility, ∇y ⋅ f ≡ 0; therefore from the
Liouville theorem the entropy rate identically vanishes

𝑑H𝑑𝑡 = ∫y 𝑃∇y ⋅ f 𝑑y ≡ 0. (23)

In order to estimate the steady distribution of y, observe that
the fully developed turbulence corresponds to a situation of
maximum chaos where the kinematic bifurcations cause a
total loss of the initial condition data of y. Accordingly, it is
reasonable that H assumes its maximum value compatible
with (14) and (20) where 𝜕𝑃/𝜕𝑡 = 0. This corresponds to the
following variational problem:

𝐽 = ∫
y
L 𝑑y = max, (24)

in which

L (𝑃, ∇y𝑃) = −𝑃 ln𝑃 + 𝜂𝑃 + 𝜒∇y ⋅ (𝑃f) (25)

is the Lagrangian of the problem and 𝜂 and 𝜒 = 𝜒(y) are the
Lagrangemultipliers associatedwith conditions (14) and (20),
respectively. The maximum of 𝐽 is then obtained as steady
condition for 𝐽 (𝛿𝐽 = 0) through the variational calculus and
this leads to the Euler–Lagrange equation

𝜕L𝜕𝑃 − ∇y ⋅ ( 𝜕L𝜕∇y𝑃) = 0 (26)

whose solutions are searched for substituting (25) into (26)

𝑃 = 𝐴 exp (∇y𝜒 ⋅ f) , (27)

where 𝐴 is the normalization constant related to 𝜂 whose
value is calculatedwith (14), whereas𝜒(y) is obtained through
the Liouville equation. This latter gives

∇y ⋅ ((f ⊗ f) ∇y𝜒) = 0 (28)

in which (∘ ⊗ ∘) denotes the dyadic product between vectors.
Integrating (28), we obtain

(f ⊗ f) ∇y𝜒 = Φ (y) , (29)

where Φ is an arbitrary solenoidal vector field. Now, the
determinant of (f ⊗ f) identically vanishes; thus (29) admits
solutions only for Φ ≡ 0. Moreover, as (f ⊗ f) exhibits
minimum rank, (29) has only the trivial solution

∇y𝜒 = 0, ∀y ∈ A ⊂ {y} (30)

i.e., y is uniformly distributed onA ⊂ {y}, being
𝑃 = {{{

1𝑚 {A} , ∀y ∈ A ⊂ {y}0 elsewhere
(31)

in which𝑚{∘} indicates the measure of the set ∘.
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3.2. Lyapunov Exponents Distribution Function. In order to
estimate 𝑃𝜆, the following should be noted.

If �̃� is given, (1) corresponds to a hypersurface Σ�̃� of the
space {y} whose equation reads as

Σ�̃� : 𝐺 (y; �̃�) ≡ −�̃� + �̇� (x, 𝜉) ⋅ 𝜉𝜉 ⋅ 𝜉 = 0. (32)

When �̃� varies, Σ�̃� and its points y∗ ≡ (x∗, 𝜉∗) will change
according to (32)

𝑑y∗𝑑�̃� =
n∇y𝐺 + 𝛽𝜏, (33)

where n ≡ ∇y𝐺/|∇y𝐺| and 𝜏 are, respectively, local normal
and tangent unit vectors to Σ�̃� both calculated in y∗, being𝛽𝜏 not determined. On the other hand, 𝑑y∗/𝑑�̃� can be
determined considering that x∗ does really not depend on �̃�,
whereas the variations of 𝜉∗ are related to those of �̃� bymeans
of (5) and (6). Thus, 𝑑y∗/𝑑�̃� is locally expressed as

𝑑y∗𝑑�̃� ≡ (0,
𝑑𝜉∗𝑑�̃� ) = (0,

�̃�
𝜆 (�̇� − 𝜔 × 𝜉)) . (34)

As �̇� is solenoidal, the surface integrals of 𝑑y∗/𝑑�̃� ⋅ n over
arbitrary hypersurfaces Σ�̃� (flow of 𝑑y∗/𝑑�̃� through Σ�̃�)
assume the same value which does not depend on �̃�, i.e.,
∫
Σ
�̃�1

(𝑑y∗𝑑�̃� ) ⋅ n𝑑𝜎 = ∫Σ�̃�2 (
𝑑y∗𝑑�̃� ) ⋅ n 𝑑𝜎,
∀�̃�1, �̃�2 ∈ (−𝜆𝑆2 , 𝜆𝑆)

(35)

Therefore, from (33), we obtain

∫
Σ
�̃�1

𝑑𝜎∇y𝐺 = ∫Σ�̃�2
𝑑𝜎∇y𝐺 , ∀�̃�1, �̃�2 ∈ (−

𝜆𝑆2 , 𝜆𝑆) . (36)

Now, the distribution function of �̃� is calculated sub-
stituting (31) into the Frobenius–Perron equation (13) and
considering that y is uniformly distributed onA

𝑃𝜆 (�̃�) = ∫
y
𝑃 (y) 𝛿 (𝐺 (y; �̃�)) 𝑑y

= 1𝑚 (A) ∫A 𝛿 (𝐺 (y; �̃�)) 𝑑y
= 1𝑚 (A) ∫Σ𝜆

𝑑𝜎∇y𝐺 ,
(37)

where the surface integral over Σ𝜆 ⊂ A, described by𝐺(y; �̃�) = 0, is formally calculated according to the
Minkowski measure theory [23]. Taking into account (36)
and that �̃� ∈ (−𝜆𝑆/2, 𝜆𝑆), �̃� results to be uniformly distributed
in (−𝜆𝑆/2, 𝜆𝑆), being

𝑃𝜆 = {{{
23 1𝜆𝑆 , if �̃� ∈ (−𝜆𝑆2 , 𝜆𝑆)0 elsewhere. (38)

Hence, 𝜆 and 𝜆+ are calculated in terms of 𝑃𝜆 with (18) and
(19)

𝜆 ≡ ⟨�̃�⟩ = 𝜆𝑆4 > 0,
𝜆+ ≡ ⟨�̃�⟩ ̇𝜉⋅𝜉≥0 = 𝜆𝑆2 = 2 ⟨�̃�⟩ .

(39)

Next, it is useful to calculate the mean square ⟨�̃�2⟩
⟨�̃�2⟩ = ∫𝜆𝑆

−𝜆𝑆/2
𝑃𝜆�̃�2 𝑑�̃� = 𝜆2+. (40)

According to (40), the mean square of �̃� equals the square of
the average of �̃� calculated for �̇� ⋅ 𝜉 ≥ 0, and the standard
deviation is proportional to ⟨�̃�⟩

𝜎 = √⟨�̃�2⟩ − ⟨�̃�⟩2 = √3⟨�̃�⟩ = √34 𝜆𝑆. (41)

It is worth remarking that the obtained distribution (38)
is the result of three effects, of which two are in competition
with each other. The first one of these, due to the Lyapunov
vectors tendency to align themaximumgrowth rate direction
of 𝜌, is responsible for variation intervals in which �̃� > 0,
producing trajectories instability. The second one, related to
the fluid incompressibility, acts in opposite sense preserving
the volume, determining regions where �̃� < 0. The third
element is the chaotic regime, here given by imposing
H = max, which causes a continuous distribution of �̃� ∈(−𝜆𝑆/2, 𝜆𝑆).
4. Analysis through Alignment Property of 𝜉

One reasonable confirmation of the previous results is here
given by exploiting the alignment property of 𝜉, following
which 𝜉 tends to align with the direction of the maximum
growth rate of𝜌 [15] and the fluid incompressibility.This leads
to an alternative way to achieve (12). Accordingly, 𝜆+ is now
calculated adopting a proper PDF 𝑃+ = 𝑃+(𝑡, x, 𝜉) obtained as
projection of 𝑃(𝑡, x, 𝜉) at the time 𝑡 + 𝜏, where x is considered
to be constant and 𝜏 is the Lyapunov time defined by

𝑑 ln 𝜌𝑑𝑡 = ⟨ln 𝜌⟩ − ln 𝜌𝜏 . (42)

After the time 𝜏, the alignment tendency of 𝜉 provides the fact
that mostly all the Lyapunov vectors calculated at x = const
will be such that �̇� ⋅ 𝜉 ≥ 0. The vectors lying in subspaces
of {𝜉} orthogonal to the maximum rising rate direction of 𝜌
which do not follow such alignment form a null measure set
in {y}; thus 𝑃+ is a distribution function which satisfies

∀ (x, 𝜉) ∈ {x} × {𝜉} | �̇� ⋅ 𝜉 ≥ 0 𝑃+ (𝑡, x, 𝜉) > 0,
∀ (x, 𝜉) ∈ {x} × {𝜉} | �̇� ⋅ 𝜉 < 0 𝑃+ (𝑡, x, 𝜉) = 0

(43)

and is expressed in function of 𝑃 and 𝜏
𝑃+ (𝑡, x, 𝜉) = 𝑃 (𝑡, x, 𝜉 + �̇�𝜏 + 𝑂 (𝜏2))

= 𝑃 + ∇𝜉𝑃 ⋅ �̇�𝜏 + 𝑂 (𝜏2) ,
(44)
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where 𝑃 = 𝑃(𝑡, x, 𝜉) and ∇𝜉𝑃 = ∇𝜉𝑃(𝑡, x, 𝜉). Neglecting the
higher order terms, 𝑃+ is calculated as

𝑃+ = 𝑃 + ∇𝜉𝑃 ⋅ �̇�𝜏. (45)

This PDF identically satisfies (14). In fact, the integral over{x} × {𝜉} of the first term at the RHS of (45) is equal to one,
whereas the integral of the second one can be reduced to a
proper surface integral of 𝑃 over 𝜕{𝜉}, where 𝑃 ≡ 0 through
Green’s identity; thus this identically vanishes. Furthermore𝑃+ exhibits the same entropy of 𝑃 at least of higher order
terms, which in turn does not vary with the time due to the
fluid incompressibility

H (𝑃+) = −∫
x
∫
𝜉
𝑃+ ln𝑃+ 𝑑x 𝑑𝜉

=H (𝑃) − 𝜏∫
x
∫
𝜉
∇𝜉𝑃 ⋅ �̇� (1 + ln𝑃) 𝑑x 𝑑𝜉

+ 𝑂 (𝜏2) .
(46)

The second addend at the RHS of (46) identically vanishes as
it can be reduced to be a surface integral of𝑃 over 𝜕{𝜉}, where𝑃 ≡ 0. Therefore

H (𝑃+) =H (𝑃) + 𝑂 (𝜏2) . (47)

At the least higher order terms, 𝑃+ maintains the same level
of information of 𝑃; thus it is adequate to estimate 𝜆+.
Accordingly, this latter is calculated as

𝜆+ = ∫
x
∫
𝜉
𝑃+ (𝑡, x, 𝜉) �̇� ⋅ 𝜉

𝜉 ⋅ 𝜉𝑑x 𝑑𝜉. (48)

Substituting (45) and (42) into (48), we have

𝜆+ = ⟨�̃�⟩ − ∫
x
∫
𝜉
∇𝜉𝑃 ⋅ �̇� (ln 𝜌 − ⟨ln 𝜌⟩) 𝑑x 𝑑𝜉. (49)

Integrating by parts the second addend and taking into
account the fluid incompressibility and the boundary condi-
tions (16), we obtain

∫
x
∫
𝜉
∇𝜉𝑃 ⋅ �̇� (ln 𝜌 − ⟨ln 𝜌⟩) 𝑑x 𝑑𝜉
= −∫

x
∫
𝜉
𝑃 �̇� ⋅ 𝜉
𝜉 ⋅ 𝜉𝑑x 𝑑𝜉 ≡ −⟨�̃�⟩ .

(50)

Hence

𝜆+ = 2 ⟨�̃�⟩ (51)

in agreement with previous results.

5. Lyapunov Exponents in Terms of
Longitudinal Velocity Correlation

The results of the previous analysis allow achieving the
link between 𝜆+ and the longitudinal velocity correlation
function. In fact, the standard deviation of longitudinal

Table 1: Comparison of the results: skewness of 𝜕𝑢𝑟/𝜕𝑟 at diverse
Taylor scale Reynolds number 𝑅𝑇 ≡ 𝑢𝜆𝑇/] following different
authors.

Reference Simulation 𝑅𝑇 𝐻3(0)
Present analysis - - −3/7 = −0.428...
[16] DNS 202 −0.44
[17] DNS 45 −0.47
[18] DNS 64 −0.40
[19] LES <71 −0.40
[20] LES ∞ −0.40
[21] LES 720 −0.42

velocity difference directly depends on 𝑢2 and 𝑓 according
to

⟨(𝑢𝑟 − 𝑢𝑟)2⟩ = 2𝑢2 (1 − 𝑓 (𝑟)) . (52)

On the other hand, the Lyapunov theory gives the longitudi-
nal velocity difference in terms of �̃�

𝑢𝑟 − 𝑢𝑟 = �̃� (𝜉 ⋅ 𝜉|𝜉|)𝜉=r . (53)

Taking into account the isotropy and (40), ⟨(𝑢𝑟 − 𝑢𝑟)2⟩ reads
as

⟨(𝑢𝑟 − 𝑢𝑟)2⟩ ≡ ⟨ ̇𝑟2⟩ = ⟨�̃�2⟩ 𝑟2 = 𝜆2+𝑟2, (54)

thus, 𝜆+ = 𝜆+(𝑟) and 𝜆 = 𝜆(𝑟) are expressed in function
of the finite scale 𝑟 by means of the longitudinal velocity
correlation 𝑓

𝜆 (𝑟) = 𝜆+ (𝑟)2 = 𝑢𝑟√ 1 − 𝑓 (𝑟)2 . (55)

Equation (55) coincides with that proposed in [1] which leads
to the closure formulas of the von Kármán and Corrsin
equations. Unlike [1], (55) is here achieved exploiting the
shape of the distribution (38). Reference [1] shows that
(55) provides a value of the skewness of 𝜕𝑢𝑟/𝜕𝑟 equal to⟨(𝜕𝑢𝑟/𝜕𝑟)3⟩/⟨(𝜕𝑢𝑟/𝜕𝑟)2⟩3/2 = −3/7 = −0.428 . . . (see the
appendix), in good agreement with the results obtained by
the several authors with direct numerical simulation of the
Navier–Stokes equations (DNS) [16–18] (−0.47 ÷ −0.40) and
Large–eddy simulations (LES) [19–21] (−0.42 ÷ −0.40). In
detail, Table 1 recalls the comparison between the value of the
skewness

𝐻3 (0) = ⟨(𝜕𝑢𝑟/𝜕𝑟)3⟩
⟨(𝜕𝑢𝑟/𝜕𝑟)2⟩3/2 (56)

calculated with the proposed analysis and those obtained by
the aforementioned works. As a result themaximum absolute
difference between the proposed value and the other ones
is less than 10%. Furthermore, other studies [24–26] have
shown that the closure formulas referable to this analysis
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provide kinetic energy and temperature spectra which exhibit
scaling laws in agreement with the theoretical arguments
of Kolmogorov, Obukov–Corrsin, and Batchelor [27–29].
Therefore, the adopted hypothesis H = max and the con-
sequent distribution (38) seem to be adequate assumptions
at least for what concerns the estimation of turbulent energy
cascade main effects.

6. Results and Discussions

In order to justify the plausibility of the previous hypotheses,
this section presents one statistical analysis of numerical
simulations of a simple differential system representing
incompressible fluid kinematics. This system is properly
chosen in such a way that it can exhibit simple mathematical
structure and chaotic behavior corresponding to an expected
high value of entropyH. To achieve this latter condition, we
adopt an adequate differential system which shows a “weak”
or “reduced” link between velocity and spatial coordinates
and an expected huge number of bifurcations per unit time
(bifurcations rate). For this reason, each velocity component
is assumed to be depending only on one single spatial
coordinate with opportune scaling factors. Thus, the chosen
differential system is given by

𝑑𝑥𝑑𝑡 = 𝑢 = sin 𝑧, 𝑥 (0) = 𝑥0
𝑑𝑦𝑑𝑡 = V = sin 𝑞𝑥𝑞 , 𝑦 (0) = 𝑦0
𝑑𝑧𝑑𝑡 = 𝑤 = sin 𝑞2𝑦𝑞2 , 𝑧 (0) = 𝑧0,

(57)

where 𝑞, giving different scaling factors along the coordinate
directions, will be properly selected to study the system
behavior and to obtain a high bifurcations rate. The velocity
field is periodic and C ≡ (0, 2𝜋/𝑞) × (0, 2𝜋/𝑞2) × (0, 2𝜋)
represents the smallest regions of periodicity. The velocity
gradient is then

∇xu =
[[[[[[[[
[

0 0 cos 𝑧
cos 𝑞𝑥 0 0
0 cos 𝑞2𝑦 0

]]]]]]]]
]

(58)

and its determinant, det(∇xu) = cos 𝑞𝑥 cos 𝑞2𝑦 cos 𝑧, van-
ishes in those points, where at least one of 𝑞𝑥, 𝑞2𝑦, and 𝑧
assumes values 𝜋(1/2 ± 𝑘), 𝑘 = 0, 1, 2, . . .. Accordingly, large
values of bifurcations rate are expectedwhen 𝑞 is opportunely
high. Observe that, due to its peculiar analytical structure, the
system generates trajectories which can differ from isotropic
turbulence, while it is not sure thatH assumes its maximum
value. Nevertheless, as its Jacobian determinant vanishes in
numerous points, it is reasonable that the proposed system
shows a high entropy and a behavior which can be in some
way compared to the fully developed chaos. Hence, although
the regime H = max and (57) can correspond to different
PDFs, say𝑃𝜆 and𝑃𝜆𝐸, respectively, it is reasonable that the two

Table 2: Statistical parameters for |𝜉| = 10−7.
𝑞 𝜆 𝐼1 𝐼2 𝜆/𝜆+ 𝜎/𝜆
2.75 0.1879 0.9095 0.4210 0.5339 1.7426
3.75 0.2067 0.9483 0.3726 0.5823 1.5411
4.50 0.1739 0.9003 0.4345 0.5224 1.7981
17.00 0.04525 0.9823 0.5360 0.4859 1.7472
17.50 0.04805 0.9747 0.5197 0.4945 1.8267
19.25 0.04220 0.9897 0.5356 0.4988 1.6693
20.75 0.03970 0.9839 0.5077 0.4994 1.7948
24.00 0.03262 0.9910 0.5593 0.4785 1.7630

Table 3: Statistical parameters for |𝜉| = 10−3.
𝑞 𝜆 𝐼1 𝐼2 𝜆/𝜆+ 𝜎/𝜆
2.75 0.1945 0.9173 0.3998 0.5473 1.7007
3.75 0.2026 0.9442 0.3822 0.5739 1.5740
4.50 0.1685 0.8912 0.4509 0.5081 1.8610
17.00 0.04804 0.9067 0.5103 0.4542 2.3244
17.50 0.05202 0.9358 0.4816 0.4983 2.0231
19.25 0.04448 0.9200 0.5344 0.4555 2.2818
20.75 0.04111 0.9168 0.5150 0.4534 2.3871
24.00 0.03466 0.9176 0.5299 0.4475 2.4426

distributions show elements in common, especially for what
concerns the interval where �̃� ranges. In particular, according
to this analysis, we would expect

𝐼1 = ∫𝜆𝑆
−𝜆𝑆/2

𝑃𝜆𝐸 𝑑�̃� ≲ 1,

𝐼2 = ∫
0

−∞
𝑃𝜆𝐸 𝑑�̃�

∫∞
0
𝑃𝜆𝐸 𝑑�̃� ≈

12 ,
𝜆𝜆+ ≈

12 ,
𝜎
𝜆 ≈ √3,

(59)

where 𝐼1, 𝐼2, 𝜆/𝜆+, and 𝜎/𝜆 are statistical parameters related
to the PDF shape. Following (59), it is plausible that the
occurrences �̃� > 0 are about two times those �̃� < 0 and that
most of the occurrences of �̃� happen in (−𝜆𝑆/2, 𝜆𝑆), where𝜆𝑆 is here obtained in function of ⟨�̃�⟩𝐸 by means of (39) and
(40), i.e.,

𝜆𝑆 = 4 ⟨�̃�⟩𝐸 (60)

being ⟨�̃�⟩𝐸 the average of �̃� calculated through𝑃𝜆𝐸.Moreover,𝜆+ and 𝜎 are expected to be proportional to 𝜆, with 𝜆/𝜆+ and𝜎/𝜆 satisfying (59).
The results, here presented by two sets of eight cases, are

obtained by means of numerical simulations. Tables 2 and 3
report the mentioned statistic parameters, and Figures 1 and
2 show the distribution functions for different values of 𝑞.
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Figure 1: Distribution function of �̃� for |𝜉| = 10−7. (a) 𝑞 = 2.75, (b) 𝑞 = 3.75, (c) 𝑞 = 4.5, (d) 𝑞 = 17, (e) 𝑞 = 17.5, (f) 𝑞 = 19.25, (g) 𝑞 = 20.75,
and (h) 𝑞 = 24.
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Figure 2: Distribution function of �̃� for |𝜉| = 10−3. (a) 𝑞 = 2.75, (b) 𝑞 = 3.75, (c) 𝑞 = 4.5, (d) 𝑞 = 17, (e) 𝑞 = 17.5, (f) 𝑞 = 19.25, (g) 𝑞 = 20.75,
and (h) 𝑞 = 24.
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The set of differential equations is given by (57) and by the
corresponding evolution equations of 𝜉 following (3). During
the process of integration, the Lyapunov vectors are contin-
uously rescaled (at each time step) in order to maintain the
initial scale |𝜉(0)| at which 𝜉 and �̃� are both referred to. The
scheme of integration is a fourth-order Runge–Kutta method
with automatic adaptive step size, which returns equidistant
samples x(𝑡𝑘), 𝜉(𝑡𝑘), and 𝑡𝑘 = 𝑘Δ𝑡, 𝑘 = 1, 2, . . . , 𝑁, withΔ𝑡 properly computed. Specifically, the time of integration is
assumed to be 𝑇 = 30000/�̃�0max, with �̃�0max the maximum
Lyapunov exponent at 𝑡 = 0 and 𝑁 = 2 ⋅ 106. Thereafter,
the distribution functions of �̃� are numerically computed
through statistical elaboration of the simulations data. In
order to obtain an expected high value of the bifurcations
rate, the assumed values of 𝑞 are such that 𝑞 ∈ (2, 25). For
what concerns the initial conditions, all the simulations are
computed for 𝑥0 = 0.1, 𝑦0 = 0.2, and 𝑧0 = 0.3, with an initial
orientation of 𝜉 corresponding to the minimum rising rate of𝜌.

In line with the chaotic trajectories behaviors, we selected
the simulations where x describes almost completely at least
C, or at least the union of regions of space equivalent to
C. The first set of simulations, obtained for |𝜉| = 10−7, is
reported in Figure 1, and the other one, depicted in Figure 2,
is computed for |𝜉| = 10−3. Solid and dotted lines represent,
respectively, 𝑃𝜆𝐸 and the estimates of 𝑃𝜆 obtained from (38)
and (60). It is apparent that although the twoPDFs differ from
each other, the computed values of �̃� are unsymmetrically
distributed in such a way that 𝐼1 and 𝐼2, standard deviation
and exponents ratio satisfy the relations (59). In particular,𝜎 is proportional to 𝜆 in any case with a proportionality
constant around to√3 (0.8 ÷ 2.5).

We conclude this section by observing that variations of𝑞 and of initial conditions in terms of position x(0) and/or
orientation of 𝜉(0) can produce change in the shape of 𝑃𝜆𝐸
and of the aforementioned parameters, depending on how
the system describes its phase space. In particular, if x sweeps
almost completely at leastC—or at least the union of regions
of {x} equivalent to C—�̃� is found to be unsymmetrically
distributed and the values of 𝐼1, 𝐼2, 𝜎/𝜆, and 𝜆/𝜆+ agree with
those given in (59). On the contrary, in the cases where x
only partially sweeps C—or the equivalent union of parts
of space—sizable differences can be observed with respect
to the present results in terms of PDF shape and statistical
parameters.

7. Conclusions

The distribution function of the finite scale local Lyapunov
exponent of the kinematic field was studied in homoge-
neous isotropic turbulence. Based on reasonable assumptions
regarding the fully developed chaos and the fluid incom-
pressibility, the shape of such distribution and the range of
variations of �̃� are determined. This distribution results in
an uniform function in a proper nonsymmetric interval of
variations. The results arising from such PDF, in particular
the link between 𝜆+ and 𝜆 and the closure for the longitudinal

velocity correlation equation, agree with those presented
in [1], and this should support the hypothesis H = max.
An alternative way to determine the link between such
exponents is also presented, which is based on the alignment
property of the Lyapunov vectors. Direct simulations of a very
simple differential system representing incompressible fluid
kinematics give results which corroborate the hypotheses of
the present analysis.

Appendix

This appendix reports some of the results dealing with the
closure of the von Kármán–Howarth equation, obtained in
[1, 25].

For fully developed isotropic homogeneous turbulence,
the longitudinal velocity correlation function

𝑓 (𝑟) = ⟨𝑢𝑟 (x) 𝑢𝑟 (x + r)⟩𝑢2 (A.1)

obeys the von Kármán–Howarth equation [11]

𝜕𝑓𝜕𝑡 = 𝐾 (𝑟)𝑢2 + 2](𝜕
2𝑓𝜕𝑟2 + 4𝑟 𝜕𝑓𝜕𝑟) + 10]𝜆2𝑇 𝑓 (A.2)

the boundary conditions of which are

𝑓 (0) = 1,
lim
𝑟→∞
𝑓 (𝑟) = 0, (A.3)

where ] is the fluid kinematic viscosity and 𝑢 ≡ √⟨𝑢2𝑟(x)⟩
follows the kinetic energy equation obtained from (A.2) for𝑟 → 0 [11]

𝑑𝑢2𝑑𝑡 = −10]𝜆2𝑇 𝑢
2 (A.4)

being 𝜆𝑇 ≡ √−1/𝑓(0) the Taylor scale. The quantity 𝐾(𝑟)
gives the energy cascade, being linked to the longitudinal
triple velocity correlation function 𝑘
𝐾 (𝑟) = 𝑢3 ( 𝜕𝜕𝑟 + 4𝑟) 𝑘 (𝑟) ,

where 𝑘 (𝑟) = ⟨𝑢2𝑟 (x) 𝑢𝑟 (x + r)⟩𝑢3 .
(A.5)

Thus, the von Kármán–Howarth equation gives the relation-
ship between the statistical moments ⟨(Δ𝑢𝑟)2⟩ and ⟨(Δ𝑢𝑟)3⟩
in function of 𝑟.

The analysis in [1, 25] provides the closure of the von
Kármán–Howarth equation and expresses 𝐾(𝑟) in terms of
longitudinal velocity correlation

𝐾 (𝑟) = 𝑢3√1 − 𝑓2 𝜕𝑓𝜕𝑟 . (A.6)
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The skewness of Δ𝑢𝑟 is [30]
𝐻3 (𝑟) ≡ ⟨(Δ𝑢𝑟)3⟩

⟨(Δ𝑢𝑟)2⟩3/2 =
6𝑘 (𝑟)

(2 (1 − 𝑓 (𝑟)))3/2 . (A.7)

Therefore, the skewness of 𝜕𝑢𝑟/𝜕𝑟 is
𝐻3 (0) = −37 . (A.8)
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equation,” Journal of NonlinearMathematical Physics, vol. 12, no.
1, pp. 1–9, 2005.

[5] K.Hasselmann, “ZurDeutung der dreifachenGeschwindigkeit-
skorrelationen der isotropen Turbulenz,” Deutsche Hydro-
graphische Zeitschrift, vol. 11, no. 5, pp. 207–217, 1958.

[6] J. A. Domaradzki and G. L. Mellor, “A simple turbulence clo-
sure hypothesis for the triple-velocity correlation functions in
homogeneous isotropic turbulence,” Journal of FluidMechanics,
vol. 140, pp. 45–61, 1984.

[7] M. Millionshtchikov, “Isotropic turbulence in the field of
turbulent viscosity,” JETP Letters, vol. 8, pp. 406–411, 1969.

[8] M. Oberlack and N. Peters, “Closure of the two-point correla-
tion Equation as a basis for Reynolds stress models,” Applied
Scientific Research, vol. 51, no. 1-2, pp. 533–538, 1993.

[9] F.Thiesset, R. A. Antonia, L. Danaila, and L. Djenidi, “Kármán-
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