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In this paper, a mathematical model for describing the solid-fluid transformation of ice water is put forward based on the special
geometry cases. The correctness of the obtained model is verified through comparison with numerical analysis and experiments.
The good agreement indicates that the obtained model is available for the study of the solid-fluid transformation of ice water.
The theory derived in this paper lays a foundation for the research of solid-fluid transformation phenomena of other materials
and may have important applications in engineering areas such as rheology, creep, and instability of materials.

1. Introduction

The phenomena of solid-fluid transformation exist in the
processes of ice melting, metal melting, rheology, and so on
[1–7]. On September 11, 2001, the secondary collapse of
the world trade center in the terrorist attack is a typical prob-
lem of creep under the action of thermal flow. The metals and
concrete supports of the building crept under the action of
thermal flow after a period of time, which led to the strength
loss and collapse. Although the rheology and creep of mate-
rials have been hot topics in the engineering science, the
mathematical aspect of the solid-fluid transformation has
not been pointed out clearly. Starting from the Newton’s
law of cooling, the theory of the solid-fluid transformation
of ice water will be derived in this paper. That can be a theo-
retical foundation for the solid-fluid transformation problem
and may have important applications in the field of engineer-
ing science.

2. The Mathematical Model for the Ice Water’s
Solid-Fluid Transformation

Firstly, we take the ice ball as a special example to facilitate
the deduction. Assume the radius of the ice ball as r, then

the surface area of the ball as 4πr2. Newton’s law of cooling
states that the rate of heat loss of a body is directly propor-
tional to the difference between its own temperature and
the temperature of its surroundings [8]. Therefore, the heat
transferred through the surface of the ball within Δt time
can be expressed as follows:

ΔQ = 4πr2κ T − T0ð ÞΔt, ð1Þ

where κ is the heat transfer coefficient, T0 is the temperature
of ice ball, and T is the temperature of its surroundings. It
should be noted that we assume T0 and T are both constant
and T0 < 0°C < T . Within Δt time, there are ΔV volumes of
ice melting into water:

ΔV = 4πr2Δr: ð2Þ

Dividing the both sides of the above equation by Δt and
taking the limit, we have

lim
Δt→0

ΔV
Δt

= 4πr2 lim
Δt→0

Δr
Δt

: ð3Þ
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The above equation can be rewritten as

dV
dt

= 4πr2 dr
dt

: ð4Þ

The density of ice is set to be ρ; then the quality of melted
ice is Δm = −ρΔV , where the negative sign signifies that the
quality of ice ball decreases. The heat needed to convert T0
ice to 0°C ice is

ΔQ1 = cΔm 0 − T0ð Þ = −ρcΔV 0 − T0ð Þ = 4πr2ρcΔrT0, ð5Þ

where c denotes the specific heat of ice, namely, the heat
needed to raise 1°C per unit mass of ice. The heat needed to
melt 0°C ice to 0°C water can be calculated as follows:

ΔQ2 = γΔm = −ργΔV = −4πr2ργΔr, ð6Þ

where γ is the latent heat per unit mass of ice. Thus, the total
amount of heat is

ΔQ = ΔQ1 + ΔQ2 = 4πr2ρ cT0 − γð ÞΔr: ð7Þ

By combining Equations (1) and (7), we have

4πr2ρ cT0 − γð ÞΔr = 4πr2κ T − T0ð ÞΔt: ð8Þ

When Δt→ 0, the following differential equation could
be derived:

dr
dt

= κ T − T0ð Þ
ρ cT0 − γð Þ : ð9Þ

In order to integrate the above equation, we assume that
the thermal parameters c and γ are both constant. Thus, we
have

r = κ T − T0ð Þt
ρ cT0 − γð Þ + C, ð10Þ

with C as a constant of integration. When t = 0, r = r0, thus,
we have C = r0. When the ice ball is completely melted, i.e.,
r = 0, the time of melting can be expressed as

t = ρ cT0 − γð Þ
κ T − T0ð Þ r0: ð11Þ

The denominator in the above equation is positive
because T > T0, while the numerator is negative because T0
< 0°C. Therefore, the time of melting t is positive.

In fact, Equation (11) can also be obtained by the calculus
relations. We assume that the thickness of ice ball melted
within dt time is dr; then the mass of ice melted is dm = −ρ
dV = −4πr2ρdr. The heat of melting needed is

dQ = βdm = −4πr2ρβdr, ð12Þ

where β is the heat of melting needed per unit mass of ice,
with the unit J/kg. Based on Newton’s law of cooling, the heat
transferred through the surface of the ball within dt time is

dQ = 4πr2κ T − T0ð Þdt: ð13Þ

The following equation can be derived according to the
conservation of energy:

dQ = −4πr2ρβdr = 4πr2κ T − T0ð Þdt: ð14Þ

Then, the decreasing rate for the ice ball’s radius with
time t is

dr
dt

= κ T − T0ð Þ
ρβ

: ð15Þ

The reduced surface area of ice ball within dt time can be
calculated as

dS = 4π r + drð Þ2 − r2
� �

= 4π 2rdr + dr2
� �

: ð16Þ

By ignoring the two-order infinitesimal, Equation (16)
could be simplified as

dS = 8πrdr: ð17Þ

By dividing both sides of the above equation by dt, we
can get the decreasing rate for the ice ball’s surface area
with time t:

dS
dt

= 8πr dr
dt

: ð18Þ

Substituting Equation (15) into Equation (18), the fol-
lowing equation can be obtained:

dS
dt

= −8πr κ T − T0ð Þ
ρβ

: ð19Þ

Although Equations (11), (15), and (19) are derived
from the melting process of ice ball, they could apply to
the general melting cases. For the cylinder, cone, and other
shapes of ice, the corresponding equations can be derived
in a similar way. In the following, we will take the ice cyl-
inder as another example to derive the corresponding
equations. Assume that the height of the ice cylinder is h
and the radius is r, then the surface area of the cylinder
is 2πr2 + 2πrh. The heat transferred through the surface
of the cylinder within dt time can be expressed as

dQ = κ 2πr2 + 2πrh
� �

T − T0ð Þdt: ð20Þ

Within dt time, there are dV volumes of ice melting
into water:

dV = 2πrhdr + πr2dh: ð21Þ
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The heat needed to convert T0 ice to 0°C ice is

dQ1 = cdm 0 − T0ð Þ = −ρcdV 0 − T0ð Þ = ρc 2πrhdr + πr2dh
� �

T0:

ð22Þ

The heat needed to melt 0°C ice to 0°C water can be
calculated as

dQ2 = γdm = −ργ 2πrhdr + πr2dh
� �

: ð23Þ

Thus, the total amount of heat is

dQ = dQ1 + dQ2: ð24Þ

By combining Equations (20), (22), (23), and (24), we
have

κ 2πr2 + 2πrh
� �

T − T0ð Þdt = 2πrhρ cT0 − γð Þdr + πr2ρ cT0 − γð Þdh:
ð25Þ

The above mathematical relationships can be used as a
unified theory of the solid-fluid transformation of ice
water. That can be a theoretical foundation for the solid-
fluid transformation problem and may have important
applications in the field of engineering science.

3. Experimental Results on Ice Water’s Solid-
Fluid Transformation

Ice melting is an unsteady heat transfer process, including
not only heat conduction, convection, and radiation but also
phase transformation. As for the influence factors regarding
ice melting, the external influence factors such as environ-
ment temperature, humidity, pressure, convective heat trans-
fer coefficient, and thermal radiation field play important
roles, while the internal factors such as the temperature,
shape, and size of ice also have nonnegligible effects [9].
The melting experiments were carried out by testing ice of
different sizes and shapes in a RPH-80 thermotank, in which
the environment temperature was set to be 25°C. Specimens
were prepared by pouring purified water into containers of
different shapes and sizes, and then the containers were put
in the freezer for 24 hours. The initial temperature of ice is
set at -18°C. Table 1 shows the records of melting time of
the ice with different shapes and sizes under the same exper-
imental conditions.

4. Comparison between the Mathematical
Models with Experimental Results

By processing the experimental data using Origin software,
the linear fitting curves (as shown in Figure 1) and nonlinear
(quadratic function) fitting curves (as shown in Figure 2) for
the three types of specimens can be obtained, respectively. It
can be seen that the experimental data agree well with the
melting time of ice predicted through Equation (11). The
melting time and diameter have similar relationship for three
types of specimens, which further shows that Equation (11)

also works for the cases of the cylinder and circular truncated
cone. The differences on slopes and curvatures of fitting
curves show that the heat transfer coefficient is a comprehen-
sive parameter, which changes with the shape and size of
specimen. Two kinds of fitting are analyzed by the way of
comparative error analysis, as shown in Figure 3, from which
it can be seen that the nonlinear fitting error is smaller than
the linear fitting case for the relationship between the melting
time and the diameter of the ice ball cylinder and circular
truncated cone. The heat transfer coefficients for the ice ball,
cylinder, and circular truncated cone are unrelated to their
diameters.

5. Numerical Analysis on the Solid-Fluid
Transformation of Ice Water

In the following, ANSYS and fluent analyses will be
employed to study the process of ice melting numerically
[10, 11]. The mesh size used in the software is 3mm, and
the number of nodes for the ice ball is 1766, the ice cylinder
is 5888, and the ice circular truncated cone is 8014.

5.1. ANSYS Numerical Simulation Analysis. Ice melting is a
process related to the phase transformation. The latent heat
must be taken into consideration when the phase transfor-
mation is involved, because the latent heat is defined from
the concept of enthalpy, which will be taken as an attribute
definition of material. The curve that enthalpy changes with
temperature can be obtained. According to the definition,
solid temperature ðTsÞ and fluid temperature ðTlÞ will
divide the enthalpy curve into three areas, i.e., the solid area
ðT < TsÞ, phase-transition area ðTs < T < TlÞ, and fluid area
ðTl < TÞ. The phases can be distinguished by the tempera-
tures in different time. The temperature of ice for phase
transformation is 0°C in the atmospheric circumstances.

Table 1: The melting time for three kinds of shapes.

Shape
Diameter
(mm)

Height
(mm)

Time of
melting (min)

Cylinder

25 77

35 96

45 100 120

55 155

65 179

Circular truncated
cone

25 (Φ1), 40 (Φ2) 91

35 (Φ1), 50 (Φ2) 116

45 (Φ1), 60 (Φ2) 100 144

55 (Φ1), 70 (Φ2) 175

65 (Φ1), 80 (Φ2) 215

Ball

25 42

35 63

45 81

55 101

65 125
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When the temperature is higher than 0°C, the material will
melt from ice to water [10].

The melting process of ice in the thermotank is mainly
influenced by the heat convection and radiation. Typical
parameters for the thermotank wall are shown in Table 2.
The temperature is set to be 25°C in the thermotank, and
the initial temperature of ice is −18°C. Considering the heat-
ing principle and the heat transfer process of ice in thermo-
tank, we set the mixed boundary condition on the surface
of ice that contacts with air and selects the convective heat
transfer coefficient as 20W/(m2·K) [10].

From the numerical simulation results worked by
ANSYS, we find that the temperature of ice ball reduces from
the external to the inner on the melting nephogram at
60min, which agrees perfectly with the experimental results
in the thermotank. The temperature of the ice cylinder and
circular truncated cone also reduces from the external to

the inner part on the melting nephogram at 60min, and the
temperature at the edges and angles remains the highest,
indicating that the melting process starts from the edges
and angles to the inner gradually. The results of the numeri-
cal simulation also agree well with that of the corresponding
experiments in the thermotank. Table 3 shows the melting
time in the numerical simulation and the thermotank exper-
iment, respectively. It can be seen from Table 3 that the
agreement degree between numerical and experimental
results on the melting time for ice ball, cylinder, and circular
truncated cone reaches 92.6%, 92.5%, and 95.3%, respec-
tively. The melting time for the numerical simulation is
shorter than that for the experiment, which can be attributed
to the loss of heat during the experiment.

5.2. Fluent Numerical Simulation Analysis. In order to fur-
ther verify the correctness of the theoretical model and make
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Figure 1: The linear fit between the melting time and diameter: (a) ice cylinder, (b) ice circular truncated cone, and (c) ice ball.
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a comparison with the results of ANSYS simulation, fluent
analysis is employed to simulate the melting process of ice.
The air medium in the box is set to be ideal gas, and environ-
mental pressure is set as a standard atmospheric pressure.
The latent heat of ice medium is 333146 J/kg, and the melting
point of ice and freezing point of water are the same
(273.15K) [11].

Fluent analysis uses the heat enthalpy technology to han-
dle with the melting and solidification processes. The melting
process is characterized by the changing of the liquid fraction
without tracing on the interface [11]. The simulation results
are shown in Figure 4 and Table 4, from which it can be seen
that the melting processes start from the corners, then carry
on from the outside to the inside. The simulation results by
fluent analysis also agree well with experiments and are con-
sistent with the results worked out by ANSYS.

It can be seen from Table 4 that the melting time for the
ice ball, cylinder, and circular truncated cone by the Fluent
simulation is less than that by the experiments and the rates
of agreement reach 91.4%, 95.8%, and 97.2% for the ice ball,
cylinder, and circular truncated cone, respectively. The rea-
son for this phenomenon is that in the numerical simulation,
the boundary conditions and material properties are in the
ideal conditions and there is no heat loss.

6. Conclusion

In this paper, the theory of the solid-fluid transformation of
ice water with special shapes such as the ball, cylinder, and
circular truncated cone has been derived and the mathemat-
ical relationships of ice water’s solid-fluid transformation
have been presented. The unified theory and formulas of

25 30 35 40 45 50 55 60 65

70
80
90

100
110
120
130
140
150
160
170
180

M
elt

in
g 

tim
e (

m
in

)

Ice cylinder diameter (mm)

Different melting time
Nonlinear curve fit

(a)

25 30 35 40 45 50 55 60 65

100

120

140

160

180

200

220

M
elt

in
g 

tim
e (

m
in

)

The frustum of a cone ice bottom diameter (mm)

Different melting time
Nonlinear curve fit

(b)

25 30 35 40 45 50 55 60 65

40

50

60

70

80

90

100

110

120

130

M
elt

in
g 

tim
e (

m
in

)

Ice ball diameter (mm)

Different melting time
Nonlinear curve fit

(c)

Figure 2: The nonlinear fit between the melting time and diameter: (a) ice cylinder, (b) ice circular truncated cone, and (c) ice ball.
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Figure 3: The comparative error analysis for the two kinds of fitting: (a) ice cylinder, (b) ice circular truncated cone, and (c) ice ball.

Table 2: Typical parameters for the thermotank wall.

Coefficient of thermal
conductivity [W/(m·K)]

Density
(kg/m3)

Modulus of
elasticity (Pa)

Poisson’s
ratio (1)

Specific heat
capacity [J/(kg·K)]

60.64 7850 2e11 0.3 96

Table 3: The comparison of melting time between ANSYS simulation and experimental results.

Shape Size (mm) ANSYS (min) Experiment (min) Difference (%)

Ball Diameter 45 75 81 7.4

Cylinder Diameter 45 111 120 7.5

Height 100

Circular Top 45

Truncated Root 60 137 144 4.7

Cone Height 100
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ice water’s solid-fluid transformation are validated through
simulation analysis and corresponding experiments. It is
expected that the theory derived in this paper could lay a
foundation for the research of solid-fluid transformation
phenomena of other materials and may have important
applications in engineering areas.
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