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A thermogram is a color image produced by a thermal camera where each color level represents a different radiation intensity
(temperature). In this paper, we study the use of steady and time-harmonic thermograms for structural health monitoring of thin
plates. Since conductive heat transfer is short range and the associated signal–to–noise ratio is not much favorable, efficient data
processing tools are required to successfully interpret thermograms. We will process thermograms by a mathematical tool called
topological derivative, showing its efficiency in very demanding situations where thermograms are highly polluted by noise, and/or
when the parameters of the medium fluctuate randomly. An exhaustive gallery of numerical simulations will be presented to assess
the performance and limitations of this tool.

1. Introduction

Nondestructive damage detection is a very active field for
structural health monitoring of materials. In this paper,
we will deal with active infrared thermography inspection,
which is a technique that consists in thermally exciting (on
purpose) a medium and measuring afterwards the tempera-
ture distribution in the outer surface of such medium. The
temperature is recorded by using infrared cameras, which
produce color images called thermograms [1] (see Figure 1
for a graphical illustration of the experimental setup). It has
been used in a wide range of fields that include medical
diagnosis [2, 3], aircraft [4, 5] and building [6] structural
health monitoring, and night vision [7], to mention a few.
Some other applications and related works can be found in
[8–11].

Infrared thermography allows for recording information
from thewhole outer surface very fast, and it is extremely safe,
more nonintrusive and noncontact than other remote testing
techniques like ultrasonics [12, 13]. However, heat transport
is short range and the associated signal-to-noise ratio is less
favorable than in wave propagation based techniques. More-
over, infrared thermographic inspection depends on working
conditions, like humidity or surrounding temperature, which

implies that it should be used in controlled environments.
Due to these limitations, efficient (and rather sophisticated)
data processing tools are required to successfully postprocess
thermograms for structural health monitoring.

This paper is devoted to the processing of steady and time-
harmonic thermogramsby computing the topological deriva-
tive of the 𝐿2 distance between the experimentally measured
temperature on one side of the plate (the thermogram) and
the temperature on that side when infinitesimal inclusions
are located at each point of a healthy plate (simulated). This
derivative can be understood as an indicator function that
classifies each point of the observed region as belonging
to either a defect (a cavity, crack, or inclusion) or the
background medium. It is a noniterative method that does
not require a priori information about the number, size,
location, or shape of the unknown defects. Furthermore, it
is well known that it is an extremely robust method when
dealing with noise in the measured data, which makes it
very appealing for industrial applications. In addition, it can
also deal with noise in the medium, modeling uncertain-
ties/fluctuations around the expected physical parameters.
Topological derivative based indicator functions have been
successfully tested to solve inverse problems in a wide
range of fields. It is worth mentioning its usage for a
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Figure 1: Experimental setup. The thermographic camera and the
heat source (the lamp) are located at the same side of the plate. The
thermogram is taken on Γmeas.

two-dimensional nonsteady thermal propagation problem in
a semi-infinite medium in the papers [14, 15]. A preliminary
study for the setting considered in the present paper was
delevoped in [16]. It has also been used for some related
steady problems, for example, in electrical impedance tomog-
raphy problems [17–19]. For related works dealing with the
applicability of topological derivatives to optimal design of
heat conductors, see [20, 21] and [22] for the optimization of
magnetic motors. It is also worth highlighting the very recent
papers [23–25] where the interested reader can find a very
complete and up-to-date review about topological derivative
based methods and the book [26].

In most of the papers mentioned above, authors discuss
the robustness of the method with respect to noise in
the measured data. However, there are very few papers
where the problem of having fluctuations in the background
media is taken into account. Amongst them, it is worth
mentioning the works [27, 28], where the stability with
respect to measurement and medium noises is analyzed for
the detection of electromagnetic inclusions in an unbounded
medium, and [29], devoted to an elasticity problem. In this
paper, we will perform a numerical study about the stability
of our topological derivative based indicator functions in
terms of both measurement and medium noises. However,
a theoretical justification in the spirit of the cited papers is
beyond the scope of the paper and left as a possible future
work.

The remainder of the paper is organized as follows.
In Section 2 we formulate the direct and inverse thermal
problems for the steady and time-harmonic situations. The
topological derivative is introduced in Section 3, where we
provide closed-form formulae for the two kinds of thermal
excitations and propose a way to simultaneously process
several thermograms corresponding to various locations of
the lamp and/or different excitation frequencies. Section 4
is devoted to illustrate numerically the performance and
limitations of themethods.Our concluding remarks are given
in Section 5.

2. The Direct and Inverse Thermal Problems

The goal of this paper is to identify interior defects in
a two-dimensional plate from temperature measurements
(thermograms) taken on a side of a plate after heating such
plate in a known and controlled manner. This is an inverse
problem which is strongly ill-posed since the number, size,
or location of the defects does not depend continuously on
the thermograms, meaning that very slight perturbations
in the data could yield a completely different set of recon-
structed defects. In opposition, the direct problem consists
in computing the thermogram when the location of the
defects and all the internal properties are known, which is
a well-posed problem, with a unique solution that depends
continuously on both the defects and the parameters (small
perturbations in the defects and/or in the parameters just
produce small perturbations in the recorded thermogram).
In this section we will formulate mathematically the direct
and inverse thermal problems corresponding to steady and
time-harmonic excitations.

For simplicity, we assume that the plate is rectangular and
occupies the region Ω = [0, 𝐿𝑥] × [0, 𝐿𝑦], where the width𝐿𝑥 is assumed to be much smaller than the height 𝐿𝑦 (see
Figure 1). The defects occupy a region Ωi ⊂ Ω, which can
consist in just one defect, or it can be the union of several
disjoint defects. Both the direct and the inverse problems
are then described by the heat equation in Ω; namely, the
temperature distribution T(x, 𝑡) satisfies

𝜌𝑐𝜕𝑡T − ∇ ⋅ (𝜅∇T) = 0, (1)

where, unless otherwise stated, the thermal parameters 𝜌
(mass density), 𝑐 (specific heat capacity), and 𝜅 (thermal
conductivity) are assumed to be piecewise constant functions
that attain known values inside the defectsΩi which differ to
those in the remaining of the plate Ω𝑒 = Ω \ Ωi. That is, in
most of the paper, we assume that

𝜌 (x) = {{{
𝜌i, x ∈ Ωi𝜌e, x ∈ Ωe,

𝑐 (x) = {{{
𝑐i, x ∈ Ωi𝑐e, x ∈ Ωe,

𝜅 (x) = {{{
𝜅i, x ∈ Ωi𝜅e, x ∈ Ωe,

(2)

where 𝜌i, 𝜌e, 𝑐i, 𝑐e, 𝜅i, and 𝜅e are positive constant values. Fluc-
tuations in the parameters will be considered in Section 4.4,
which will be modeled by adding a variation around those
constant values; i.e.,

𝜇 (x) = {{{
𝜇i + 𝜂𝜇 (x) , x ∈ Ωi𝜇e + 𝜂𝜇 (x) , x ∈ Ωe, (3)

where 𝜇 = 𝜌, 𝑐 or 𝜅, and 𝜂𝜇 : Ω → R is the random
fluctuation.
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We assume that the plate is isolated on its top and bottom
boundaries (the shortest ones) whereas on its left and right
sides heat is transfered to the surrounding air by convection
and radiation. Since the temperature reached by the plate is
expected to be close to the ambient temperature 𝑇air, one can
linearize the radiation process around 𝑇air; namely,

𝜀𝜎T4 ≈ 𝜀𝜎𝑇4air + 4𝜀𝜎𝑇3air (T − 𝑇air) , (4)

where 𝜀 and 𝜎 are the surface emissivity and the Stefan-
Boltzmann constant, respectively.

The lamp will be modeled as an ideal isotropic radiator
located at s = (𝑠𝑥, 𝑠𝑦)with 𝑠𝑥 < 0 (i.e., located at the same side
of the plate where the thermogram will be taken; see Figure 1)
and mathematically described in terms of the function

𝑞s (𝑥, 𝑦) = 𝑃2𝜋 𝑥 − 𝑠𝑥(𝑥 − 𝑠𝑥)2 + (𝑦 − 𝑠𝑦)2 , (5)

where 𝑃 > 0 corresponds to the steady radiant power of the
lamp in the steady case. In the time-harmonic case, the lamp
will be described as

𝑞s (𝑥, 𝑦, 𝑡) = 𝑞s (𝑥, 𝑦) +Re (𝑄s (𝑥, 𝑦) 𝑒−𝑖𝜔𝑡)
= �̃�2𝜋 𝑥 − 𝑠𝑥(𝑥 − 𝑠𝑥)2 + (𝑦 − 𝑠𝑦)2
+Re(𝑃𝑒−𝑖𝜔𝑡2𝜋 𝑥 − 𝑠𝑥(𝑥 − 𝑠𝑥)2 + (𝑦 − 𝑠𝑦)2) ,

(6)

where 𝜔 > 0 is the frequency of excitation, 𝑞s is the steady-
state contribution of a lamp ofmean radiant power𝑃 > 0, and𝑃 is the complex amplitude of the radiant power harmonic
oscillation.

In the time-steady case, the temperature distribution only
depends on the spatial variable; i.e., Ts(x, 𝑡) = 𝑇s(x) (the
subscript “s” emphasizes the dependence of the temperature
on the position of the lamp) and the thermal problem is
modeled by the following steady boundary value problem:

∇ ⋅ (𝜅e∇𝑇s) = 0, in Ωe,
∇ ⋅ (𝜅i∇𝑇s) = 0, in Ωi,
𝑇+s − 𝑇−s = 0, on 𝜕Ωi,
𝜅e𝜕n𝑇+s − 𝜅i𝜕n𝑇−s = 0, on 𝜕Ωi,
𝜕𝑦𝑇s = 0, on 𝑦 = 0,
𝜕𝑦𝑇s = 0, on 𝑦 = 𝐿𝑦,
𝜅e𝜕𝑥𝑇s − (ℎ + 4𝜀𝜎𝑇3air) 𝑇s

= − (ℎ𝑇air + (𝛼 + 3𝜀) 𝜎𝑇4air) − 𝛼𝑞s, on 𝑥 = 0,

𝜅e𝜕𝑥𝑇s + (ℎ + 4𝜀𝜎𝑇3air) 𝑇s = ℎ𝑇air + (𝛼 + 3𝜀) 𝜎𝑇4air,
on 𝑥 = 𝐿𝑥,

(7)

where ℎ is the convective heat transfer coefficient between the
plate and the surrounding air and 𝛼 is the absorptance of the
surface. Here, the superscripts “+” and “−” appearing in the
transmission conditions at the boundary of Ωi denote limits
from the exterior and the interior ofΩi, respectively, and n is
the unit exterior normal vector.

In case of time-harmonic heating, after a long enough
time, the temperature distribution can be modeled as
Ts,𝜔(x, 𝑡) = �̃�s(x) +Re(𝑇s,𝜔(x)𝑒−𝑖𝜔𝑡), where �̃�s > 0 is a steady
mean value, 𝜔 > 0 is the frequency of excitation, and the
complex thermal amplitude 𝑇s,𝜔(x), which only depends on
the spatial variable x, solves the stationary problem

∇ ⋅ (𝜅e∇𝑇s,𝜔) + 𝑖𝜔𝜌e𝑐e𝑇s,𝜔 = 0, in Ωe,
∇ ⋅ (𝜅i∇𝑇s,𝜔) + 𝑖𝜔𝜌i𝑐i𝑇s,𝜔 = 0, in Ωi,

𝑇+s,𝜔 − 𝑇−s,𝜔 = 0, on 𝜕Ωi,
𝜅e𝜕n𝑇+s,𝜔 − 𝜅i𝜕n𝑇−s,𝜔 = 0, on 𝜕Ωi,

𝜕𝑦𝑇s,𝜔 = 0, on 𝑦 = 0,
𝜕𝑦𝑇s,𝜔 = 0, on 𝑦 = 𝐿𝑦,

𝜅e𝜕𝑥𝑇s,𝜔 − (ℎ + 4𝜀𝜎𝑇3air) 𝑇s,𝜔 = −𝛼𝑄s on 𝑥 = 0,
𝜅e𝜕𝑥𝑇s,𝜔 + (ℎ + 4𝜀𝜎𝑇3air) 𝑇s,𝜔 = 0, on 𝑥 = 𝐿𝑥.

(8)

Notice that, comparing problem (8) with problem (7), we
find the extra 𝑖𝜔𝜌𝑐 term in the first two equations, which
takes into account the time derivative in the time-harmonic
case. On the other hand, the term ℎ𝑇air + (𝛼 + 3𝜀)𝜎𝑇4air that
appears in the last two equations in (7) is not present in their
counterparts in problem (8), since it and the steady heat term𝑞s (see (6)) are absorbed by the steady mean value �̃�s(x).

The direct problem is then the following: knowing all
the involved parameters, the position s of the lamp, and
the true defects Ωi, solve either problem (7) or problem
(8). Actual thermal cameras do not directly measure tem-
peratures; they do measure the thermal radiation, but for
solving the associated inverse problem we will assume that
the actual thermogram has been already processed to contain
the measured temperature distribution (in the steady case)
or the measured complex thermal amplitude (in the time-
harmonic one) at 𝑥 = 0. The thermogram 𝑇meas is then given
by the temperature distribution at 𝑥 = 0 (in the steady case)
or by the complex thermal amplitude at 𝑥 = 0 (in the time-
harmonic one); i.e., 𝑇meas

s = 𝑇s|{𝑥=0}, with 𝑇s solving (7) or𝑇meas
s,𝜔 = 𝑇s,𝜔|{𝑥=0}, with 𝑇s,𝜔 solving (8). For ease of notation,

sometimes we will remove the subindexes “s” or “s, 𝜔”, and𝑇meas and 𝑇 will be related to either problem (7) or problem
(8).

The inverse problem consists in finding the defects Ωi
such that the solution 𝑇 to (7) or (8) for those defects
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agrees with the measured data 𝑇meas at 𝑥 = 0. From the
mathematical point of view, imposing 𝑇|{𝑥=0} = 𝑇meas is a
very demanding constraint taking into account that 𝑇meas

is expected to contain experimental errors and that this
problem is strongly ill-posed. A more suitable formulation is
toweaken the constraint by formulating the problemas a least
squares minimization one. The new formulation consists in
finding the defects Ωi minimizing the functional

𝐽s (Ω \ Ωi) = 12 ∫{𝑥=0} 𝑇s − 𝑇meas
s

2 dℓ, (9)

where 𝑇s is the solution to (7), in the steady case, or
minimizing the functional

𝐽s,𝜔 (Ω \ Ωi) = 12 ∫{𝑥=0} 𝑇s,𝜔 − 𝑇meas
s,𝜔

2 dℓ, (10)

with 𝑇s,𝜔 solving (8), in the time-harmonic situation.
In case of having several thermograms corresponding

to several locations of the lamp in the steady case, we will
consider the minimization of a linear combination of the
individual functionals (9) associated with each lamp position
s𝑗; i.e., we will consider the functional

𝐽 (Ω \ Ωi) = 𝑁lamps∑
𝑗=1

𝛽𝑗𝐽s𝑗 (Ω \ Ωi) , (11)

where the weights 𝛽𝑗 > 0 will balance the contribution of
each individual lamp and 𝑁lamps is the number of different
positions of the lamp. In the time-harmonic case, we could
have different thermograms resulting fromdifferent locations
of the lamp and/or different excitation frequencies. In this
case, we will look for a minimizer of the functional

𝐽 (Ω \ Ωi) = 𝑁lamps∑
𝑗=1

𝑁f req∑
𝑘=1

𝛽𝑗𝑘𝐽s𝑗,𝜔𝑘 (Ω \ Ωi) , (12)

with 𝐽s𝑗,𝜔𝑘 defined as in (10). Here 𝑁lamps is the number of
positions of the lamp and𝑁f req is the number of frequencies.

The weights 𝛽𝑗 or 𝛽𝑗𝑘 in (11) or (12) will be selected
in Section 3 after computing the topological derivative of
each individual functional 𝐽s𝑗 or 𝐽s𝑗,𝜔𝑘 , respectively. Indeed,
they could be considered as a new set of unknowns in
the minimization strategy, whose optimal selection would
produce an optimal exploitation of the given thermograms.
However, this extension is out of the scope of the present
paper.

3. Topological Derivative

The minimization strategy to find the unknown defects Ωi
will be based on the computation of the topological derivative
of the (generalized) least squares functionals. In this section,
we will first define this derivative and then provide closed-
form formulae for the topological derivative of the steady and
time-harmonic functionals.

Let us begin with the formal definition of the topological
derivative introduced in [30]. The topological derivative of a

shape functional J(R) = J(𝑢R), where R is a domain in
R2 and 𝑢R is the solution to a given PDE problem defined
in R, is a scalar field 𝐷𝑇 that measures the sensitivity of
the functional when an infinitesimal ball 𝐵𝜖(x) of radius 𝜖 is
located at each point x ∈ R. It provides at each point x ∈ R
the asymptotic expansion

J (R \ 𝐵𝜖 (x)) = J (R) + 𝐷𝑇 (x)V (𝜖) + 𝑜 (V (𝜖)) ,
as 𝜀 → 0, (13)

where V is a positive monotonic increasing function such
that lim𝜀→0+V(𝜀) = 0. The function V is chosen such that
expansion (13) exists for all x ∈R and attains nonzero values
in a nonempty set of points x ∈R. In our case, we can choose
V(𝜖) = 𝜋𝜖2, i.e., the area of the ball. Expansion (13)motivates
our reconstruction technique: we will place defects in the
regions where the topological derivative attains pronounced
negative values; i.e., we will cluster all the points where the
error functional is expected to decrease the most.This means
that the true set of defects Ωi will be approximated by the set

Ωapp fl {x ∈ Ω; 𝐷𝑇 (x) < 𝜆min
y∈Ω

𝐷𝑇 (y)} (14)

where 0 < 𝜆 < 1 is a tunable threshold. Notice that the closer
to one, the fewer the points. The sensitivity of the method
in terms of the choice of this parameter will be tested in
Section 4. It is clear that the direct numerical implementation
of definition (13) is completely unfeasible from a practical
point of view. To amend this problem, in the next two
theorems we will provide closed-form formulae for the
topological derivative of the individual functionals (9) and
(10), which are well-suited for the numerical computation of
set (14).These results can be derived by using the relationship
between shape and topological derivatives established in
[31] and performing suitable adjustments (to deal with the
different boundary conditions at the sides of the plate) to the
results obtained by one of us in [18] for the steady case and in
[32, 33] for the time-harmonic one.

Theorem 1. The topological derivative 𝐷s
𝑇 of the steady cost

functional 𝐽s defined in (9) is given by

𝐷s
𝑇 (x) = 2𝜅e (𝜅e − 𝜅i)𝜅e + 𝜅i ∇𝑇0s (x) ⋅ ∇𝑉0s (x) , x ∈ Ω, (15)

where 𝑇0s is the solution to the problem

∇ ⋅ (𝜅e∇𝑇0s ) = 0, in Ω,
𝜕𝑦𝑇0s = 0, on 𝑦 = 0,
𝜕𝑦𝑇0s = 0, on 𝑦 = 𝐿𝑦,
𝜅e𝜕𝑥𝑇0s − (ℎ + 4𝜀𝜎𝑇3air) 𝑇0s

= − (ℎ𝑇air + (𝛼 + 3𝜀) 𝜎𝑇4air) − 𝛼𝑞s, on 𝑥 = 0,
𝜅e𝜕𝑥𝑇0s + (ℎ + 4𝜀𝜎𝑇3air) 𝑇0s = ℎ𝑇air + (𝛼 + 3𝜀) 𝜎𝑇4air,

on 𝑥 = 𝐿𝑥,

(16)
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and 𝑉0s solves the following associated adjoint problem:

∇ ⋅ (𝜅e∇𝑉0s ) = 0, in Ω,
𝜕𝑦𝑉0s = 0, on 𝑦 = 0,
𝜕𝑦𝑉0s = 0, on 𝑦 = 𝐿𝑦,

𝜅e𝜕𝑥𝑉0s − (ℎ + 4𝜀𝜎𝑇3air)𝑉0s = 𝑇meas
s − 𝑇0s , on 𝑥 = 0,

𝜅e𝜕𝑥𝑉0s + (ℎ + 4𝜀𝜎𝑇3air)𝑉0s = 0, on 𝑥 = 𝐿𝑥.

(17)

Theorem 2. The topological derivative 𝐷s,𝜔
𝑇 of the time-

harmonic cost functional 𝐽s,𝜔 defined in (10) is given by

𝐷s,𝜔
𝑇 (x) = Re(2𝜅e (𝜅e − 𝜅i)𝜅e + 𝜅i ∇𝑇0s,𝜔 (x) ⋅ ∇𝑉0s,𝜔 (x)
− 𝑖𝜔 (𝜌e𝑐e − 𝜌i𝑐i) 𝑇0s,𝜔 (x) 𝑉0s,𝜔 (x)) , x ∈ Ω,

(18)

where 𝑇0s,𝜔 is the solution to the problem

∇ ⋅ (𝜅e∇𝑇0s,𝜔) + 𝑖𝜔𝜌e𝑐e𝑇0s,𝜔 = 0, in Ω,
𝜕𝑦𝑇0s,𝜔 = 0, on 𝑦 = 0,
𝜕𝑦𝑇0s,𝜔 = 0, on 𝑦 = 𝐿𝑦,

𝜅e𝜕𝑥𝑇0s,𝜔 − (ℎ + 4𝜀𝜎𝑇3air)𝑇0s,𝜔 = −𝛼𝑄s, on 𝑥 = 0,
𝜅e𝜕𝑥𝑇0s,𝜔 + (ℎ + 4𝜀𝜎𝑇3air)𝑇0s,𝜔 = 0, on 𝑥 = 𝐿𝑥.

(19)

and 𝑉0s,𝜔 solves the associated adjoint problem
∇ ⋅ (𝜅e∇𝑉0s,𝜔) − 𝑖𝜔𝜌e𝑐e𝑉0s,𝜔 = 0, in Ω,

𝜕𝑦𝑉0s,𝜔 = 0, on 𝑦 = 0
𝜕𝑦𝑉0s,𝜔 = 0, on 𝑦 = 𝐿𝑦,

𝜅e𝜕𝑥𝑉0s,𝜔 − (ℎ + 4𝜀𝜎𝑇3air)𝑉0s,𝜔 = 𝑇meas
s,𝜔 − 𝑇0s,𝜔,

on 𝑥 = 0,
𝜅e𝜕𝑥𝑉0s,𝜔 + (ℎ + 4𝜀𝜎𝑇3air)𝑉0s,𝜔 = 0, on 𝑥 = 𝐿𝑥.

(20)

Notice that themeasured data𝑇meas , i.e., the thermogram,
is incorporated in the topological derivative by means of the
right hand side at the boundary condition on 𝑥 = 0 in the
adjoint problem (17) or (20).

It is important to highlight now that, in view of the
previous theorems, the implementation of the reconstruction
strategy stated in (14) is very simple from the computational
point of view: one just needs to solve a direct problem and
a related adjoint one, which take place in the healthy plateΩ, where no defect is present (notice that (16) and (19) are
nothing but problems (7) and (8) when Ωi = 0). Therefore,
no information about the true number, location, size, or

shape of the unknown defects is needed. Furthermore, when
dealing with steady thermograms, formula (15) only depends
on the interior conductivity 𝜅i through the multiplying factor2𝜅e(𝜅e − 𝜅i)/(𝜅e + 𝜅i) (𝑇0s and 𝑉0s are independent of 𝜅i).
Since we are only interested in the most pronounced negative
values of 𝐷s

𝑇, the actual value of 𝜅i is completely irrelevant,
one just needs to know if 𝜅e > 𝜅i or 𝜅e < 𝜅i. In the time-
harmonic case, the dependence on the interior parameters
is more subtle, since the corresponding formula (18) is a
linear combination of two terms, ∇𝑇0s,𝜔 ⋅ ∇𝑉0s,𝜔 and 𝑇0s,𝜔𝑉0s,𝜔,
and the coefficients depend on the interior parameters. The
coefficient associated with the inner product of the gradients
accounts for the conductivity contrast, while the coefficient
for the term 𝑇0s,𝜔𝑉0s,𝜔 is related to the difference in the
product of the mass density by the specific heat capacity.
If the parameters 𝜅i, 𝜌i, and 𝑐i were unknown, one could
compute the sensitivity due to the conductivity contrast,
i.e., ∇𝑇0s,𝜔 ⋅ ∇𝑉0s,𝜔, and the sensitivity due to the product𝜌𝑐 contrast, i.e., 𝑇0s,𝜔𝑉0s,𝜔, and use them as independent
damage indicator functions or combine them using some
normalization. For related works in electromagnetism where
different topological derivative based indicator functions for
only permeability or conductivity contrast are considered, see
[28, 34, 35].

When multiple thermograms are available, correspond-
ing to different locations of the lamp for the steady situation,
or to different excitation frequencies and/or lamp positions
in the time-harmonic case, we consider the weighted func-
tionals (11) and (12), respectively. By linearity, the topological
derivative of these functionals is nothing but the linear
combination of the topological derivatives of the individual
functionals. Following the ideas in [35, 36], we propose to
select the weights in (11) and (12) as

𝛽𝑗 = 1miny∈Ω𝐷s𝑗
𝑇 (y) ,

𝛽𝑗𝑘 = 1miny∈Ω𝐷s𝑗,𝜔𝑘
𝑇 (y) .

(21)

This choice avoids neglecting the contribution of some
positions of the lamp and/or some frequencies that could
be disregarded by simply adding the contributions (i.e., by
selecting 𝛽𝑗 = 1 or 𝛽𝑗𝑘 = 1), since with this choice we guar-
antee that miny∈Ω𝛽𝑗𝐷s𝑗

𝑇 (y) = −1 and miny∈Ω𝛽𝑗𝑘𝐷s𝑗,𝜔𝑘
𝑇 (y) =−1. Of course, as already mentioned, other choices could

be possible. Other examples for different indicator functions
where the weights are selected either a priori or a posteriori
(as we do) can be found in [37–41].

4. Numerical Experiments

In this section we briefly comment on the generation of
synthetic thermograms via solving problems (7) or (8) and
the implementation of the topological derivative indicator
functions. After that, we present a gallery of numerical
examples illustrating the performance of the topological
derivative when varying the different parameters of the



6 Advances in Mathematical Physics

0.01

x (m)

0.0

0.2

0.4

0.6

0.8

1.0

y
 (m

)
450

0.2475

0.2500

0.2525

0.2550

(a)

0.01

x (m)

0.0

0.2

0.4

0.6

0.8

1.0

y
 (m

)

0.7950

0.7975

0.8000

0.8025

0.8050

0.5950

0.5975

0.6000

0.6025

0.6050

0.2450

0.2475

0.2500

0.2525

0.2550

(b)

Figure 2: Plate Ω with dimensions 𝐿𝑥 = 0.01 m and 𝐿𝑦 = 1 m with different damage configurations: (a) one elliptical hole and (b) three
holes of different shapes and sizes.

problem, namely, the number of defects, the positions of the
lamp, the number of frequencies, and the level of noise in both
the thermograms and the physical parameters.

4.1. Generation of SyntheticThermograms and Implementation
of the Topological Derivative. In case of having actual exper-
imental thermograms (real measurements obtained by using
a thermal camera), the implementation of the topological
derivative only requires to solve a direct and a related
adjoint problem which take place in a healthy plate, i.e.,
where no defects are present. However, we do not have
actual thermograms, and, therefore, we need to synthetically
generate them by solving numerically the direct problem (7)
or (8) for the damaged plate.

For all the experiments in this section, we consider an
aluminum plate of dimensions 𝐿𝑥 = 0.01 m and 𝐿𝑦 =1 m, with elliptical or circular holes consisting of air. The
physical parameters for these materials are 𝜅e = 200 W/K,𝜌e = 2700 Kg/m2, 𝑐e = 900 J/(Kg ⋅ K), 𝜅i = 0.025 W/K,𝜌i = 1 Kg/m2, 𝑐i = 1000 J/(Kg⋅K).The remaining parameters
appearing in the boundary conditions are 𝛼 = 0.4, 𝜀 = 0.08,ℎ = 15 W/(m ⋅ K), 𝑇air = 290 K.

We will consider two different damaged plates: a plate
with an elliptical hole located at (0.5𝐿𝑥, 0.25𝐿𝑦) and semiaxes
of 1 mm and 3mm and a plate with three internal holes,
the same elliptical one, and two small circular ones, the first
located at (0.6𝐿𝑥, 0.6𝐿𝑦)with radius 1.25mm and the second
one located at (0.4𝐿𝑥, 0.8𝐿𝑦) and with radius 1 mm. These
plates are shown in Figure 2.

Lamps will be placed on the left hand side of the plate by
considering forcing terms of the form (5), where 𝑃 = 600 W
for the steady-state case and 𝑃 = 6000 W for the time-
harmonic one.When locating the lamp at a distance 0.15mof
the plate, this kind of heating produces temperatures ranging
between 300 K in the coldest parts of the plate and 303 K
in the hottest ones for the steady-state case and maximum
amplitudes of 0.1 K for the time-harmonic situation.

Thermograms were generated by solving numerically the
corresponding direct problems (7) or (8) by using FreeFem++
[42], which is a free integrated development environment
for numerically solving partial differential equations using
the finite element method. For the steady thermograms, a
mesh adapted to the defects of about 24000 triangles is used
with 𝑃1 elements, while, for the time-harmonic situation, we
used a finer mesh with about 53000 triangles, adjusted to the
higher frequencies to be considered. These meshes generate
results that are robust up to the fifth significant figure. To both
prevent inverse crimes and simulate thermograms polluted
by noise, after computing the synthetic thermogram 𝑇meas we
will always add a random noise of size 𝜀err > 0 to generate our
noisy thermogram as

𝑇meas,𝜀err = 𝑇meas + 𝜀err𝑟 (𝑦) , 𝑦 ∈ [0, 𝐿𝑦] , (22)

where 𝑟(𝑦) is a random number with |𝑟(𝑦)| ≤ 1 (real
between -1 and 1 in the steady case, and complex in the time-
harmonic one with real and imaginary parts between -1 and
1) generated by making use of the function randreal1 of
FreeFem++. Unless otherwise stated, for the steady cases we
will take 𝜀err = 0.06, while, in the time-harmonic one, 𝜀err =0.01. These values were calibrated to simulate highly polluted
thermograms, since for those numbers

max
𝑦∈[0,𝐿𝑦]

𝑇meas (𝑦) − 𝑇meas,𝜀err (𝑦)
≈ 2 max
𝑦∈[0,𝐿𝑦]

𝑇meas (𝑦) − 𝑇meas,healthy (𝑦) , (23)

where 𝑇meas,healthy is the thermogram corresponding to a
healthy plate, without any defect.

For the implementation of the topological derivative
formulae (15) and (18), we use different meshes (where the
defects are not present) than for computing the thermograms,
with a comparable number of triangles (20000 for the
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Figure 3: (a)Thermograms associated with a damaged (blue line) and a healthy plate (red line). (b) Absolute value of the difference between
thermograms in (a).
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Figure 4: Counterpart of Figure 3 for the time-harmonic situation with 𝜔 = 1Hz.
steady case and 46000 for the time-harmonic one). Once
problems (16) (or (19)) and (17) (or (20)) are solved, to
implement formula (15) (or (18)), gradients are computed
by using the FreeFem++ commands to compute spatial
derivatives.

For illustration, we consider the damaged plate in Fig-
ure 2(b) and locate a lamp at (−0.15, 0.5), and compute the
solution to the direct problem (7) at 𝑥 = 0, and add a random
perturbation of size 𝜀err = 0.06 to it as in (22). This produced
the noisy thermogram represented in Figure 3(a) by a blue
line. In case of not having any defect, by solving problem
(16) we obtain the associated thermogram corresponding to
a healthy plate, which is represented in Figure 3(a) by a red
line. By comparing both steady thermograms, we observe that
by simple inspection it is not feasible to deduce if there is
damage or not, as can be checked in Figure 3(b). In the time-
harmonic situation, we observe the same behavior for high
levels of noise (𝜀err = 0.01), as shown in Figure 4, where we
have reproduced the same experiment, locating the lamp at
the same position and generating a time-harmonic excitation
for the frequency 𝜔 = 1 Hz.

In the remaining of the section, we will illustrate the
performance of the topological derivative when processing
this kind of thermograms, and how they improve the results
provided by just simple inspection of the thermograms.
Results will be obtained by implementing the topological
derivative formula for the steady case; i.e.,

𝐷∗𝑇 (x) = 𝑁lamps∑
𝑗=1

𝐷s𝑗
𝑇 (x)miny∈Ω𝐷s𝑗
𝑇 (y) , x ∈ Ω, (24)

and for the time-harmonic one

𝐷∗𝑇 (x) = 𝑁lamps∑
𝑗=1

𝑁frec∑
𝑘=1

𝐷s𝑗,𝜔𝑘
𝑇 (x)miny∈Ω𝐷s𝑗,𝜔𝑘
𝑇 (y) , x ∈ Ω, (25)

as explained above. Indeed, for an easier visualization, we
will represent in the forthcoming numerical experiments the
values of the normalized topological derivative

𝐷𝑇 (x) = 𝐷∗𝑇 (x)miny∈Ω𝐷∗𝑇 (y) , x ∈ Ω, (26)

with 𝐷∗𝑇 defined as in (24) or (25). By doing this, we set to -1
its minimum value, and we can then define the approximated
defects as the following the set of points:

Ωapp fl {x ∈ Ω; 𝐷𝑇 (x) < −𝜆} , (27)

with 0 < 𝜆 < 1.
4.2. Steady Thermograms. In this section we will test the
performance of the topological derivative for the steady case.
Let us begin by considering the plate with one elliptical hole,
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Figure 5: (a) Topological derivative when considering one lamp located at (−0.15, 0.5), indicated by an ×-mark. (b) Topological derivative at𝑥 = 0 and reconstructed defects for several values of 𝜆 in (27).

represented in Figure 2(a).When processing the thermogram
represented by a blue line in Figure 3(a), which corresponds
to locating a lamp at (−0.15, 0.5) and to a noise level 𝜀err =0.06, the topological derivative (26) (for𝑁lamps = 1) provides
the colormap represented in Figure 5(a), where the coldest
colors correspond to the largest negative values, and all values
above zero are represented by the same color red.We observe
that the most pronounced negative values (blue and green
colors) are attained in a region around the defect and that
selecting 𝜆 = 0.8 in (27) we just identify a few very tiny
defects, corresponding to the darkest blue colors. Notice that
the scaling of the full plate in the horizontal direction, which
corresponds to the interval [0, 𝐿𝑥], is different from that in
the vertical direction (corresponding to the interval [0, 𝐿𝑦])
for ease of visualization, while for the small enlarged region
containing the defect the scaling is the same in both direc-
tions. For a better visualization, we represent in the upper
part of Figure 5(b) the values of the topological derivative
on the side 𝑥 = 0 (blue line), where the thermogram was
taken. Comparingwith Figure 3, it is clear that the topological
derivative has more relevant information about the presence
of the defect. However, by selecting different values of 𝜆 in
(27), the reconstructed defect is not sharp, as can be seen
in the bottom part of Figure 5(b), where we represent the
(rotated) plate, where the true defect is represented in white,
and the reconstructed defects (corresponding to different
values of 𝜆) are given by different color regions. Again,
the scaling of the plate in the horizontal direction, which
corresponds now to the interval [0, 𝐿𝑦], is different from
that in the vertical direction (corresponding to the interval[0, 𝐿𝑥]) for ease of visualization. When selecting 𝜆 = 0.8,
a few tiny regions are identified (in color black), which are
not properly located and almost not seen in Figure 5(b).
Decreasing this value to 𝜆 = 0.6, the reconstructed defects
occupy the black and green regions, misplacing the location
of the defect slightly to the center of the plate and creating
some small spurious defects. Considering 𝜆 = 0.4 the
reconstructed region is the union of the black, green, and red
regions, which highly overestimates the size.

We want to emphasize that when dealing with thermo-
grams that are highly corrupted by noise, the problem is
very challenging, as already illustrated in Figure 3. Indeed,
depending on the location of the lamp, the topological
derivative can have serious difficulties to distinguish between
healthy and damaged plates, or to properly identify the
position of the holes in damaged plates. This is illustrated
in Figure 6, where we have repeated the experiment for
the same noise level, but locating the lamp at (−0.15, 0.15)
(Figure 6(a)) and at (−0.15, 0.85) (Figure 6(b)). We observe
two noteworthy features: in the first case, we detect the
presence of damage, but the location of the reconstructed
defect is completely wrong, while, for the second position
of the lamp, the topological derivative presents an unclear
minimum in the regionwhere the defect is located, which can
bemisinterpreted to conclude that the plate is healthy. On the
other hand, some other locations of the lamp could yield to
better reconstructions than those in Figure 5.

In view of the previous results, and taking into account
that we do not have information about the possible location
of the defects to be used for a suitable location of the lamp, it
seems reasonable to take several thermograms, correspond-
ing to different locations of the lamp, and combine them to
exploit the data. In the next experiments we process simul-
taneously several thermograms with a noise level 𝜀err = 0.06
by computing the weighted topological derivative defined by
(24) and (26). First, we consider ten uniformly distributed
positions (𝑠𝑥, 𝑠𝑦) with 𝑠𝑥 = −0.15, tagged in Figure 7(a) by×-marks. Figure 7 is the counterpart of Figure 5. Now, when
selecting 𝜆 = 0.6 the reconstructed region is the union of
the black and the green zones, which is much closer to the
true defect than when considering just one lamp, although it
also contains some tiny small spurious defects located close
to 𝑦 = 0.75. This effect is better visualized by selecting𝜆 = 0.4, which provides a reconstruction which seems to
indicate that two different defects are present.The appearance
of the spurious defect around 𝑦 = 0.75 is an artifact
due to the high level of noise in the thermograms. Indeed,
we repeated this experiment several times by considering
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Figure 6: Counterpart of Figure 5(b) for different positions of the lamp. (a) Lamp at (−0.15, 0.15). (b) Lamp at (−0.15, 0.85).
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Figure 7: Topological derivative when considering 𝑁lamps = 10 different locations of the lamp, indicated by ×-marks. (b) Topological
derivative at 𝑥 = 0 and reconstructed defects for several values of 𝜆 in (27).

different thermograms corresponding to the same positions
of the lamp and to the same level of noise, and in some of the
cases the spurious region was not found. By reducing the level
of noise to 𝜀err = 0.015 the spurious region also disappears.
Notice that, in view of (23), we can assure that, for 𝜀err = 0.015
and for each thermogram 𝑇meas,𝜀err ,

max
𝑦∈[0,𝐿𝑦]

𝑇meas (𝑦) − 𝑇meas,𝜀err (𝑦)
≈ 12 max
𝑦∈[0,𝐿𝑦]

𝑇meas (𝑦) − 𝑇meas,healthy (𝑦) .
(28)

The corresponding simulations are shown in Figure 8.
As one can expect, increasing the number of data by

consideringmore thermograms improves the reconstruction.
This is visualized in Figure 9, where 50 thermograms for 𝜀err =0.06 have been processed. Reconstructions now are much
more satisfactory and they do not include spurious regions
located far from the location of the true defect: only one defect
is found, whose size, as expected, depends on the selected
value of 𝜆. In particular, when selecting 𝜆 = 0.8, the size
and position in the [0, 𝐿𝑦] interval are very sharp, although
the correct depth and width of the defect are not found. We

also observe that the size of the reconstructed defect highly
depends on the value of 𝜆, being very easy to overestimate
the size without having any a priori information. In the next
section we will see that time-harmonic thermograms provide
reconstructions that are much more robust with respect to𝜆.

We have repeated the experiment by increasing the
number of thermograms to 𝑁lamps = 100. In this case, the
reconstruction is qualitatively equal as when 𝑁lamps = 50,
meaning that once a suitable number of steady thermograms
has been processed, a further increase in the number of
recorded thermograms does not produce better results. The
corresponding figure is omitted for the sake of brevity. We
have also tested the dependence of the reconstructions on the
distance of the lamps to the plate. To do that, we have repeated
the experiment in Figure 9 where lamps are located at points(𝑠𝑥, 𝑠𝑦)with 𝑠𝑥 = −0.15, by considering 50 positions with 𝑠𝑥 =−0.05, i.e., by approximating the lamps to the side of the plate
where thermograms are taken and then moving them away to𝑠𝑥 = −0.45. We observed that results are rather insensitive to
the distance between the lamps and the plate for the consid-
ered locations, being slightly better when approximating the
lamps.
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Figure 8: Counterpart of Figure 7(b) for a different set of ten thermograms. (a) Results for new thermograms for 𝜀err = 0.06. (b) Results for𝜀 = 0.015.
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Figure 9: Counterpart of Figure 7 for𝑁lamps = 50.
To end this section, we consider amuchmore demanding

situation, where the plate has three internal defects, with
different shapes and sizes, and is located at different depths;
see Figure 2(b). As one can expect, when dealing with high
levels of noise (we take again 𝜀err = 0.06), individual topo-
logical derivatives corresponding to processing just a single
thermogram do not provide satisfactory reconstructions,
and, depending on the location of the lamp, some of the
defects can be recovered, some of them can be completely
disregarded, and, even worse, some spurious defects can be
identified. This is illustrated in Figure 10.

By processing several thermograms, corresponding to
different locations of the lamp, the problem is alleviated, but
reconstructions are not satisfactory, as shown in Figure 11
which collects our results for 𝑁lamps = 50 and 𝑁lamps = 100
lamps uniformly distributed at the points (−0.15, 𝑠𝑦)with 0 ≤𝑠𝑦 ≤ 1. It is remarkable that the most pronounced negative
values of the topological derivative, i.e., when selecting 𝜆 =0.8, gather around the defect centered at (0.6𝐿𝑥, 0.6𝐿𝑦)
even though it is smaller than the ellipsoid centered at(0.5𝐿𝑥, 0.25𝐿𝑦) and further from the side 𝑥 = 0 where
thermograms are taken than the other two defects.We believe
that this is due to the fact that it is located close to the middle

of the plate, and most of the thermograms contain relevant
information about it.

The main conclusion of this section is that the steady
topological derivative performs better than plain thermo-
grams, but it is very sensitive to high levels of noise, pro-
viding poor approximations when dealing with challenging
situations with several small defects. In the next section we
will show that for those situations it is more convenient to
consider time-harmonic excitations.

4.3. Time-Harmonic Thermograms. In this section we apply
the topological derivative method to process thermograms in
the time-harmonic case.

First, we inspected the plate with only one elliptical
hole (see Figure 2(a)) by considering just one thermogram
obtained by locating the lamp at (−0.15, 0.5) and generating
a time-harmonic excitation at 𝜔 = 1Hz. For the level of
noise 𝜀err = 0.01, neither the thermogram (see Figure 4) nor
the topological derivative (the figure is omitted for brevity)
seem to contain any valuable information. As done for the
steady case, we processed then several thermograms. We
considered first 10 thermograms obtained by locating the
lamp at different positions for the frequency𝜔 = 1Hz. Results
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Figure 10: Topological derivative at 𝑥 = 0 and reconstructed defects for different values of 𝜆 for the configuration with three defects. Only
one thermogram is processed, associated with two different positions of the lamp. (a) Lamp located at (−0.15, 0.5). (b) Lamp located at(−0.15, 0.75).
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Figure 11: Counterpart of Figure 10when processing𝑁lamps different thermograms associatedwith different positions of the lamp. (a)𝑁lamps =50. (b)𝑁lamps = 100.
are shown in Figure 12, where, in particular, we observe in
plot (a) that the most pronounced negative values of the
topological derivative concentrate in a very small region near
the location of the true defect. We obtain a very accurate
estimation of the position and size of the defect, although
the correct depth and width are not recovered and the defect
seems to be located close to the side 𝑥 = 0. Recall that,
for the steady case, 10 thermograms were not enough since
in some simulations we could obtain spurious defects; see
Figure 7. Furthermore, the reconstruction is much more
robust with respect to the selected value of 𝜆 in (27) than in
the steady case (compare with Figure 9, which corresponds
to 50 steady thermograms). Indeed, we see that there is not
a very big difference between reconstructions for a really
wide range of values of 𝜆, and to generate spurious defects
this constant has to take about 𝜆 = 0.4. By increasing
the number of lamps to 50, this effect is amplified, but
qualitatively, reconstructions are rather similar for 𝜆 = 0.75
and 𝜆 = 0.5 to those for only 10 lamps, as shown in
Figure 13.

Next, we explored the combination of thermograms
produced by considering different excitation frequencies. We
generate 100 different thermograms by locating the lamp at

ten uniformly spaced positions and ten uniformly spaced
frequencies between 0.8 Hz and 2 Hz. Results are presented
in Figure 14. Again, we observe that the topological derivative
attains a very acute minimum, which perfectly identifies the
location of the hole. Indeed, the reconstructions are almost
identical to those in Figure 13. By increasing the number
of frequencies to 𝑁f req = 20 and locating the lamp at𝑁lamps = 20 different positions, reconstructions are plot-
indistinguishable to those in Figure 14,meaning that a further
increase in the number of thermograms does not improve
reconstructions. Indeed, by reducing the numbers to𝑁lamps =5 and𝑁f req = 5, reconstructions are almost identical too.

To end this section, we illustrate the performance of the
topological derivative for the configuration in Figure 2(b),
where three holes of different sizes and shapes are present.
As in the previous example, thermograms are highly polluted
by noise when selecting 𝜀err = 0.01. First we consider only the
frequency 𝜔 = 1Hz and take 50 thermograms corresponding
to different positions of the lamp. This provides the results
in Figure 15, where we observe that the global minimum
of the topological derivative is very acute and it occurs in
a region very close to the location of the elliptical defect,
which has the biggest area. This defect is the only one that is
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Figure 12: Results for time-harmonic thermograms for 𝜔 = 1 Hz and the configuration with one defect. (a) Topological derivative for𝑁lamps = 10. (b) Topological derivative at 𝑥 = 0 and reconstructed defects for several values of 𝜆.
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Figure 13: Results for 𝜔 =1Hz when considering𝑁lamps = 50.
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Figure 14: Results for𝑁lamps = 10 and𝑁freq = 10 uniformly distributed frequencies between 0.8 and 2Hz.
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Figure 15: Results for the configuration with three defects when considering𝑁lamps = 50 time-harmonic excitations at the frequency 𝜔 = 1
Hz.
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Figure 16: Counterpart of Figure 15(b) when considering a different number𝑁lamps of thermograms. (a)𝑁lamps = 20. (b)𝑁lamps = 100.
identifiedwhen selecting 𝜆 in (27) bigger than 0.5.The quality
of the reconstruction of this defect is comparable to the
reconstruction of the same defect in the plate with only one
defect (comparewith Figure 13).However, we also distinguish
two local minima of the topological derivative that take place
precisely in the regions close to the location of the remaining
two defects. When selecting 𝜆 = 0.25, we recover the regions
in red in Figure 15(b), which correspond to the true defects. If
we reduce the number of thermograms to 𝑁lamps = 20, then
the two small circular holes are completely disregarded, while
increasing the number to 𝑁lamps = 100, reconstructions are
almost the same as for 𝑁lamps = 50, as can be observed in
Figure 16. We have also checked that considering 10 locations
of the lamp and 10 different frequencies, reconstructions
are almost indistinguishable from those for 100 different
locations of the lamp for only the frequency 𝜔 = 1 Hz
(not shown for brevity). However, considering 𝑁lamps =20 and 𝑁f req = 20, reconstructions improve because the
minima of the topological derivative become more acute and
smooth, as can be observed in Figure 17. It is noticeable that
the topological derivative captures slightly better the defect

centered at (0.4𝐿𝑥, 0.8𝐿𝑦), whose radius is 1 mm, than the
other circular defect, located at (0.6𝐿𝑥, 0.6𝐿𝑦) with radius
1.25 mm. We believe that this is because the biggest one is
located further from the size 𝑥 = 0 of the plate, where the
thermograms are taken.

4.4. Fluctuations in the Background Medium. In this section
we will deal with an extremely demanding situation, where
not only thermograms will be polluted by high levels of
noise, but also the parameters of the medium and the
defects (assumed to be known and constant in the previous
section) will fluctuate now randomly. We will only consider
time-harmonic simulations for the configuration with three
defects.

As already mentioned, in all our previous simulations we
selected the physical parameters for the plate corresponding
to a standard aluminum alloy with constant values and
to air for the defects. In this section we will allow these
values to have random fluctuations around those constant
values; i.e., we will generate our thermograms by solving
the direct problem (8) by considering new parameters of
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Figure 17: Results for the configuration with three defects when considering𝑁lamps = 20 and𝑁freq = 20.
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Figure 18: Topological derivative and reconstructed defects for parameter perturbations of size 10% when thermograms corresponding to𝑁lamps = 5 and𝑁freq = 10 are processed. (a) (𝜂𝜅, 𝜂𝜌, 𝜂𝑐) = (0.1, 0, 0). (b) (𝜂𝜅, 𝜂𝜌, 𝜂𝑐) = (0, 0.1, 0). (c) (𝜂𝜅, 𝜂𝜌, 𝜂𝑐) = (0, 0, 0.1). (d) (𝜂𝜅, 𝜂𝜌, 𝜂𝑐) =(0.1, 0.1, 0.1).
the form (3) with a perturbation 𝜂𝜇 with |𝜂𝜇(x)| ≤ 𝜀𝜇𝜇(x),
with 𝜇 = 𝜌, 𝑐 or 𝜅 defined as the piecewise constant
functions in (2). After computing the synthetic thermograms,
we will pollute them by noise as in (22), for exactly the same
demanding noise level 𝜀err = 0.01 considered in the previous
section.

To implement the topological derivative (25) we consider
the constant values 𝜅𝑒, 𝜌𝑒, and 𝑐𝑒 of standard aluminum,
since one cannot assume to have knowledge about the true
fluctuations present in the nonpure material.

First we consider random fluctuations of a 10% size. In
all the plots in Figure 18 fifty thermograms are considered,
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Figure 19: Topological derivative and reconstructed defects for parameter perturbations of size 20% when thermograms corresponding to𝑁lamps = 10 and𝑁freq = 10 are processed. (a) (𝜂𝜅, 𝜂𝜌, 𝜂𝑐) = (0.2, 0, 0). (b) (𝜂𝜅, 𝜂𝜌, 𝜂𝑐) = (0, 0.2, 0). (c) (𝜂𝜅, 𝜂𝜌, 𝜂𝑐) = (0, 0, 0.2). (d) (𝜂𝜅, 𝜂𝜌, 𝜂𝑐) =(0.2, 0.2, 0.2).
corresponding to 𝑁lamps = 5 different positions of the lamp
and to 𝑁frec = 10 different frequencies ranging between 0.8
Hz and 2 Hz. We started by perturbing the conductivity 𝜅
by considering a random fluctuation 𝜂𝜅 = 0.1, obtaining
the graph of the topological derivative at 𝑥 = 0 and the
associated reconstructions for different values of 𝜆 in (27)
shown in Figure 18(a).Then, we varied the density 𝜌 choosing𝜂𝜌 = 0.1 (Figure 18(b)) and the heat capacity 𝑐 with 𝜂𝑐 =0.1 (Figure 18(c)), and, finally, we perturbed simultaneously
the three parameters with 𝜂𝜅 = 0.1, 𝜂𝜌 = 0.1, and 𝜂𝑐 =0.1 (Figure 18(d)). In all the situations, even when all the
parameters are perturbed we were able to sharply identify the
elliptical hole and to visualize the remaining small defects
if 𝜆 is taken as 𝜆 = 0.25. This means that the method has
no difficulties to deal with these levels of fluctuations, and,
indeed, reconstructions are qualitatively identical to those
corresponding to the same number of lamps and frequencies
when no fluctuations are considered.

Increasing the level of fluctuation in 𝜅 to 𝜂𝜅 = 0.2 and
increasing also the number of lamp positions to𝑁lamps = 10
while keeping𝑁f req = 10, wewere only able to sharply recover
the elliptical defect, while the small circular defects were
completely disregarded (see Figure 19(a)). However, by either
perturbing 𝜌 with 𝜂𝜅 = 0.2 or perturbing 𝑐 with 𝜂𝑐 = 0.2, we
can identify the three defects as clearly as when those param-
eters are not altered, as shown in Figures 19(b) and 19(c).

Finally, as one can expect, when perturbing simultaneously
the three parameters, only the biggest defect is identified
(see Figure 19(d)). Keeping the same level of fluctuations but
increasing the number of thermograms to 400 by considering𝑁lamps = 20 and 𝑁f req = 20, the reconstructions associated
with perturbations in the conductivity do not improve, while
reconstructions associated with perturbations in the density
and in the heat capacity becomemore clear due tomore acute
minima associated with the location of the three defects. This
is shown in Figure 20.

Summing up, in this section we have checked that our
time-harmonic topological derivative is extremely robust not
only with respect to high noise levels in the measured ther-
mograms, but also to perturbations in the media, being able
to provide sharp reconstructions even in very demanding
configurations with tiny defects and with fluctuations around
a 10% in all the parameters and even with fluctuations about
a 20% in the densities and heat capacities.

5. Conclusions

Throughout awide gallery of numerical experiments, we have
illustrated the ability of the topological derivative to process
steady and time-harmonic thermograms for nondestructive
testing of thin aluminum plates. We have shown that the
topological derivative is a very powerful tool to postprocess
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Figure 20: Counterpart of Figure 19 for𝑁lamps = 20 and𝑁freq = 20.
thermograms, even when those thermograms are highly
corrupted by noise and at plain sight do not seem to contain
relevant information about the presence of damage. Fromour
numerical experiments, we conclude that it is much more
recommendable to use time-harmonic thermograms than
time-steady ones, since they are able to sharply recover the
location in the 𝑦−direction and the approximate size of the
true defects. The correct position in the 𝑥-direction and the
width of the defects is not properly recovered. Furthermore,
it is well known that this difficulty is inherent to this kind
of problems, as reported in [43]. We want to empathise that
for our applications this limitation is not a big deal, because
the plates are very thin and the more relevant issue is to
characterize the presence of damage and its approximate
size and location (in the 𝑦-direction). Furthermore, in many
applications, a plate is considered to be damaged if it contains
some defects whose size is bigger than a critical one. This
means that, in case of having one of those defects, it is
completely irrelevant to find some other defects that are
smaller than it. From this point of view, our method is very
appealing. We believe that, using more general thermograms,
corresponding to general transient heat excitations instead
of steady or time-harmonic ones can improve reconstruc-
tions. This was tested in [14] for a two-dimensional heat
problem in an unbounded media, where it was observed
that time-harmonic data were not sufficient to find the
true position of the buried defects, but general transient

measurements were suitable to find them. The extension
to time-dependent excitations will be considered in future
work.

On the other hand,we have further investigated the ability
of topological derivatives to deal not only with noisy data, but
also with noise in the physical parameters. We have seen that
it is not very sensitive to them and provides reconstructions
that are as sharp as when no fluctuations in the parameters
are present for simultaneous fluctuations in the conductivity,
density, and heat capacity around a 10%. Furthermore, in case
of fluctuations in the densities and heat capacities, this level
can be increased even to a 20%. Again, this feature makes
the method very appealing for industrial applications since in
practice one has always uncertainties about the exact values
of the physical parameters.

Finally, we want to emphasize that we have explored
the performance of a one-step method, which is rather fast
to implement. Our reconstructions are not sharp, but they
could be used as initial guesses for more sophisticated (and
much more computational costly) iterative methods if sharp
reconstructions of the defects in depth and width are desired.
Some iterative methods that require suitable initial guesses
are, for instance, shape derivative based algorithms [44, 45]
and level set approaches [46, 47] or based on Tikhonov
regularization, like the one presented in [43]. Another possi-
bility could be to explore the use of second order topological
derivatives [25, 48, 49], which would define an alternative
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(andmore computationally expensive than our strategy) one-
step method which could provide better approximations.
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