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We investigate a special design of two-dimensional magnonic crystal, consisting of two superimposed lattices with different lattice
constants, such that spin waves (SWs) can propagate either in one or the other sublattice, depending on which of the two frequency
bands they belong to. The SW bands are separated by a very large bandgap (in our model system, 6GHz), easily tunable by
changing the direction of an applied magnetic field, and the overlap of their spatial distribution, for any frequency of their bands,
is always negligible. These properties make the designed system an ideal test system for a magnonic dual band waveguide, where
the simultaneous excitation and subsequent propagation of two independent SW signals are allowed, with no mutual interference.

1. Introduction

In recent years the field of magnonics has received con-
siderable attention and has developed very fast: the idea
of manipulating spin wave (SW) propagation, through its
Bragg diffraction in artificial lattices in which magnetic
properties are periodically varied (magnonic crystals, MCs),
has been extensively investigated in numerous systems, both
theoretically and experimentally, with numerous applications
[1, 2]. Depending on geometry, material, magnetization, and
applied field, collective SWs in MCs can be controlled at will
for specific purposes and applications [3–8]. Versatile devices
have been proposed, in which SWs can propagate at a tunable
group speed, which can turn from waveguides to memories
and vice-versa under the action of some external field [9–
16] and logic gates where the output signal is determined
by specific interactions between input propagating SWs [17–
19]. The use of SWs as information carriers is particularly
interesting in the context of limiting energy dissipation,
with reference to ohmic losses, since no direct electron
motion is involved [20, 21], and hence magnonic devices are
considered key ingredients in the context of enhancing the
device efficiency, even when integrated with the traditional
ones.

In this paper we investigate a special two-dimensional
(2D) MC, designed in such a way that SWs can propagate
in distinct regions of it, depending on the frequency band
they belong to. We characterize the two spin wave types, by
determining the two localization areas and the extension of
the corresponding bands.

2. Calculation Methods and System Design

We study the system within the micromagnetic framework,
computing the equilibrium magnetization by the software
OOMMF [22] and the spin wave dynamics by the dynamical
matrix method (DMM) [23].The equilibriummaps provided
by OOMMF are the input of the DMM software, which
calculates the normal mode frequencies and spatial profiles
within a Hamiltonian framework, after computing a matrix,
on which an eigenvalue/eigenvector problem is solved for any
wavevector value and direction. Eigenvalues and eigenvectors
provide spin wave frequency and spatial profile, respectively.
We used the following magnetic parameters: saturation mag-
netization𝑀

𝑠
= 800 kA/m, exchange stiffness constant 𝐴 =

1.3 × 10
−11 J/m, and gyromagnetic ratio 𝛾 = 185 radGHz/T.

An external magnetic field of constant magnitude 𝐵
0
= 0.1T

is applied, at different directions, as shown in Figure 1.
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Figure 1: Primitive cell of the 2D magnonic crystal used for
calculations. The angle 𝜃 is the direction at which the external
magnetic field 𝐵

0
is applied. Distance between the small squares is

𝑎
1
= 15 nm. This cell is unitary only for the secondary sublattice

(𝑎
2
= 4𝑎
1
). The red line square is the ideal unitary primitive cell of

the primary sublattice (which was however not directly used in the
calculations).

Due to the long-range nature of dipolar interactions, it
is not trivial to find out a 2D periodic magnetic system, in
which the magnetization dynamics involve two specific and
distinct regions of it for all modes in two complete frequency
bands, and, at the same time, the two bands are enough
separated in frequency. To this purpose, the basic idea is
using shape anisotropy to differentiate in energy the two
sublattices within the primitive cell, and this is attained with
the following MC design (Figure 1): a main (primary) square
sublattice, with a short lattice constant (𝑎

1
= 15 nm), is made

of cubes with a side of 5 nm, that is slightly lower than the
exchange correlation length (𝜆ex = 5.5 nm, in our case), and
exactly corresponding to the micromagnetic elemental cell.
A secondary square sublattice, with a long lattice constant
(𝑎
2
= 60 nm), is made of larger prism particles, with identical

thickness and width, but with a double length: 10× 5× 5 nm3
(hence consisting of twomicromagnetic cells). In thisway, the
dipolar energy in smaller particles is larger than that in bigger
particles, and this is a condition necessary to both increase
the frequency of the modes localized in larger particles and
determine a fast decay of the mode oscillation outside that
region. Actually, the two lattices that we have chosen are
not geometrically disjoint, but an element of the primary
sublattice lays always over the left part of any element of the
secondary sublattice. However, this is not altering the overall
purposes and results, because the intersection area is always
not involved by dynamicmagnetization of the primary lattice
in no cases: the two lattices can be seen as always dynamically
disjoint.

We would like to comment our choice in the perspective
of an experimental investigation. Apparently, due to the

reduced dimensions of the nanoparticles, our MC system
might look rather academic: as already remarked, the design
of the present MC is intended to test the feasibility of dual
propagation of independent signals within the samemedium.
However, the lowest limit of current technology (either by
self-assembly techniques or by bioengineered crystallization)
is a crystal dimension within 10 ÷ 5 nm, that is, rather
close to our choice, 5 nm [24–26]. Moreover, in recent past
other systems based on very small particles were investigated
([27] and references therein). At present, the investigated
systems, usually composed of bigger elements, sometimes
with different magnetic materials, allow spin waves with
different localization features, which however belong to
the same frequency interval: in these cases, when spatial
separation is considered, frequency bands are not separated
(i.e., dispersion curves of different modes cross and mix),
and when a complete frequency gap is occurring between
two bands, SW spatial separation is not occurring for all
the frequencies of the corresponding bands, and hence there
is no duality [4, 28]. For example, in a typical dot lattice
[15], end mode bands are separated by a significant gap
from extended wave bands; however, in the upper bands the
dynamic magnetization involves even the region of the end
modes: a frequency band separation does not strictly meet a
SW spatial separation.The same can be said for other kinds of
localized SWs in dot or antidot lattices and even bicomponent
systems [4, 8, 29].

3. Results

Thedynamicmagnetization of eachmode, resulting as output
of DMM calculations, can be interpreted as a Bloch wave,
using the following expression:

𝛿m
𝑘
(r) = 𝛿m̃

𝑘
(r) 𝑒𝑖k⋅r, (1)

where r is the position vector in the direct space, k is the
Bloch wavevector (k

1
or k
2
, when relevant to the primary

or secondary sublattice, correspondingly), and 𝛿m̃
𝑘
is the

cell function, which has the periodicity of the array. In
the following, we will consider only the case of uniform
oscillation in the primitive cell (of either of the sublattices)
and study the variation of frequency with 𝑘. Due to the fact
that we used the primitive cell of Figure 1 for calculations, we
could directly control 𝑘

2
and only get an indirect evaluation

of 𝑘
1
, at each frequency, after numerical inspection of the

mode phase profiles, by extracting the effective wavelength
concerning the primary sublattice elements and computing
the corresponding wavevector value (𝑘

1
).

The dual band property of the system allows the simul-
taneous propagation of two independent signals, of course,
within the linear regime, which in our calculations was
used to transform the Landau-Lifshts equation into a linear
eigenvalue/eigenvector problem, while in real experiments
it can be provided by a proper limitation of the excitation
power [8].The two signals could be excited by either ordinary
or polarized current flowing on antennas or point contacts
that are preliminary located on one or more elements of
either of the lattices [30–33]. Another possibility is an electric
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Figure 2: Spatial profiles of the internal effective field, for different
directions of the applied field of constant magnitude 𝜇

0
𝐻
0
= 0.1T

(degrees, indicated in figure). Note that the internal field is zero in
correspondence with the void spaces. At 0∘ the discrepancy between
the region 0–10 nm and the other regions is the largest, while at 90∘
it is the minimum.

excitation of a ferroelectric substrate under the MC, by
means of the ferroelectric/ferromagnetic interaction [9, 34].
Recently, even the possibility of exciting a MC by means of
optical/microwave frequencies has been explored, resulting
in the need for defects in order to get a local excitation
and opening the door to studies of defects in MCs [35–
38]. In this way, we would like to contribute to the research
demanding, from one side, ever smaller devices and, from the
other side, ever higher density of information, either stored or
delivered at frequencieswithin theGHz regime: in ourmodel,
these two apparently competing features meet in a simple,
experimentally challenging answer.

In Figure 2, we plot the internal effective field 𝐻eff =
𝐵
0
/𝜇
0
+ 𝐻ex + 𝐻dip (i.e., the sum of the external field

𝐻
0
= 𝐵
0
/𝜇
0
and the exchange 𝐻ex and dipolar 𝐻dip =

−|𝐻dip| internal fields) as a function of position along 𝑥-
axis (with reference to Figure 1), for different directions of
the applied field. From the plot, it is clear that the field
direction, 𝜃, critically affects 𝐻eff values only in the bigger
elements (secondary sublattice), while variations of 𝐻eff in
the smaller elements (primary sublattice) are rather small.
Moreover, the mean values in the two sublattices are the
farthest at 𝜃 = 0∘ and the closest at 𝜃 = 90∘: actually, in
the bigger elements, the dipolar field significantly increases
as the external field is gradually rotated, because it forces
the magnetization to progressively align to the minor axis
of the particle (the secondary lattice element), suffering an
increasing demagnetizing effect. Since spin wave frequency is
critically dependent on the internal effective field, just from
this observation it is possible to predict that both the spin
waves will occur within either one sublattice or the other,
and the correspondingmode frequency difference (magnonic
gap) will be the largest at 0∘.

In Figure 3 we show the spatial maps of the fundamental
modes [k = (0, 0)] that we found: clearly, the dynamic
magnetization is localized in either one sublattice or the
other, and this property is rigorously hold even for any other
wavevector value and direction. We note here that the profile
of the fundamental mode relative to the primary sublattice
(Figure 3(a)) has a nonuniform amplitude distribution, dif-
ferently from the secondary one (Figure 3(b)): this is due to
the fact that calculations are performed with the primitive
cell of Figure 1 (superposition of both sublattices), which is
in fact nonunitary for the primary sublattice and contains
an element of the secondary sublattice (acting as a sort of
“defect” for the primary sublattice, though periodic as well):
this fact gives origin to a nonuniform distribution of the
dipolar fields among the elements of the primary sublattice
(squares) that are contained in the nonunitary primitive
cell and, in turn, a nonuniform distribution of the dynamic
magnetization of the corresponding quasi-uniform mode,
shown in the figure. For this reason, when trying to extract
from Figure 3(a) the “ideal” unitary cell function 𝛿m̃

𝑘
(r)

relevant to the primary sublattice only, it is necessary to forget
about the “real” intensity modulation and take the lowest
periodic area (𝑎

1
× 𝑎
1
) containing a single square element

only (with reference to the red line square of Figure 1), while
for the secondary sublattice the “ideal” cell function 𝛿m̃

𝑘
(r)

can be extracted from Figure 3(b) considering the area
(𝑎
2
× 𝑎
2
) corresponding to the extension shown in Figure 1,

with a single rectangle and no square elements. However,
the realistic cell function 𝛿m̃

𝑘
(r), which we calculate and

associate to the dual band MC fundamental modes, is the
superposition of the two “ideal” ones and can be found in
Figures 3(a) and 3(b) by simply looking at the area (𝑎

2
× 𝑎
2
)

exactly corresponding to what is shown in Figure 1.
Moreover, in Figure 4 we show the magnonic gap for

the two modes at k = (0, 0) as a function of the applied
field direction: and, as predicted from Figure 2, the gap is
continuously decreasing as the applied field direction moves
from 0∘ to 90∘.

In Figure 5we plot the dispersion curves of the SWmodes
propagating across either the primary (a) or secondary (b)
lattice, when the external field is applied at 𝜃 = 0∘. Red and
blue lines correspond to propagation perpendicular (with
reference to thin film nomenclature, Damon-Eshbach-like)
and parallel (backward-like) to the applied field, respectively
[39–41]. The former increase as the wavevector magnitude
is increased, and saturate, due to the full dipolar nature of
the interaction among the lattice elements, in both cases.
The latter, instead, decrease with increasing the wavevector
magnitude, once more due to the dipolar interaction. From
these curves, we compute the average group velocity V

𝑔

for SWs of either of the sublattices (𝑎 is the proper lattice
constant), being

⟨V
𝑔
⟩ = ⟨
𝑑𝜔

𝑑𝑘
⟩ =
|𝜔 (𝜋/𝑎) − 𝜔 (0)|

𝜋/𝑎
(2)

which is an indication of the propagation speed of the wave
along a given direction. With reference to Figure 5, we
calculate different values of V

𝑔
, depending on which lattice
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Figure 3: Out-of-plane real component of the dynamic magnetization (arbitrary units) for the two fundamental modes localized in
complementary regions of the array (with B at 𝜃 = 0∘), consisting of the superposition of two sublattices with different lattice constant.
Here, we plot an illustrative 3 × 3 periodic cell extract of the ideally infinite 2D array. (a) Fundamental spin wave mode (𝑘

1
= 0) localized

within the elements of the primary sublattice only, showing an irregular intensity distribution discussed in the text; (b) fundamental spin
wave mode (𝑘

2
= 0) strictly localized in the secondary sublattice.
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Figure 4: Frequency gap between the two spin wave bands as a
function of the propagation direction. In this case SW propagation
is always parallel to the applied field direction 𝜃 (defined in Figure 1).
The gap decreases as a consequence of the frequency decrease of the
upper band, due to the increasing of the demagnetizing field in the
elongated elements of the lattice (secondary sublattice).

type (primary/secondary) and propagation direction k with
respect to the applied field B are considered:

⟨V
𝑔
⟩ =

{{{{{{{

{{{{{{{

{

2.07m/s primary sublattice, k ⊥ B

11.6m/s primary sublattice, k ‖ B

0.600m/s secondary sublattice, k ⊥ B

1.68m/s secondary sublattice, k ‖ B.

(3)

These values are rather low, considering that often SW
propagation speed can get the km/s order of magnitude:
however, the low speed is here a consequence of a low
interaction among the MC elements, and, moreover, in MC

devices, due to miniaturization, it is the SW speed difference
that is crucial, in order to associate different SWs to different
signals or digits. Of course, any other orientation of k with B
can be, in principle, computed: the above values are shown
just to give a test characterization of our choice of MC.
Moreover, any other direction 𝜃 of the applied field B can
be considered, which we already know to have little effects
on the primary sublattice and major ones on the secondary
sublattice.

4. Comments and Remarks

The key element in the choice of our system is twofold:
from one side, the superposition of two sublattices each
made up of nanoparticles with different aspect ratio, that
is, with large anisotropy differences, and from the other
side, the small (nanometric) size of the lattice constituents.
The first aspect (anisotropy) determines the presence of
two fundamental modes at 𝑘 = 0, localized in different
sublattices; each one of these modes can be in principle
independently excited, due to the large bandgap. The other
aspect (nanometric size) wipesmanymodes out of the overall
low-frequency dynamics, making the occurrence of crossing
dispersion curves unlikely: with our choice of taking the
micromagnetic cell as large as the nanoparticle (size 5 nm),
we actually are under the so-calledmacrospin approximation
[42], since when the dot size is lower than the exchange
length (in our case, 5.5 nm), each nanoparticle acts as a
single magnetic moment. With this choice, clearly we will
not consider modes with a nonuniform cell function profile
[43], that is, modes with nonuniform oscillations within the
single nanoparticle, or localized modes (like the end modes
in dots with rectangular cross section) [44, 45]: in our system
these modes would occur at a very high frequency (close to
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Figure 5: Dispersion relations of SW localized within the primary sublattice ((a), 𝑎
1
= 15 nm), and secondary sublattice ((b), 𝑎

2
= 60 nm);

in (a) and (b), the red line corresponds to the DE-like mode (𝑘 ⊥ 𝐵) and blue one to the BA-like mode (𝑘 ‖ 𝐵). Zone boundary is at
𝑘
1
= 2.09 × 10

8 rad/m (a) and 𝑘
2
= 5.23 × 10

7 rad/m (b). Note that in (b) the wavevector 𝑘
2
was a parameter of the calculation, while in (a)

𝑘
1
was extrapolated by phase map inspection.

or larger than 100GHz), so with our choice we do not miss
any realistic (low-frequency) solution.

Concerning the dual band feature, anisotropy differences
at this small length scale are to some extent more important
than the filling fraction of the system, that is, the ratio
between the actual magnetic area in the periodic cell and
the total area of the periodic cell itself. The filling fraction,
actually, has proven to be important in determining the open-
ing of a complete magnonic bandgap in magnonic crystals
[46, 47]. Within a micromagnetic model, we can increase the
filling fraction by keeping the lattice elements closer to each
other, and this would increase the interdot interaction and
decrease the internal field differences between the elements
of each lattice: as a direct consequence, nanodots belonging
to different sublattices would be less independent, so that
excitations of one sublattice would interfere with the other
one, breaking the dual property. Conversely, if we decrease
the filling factor by keeping the lattice elements far apart, the
system would behave more and more as a set of degenerate
(noninteracting) dots, with very flat dispersion curves, less
attractive for information delivery issues.

On the other side, for any given filling fraction, different
systems characterized by increasing dot size (larger than
the exchange length) would more and more tend to break
the macrospin picture, due to the increasing rise of modes
with complex (nonuniform) cell function, with increasing
chances of crossing among different mode dispersions, so
that the frequency bandgap between the fundamental modes
of the two sublattices can be extremely reduced or not
present at all; moreover, due to the consequent increasing
interdot distance, the interdot interaction would be lower,
with resulting flatter dispersion curves, with smaller group
velocities.

A remarkable feature of truly dual band MCs is that it
is not possible to interpret the long wavelength behavior
(𝑘 = 0) of the SW dynamics within the usual effective
medium model [48–51]: this model approximates the system

by a single effective medium with effective (intermediate)
properties, with a resulting single effective frequency at 𝑘 = 0.
But the existence of a very large fluctuation of the internal
field values between the two different sublattices in the real
system (at the origin of the existence of two fundamental-
like SW modes with a very large frequency gap even at 𝑘 =
0) makes any intermediate (“effective”) value a nonphysical
solution. Similar situations were discussed in other systems,
with similar large fluctuations in the internal field [52–54]:
in particular, in dots with triangular cross section [52] it
was shown that an effective Kittel (quasi-uniform) mode was
impossible to consider as an actual solution, because of the
very strong variation of the internal field from the apex to the
basis of the triangle.

5. Conclusion

In this paper, we proposed and characterized a model system
ofMC, in which SWs occur in two bands, separated by a very
large frequency gap. SWs of either of the bands propagate
in different regions of the MC, with no superposition,
and can be considered completely independent. This allows
considering the system as ideal for simultaneous propagation
of two independent signals, at very different frequencies.
This property, which was designed by exploiting different
shape anisotropy of different MC elements, is of great impor-
tance in technology of miniaturized devices for high-density
information storage/delivery, where, usually, the need for
miniaturization contrasts with the other important need of
signal independence, due tomagnetic interactions.This work
is intended to be introductory for further investigations, both
theoretical and experimental, on combined systems, made
of superposed lattices with special design, geometry and,
possibly, different magnetic materials, all tailored in order to
get a very sharp change of the internal field profile across the
medium: this feature was found to be the key ingredient for
the occurrence of dual band SW dynamics.
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[10] S. Klingler, P. Pirro, T. Brächer, B. Leven, B. Hillebrands, and
A. V. Chumak, “Design of a spin-wave majority gate employing
mode selection,” Applied Physics Letters, vol. 105, no. 15, Article
ID 152410, 2014.

[11] S.-K. Kim, K.-S. Lee, and D.-S. Han, “A gigahertz-range spin-
wave filter composed of width-modulated nanostripmagnonic-
crystal waveguides,” Applied Physics Letters, vol. 95, no. 8,
Article ID 082507, 2009.

[12] A. V. Chumak, V. I. Vasyuchka, A. A. Serga, M. P. Kostylev,
V. S. Tiberkevich, and B. Hillebrands, “Storage-recovery phe-
nomenon inmagnonic crystal,” Physical Review Letters, vol. 108,
no. 25, Article ID 257207, 2012.

[13] A. A. Serga, A. V. Chumak, A. André et al., “Parametrically
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