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The object of the paper is to study some properties of the generalized Einstein tensor GðX, YÞ which is recurrent and
birecurrent on pseudo-Ricci symmetric manifolds ðPRSÞn . Considering the generalized Einstein tensor GðX, YÞ as
birecurrent but not recurrent, we state some theorems on the necessary and suﬃcient conditions for the birecurrency
tensor of GðX, YÞ to be symmetric.

1. Introduction
In the late twenties, because of the important role of
symmetric spaces in diﬀerential geometry, Cartan [1],
who, in particular, obtained a classiﬁcation of those spaces,
established Riemannian symmetric spaces. The notion of
the pseudosymmetric manifold was introduced by Chaki
[2] and Deszcz [3]. Recently, some necessary and suﬃcient
conditions for a Chaki pseudosymmetric (respectively,
pseudo-Ricci symmetric [4]) manifold to be Deszcz pseudosymmetric (respectively, Ricci-pseudo symmetric [5])
have been examined in [6].
A nonﬂat n-dimensional Riemannian manifold ðM, gÞ,
ðn > 3Þ is called a pseudo-Ricci symmetric manifold if the
Ricci tensor S of type (0,2) is not identically zero and satisﬁes
the condition [4]
ð∇Z SÞðX, Y Þ = 2πðZ ÞSðX, Y Þ + πðX ÞSðZ, Y Þ + πðY ÞSðX, Z Þ,
ð1Þ
where π is a nonzero 1-form, ρ is a vector ﬁeld by
gðX, ρÞ = πðX Þ

ð2Þ

for all vector ﬁelds X, and ∇ denotes the operator of
covariant diﬀerentiation with respect to the metric g. Such
a manifold is denoted by ðPRSÞn . The 1-form π is called
the associated 1-form of the manifold. If π = 0, then the
manifold reduces to a Ricci symmetric manifold or covariantly constant
ð∇Z SÞðX, Y Þ = 0:

ð3Þ

The notion of pseudo-Ricci symmetry is diﬀerent from
that of Deszcz [3].
The pseudo-Ricci symmetric manifolds have some
importance in the general theory of relativity. So, pseudoRicci symmetric manifolds on some structures have been
studied by many authors (see, e.g., [7, 8]).
A nonﬂat Riemannian manifold ðM, gÞ, ðn > 2Þ, is called
generalized recurrent if the Ricci tensor S is nonzero and satisﬁes the condition
ð∇Z SÞðX, Y Þ = AðZ ÞSðX, Y Þ + BðZ ÞgðX, Y Þ,

ð4Þ

where A and B are nonzero 1-forms [9]. If the associated 1form B becomes zero, then the manifold reduces to Ricci
recurrent, i.e.,
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ð∇Z SÞðX, Y Þ = AðZ ÞSðX, Y Þ:

ð5Þ

A Riemannian manifold ðM, gÞ, ðn ≥ 2Þ, is said to be an
Einstein manifold if the following condition:
S=

r
g,
n

ð7Þ

where a, b are real numbers and A is a nonzero 1-form such
that
gðX, U Þ = AðX Þ

ð8Þ

for all vector ﬁelds X.
A nonﬂat Riemannian manifold ðM, gÞ, ðn > 2Þ, is
deﬁned to be a quasi-Einstein manifold if its Ricci tensor
S of type ð0, 2Þ is not identically zero and satisﬁes the condition (7).

2. Recurrent Generalized Einstein Tensor
GðX, YÞ in ðPRSÞn
It is well known that the Einstein tensor EðX, YÞ for a Riemannian manifold is deﬁned by
EðX, Y Þ = SðX, Y Þ − rgðX, Y Þ,

ð9Þ

where SðX, YÞ and r are, respectively, the Ricci tensor and the
scalar curvature of the manifold, playing an important part in
Einstein’s theory of gravitation as well as in proving some
theorems in Riemannian geometry [10]. Moreover, the Einstein tensor can be obtained from Yano’s tensor of concircular curvature. In [11], by using this approach, some
generalizations of the Einstein tensor were achieved.
In this section, we consider the generalized Einstein
tensor
GðX, Y Þ = SðX, Y Þ − κrgðX, Y Þ,

ð10Þ

where κ is constant [12].
Now, we assume that our manifold ðPRSÞn has nonzero
GðX, YÞ-Einstein tensor. By taking the covariant derivative
of (10), in the local coordinates, we get
∇k Gij = ∇k Sij − κgij ∇k r:

∇k r = 2πk r + 2πh Shk :

ð12Þ

Substituting (1) and (12) into (11), we achieve
ð6Þ

holds on M, where S and r denote the Ricci tensor and scalar
curvature of ðM, gÞ, respectively. According to [10], equation
(6) is called the Einstein metric condition. Also, Einstein
manifolds form a natural subclass of various classes of Riemannian manifolds by a curvature condition imposed on
their Ricci tensor [10]. For instance, every Einstein manifold
belongs to the class of Riemannian manifolds ðM, gÞ realizing the following relation:
SðX, Y Þ = agðX, Y Þ + bAðX ÞAðY Þ,

If we contract (1) over X and Y, then we obtain

ð11Þ



∇k Gij = 2πk Sij + πi Skj + π j Sik − 2πk r + 2πh Shk κgij : ð13Þ
Now, contracting (13) with respect to i and k, we obtain
div Gij = ∇k Gkj = ð3 − 2κÞπh Shj + ð1 − 2κÞrπ j :

ð14Þ

If we assume that GðX, YÞ is conservative [13], i.e., div
G = 0, then from (14), we have
ð3 − 2κÞP j + ð1 − 2κÞrπ j = 0,

ð15Þ

where P j = πh Shj .
If ð1 − 2κÞr is an eigenvalue of the Ricci tensor S corresponding to the eigenvector πðXÞ, then ð3 − 2κÞ is an eigenvalue of the Ricci tensor S corresponding to the eigenvector
P j . Conversely, if equation (15) holds, then the form (14)
the generalized Einstein tensor GðX, YÞ is conservative. We
have thus proved the following.
Theorem 1. For a ðPRSÞn manifold, the necessary and suﬃcient condition of the generalized Einstein tensor GðX, YÞ be
conservative is that ð1 − 2κÞr and ð3 − 2κÞ be eigenvalues of
the Ricci tensor S corresponding to the eigenvectors π j and P j
= πh Shj , respectively.
Let GðX, YÞ be recurrent, i.e., from (5),
∇k Gij = Ak Gij :

ð16Þ

Substituting equations (10) and (13) into equation (16)
yields




2πk Sij + πi S jk + π j Sik − 2πk r + 2πh Shk κgij = Ak Sij − rκgij :

ð17Þ
If we contract (17) over i and k, then we have
ð3 − 2κÞP j + ð1 − 2κÞrπ j = Ak Skj − rκA j :

ð18Þ

This leads to the following result:
Theorem 2. In a ðPRSÞn manifold, let us assume that the generalized Einstein tensor GðX, YÞ is recurrent with the recurrence vector generated by the 1-form A. Then, the recurrency
vector A satisﬁes equation ((18)).
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Now, we assume that the generalized Einstein tensor
GðX, YÞ is conservative. From (15) and (18), we get
Q j − rκA j = 0,

Let GðX, YÞ be a generalized recurrent. Then from (4),
ð20Þ

ð21Þ

ð22Þ

ð26Þ

holds.
Now, by taking the covariant derivative of (13), we obtain

+ 3πk π j Sil + 2πi π j Slk + ð∇l πi + 2πi πl ÞS jk

+ ∇l π j + 2πl π j Sik − 4Pl πk κgij − 2∇l Pk κgij ,

where Pk = πi Sik :
The covariant derivative of Pk is




∇l Pk = ∇l πh Shk = ð∇l πh ÞShk + πh ∇l Shk :

If 1 + κn = 0, then Bk = 0:
This leads to the following result:
Theorem 4. If κ = −1/n, a ðPRSÞn manifold admitting the generalized Einstein tensor GðX, YÞ which is the generalized
recurrent cannot exist.

3. Birecurrent Generalized Einstein Tensor
GðX, YÞ in ðPRSÞn

ð28Þ

Writing (1) as
∇l Sik = 2πl Sik + πk Sik + πi Skl,

ð29Þ

using (28) and (29), we achieve

In this section, we examine some properties of the generalized Einstein tensor GðX, YÞ in ðPRSÞn which is birecurrent.
If the generalized Einstein tensor GðX, YÞ satisﬁes the condition
ð23Þ

for some nonzero covariant tensor ﬁeld μlk , then we call
Gij as birecurrent generalized Einstein tensor:
It is easy to see that a recurrent generalized Einstein tensor GðX, YÞ is birecurrent. In fact, by taking the covariant
derivative of (16) with respect to U l , we get
∇l ∇k Gij = ð∇l Ak + Ak Al ÞGij

∇½l ∇k Gij = 0

ð27Þ

If we contract (21) over i and j, then we have

∇l ∇k Gij = μlk Gij

Lemma 5. The birecurrency tensor of the generalized Einstein
tensor GðX, YÞ is symmetric if and only if the equation



∇l ∇k Gij = ð4πk πl + 2∇l πk Þ Sij − rκgij + 3πk πi S jl

Using (1) and (10), we get

ð1 + κnÞð2πk r + 2Pk − Ak r Þ = nBk :

ð25Þ

where the bracket indicates antisymmetrization. If μlk is a
symmetric tensor, then ∇½l ∇k Gij = 0, and vice versa.
Thus, we have the following result:

Theorem 3. In a ðPRSÞn manifold, let the generalized Einstein
tenso GðX, YÞ be recurrent with the recurrence vector generated by the 1-form A. If the generalized Einstein tensor GðX,
YÞ is also conservative, then the vectors Q j and A j are linearly
dependent.



2πk Sij + πi Skj + π j Sik + κgij 2πk r + 2πh Skh


= Ak Sij + κrgij + Bk gij :

∇½l ∇k Gij = μ½lk Gij ,

ð19Þ

where Q j = Ak Skj .
Then, the following theorem holds true:

∇k Gij = Ak Gij + Bk gij :

sion so obtained from (23), we have

ð24Þ

with μlk = ∇l Ak + Ak Al .
Now, we assume that ðPRSÞn admitting the generalized
Einstein tensor GðX, YÞ satisﬁes (24), but not (16). Changing
the order of indices l and k in (23) and subtracting the expres-

∇l Pk = ð∇l πh ÞShk + 2πl Pk + πk Pl + πSkl ,
ð∇l πh ÞShk = ∇l Pk − 2πl Pk − πk Pl − πSkl :

ð30Þ
ð31Þ

Now, we apply Lemma 5, and by using equation (26), we
obtain


2ð∇l πk − ∇k πl Þ Sij − rκgij + ðπi πk − ∇k πi ÞS jl

− ðπl πi − ∇l πi ÞS jk + 3πk π j − ∇k π j Sil

− 3πl π j − ∇l π j Sik + 4ðπl Pk − πk Pl Þκgij

ð32Þ

− 2ð∇l Pk − ∇k Pl Þκgij = 0:
Contracting (32) with respect to i and j, we get
r ð∇l πk − ∇k πl Þð1 − κnÞ + 2ð1 + κnÞðπl Pk − πk Pl Þ
+ ð∇l πh ÞShk − ð∇k πh ÞShl − ð∇l Pk − ∇k Pl Þκn = 0:

ð33Þ
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Substituting (31) into (33) yields
ð1 − κnÞ½r ð∇l πk − ∇k πl Þ + ð∇l Pk − ∇k Pl Þ
+ ð1 + 2κnÞðπl Pk − πk Pl Þ = 0:

ð34Þ

If κ = 1/n, the generalized Einstein tensor GðX, YÞ
reduces to the Einstein tensor EðX, YÞ. So, we can state the
following:
Theorem 6. In ðPRSÞn , the birecurrency tensor of Einstein
tensor EðX, YÞ is symmetric if and only if the vector ﬁelds πk
and Pk are linearly dependent.
Let us now recall that a φðRicÞ vector ﬁeld was introduced
by Hinterleitner and Kiosak as a vector ﬁeld satisfying the
condition ∇φ = μRic [14], where μ is some constant, Ric is
the Ricci tensor, and ∇ is the Levi-Civita connection.
If κ = −1/2n, then it follows from (34) that
rð∇l πk − ∇k πl Þ + ð∇l Pk − ∇k Pl Þ = 0:

ð35Þ

It is evident that πk and Pk are closed or πðRicÞ and
PðRicÞ vector ﬁelds.
Therefore, we have
Theorem 7. In ðPRSÞn , the birecurrency tensor of generalized
Einstein tensor GðX, YÞ with κ = −1/2n is symmetric if and
only if the vector ﬁelds πk and Pk are closed or πðRicÞ
and PðRicÞ.
Theorem 8. In ðPRSÞn , the birecurrency tensor of generalized
Einstein tensor GðX, YÞ with κ ≠ −1/2n is symmetric if and
only if the vector ﬁelds πk and Pk are linearly dependent,
and the vector ﬁeld πk is closed or πðRicÞ.

Data Availability
No data were used to support this study.

Conflicts of Interest
The authors declare that they have no conﬂicts of interest.

References
[1] É. Cartan, “Sur une classe remarquable d'espaces de Riemannian,” Bulletin de la Société mathématique de France, vol. 54,
pp. 214–264, 1926.
[2] M. C. Chaki, “On pseudo symmetric manifolds,” Analele Stiintiﬁce Ale Universitatii “AL I. Cuza” Din, vol. 33, pp. 53–58,
1987.
[3] R. Deszcz, “On pseudo symmetric spaces,” Bulletin of the Belgian Mathematical Society - Simon Stevin, vol. 44, pp. 1–34,
1992.
[4] M. C. Chaki, “On pseudo-Ricci symmetric manifolds,” Bulgarian Journal of Physics, vol. 15, pp. 526–531, 1988.
[5] R. Deszcz, “On Ricci-pseudo-symmetric warped products,”
Demonstratio Mathematica, vol. 22, pp. 1053–1065, 1989.

[6] A. A. Shaikh, R. Deszcz, M. Hotlos, J. Jelowicki, and H. Kundu,
“On pseudo symmetric manifolds,” 2015, http://arxiv.org/abs/1405.2181v2[math-DG].
[7] K. Arslan, R. Ezentas, C. Murathan, and C. Özgür, “On pseudo
Ricci-symmetric manifolds,” Balkan Journal of Geometry and
its Applications, vol. 6, no. 2, pp. 1–5, 2001.
[8] M. Tarafdar, “On pseudo-symmetric and pseudo-Riccisymmetric Sasakian manifolds,” Periodica Mathematica Hungarica, vol. 22, no. 2, pp. 125–128, 1991.
[9] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation, W.
H. Freeman, San Fransisco, 1973.
[10] A. L. Besse, Einstein Manifolds, Springer-Verlag, Berlin, 1987.
[11] M. Z. Petrović, M. S. Stanković, and P. Peska, “On conformal
and concircular diﬀeomorphisms of Eisenhart's generalized
Riemannian spaces,” Mathematics, vol. 7, no. 7, p. 626, 2019.
[12] A. Z. Petrov, New Methods in the General Theory of Relativity,
Izdat, Nauka, Moscow, 1966.
[13] N. J. Hicks, Notes on Diﬀerential Geometry, Aﬃliated EastWest Press. Pvt. Ltd, Princeton:van Nostrand, 1969.
[14] I. Hinterleitner and V. A. Kiosak, “φ(Ric)-vector ﬁelds in Riemannian spaces,” Archivum Mathematicum, vol. 44, no. 5,
pp. 385–390, 2008.

