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Tension failure is one of the main forms of instability in geotechnical engineering. Aiming at the calculation error caused by the
loading direction deviation of the Brazilian disc splitting method, a mechanical model of a disc under chord loading was
constructed firstly. Based on the theory of complex variable function, the analytic solutions of stresses in a circular disc were
deduced, and the calculation error of the tensile strength under chord loading was characterized by defining the error impact
rate. And the stress distribution of a disc and the law of rock fracture under chord loading were detailed analyzed through
numerical calculation. Through numerical calculation, the stress distribution of the disc and rock failure law under chordwise
loading are discussed in detail. The results show that the stress concentration near the loading point is stronger under the
chordwise loading comparing with the radial loading, which makes the disc more vulnerable to produce compression failure
near the loading point. The disc exhibits a maximum tensile stress and a minimum compressive stress at the intersection of the
loaded string and the horizontal diameter, so that tensile rupture damage is likely to occur here. With the increase of deviation
angle, the tensile strength measured by the Brazilian splitting test decreases gradually, and the influence rate of error increases
significantly. The proposed analytical solution under chord loading provides theoretical guiding significance for nonradial
splitting failure of a disc.

1. Introduction

The tensile strength of rock is far lower than the compressive
strength, so tension failure is one of the main forms of insta-
bility in many geotechnical engineering [1–3]. Thus, in the
design and construction of underground engineering, the
rock tensile strength is a very important mechanical index,
which often controls the strength and stability of rock struc-
tures [4–6]. Accurate access to this key parameter is of great
significance for various types of geotechnical disaster preven-
tion and control.

For a long time, in order to obtain the tensile strength,
engineers and researchers have proposed many experimental
methods, such as a direct tension method, splitting method,
bending experimental method, and point-load fracturing
method [7, 8], and carried out a lot of analysis and discussion
on the advantages and disadvantages of these methods
[9, 10]. Due to the difficulties of sample processing, loading
process (clamping, alignment, and how to eliminate bending

moment, torque, etc.) in direct tension tests, the Brazilian
splitting indirect test method is widely used in geotechnical
engineering at home and abroad [11, 12]. This method
was recommended by ISRM in 1978 as a preferred method
for determining rock tensile strength [13]. The so-called
Brazilian splitting is a test in which the diameter of a cylin-
drical (also known as a Brazilian disc) specimen is subjected
to two opposite point loads in the radial direction, so that
the specimen is destroyed along its diameter. From the cur-
rent research results, tensile strength measured by a splitting
test is still quite discrete and is affected by many factors,
such as the thickness of disc specimen, the contact mode
of the load, and the size of the spacer. For example, aiming
at the size effect [14–17] caused by the thickness to diameter
ratio, the result shows that the tensile stress on the axle wire
of the disc is not a constant but a high-end, low-middle dis-
tribution, with an obvious spatial effect. At the same time,
the compression failure near the loading point of the disc
violates the hypothesis of the initiation of the crack from
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the center of the disc due to the strong stress concentration.
In order to improve the effect of end surface, researchers
have proposed arc loading and platform loading methods
[18, 19], which revised the theoretical calculation formula
for the radial loading. The results show that the distribution
of face load and friction effect have an important influence
on the disc rupture characteristics [20–24]. In addition, the
influence of the spacer method cannot be neglected [25].
For hard rock, spacer types can be divided into a hard spacer
and a soft spacer. The tensile strength measured by a soft
spacer method is obviously larger than that by a hard spacer
method, because the direct bearing area of specimen is
increased. But the experimental dispersion of a hard spacer
is smaller.

From the existing results, although the Brazilian split-
ting test of diameter compression of a disc is recommended
by the code [13] for testing rock tensile strength, there are
still many uncertainties and drawbacks. Researchers have
done a lot of research on the discreteness of splitting
strength caused by a size effect, effect of end surface loading,
and spacer effect by means of experimental test, theoretical
calculation, and numerical simulation. By weakening the
influence of these effects, the testing accuracy of tensile
strength can be further improved. Relevant experiments
show that the size effect caused by the diameter and thick-
ness of the disc is not remarkable [26], but heterogeneity
and anisotropy of rock materials are uncontrollable factors.
In fact, the coaxiality of the disc and the spacer is also an
important factor. If there is a deviation between the loading
line of action and the radial line of the disc, it will have an
important impact on the stress distribution of the disc,
which will inevitably lead to the change of the crack starting
point position. However, the research on this problem is
rare. To this end, this paper will analyze the influence of
the coaxiality deviation on the splitting effect, in order to
quantitatively give the tensile strength error caused by such
deviation, and provide the theoretical guidance for the split-
ting test loading.

2. Stress Solution under Chord Loading of
Brazilian Splitting

2.1. Chord Splitting Model of a Brazilian Disc. At present,
there are three main loading methods for diametral loading

Brazilian splitting experiments, as shown in Figure 1.
Whether the spacer is added to the loading point or which
spacer is added is not mandatory in the specification.
Figure 1(a) shows the direct loading, that is, the sample is
in direct contact with the loading platen. This method is
the easiest. Figure 1(b) shows the use of spacers. This loading
method increases the contact area between the rock sample
and the platen. However, due to the low strength, the spacer
will be crushed and adhered to the rock sample after the
experiment. Figure 1(c) is the wire loading. The wire must
be glued to the sample beforehand during the experiment.
This is the most difficult of the three methods.

In these loading modes, there is difficulty in the align-
ment of the sample during loading, that is, it is difficult to
ensure that the loading line is along the radial direction of
the disc, but along the chordwise direction, which will cause
deviation of the experimental results. As shown in Figure 2, it
is assumed that the disc of radius R does not achieve the
diameter loading along the ab diameter but bears the load P
along the chordwise cd due to the slight deviation. The force
on the disc at point C is shown in Figure 3. The radial force
and friction force can be combined into a force, which is con-
sistent with P, since P is the fracture load, for simplicity and

(a) Direct holder (b) Wire holder (c) Middle steel wire holder

Figure 1: Diagram of loading mode for diametral splitting.

𝛼

a c

db

x

y

R

O

P

P

Figure 2: The compressed disc in the chord direction.
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clarity, in the subsequent part of the article so that P is used to
derive the formula. Figure 4 shows the mechanical model of
the compression disk, and β represents the deviation degree
of loading.

According to the complex variable function theory, the
stress of the disc satisfies the following equation.

σy + σx = 4 Re φ′ zð Þ
h i

,

σy − σx + 2iτxy == 2 �zφ″ zð Þ + ψ′ zð Þ
h i

,
ð1Þ

where φðzÞ and ψðzÞ are called Kolosov-Muskhelishvili func-
tion, i.e., K-M analytic function.

2.2. Determination of the K-M Function of the Circular
Domain Problem. The complex variables in the disc region
D satisfy jzj < R and jzj = R on the boundary L. The complex
variable on the boundary is changed to σ. Then, the stress
boundary condition is

f σð Þ = i
ðB
A

�f x + i�f y
� �

ds, ð2Þ

where σ = Reiθ, 0 ≤ θ ≤ 2π, f ðσÞ represents the principal vec-
tor of surface force between base point A and any point B on
boundary S, and �f x and �f y are the surface forces along the x, y
direction on the boundary S.

According to the complex variable function theory, two
analytic functions φðzÞ and ψðzÞ in D should satisfy on the
boundary [27]

φ σð Þ + σφ′ σð Þ + ψ σð Þ = f σð Þ: ð3Þ

Conjugated on both sides of the above equation,

φ σð Þ + �σφ′ σð Þ + ψ σð Þ = f σð Þ: ð4Þ

Equations (3) and (4) are simultaneously divided by 2πi
ðσ − zÞ and integrated over the boundary L.

1
2πi

þ
L

φ σð Þ
σ − z

dσ + 1
2πi

þ
L

σφ′ σð Þ
σ − z

dσ + 1
2πi

þ
L

ψ σð Þ
σ − z

dσ

= 1
2πi

þ
L

f σð Þ
σ − z

dσ,
ð5Þ

1
2πi

þ
L

φ σð Þ
σ − z

dσ + 1
2πi

þ
L

�σφ′ σð Þ
σ − z

dσ + 1
2πi

þ
L

ψ σð Þ
σ − z

dσ

= 1
2πi

þ
L

f σð Þ
σ − z

dσ:

ð6Þ

The two analytic functions in D can be written as the fol-
lowing power series.

φ zð Þ = 〠
∞

n=1
anzn,

ψ zð Þ = 〠
∞

n=1
bnzn,

ð7Þ

where a1 and b1 are real constants, that is, a1 = �a1, b1 = �b1.
Substituting Equation (7) into Equations (5) and (6) and

using well-known properties of Cauchy-type integral, this
leads to the as follows expression of determining two ana-
lytic functions.

φ zð Þ = 1
2πi

þ
L

f σð Þ
σ − z

dσ −
z
4πi

þ
L

f σð Þ
σ2

dσ, ð8Þ

ψ zð Þ = 1
2πi

þ
L

f σð Þ
σ − z

dσ − R2 φ′ zð Þ
z

+ R2

4πiz

þ
L

f σð Þ
σ2 dσ:

ð9Þ
2.3. Stress Solution of Chord Splitting of a Disc. The boundary
condition of the disc chord loading problem of Figure 4 is

f σð Þ =
0, 0 ≤ θ < α, 2π − α ≤ θ < 2π,
P
t
, α ≤ θ < 2π − α,

8<
: ð10Þ

where P is the fracture load and t is the thickness of the disk.
f ðσÞ is a function of force per unit thickness.
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Figure 3: Detail view of the disc force.
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Figure 4: Mechanical model of compressed disk.
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The position of point c at the action of P is denoted as
σ1 = Reiα, and the position of point d is denoted as σ2 =
Reið2π‐αÞ = Re−iα, which can be obtained by usingEquation (10).

1
2πi

þ
L

f σð Þ
σ − z

dσ = 1
2πi

ðσ2
σ1

P
σ − z

dσ = P
2πi ln

σ2 − z
σ1 − z

, ð11Þ

1
2πi

þ
L

f σð Þ
σ − z

dσ = 1
2πi

ðσ2
σ1

P
σ − z

dσ = P
2πi ln

σ2 − z
σ1 − z

, ð12Þ

1
4πi

þ
L

f σð Þ
σ2

dσ = 1
4πi

ðσ2
σ1

P
σ2 dσ = P

4πi
1
σ1

−
1
σ2

� �
= 1
4πi

�σ1 − �σ2
R2 :

ð13Þ
Substituting Equations (11)~(13) into Equations (8) and

(9), respectively, can obtain expressions of two analytic func-
tions as follows:

φ zð Þ = −
p
2πi ln σ1 − zð Þ − ln σ2 − zð Þ − �σ1 − �σ2ð Þz

2R2

� �
, ð14Þ

ψ zð Þ = p
2πi ln σ2 − zð Þ − ln σ1 − zð Þ + �σ2

σ2 − z
−

�σ1
σ1 − z

� �
, ð15Þ

where σ1 − σ2 = 2iR sin α, �σ1 − �σ2 = −2iR sin α. Substituting
Equations (14) and (15) into Equation (1) and considering that
z = x + iy, α + β = 90°, the stress solution for the chordwise
loading is obtained as follows:

σx = −
2P
πt

Φ1 β, x, yð Þ,

σy = −
2P
πt

Φ2 β, x, yð Þ,

τxy = −
2P
πt

Φ3 β, x, yð Þ,

ð16Þ

where

Φ1 β, x, yð Þ = R sin β − xð Þ2 R cos β − yð Þ
R sin β − xð Þ2 + R cos β − yð Þ2� 	2

+ R sin β − xð Þ2 R cos β + yð Þ
R sin β − xð Þ2 + R cos β + yð Þ2� 	2 −

cos β
2R ,

Φ2 α, x, yð Þ = R cos β − yð Þ3
R sin β − xð Þ2 + R cos β − yð Þ2� 	2

+ R cos β + yð Þ3
R sin β − xð Þ2 + R cos β − yð Þ2� 	2 −

cos β
2R ,

Φ3 α, x, yð Þ = R cos β − yð Þ2 R sin β − xð Þ
R sin β − xð Þ2 + R cos β − yð Þ2� 	2

+ R cos β + yð Þ2 R sin β − xð Þ
R sin β − xð Þ2 + R cos β + yð Þ2� 	2 :

ð17Þ

3. Error Impact Rate of Chordwise Loading

In Equation (16), when β = 0°, it is the diameter loading, thus

Φ1 0°, x, yð Þ = x2 R − yð Þ
x2 + R − yð Þ2� 	2 + x2 R + yð Þ

x2 + R + yð Þ2� 	2 −
1
2R :

ð18Þ

The above function takes the extremum at the circle
center and is denoted as

σt = σx max = −
2P
πt

Φ1 0°, 0, 0ð Þ = −
P
πRt

: ð19Þ

This is the most widely used formula for determining
rock tensile strength at present. The error impact rate of the
coaxiality of the loading point and the axis of a circular disc
on the tensile strength is discussed below. Here, the error
impact rate is defined as follows:

η = σx max βð Þ − σx max 0°ð Þ
σx max 0°ð Þ × 100%: ð20Þ

Substituting Equation (16) into (20),

η = Φ1 max βð Þ −Φ1 max 0°ð Þ
Φ1 max 0°ð Þ × 100%: ð21Þ

4. Result Analysis and Discussion

4.1. Stress Distribution of a Disc with Deviation of Coaxiality.
Figure 5 shows horizontal stress cloud at different deviation
angles, Figure 5(a) is a cloud of β = 0° versus diameter load-
ing, and the loading diameter is the axis of symmetry in the
disc, forming a flower-shaped pull with a wide central por-
tion and a narrow end. As the deviation angle β increases,
the tensile stress region moves to the right and gradually con-
tracts. The stress cloud is in the shape of a flower, which is
divided by loaded chord direction into two parts: the left side
is sparse, the right side is dense, and the right side has a large
tensile stress area. The greater the loading deviation, the
more severe the stress concentration at the loading point,
and the greater the probability that the disc will first be dam-
aged at the loading points at both ends.

Figure 6 further shows the horizontal stress distribution
along the action line of the loading force under different devi-
ation angles. In order to facilitate the drawing without losing
the general law, this figure takes 80% of the length of the
loaded string. It can be seen from the figure that the horizon-
tal stress in the middle of the loaded chord is almost uni-
formly distributed tensile stress. As the deviation angle
increases, the tensile stress on the loading chord decreases
gradually, from 6.36MPa at 0° to 6.27MPa at 10°. Near the
loading point, the tensile stress area decreases gradually and
becomes the compressive stress area.

Figure 7 shows the stress distribution along the hori-
zontal diameter at different deviation angles. Figure 7(a)
shows the variation of tensile stress distribution. The curve
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is mountain-like. When β = 0°, the tensile stress reaches
the maximum at the midpoint. As the deviation angle
increases, the peak gradually shifts to the right. The max-

imum value of tensile stress is obtained at the intersection
of loading chord and diameter. Figure 7(b) shows the dis-
tribution of compressive stress along the horizontal line.
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Figure 5: Horizontal stress cloud diagram at different deviation angles β.
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The curve is valley-like. When β = 0°, the compressive
stress reaches the minimum at the midpoint. As the devi-
ation angle increases, the trough gradually shifts to the
right, and the compressive stress which is the maximum
value is obtained at the intersection of the loaded string
and the diameter.

From the above analysis, the horizontal stress distribu-
tion under the bias loading is similar to the diametrical
loading, and the stress contour distribution gradually shifts
to the right as the deviation angle increases, forming a
sparse stress distribution on the right side of the dense side.
The stress concentration of the horizontal and vertical
stresses at the loading point increases with the increase of
the deviation angle. This increases the possibility of com-
pression failure of the disc near the loading point. The ten-
sile stress increases gradually along the line of action of the
loading force, and the maximum tensile stress region
appears in the vicinity of the midpoint. The Brazilian disc
test under the bias loading also has a splitting phenomenon,
and the cracking point is at the midpoint of the loading
string, that is, the intersection of the loading force line
and the horizontal diameter. However, the tensile stress
decreases with the increase of the deviation angle, which
will cause the tensile strength measured by the Brazilian
disc split test to be lower than the tensile strength of the
radial load.

4.2. Influence of Coaxiality Deviation on Splitting Strength
and Formula Correction. Figure 8 shows the evolution law
of the influence of the chord loading with the deviation
angle by using Equation (21). As the deviation angle
increases, the error impact rate increases gradually, and
the rate of change becomes larger and larger. When β = 2°,
the error impact rate is only 0.06%, and when β = 10°,

the error impact rate is 1.52%. The error impact rate has
increased by 25 times. In the Brazilian disc splitting test,
it is necessary to ensure the loading of the diameter as
much as possible to prevent the error caused by the devi-
ation loading.

From the above analysis, it can be seen that the maximum
tensile stress should be at the intersection of the loading
chord and the horizontal diameter when loading in chord
direction. Substituting Equation (16) can obtain the modified
theoretical equation of splitting tensile strength.

σt =
P cos β
πtR

: ð22Þ

It can be seen from the above formula that as the β angle
increases, the theoretical value of the tensile strength gradu-
ally decreases.

5. Conclusion

Aiming at the error of theoretical calculation caused by non-
radial loading, this paper establishes the analytical expression
of the stress of the disc under the chord loading by the theory
of elastic mechanic complex function and analyzes the stress
distribution law and the characteristic of splitting failure
caused by the loading deviation. The main conclusions are
as follows:

(1) Compared with radial loading, the disc exhibits a
more intense stress concentration at the loading
point under the bias loading, which tends to cause
the disc to be crushed near the loading point without
tensile damage. Under the deviation loading, except
for the loading point areas on both sides, the tensile
stress along the loading string is uniformly distrib-
uted, and the maximum tensile stress appears at the
midpoint of the loading string; in addition, the tensile
stress and compressive stress of the disk gradually
increase along the horizontal diameter. The maxi-
mum value is reached at the intersection with the
loaded string

(2) The maximum tensile stress and minimum com-
pressive stress appear at the intersection of the
loaded chord and the horizontal diameter. There-
fore, it is easy to break the damage first under
the chord loading. As the deviation angle increases,
the tensile strength measured by the Brazilian split
test decreases gradually, and the error impact rate
gradually increases. Deviation loading will lead to
a small test result. Under chord loading, the tensile
strength should be calculated using the correction
formula

(3) The proposed correction formula provides theoreti-
cal guidance for analyzing the nonradial cracking
phenomenon of the disc. Additionally, more relevant
experiments need to be done for understanding this
issue in the next step
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