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Main crack propagation process in polycrystalline materials is very complex due to intercrystalline sliding mechanism effects.
Multiple factors make it considerably difficult to analyze the state of stresses in the crack tip within the theoretical scope of linear
fracture mechanics (LFM). As a basis for the suggested Bilby-Cottrell-Swinden model, we propose a method to determine the state
of stresses in the tip of a propagating crack inmicrospecimens subjected to tension andmeasured inside a high voltage transmission
electron microscope (HVTEM). Based on the electron microscopy observations of a main crack and the formation of microcracks
in the plastic zone, the J-integral was determined.

1. Introduction

The complex nature of crack propagation in polycrystalline
materials is explained by the intergranular slidingmechanism
effect.The presence of the three modes of fracture, formation
of deep microcracks of extended distances along the grain
boundaries, crack ramification in grain intersections, and
grain fragmentation in the plastic zone of the main crack,
caused by the undeniable influence of the interface structure
on the kinetics of grain sliding during the crack incubation
process, all these characteristics of crack development in
polycrystalline materials create a very complex scenario for
a detailed analysis of the state of stresses. In this case the
stresses are being developed in the close area located on the
tip of the crack. The principles of linear fracture mechanics
(LFM) are not enough for the description of this phenomena.
LFM considers that the development of the plastic zone
on the tip of the crack is only possible for cases when the
development of the influenced zone occurs at a reduced scale,
that is, when the extension of the plastic zone is insignificant

compared to the length of the crack. Generally, this require-
ment is not reached during the development of a fracture
because of the intergranular sliding mechanism.

Having such a diversity of the geometric characteristics
in the crack initiation observed in polycrystalline materials,
it is possible to select crack configurations for which the
Bilby-Cottrell-Swinden (BCS) model is applicable [1, 2]. In
the present work, this model was used to analyze fractures
in microspecimens of VT-51 titanium subjected to a tensile
stress inside a HVTEM-JEOL 1000 and to determine the state
of stresses located in the tip of the propagating crack under
three different modes of fracture.

2. Materials and Methods

In this work, we used the model proposed by Bilby, Cottrell,
and Swinden (the BCS model) which allows the analysis of
the fracture process in VT-51 titanium alloy microspecimens.
During tests, we have measured length and the components
of the displacement vectors 𝑢, ], and 𝑤 of the crack tip.
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Figure 1: Fundamental parameters for determining the propagation
of a crack according to the BCS model [1, 4].

The BCS model allows the study of cracks developed under
different conditions, that is, the conditions of transversal slip
(Mode II) or longitudinal slip (Mode III). Nevertheless, the
results obtained by Dugdale [3] in the analysis of the fracture
development under normal release, both ideologically and
formally, are very close to the fundamental generalizations
emerged from the BCS model. For this reason, it is possible
to analyze the growth of a crack by using some combination
of fracturemodes. In this sense, we use the general case of the
BCS model superimposing the three crack modes.

3. Theoretical Analysis of the Problem

In order to determine the 𝛿
𝑢,],𝑤 components that describe the

propagation displacements during the opening of a crack, the
following equations were obtained based on the BCS model
[1, 3–5]:

𝛿
𝑢
=

8 (1 − ]2) 𝜎
𝑠
𝑙

𝜋𝐸

ln 𝑏
𝑙

, for crack Mode I,

𝛿] =
8𝜎
𝑠
𝑙

𝜋𝐸
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, for crack Mode II,

𝛿
𝑤
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ln 𝑏
𝑙

, for crack Mode III,

(1)

where 𝜎
𝑠
is the material’s yield strength, 𝑙 is the average crack

length, 𝑏 is the average length of the crack with the plastic
zone, ] is the Poisson’s ratio, and 𝐸 is Young’s modulus. The
scheme explaining the physical meaning of the fundamental
parameters involved in (1) is presented in Figure 1 for an
elliptic-shape crack.

The geometric characteristics of 𝑏 and 𝑙 are related to the
applied stress by means of Dugdale’s relation [2, 4]:

𝑙

𝑏

= cos 𝜋𝜎
2𝜎
𝑠

. (2)

According to [4], the stress intensity factor can be calculated
with

𝐾
𝑖
= √𝐸


⋅ 𝜎
𝑠
𝛿
𝑖
, (3)
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Figure 2: Development of a crack in VT51 titanium alloy in hard-
ened state during mechanical and thermomechanical treatment.

where 𝐸 = 𝐸 for the case of plane strain, 𝐸 = 𝐸/(1 − ]2) for
the case of plane deformation, and 𝐾

𝑖
is the stress intensity

factor corresponding to a particular crack mode. The 𝐾
𝑖
val-

ues were calculated by substituting in (3), the corresponding
values of 𝛿

𝑖
. These values were obtained from micrographs

coming from a set of cracks that were experimentally gen-
erated inside the HTVEM. From them and by using (4), we
determine the J-integral.

The J-integral is the energy released under a particular
condition; a plastic zone is created just from the tip of the
crack [4]:

𝐽 =

1 − ]2

𝐸

(𝐾
2

I + 𝐾
2

II) +
1 + ]
𝐸

𝐾
2

III, for plane deformation,

𝐽 =

𝐾
2

I + 𝐾
2

II
𝐸

+

1 + ]
𝐸

𝐾
2

III, for plane stress,
(4)

where 𝐾I, 𝐾II, and 𝐾III are the stress intensity factors for
crack Modes I, II, and III, respectively. The values of Young’s
modulus and Poisson’s ratio in (3) and (4) were taken from
[6], but 𝜎

𝑠
and 𝑏were calculated from themeasurements of 𝛿

𝑢

and 𝛿]. Equation (1) was used to verify the values of 𝜎
𝑠
and 𝑏.

Figure 2 shows the development of an intergranular crack on
a VT-51 alloy microspecimen in a hardened state. The crack
compliance was evaluated according to the theory of fracture
mechanics. The results obtained from experiments on VT-51
Titanium Alloy subjected to a tension load were used. The
experimental work was carried out in situ; the tension load
was applied inside the HTVEM. The microspecimens were
deformed until the moment where the microcracks started to
appear. During the first stage of the process the development
of the crack was carried out as expected (Mode I). Next,
when the load was increased, the direction of the crack fol-
lowed certain angle due to transverse shearing (Mode II).
The intergranular sliding process enhances the propagation
of the crack, a combination of lengthwise and transversal
propagation of the crack is presented and creates instability,
and finally the three modes of fracture appear and this
combination leads to the final destruction of the specimen.

The boundary is clearly observed in the tip of the crack; it
is the place where the sliding occurs. A close view of themain
crack and the development of the microcrack are shown in
Figure 3.
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Figure 3: Development of a microcrack on the tip of the embedded
main crack in the VT-51 titanium alloy.

The characteristics of the 𝐽 energy and the 𝐾
𝑖
stress for a

VT-51 alloy are shown in Table 1. They were obtained in situ
from the HVTEM during the development of the crack.

In this table, number 1 corresponds to the crack shown in
Figure 4(a), and number 2 corresponds to the crack shown in
Figure 4(b).

4. Discussion

The data in Table 1 reveal that, after the thermomechanical
treatment, the energy of the crack process is increased by one
order. In particular, as the energy increases, the resistance to
the intergranular sliding 𝐾III also increases, and the length
of the plastic zone in the tip of the crack is reduced by
one order. Figure 5 demonstrates the variation of the crack
propagation velocity and the value of the J-integral starting
from the moment of the increment of the load and until
the cycle load is completed. In this figure we observe the
first 7 seconds after the microspecimen is released, the crack
activates its development, and the energy of the process is
slowly increased. The subsequent increment of the crack
process is followed by a sensible decrement of the crack
propagation velocity which is kept at a constant level even
after the moment when the energy of the crack development
is decreased. At this stage, the midsection of the crack is
significantly increased. At the next moment, which is the
cycle of growth acceleration of the crack, a small kink is
formed in the tip.This sequence of events in the development
of the crack is observed under the stress relaxation, as well as
for a constant load condition.

The pattern obtained from the test influences only the
kinetics of these events. It should be pointed out that the
data obtained for 𝛿 according to (1) are very close to the ones
obtained from the experiment.

In general, the J-integral is determined by the released
potential of the elastic energy intensity, according to the
following expression [4]:

𝐽 = −

𝜕Π

𝜕𝑙

. (5)

This equation is the basis for the development of the exper-
imental methods intended for determining the J-integral.
In particular, Mughrabi [7] proposed a simple method to

determine the J-integral using the results of bending tests on
plane specimens. He obtained the following expression:

𝐽 =

2 ∫

𝛿
𝑐

0

𝑃𝑑𝛿
𝑐

𝐵𝑏

,
(6)

where ∫𝛿𝑐
0

𝑃𝑑𝛿
𝑐
is the surface under the load versus the dis-

placement curve, 𝐵 is the specimen thickness, and 𝑏 is the
length of the specimen before the test. Nevertheless, consid-
ering the fact that the loading device, which carries out the
deformation process inside an HVTEM, operates according
to the uniaxial stress scheme, it is more convenient to use
the equation proposed by Mughrabi [7] to determine the
J-integral for the in situ experiments. This equation in a
modified form can be applied as follows:
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2

+ 2(

𝑙
0

𝑏

) + 2 −

2𝑙
0

𝑏 + 1

,

(7)

where 𝑙
0
is the initial length of the crack. Taking all above into

account, if the initial crack length is considerable compared to
𝑏, it is possible to observe that (7) approximates to (6). At the
same time, application of (7) for determining the J-integral
and using the experimental data obtained in the HVTEM
does not eliminate all of the characteristic problems for the
following reasons.

(a) It is very difficult to determine the integral ∫𝛿𝑐
0

𝑃𝑑𝛿
𝑐
if

the grips for a tensile test on microspecimens do not
have an attachment for plotting a “𝑃 − 𝛿

𝑐
” curve.

(b) Microcracks initiated in specimens during a tensile
test inside an HVTEM are developed because the
three crack modes are combined, but (7) considers
that the test on a specimen is carried out only by a
normal breakaway.

Due to the above, an approach to avoid these difficulties is
necessary.

5. Proposal of Solution

We developed an approach to define the J-integral from the
data obtained experimentally during tensile tests applied to
microspecimens in a standard grip system inside the column
of an HVTEM. Our approach considers the contribution
of the all three crack modes in a single magnitude of the
J-integral: 𝐽 = 𝐺I +𝐺II +𝐺III; according to [8], the velocity of
the deformation energy release during the crack development
process can be expressed as in

𝐺 = 𝑃 ⋅

𝑑𝑢

𝑑𝑡

−

𝑑𝑉

𝑑𝑙

, (8)

where 𝑑𝑙 is the increment of the crack, 𝑢 is the sliding from
the point where the 𝑃 force is applied, and 𝑉 = 𝑃𝑢/2 is the
elastic energy released during the crack development process.
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Table 1: Characteristics of energy, power and geometry during the development of a crack in a VT-51 titanium alloy.

Crack no. 𝛿
𝑢
, 𝜇m 𝛿], 𝜇m 𝛿

𝑤
, 𝜇m 𝑏, 𝜇m 𝑙, 𝜇m 𝐾I, MPa√M 𝐾II, MPa√M 𝐾III, MPa√M 𝐽, MJoul/M2

1 0,098 0,069 0,141 5,76 3,51 1,71 1,43 2,05 1,27
2 0,052 0,052 0,730 14,68 12,94 1,78 1,78 6,71 14,73

0.2 𝜇m

(a)

0.2 𝜇m

(b)

Figure 4: Development of an intergranular crack in a VT-51 titanium alloy, (a) in tempered state and (b) in hardened state.
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Figure 5: Kinetics of the crack propagation and the crack energy in
a VT-51 alloy.

Considering that 𝑉 may be expressed via the load and
according to the fact that 𝑉 = 𝑃

2

𝑐/2, then the derivative
𝑑𝑢/𝑑𝑙 in (8) is determined as in

𝑑𝑢

𝑑𝑙

=

𝛼 (𝑐𝑃)

𝑑𝑙

= 𝑃

𝑑𝑐

𝑑𝑙

+ 𝑐 ⋅

𝑑𝑃

𝑑𝑙

. (9)

Equation (8) can be expressed as in

𝐺 =

𝑃
2

2

(

𝑑𝑐

𝑑𝑙

) . (10)

Considering the thickness 𝑡 of the specimen, (9) can be re-
written as

𝐺 =

𝑃
2

2𝑡

(

𝑑𝑐

𝑑𝑙

) . (10


)

If a load applied to a microspecimen produces a crack devel-
opment by means of intergranular sliding along the bound-
aries, the direction of the load is described considering cos𝛼

1
;

cos𝛼
2
; cos𝛼

3
, as shown in Figure 6, and with a displacement

in the direction of the loads 𝑃 ⋅ cos𝛼
1
; 𝑃 ⋅ cos𝛼

2
; 𝑃 ⋅ cos𝛼

3
,

which is equal to

𝑢 = Δ𝐿 cos𝛼
1
⋅ 𝑐, 𝑉 = Δ𝐿 cos𝛼

2
⋅ 𝑐,

𝑊 = Δ𝐿 cos𝛼
3
⋅ 𝑐,

(11)

respectively, and then the value of the J-integral can be
expressed as in

𝐽 =

𝑛=3

∑

𝑖=1

𝑃
2

2𝑡

⋅ cos2𝛼
𝑖

𝑑𝑐

𝑑𝑙

, (12)

where 𝑐 is the crack compliance deformation caused by the
loading device which is acting on the specimen.

The direction of the cosines can be determined if the
stress direction and the direction of the displacement of the
boundaries during the process of the crack formation are
known. The values of load 𝑃 for a given crack length are
assigned from the desired calibration graph “𝑃 − 𝑢” of the
device by fulfillment of the hypothesis that the edges of the
microspecimen remain plane during the deformation.

In cases when a microcrack is initiated in the main tip
of the crack, it is possible to use the approach known as the
HRR method to determine the J-integral which describes
the development of a main crack [4, 7–10]. Considering the
results of Hutchinson et al. [4, 9, 10] and Hutchinson [11], it
is possible to obtain an expression for the calculation of the
stress field at the tip of the crack:

𝜎
𝑖𝑗
(𝑟
1
𝜃)

𝜎
𝑠

= (

𝐽𝐸

𝐼𝛼 ⋅ 𝜎
2

𝑠

)

1/(𝑛+1)

⋅

1

(𝑟/𝑙)
1/(𝑛+1)

⋅ �̃�
𝑖𝑗
(𝜃) , (13)

where 𝐼 is the nondimensional coefficient determined by
numerical methods [9], 𝛼 is the coefficient in the order of the
function which describes the deformation curve as in

𝜀
𝑛

𝜀
𝑠

= 𝛼(

𝜎

𝜎
𝑠

)

𝑛

, (14)
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Figure 6: Formation of the crack due to intergranular sliding.

𝑛 is the exponent in the function,𝜎
𝑠
is thematerial yield stress,

𝑟 is the length of a radius vector which connects the crack tip
with the point where the stress state is determined, and �̃�

𝑖𝑗
(𝜃)

is the normal trigonometric function of the azimuthal angle
of the radius vector.

The J-integral located along a contour of radius 𝑟
2
, which

surrounds the plastic zone, can be evaluated according to
Mughrabi et al. [7, 9] using

𝐽 = 𝛼𝐾
𝑛+1

⋅ 𝑟
2

(𝑛+1)⋅(𝑠−2)+1

⋅ 𝐼,

where 𝑠 = 2𝑛 + 1
𝑛 + 1

.

(15)

The graphs of the function �̃�
𝑖𝑓
(𝜃), plotted by means of

numerical methods, are known only for the crack mode
under normal breakaway conditions and for longitudinal
displacement [9, 10]. Nevertheless, considering that the
superposition principle is not applicable to elements in the
plastic state [11], it is not possible to theoretically describe
the �̃�
𝑖𝑓
(𝜃) function for a general case of fracture development

and under the conditions of a combination of the three
crack modes, by the simple superposition of partial solutions
for each one of these modes. The proposed methodology is
intended to be used for the experimental determination of
the J-integral when a microcrack of reduced magnitudes is
initiated in the front side of amain crack. First wemeasure the
perpendicular directions of the crack tip (1) on the basis of the
BCSmodel, and the components 𝜎

𝑥𝑥
, 𝜎
𝑦𝑦
, and 𝜏

𝑥𝑦
of the state

of stress in the location of microcracks are determined. We
define the force tensor, which describes the state of stresses
of the point where the microcracks are present; in a polar
coordinate system with center in the main crack and its axis
parallel to the crack, we carry out the transformation:

(

𝜎
𝑥𝑥
𝜏
𝑥𝑦

𝜏
𝑦𝑥
𝜎
𝑦𝑦

) ⇒ (

𝜎
𝑟𝑟
𝜏
𝑟𝜃

𝜏
𝜃𝑟
𝜎
𝜃𝜃

) . (16)
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Figure 7: I parameter as a function of the strain hardening 𝜂. (1)
Plane stress and (2) plane strain [20].

With the set of (17), [12, 13]:

𝜎
𝑟𝑟
=

1

2

(𝜎
𝑥𝑥
+ 𝜎
𝑦𝑦
) + √(

𝜎
𝑥𝑥
− 𝜎
𝑦𝑦

2

)

2

+ 𝜏
2

𝑥𝑦
⋅ cos 2𝜃,

𝜎
𝜃𝜃
=

1

2

(𝜎
𝑥𝑥
+ 𝜎
𝑦𝑦
) −
√
(𝜎
𝑥𝑥
− 𝜎
𝑦𝑦
)

2

2

+ 𝜏
2

𝑥𝑦
⋅ sen2𝜃,

𝜏
𝑟𝜃
=

√
((𝜎
𝑥𝑥
− 𝜎
𝑦𝑦
)

2

)

2

+ 𝜏
2

𝑥𝑦
⋅ sen2𝜃.

(17)

Using the components of the stress tensor in (14), we calculate
𝜎
𝑒
according to Von Misses, with (18), [9–11]:

𝜎
2

𝑒
= 𝜎
2

𝑟𝑟
+ 𝜎
2

𝜃𝜃
− 𝜎
𝑟𝑟
⋅ 𝜎
𝜃𝜃
+ 3𝜏
2

𝑟𝜃
. (18)

Furthermore, we determine the values of the J-integral with
the help of the generalized compliance method, (9) and (10),
and after substituting 𝜎

𝑒
, we calculate the values of the �̃�

𝑖𝑗
(𝜃)

function.
Considering the fact that the center of a microcrack

remains immovable during the evolution of the microc-
rack, we can use (10) and the solution of Hutchinson-Rice-
Rosengreen for determining the J-integral of the main crack
[14–16].

It is worth to mention that the approximated parameters
of the stress curve with an exponential function of 𝛼 and 𝜂,
required to determine also the stress according to (10), can be
obtained by a statistic processing of the experimental curves
of the material under tension and the values of the coefficient
𝐼which are determined from the graph presented in Figure 7
[2, 17–19].

6. Conclusions

As it was demonstrated by our deformation tests on poly-
crystalline microspecimens of VT51 titanium the micro-
mechanism which rules fracture is the intergranular sliding.
In large-grain polycrystals, fracture development at the grain
boundaries as a result of intergranular sliding is accom-
panied by a transcrystalline break through the dislocation
sliding mechanism which is a characteristic for fracture in
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monocrystals. In small-grain polycrystals, with the grain
inferior diameter of 1–3 𝜇m, and in polycrystals with the
matrix which can be hardened by thermomechanical treat-
ment, the effect of the dislocation sliding mechanism may
be totally invoked and the whole path of the main crack is
located at the grain boundaries.The final formation of amain
crack took place by means of joining the microirregularities
with the intergranular crack. The described fracture mech-
anism can be identified as the retarded sliding mechanism.
Considering the fact that the fracture in polycrystals develops
mostly at the grain boundaries oriented at an angle with
respect to the specimen axis, the crack growth is given under
the conditions of a combination of the three fracture modes:
normal detachment, transversal slip, and longitudinal slip.
As our observations demonstrated, the crack ramification is
generally related to the main crack initiation at a triple point,
that is, where the microcracks are absorbed at the location
where the grains contact each other. On the basis of the
proposed BCS model, we suggest a method to analyze the
localized load state in the node of a developing crack and
to determine the energy characteristics of its growth under
the conditions of a combination of the three fracture modes
using the parameters determined from the data obtained in
the observations of tests fulfilled in situ inside an HVTEM
column. The experimental method was verified in VT51
titanium alloy in the initial and hardened state. On the basis
of the experimental method to determine the J-integral from
the data obtained in a study of the compliance specimenswith
cracks, we developed a method to determine the J-integral
from the analysis of the observations obtained from an
HVTEM applicable to polycrystalline microspecimen under
the combination of the three fracture modes.
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