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In the past three decades, one-dimensional (1D) thermal model was usually used to estimate the thermal responses of glass
fiber-reinforced polymer (GFRP) materials and structures. However, the temperature gradient and mechanical degradation of
whole cross sections cannot be accurately evaluated. To address this issue, a two-dimensional (2D) thermomechanical model was
developed to predict the thermal andmechanical responses of rectangular GFRP tubes subjected to one-side ISO-834 fire exposure
in this paper. The 2D governing heat transfer equations with thermal boundary conditions, discretized by alternating direction
implicit (ADI) method, were solved by Gauss-Seidel iterative approach. Then the temperature-dependent mechanical responses
were obtained by considering the elastic modulus degradation from glass transition and decomposition of resin. The temperatures
and midspan deflections of available experimental results can be reasonably predicted. The overestimation of deflections could be
attributed to the underestimation of bending stiffness.Thismodel can also be extended to simulate the thermomechanical responses
of beams and columns subjected to multiside fire loading, which may occur in real fire scenarios.

1. Introduction

Compared with traditional building materials, fiber-rein-
forced polymer (FRP) materials have many obvious advan-
tages such as high strength-to-weight ratio, superior dura-
bility, good fatigue endurance, and rapid installation. Hence,
the FRP composites have increasingly been used in civil
engineering due to these excellent properties. However, the
resin in the FRP composites undergoes a glass transition stage
when subjected to the high temperatures around the glass
transition temperatures (𝑇g).The resinmatrix changes from a
rigid, glassy solid to a softer and viscoelastic material during
the glass transition stage. The mechanical properties of FRP
exhibit a significantly reduction at 𝑇g, which determines the
limited use temperature for FRP composites [1]. The matrix
transfers from compact viscous polymer to porous solid char
and volatiles over the decomposition temperature (𝑇d) range.
The mechanical properties of FRP composites dropped once

again.Therefore, the usage of FRP composites in engineering
can be hindered by the high degradation of mechanical
performance at elevated and high temperatures.

In the past two decades, a large number of experimental
studies have been conducted to evaluate the thermal and ther-
momechanical performances of FRP materials. In 1999, the
fire resistance of GFRP sprinkler pipes with empty cavity,
stagnant water, and flowing water was investigated by Davies
and Dewhurst [2]. The failure time of the pipes with empty
cavity and stagnant water was 1.5min and 8.5min, respec-
tively, while the flowing water-cooled pipe remained struc-
tural integrity subjected to 120min fire exposure. Inspired by
thewater-cooling concept of filamentwoundGFRPpipe used
in [2], this concept, developed by Keller et al., was applied in
the fire endurance of pultrudedGFRPmulticellular panels [3,
4]. The fire performance of GFRP panels was investigated in
three different experimental parts: charring of GFRP lami-
nates, fire endurance of liquid coolingmoderately sizedGFRP
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panels, and fire resistance of structural liquid cooling full-
scale GFRP panels, respectively. In the first part, the pul-
trudedGFRP laminates started burning at roughly 6min, and
the temperature of cold face reached 𝑇g at approximately 10
min [5]. In the second part, the temperature profiles through
the thickness of lower face sheet were much lower than
those of charring experiments [3]. In the third part, for
the noncooled specimens, the cold face of lower face sheet
reached 𝑇g and 𝑇d in 10min and 57min, respectively.The test
results demonstrated that liquid cooling was an effective way
to improve the fire resistance of pultruded GFRP compo-
nents. Correia et al. [6] conducted structural fire endurance
experiments on full-scale cellular GFRP columns subjected
to one-side fire exposure. The noncooled column failed at
49min due to global buckling, while structural function of
thewater-cooled columns could bemaintained for two hours.
In 2010, the fire resistances of noncooled and water-cooled
pultruded GFRP beams with square hollow section were
investigated by Bai et al. [7]. The bottom flange of the GFRP
beams was subjected to ISO-834 fire. The fire resistance was
over 120min by using the water-cooled approach with a
72mm/s flowing rate. But the noncooled specimen failed
abruptly after about 38mindue to the kinking andbuckling of
top flange. In 2015, the fire performance of pultruded GFRP
columns was investigated by Morgado et al. [8]. The columns
with passive (calcium silicate boards) and active (water-
cooling) fire protection systems were exposed to one-side
(bottom flange) and three-side (bottom flange and two webs)
fire, respectively.The test results showed that the efficiency of
fire protection systems depended on the fire exposure sides.
For one-side fire exposure, the water-cooling with a 72mm/s
flowing rate exhibited the best fire protection, which provided
more than 120min of fire resistance, while for three-side fire
exposure, the columnwith calcium silicate boards showed the
most effective protection, which provided roughly 40min of
fire resistance.

The mathematical modeling of the thermal response of
FRP composite under elevated and high temperatures can be
traced back to the 1980s. In 1981, Griffis et al. [9] proposed a
1D finite difference model to simulate the temperature pro-
files of graphite epoxy coupons subjected to intense surface
heating. The analytical thermal responses agreed well with
the test results. A thermomechanical model was developed
to predict the thermal response of graphite epoxy composites
and wood [10]. The proposed model can reasonably predict
the temperature profiles and strength degradations. A 1D
transient thermal model based on chemical kinetics, devel-
oped by Henderson et al., was applied to predict the tem-
perature responses of fiber-reinforced phenol-formaldehyde
polymer composite [11]. Good agreement was found between
the analytical and experimental temperature profiles. In 1995,
a thermochemical model of Thick composite laminates sub-
jected to hydrocarbon fire was presented by Gibson et al. [12].
The 1D finite differencemethod was adopted to solve the pro-
posed model. In 1996, this model was improved by Looyeh et
al. [13]. The finite element method was introduced to predict
the thermal performance of polymer composite materials. In
2000, Dodds et al. [14] updated the model for simulating
the composite laminates. A straightforward explicit finite

difference format was applied to solve themodel. In 2006, the
apparent specific capacity, developed by Lattimer and Ouel-
lette [15], was input into a heat transfer model to predict
the temperature profile through E-glass/vinyl ester composite
laminates. Gibson et al. [16, 17] investigated the postfire
mechanical properties of polymer composites by combing
the thermal model with Mouritz’s two-layer mechanical
model [18]. In 2012, the thermal responses of FRP laminates
subjected to three-point bending and one-side heat flux were
experimental and numerical investigated by Gibson et al.
[19]. More recently, Miano and Gibson [20, 21] introduced
a simplified thermal model by using the apparent diffusivity
(ATD)method.The temperature-dependent ATD can signif-
icantly simplify the computational procedures and improve
the stability of the numerical solutions. Feih et al. [22,
23] presented the thermomechanical model to predict the
tension and compression properties of FRP laminates in fire.
A 1Dmodelwas further developed to simulate the thermome-
chanical responses of sandwich composites [24]. This model
also validated and applied by Anjang et al. [25, 26] to inves-
tigate the in-fire and postfire mechanical properties of FRP
sandwich composite structures with balsa wood core. In
2006, a thermochemical and thermomechanical models were
introduced by Keller et al. [27]. The models were used to
predict the structural response of water-cooled multicellular
GFRP slabs. In 2007, Bai et al. [28] proposed the chemical
kinetics-based thermophysical model by considering the
decomposition of matrix resin. Based on the temperature-
dependent thermophysicalmodel, 1D thermalmodelwith the
effective specific capacity was developed [29]. The predicted
temperature responses agreed well with the experimental
results. In 2008, the mechanism-based models [30–32] were
developed to investigate the mechanical behavior of FRP
composites in fire. This model was further validated on
the predicting of the time-dependent temperature responses,
elastic modulus degradation, and time to failure of water-
cooled full-scale GFRP cellular columns [6]. In 2011, Miano
[21] developed a three-dimensional (3D) finite element (FE)
thermalmodel with ATD to estimate the temperature profiles
of carbon fiber-reinforced polymer (CFRP) wing box lami-
nates. More recently, a 3D FE model was developed by Shi
et al. [33] to investigate the coupled temperature-diffusion-
deformation problem of silica/phenolic composite materials.
The accuracy of this model was validated by comparing the
measured temperatures and displacements with numerical
results.

Among the various existing thermal models, the 1D finite
difference method was most frequently used to predict the
thermal response of FRP composites. However, the FRP
structural components applied in building construction were
subjected to multidimensional fire exposures. The temper-
ature profile of heated zone of FRP composites cannot be
predicted by the use of 1Dmodel. Hence, to address this issue,
a 2D thermal model was proposed in this study. The accu-
racy of the proposed model was validated by the existing
experimental data of pultruded E-glass/polyester rectangular
tube under four-point bending and fire from one side. The
comparison indicated that the developed two-dimensional
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thermomechanical model can be reasonable to predict the
thermomechanical responses of GFRP composites.

2. Mathematical Model

2.1. Modeling Assumptions. When subjected to fire, FRP
composites undergo many complex thermal, physical, chem-
ical, and structural failure processes [35]. The challenge to
accurately modeling the temperature responses is to consider
complex interaction of degradation processes. Previous stud-
ies [5, 28] showed that the thermal and mechanical processes
were dominated by glass transition and thermal decomposi-
tion.The convective heat transfer of volatiles flow up through
the decomposition front to the surfacemay have a small effect
on the temperature profile in the FRPmaterial [15, 21]. Hence,
in this study, the 2D thermomechanical model was sim-
plified by considering heat conduction, physical process
(glass transition), chemical (decomposition), andmechanical
degradations.

2.2. Thermophysical Properties Model. During fire processes,
thermophysical properties include density, specific capacity,
and thermal conductivity of virgin (nonchar) and char
material.

A lot of works were made to investigate these properties.
The temperature-dependent density can be described by
using an Arrhenius equation based on chemical kinetics [11]:

𝜕𝜌𝜕𝑡 = −𝐴𝜌 exp (−𝐸A𝑅𝑇 ) , (1)

where𝜌 is the density;𝐴 represents the preexponential factor;𝐸A is the activation energy; 𝑅 is the universal gas constant;
and 𝑇 is temperature.

The change of density can be described by (1). But in the
existing literatures, specific capacity and thermal conductiv-
ity of virgin and char were usually expressed by polynomial
fitting instead of analytical from. Hence, the parameters used
in fitting have no clear physical meaning. Bai et al. [28] devel-
oped amodel for predicting temperature-dependent thermo-
physical properties. In this model, a conversion degree of
decomposition was introduced to characterize the pyrolysis
process of polymer resin, as indicated in

𝑑𝛼d𝑑𝑡 = 𝐴d exp(−𝐸A,d𝑅𝑇 ) (1 − 𝛼d)𝑛𝑟d , (2)

where𝛼d denotes the decomposition degree and𝐴d,𝐸A,d, and𝑛𝑟d are kinetic parameters, which can be derived from
thermogravimetric analysis.

Based on decomposition degree 𝛼d, the temperature-
dependent density can be obtained

𝜌 = (1 − 𝛼d) 𝜌b + 𝛼d𝜌a, (3)

where 𝜌b is the density of virgin composite and 𝜌a is the
density of char material.

The apparent specific capacity can be given as [28]

𝐶p = 𝑓b𝐶p,b + (1 − 𝑓b) 𝐶p,a + 𝑑𝛼d𝑑𝑇 𝐶d, (4)

where 𝐶p is the apparent specific capacity, which increases
due to endothermic phenomenonduring decomposition pro-
cess [35]; 𝐶p,b and 𝐶p,a are apparent specific capacity before
and after decomposition respectively; 𝐶d is decomposition
heat; and𝑓b ismass fraction of undecomposed FRPmaterials,
which can be calculated by [28]

𝑓b = 𝑀a,v (1 − 𝛼d)𝑀a,v (1 − 𝛼d) + 𝑀a,e𝛼d , (5)

where𝑀a,v (𝑀a,e) is the initial (final) mass of FRP material.
In this paper the main research object is the cross

section of rectangular GFRP tubes; only the cross-sectional
properties should be considered. Previous study [36] showed
that thermal conductivity parallel to the axis of fiber (0∘) was
much higher than in the transverse (90∘) and through
thickness direction, while the thermal conductivity of trans-
verse and through thickness direction were similar for glass
fiber/polyester composites. Hence, the transverse thermal
conductivity can be simplified by using the through thickness
thermal conductivity. The thermal conductivity through the
thickness of FRP composites can be expressed as [28]

1𝑘⊥ =
(1 − 𝛼d)𝑘⊥b + 𝛼d𝑘⊥a , (6)

where 𝑘⊥ denotes the through thickness thermal conductiv-
ity; the subscripts b and a represent the thermal conductivity
before and after decomposition, respectively; and 𝑘⊥b and 𝑘⊥a
can be obtained by using the inverse rule of mixtures:

1𝑘⊥b = 𝑉f𝑘f +
𝑉m𝑘m ,

1𝑘⊥a =
𝑉f𝑘f +

𝑉ga𝑘ga ,
(7)

where 𝑘f , 𝑘m, and 𝑘ga are the thermal conductivities of fiber,
matrix, and volatile gas, respectively; 𝑉f , 𝑉m, and 𝑉ga are
the volume fractions of fiber, matrix, and volatile gas, respec-
tively.

2.3. 2D Heat Transfer Model. 2D transient heat transfer
equation can be expressed as

𝜌𝐶p
𝜕𝑇𝜕𝑡 = 𝜕𝜕𝑥 (𝑘𝑥 𝜕𝑇𝜕𝑥) + 𝜕𝜕𝑦 (𝑘𝑦 𝜕𝑇𝜕𝑦 ) , (8)

where 𝑘𝑥 and 𝑘𝑦 are the thermal conductivity in 𝑥 and 𝑦
directions, respectively. The term on the left side of (9) refers
to the rate of change of internal energy, and the other two
terms on the right side denote the net heat flux.

The boundary conditions applied in thermal analysis can
be divided into three types. The first one is the Dirichlet
boundary condition, which can be expressed as

𝑇 (𝑥, 𝑦, 𝑡)bd = 𝑇 (𝑡) , (9)

where 𝑥 and𝑦 represent the 2D spatial Descartes coordinates;
subscript bd denotes the boundaries of rectangular tube;
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and 𝑇(𝑡) is the time-dependent specific temperature on the
boundary. The second one is the prescribed heat flux, which
can be expressed as

−𝑘𝑥 𝜕𝑇 (𝑥, 𝑦, 𝑡)𝜕𝑥
bd = 𝑞 (𝑡) ,

−𝑘𝑦 𝜕𝑇 (𝑥, 𝑦, 𝑡)𝜕𝑦
bd = 𝑞 (𝑡) ,

(10)

where 𝑞(𝑡) is the time-dependent heat flux at the boundaries.
The last one is the convection between the boundary and
external environment, which can be expressed as

−𝑘𝑥 𝜕𝑇 (𝑥, 𝑦, 𝑡)𝜕𝑥
bd = ℎ (𝑇∞ (𝑡) − 𝑇 (𝑥, 𝑦, 𝑡)bd) ,

−𝑘𝑦 𝜕𝑇 (𝑥, 𝑦, 𝑡)𝜕𝑦
bd = ℎ (𝑇∞ (𝑡) − 𝑇 (𝑥, 𝑦, 𝑡)bd) ,

(11)

where ℎ denotes the convective coefficients and 𝑇∞(𝑡) rep-
resents the time-dependent temperature of external environ-
ment.

In this study, convection and radiation between the bound-
aries and external/internal environment can be obtained
from

𝑞 (𝑡) = ℎ𝑥 [𝑇∞ (𝑡) − 𝑇 (𝑥, 𝑦, 𝑡)bd]
+ 𝜀𝑥,r𝜎𝑥,r [𝑇∞ (𝑡)4 − 𝑇 (𝑥, 𝑦, 𝑡)4bd] ,

𝑞 (𝑡) = ℎ𝑦 [𝑇∞ (𝑡) − 𝑇 (𝑥, 𝑦, 𝑡)bd]
+ 𝜀𝑦,r𝜎𝑦,r [𝑇∞ (𝑡)4 − 𝑇 (𝑥, 𝑦, 𝑡)4bd] .

(12)

2.4. Thermomechanical Model. Young’s modulus, 𝐸, can be
expressed as [31]

𝐸 = 𝐸g (1 − 𝛼g) + 𝐸r ⋅ 𝛼g (1 − 𝛼d) , (13)

where 𝐸g is Young’s modulus in glassy state and 𝐸r is
Young’s modulus in leathery and rubbery states; and 𝛼g is the
conversion degree of glass transition and can be expressed by
[31]

𝑑𝛼g𝑑𝑡 = 𝐴g exp(−𝐸A,g𝑅𝑇 ) (1 − 𝛼g)𝑛𝑟g , (14)

where𝐴g, 𝐸A,g, and 𝑛𝑟g are kinetic parameters of glass transi-
tion for FRP composites. Based on beam theory, the midspan
deflection of GFRP rectangular beam under four-point bend-
ing can be calculated by

𝛿 = 𝑃𝐿s324𝐸𝐼 (3𝑎𝐿 s
− 4𝑎3𝐿 s
3
) , (15)

where 𝛿 denotes the time-dependentmidspan deflection;𝑃 is
half of the total load; a is the distance between the support and
one load; 𝐿 s is the span; and 𝐼 is the second moment of area
of the section. The total bending stiffness of the GFRP beam,𝐸𝐼, can be calculated as the sum of the stiffness contribution
of each elements [31]:

𝐸𝐼 = 𝐸w𝐼w + 𝐸tf𝐼tf + 𝐸bf𝐼bf , (16)

where the subscripts w, tf, and bf denote the web, top flange,
and bottom flange, respectively.

3. Solutions of Governing Equation

3.1. ADI Techniques. Equation (8) is a 2D nonlinear parabolic
partial differential equation, which can be solved directly by
explicit difference scheme. However, the numerical stability
of this scheme is rather poor when solving the governing
equation with time-dependent thermophysical properties.
Whenheat transfer switches from 1D to 2Dproblem, the coef-
ficient matrix of governing equation transfers from tridiago-
nal to nontridiagonal matrix by using the traditional implicit
difference scheme. The formats of results are in a very com-
plicated set of algebraic equations in two dimensions, which
is difficult to solve [37]. Alternating direction implicit (ADI)
format was an effective method for solving multidimen-
sional heat transfer problems, which was first proposed by
Peaceman and Rachford [38] in 1955 and developed by
Douglas and Rachford [39]. By using ADI method, the 2D
equation can be splitting into the same 1D implicit format
with simpler tridiagonal matrix algorithm at each time step.
In this study, ADImethod was introduced and applied in this
simulation of 2D thermal andmechanical responses of GFRP
rectangular profiles.

3.2. Mesh. Figure 1 presents the “C type” profiles by consid-
ering the symmetry of shape and boundary conditions of a
rectangular GFRP tube. The lower-left corner was set as
the coordinate origin. In general, the solution domain was
meshed into 𝐿×𝑀 elements, where𝑀 (𝑀) is the number of
elements in𝑥 (𝑦)direction.𝑇s represents number of elements
through the thickness. 𝑙 (𝑚) denotes the total width (height)
of the GFRP tube; then the space interval can be written asΔ𝑥 = 𝑙/𝐿 orΔ𝑦 = 𝑚/𝑀. Similarly, the time stepΔ𝑡 = 𝑡/𝑁was
used for simulating program, where t represents the
total fire exposure time, and 𝑁 is the number of time
step.

3.3. Finite Difference Scheme. The ADI difference method
splits the time step from 𝑛 to 𝑛 + 1 into two substeps: Step
I: 𝑛 → 𝑛+ 1/2 and Step II: 𝑛 + 1/2 → 𝑛+ 1. In Step I, implicit
scheme was used in 𝑥 direction while explicit scheme was
applied in 𝑦 direction. In Step II, implicit scheme was then
applied in 𝑦 direction while explicit scheme was applied in
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Figure 1: Thermal boundary conditions of GFRP rectangular tube.

𝑥 direction. For example, the difference schemes of all notes
inside the domain were derived as follows:

Step I:
𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥 + 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12
⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥 = 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥
= 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦,

(17)

where the subscripts 𝑖, 𝑗 denote the coordinates; Δ𝑥, Δ𝑦
represent the space interval in 𝑥 and 𝑦 direction, respectively.
As indicated in (17), based on thermophysical properties and
temperatures of the last time step 𝑛 (𝑛+1/2), the temperature
in time step 𝑛+1/2 (𝑛+1) can be calculated by using ofGauss-
Seidel iterative approach.

The above only presents the notes inside the calculation
domain without any external heat source. Therefore, the
differential equations related to various boundary conditions
must be derived. There are a total of 16 types (8 points and
8 sides) of boundary conditions in this model. The detailed
expressions of ADI difference format were given in Appen-
dices A∼O, and the corresponding schematic diagram was
given in Figure 2.

The difference format of decomposition degree can be
expressed as

𝛼𝑛d,𝑖,𝑗 − 𝛼𝑛−1/2d,𝑖,𝑗Δ𝑡/2 = 𝐴d exp( −𝐸A,d𝑅𝑇𝑛−1/2𝑖,𝑗 )(1 − 𝛼𝑛−1/2d,𝑖,𝑗 )𝑛d ,
𝛼𝑛g,𝑖,𝑗 − 𝛼𝑛−1/2g,𝑖,𝑗Δ𝑡/2 = 𝐴g exp( −𝐸A,g𝑅𝑇𝑛−1/2𝑖,𝑗 )(1 − 𝛼𝑛−1/2g,𝑖,𝑗 )𝑛g ,

(18)

where 𝑛 is the current time step and 𝑛 − 1/2 denotes the
previous time step.

Based on the decomposition degree at the last time step𝑛 − 1/2(𝛼𝑛−1/2𝑖,𝑗 ), the difference schemes of thermophysical
properties at time step 𝑛 can be derived as

𝜌𝑛𝑖,𝑗 = (1 − 𝛼𝑛𝑖,𝑗) 𝜌b + 𝛼𝑛𝑖,𝑗𝜌a,
𝐶𝑛p,𝑖,𝑗 = 𝑓𝑛b,𝑖,𝑗𝐶p,b + (1 − 𝑓𝑛b,𝑖,𝑗) 𝐶p,a + 𝛼𝑛𝑖,𝑗 − 𝛼𝑛−1/2𝑖,𝑗𝑇𝑛𝑖,𝑗 − 𝑇𝑛−1/2𝑖,𝑗 𝐶d,
𝑓𝑛b,𝑖,𝑗 = 𝑀a,v (1 − 𝛼𝑛𝑖,𝑗)𝑀a,v (1 − 𝛼𝑛𝑖,𝑗) +𝑀a,e𝛼𝑛𝑖,𝑗 ,
1𝑘𝑛𝑥,𝑖,𝑗 =

(1 − 𝛼𝑛𝑖,𝑗)𝑘⊥b + 𝛼𝑛𝑖,𝑗𝑘⊥a ,
1𝑘𝑛𝑦,𝑖,𝑗 =

(1 − 𝛼𝑛𝑖,𝑗)𝑘⊥b + 𝛼𝑛𝑖,𝑗𝑘⊥a .

(19)
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Figure 2: Schematic diagram of thermal boundary conditions.

The difference schemes of temperature-dependent Young’s
modulus 𝐸𝑖,𝑗 at time step 𝑛 can be expressed as

𝐸𝑛𝑖,𝑗 = 𝐸g (1 − 𝛼𝑛g,𝑖,𝑗) + 𝐸r ⋅ 𝛼𝑛g,𝑖,𝑗 (1 − 𝛼𝑛d,𝑖,𝑗) . (20)

The schemes of the total bending stiffness 𝐸𝐼 at time step𝑛 can be expressed as

𝐸𝐼𝑛 = 𝑛w∑
𝑖=1

𝐸𝑛w,𝑖𝐼𝑛w,𝑖 + 𝑛f∑
𝑖=1

𝐸𝑛tf ,𝑖𝐼𝑛tf ,𝑖 + 𝐸𝑛bf ,𝑖𝐼𝑛bf ,𝑖, (21)

where 𝑛w and 𝑛f were the number of layers of the webs and
flanges, respectively. Therefore the midspan at each time step
can be calculated:

𝛿𝑛 = 𝑃𝐿324𝐸𝐼𝑛 (3a𝐿 − 4a3𝐿3 ) . (22)

4. Validation and Discussion

4.1. Basic Model. As described in Section 1, Bai et al. [7]
conducted the fire structural experiment of pultruded E-
glass/polyester composite square beam subjected to ISO-834
fire, and a 37min fire resistance was reached. In this paper,
this experiment is used to validate the 2D numerical model
developed in Section 3.

For boundary conditions, the hot face of bottom flange
was set as prescribed ISO-834 curve because the temperature
progressions of hot face were very close to ISO-834 fire curve.
The outer faces of webs were set as adiabatic condition.
As shown in Figure 1, convection and radiation play an
important role in the rest boundaries, and the heat convective
coefficients at the cold face of bottomflangewere estimated as
2W/m2K by fitting the temperature profiles at the cold face
of the bottom flange [34].The convective coefficients at inner
faces of web and top flange were set as 0 by minimalizing the
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Table 1: Parameters and variables used in numerical model.

Parameters and variables Refs.
Thermophysical properties

Density (kg/m3) 1870 (𝜌b), 1141 (𝜌a) [34]
Thermal conductivity (W/mK) 0.35 (𝑘⊥b), 0.1 (𝑘⊥a) [34]
Specific heat capacity (J/kgK) 1170 (𝐶p,b), 840 (𝐶p,a) [34]
Decomposition heat, 𝐶d (kJ/kg) 234 [34]
Final mass fraction,𝑀a,e/𝑀a,v 0.61 [29]

Material mechanical properties
Young’s modulus (GPa) 31 (𝐸g), 5.8 (𝐸r) [31, 34]

Chemical kinetic parameters
Preexponential factor (min−1) 2.49 × 1015 (𝐴g), 2.72 × 1010 (𝐴d) [34]
Activation energy (J/mol) 118,591 (𝐸A,g), 124,953 (𝐸A,d) [34]
Reaction order 1.89 (𝑛g), 2.75 (𝑛d) [34]
Gas constant, 𝑅 (J/mol K) 8.314 [34]

Convective and radiant parameters
Convective coefficient (W/m2K) 2 (ℎib), 0 (ℎil), 0 (ℎiu), Eq. (24) (ℎou) [29, 34]
Stefan-Boltzmann constant, 𝜎 (Wm−2K−4) 5.67 × 10−8 [29]
Emissivity of solid surface, 𝜀ra Equation (23) [29]

difference betweenmodeling temperatures and test results for
webs and top flanges. This indicated that convection can be
omitted. In fact, the temperature of air in the inner cavity was
higher than ambient temperature (20∘C), and the convection
was weak due to the close temperature for both webs and
hot gas in the cavity. The effects of heat radiation, which was
described by Stephan-Boltzmann law, were considered for
all inner faces and out face of top flanges. The Stephan-
Boltzmann constant was given in Table 1 and the solid
emissivity can be seen from (23), which was adopted from
[27] for modeling thermal response of a very similar E-glass
fiber-reinforced polyester composite. The convection coeffi-
cient of at the outer face of upper flange can be obtained based
on hydrodynamics proposed by Tracy (see (24)).The detailed
modeling parameters were summarized in Table 1.

𝜀ra = 0.75 + 𝑇bd − 201000 − 20 × (0.95 − 0.75) , (23)

ℎou = 0.14𝑘g (Pr 𝑔𝛽V (𝑇Ubd − 𝑇∞))1/3 , (24)

where 𝑘g is the thermal conductivity of air (0.03W/mK); 𝑔 is
the acceleration of gravity (9.81m/s2); Pr is the Prandtl num-
ber (0.722); 𝛽 denotes the volumetric coefficient of thermal
expansion of air (3.43 × 10−3K−1); and V represents the kinetic
viscosity of air (1.57 × 10−5m2/s) [27].

4.2. Validation and Comparison. Figure 3 shows the compar-
isons of temperature progressions at different depths from
the hot face of bottom flange. During the first 5min, the
heating rate of ovenwasmuch higher than the ISO-834 curve,
which was used as the temperature of hot face, and this
led to an underestimation of temperatures from 5min to

20min. This may attribute to the temperature lag resulting
from the heat transfer from the oven to GFRP beam. In
addition, the forming charred layers at the bottom flange
may act as an insulator which producing a high experimental
temperature due to the accumulation of hot gas in the
pyrolysis zone. This insulation effect can be implemented in
the model by adding a convection term of pyrolysis gas
in (8) and a momentum equation (using Darcy’s law) to
simulate the gas transport in the porous charred layers. A
complex computational fluid dynamics (CFD) model should
be developed and solved. Nevertheless, for the duration from
0min to 5min and 20min to 40min, the modeling results
agreed well with the test values. The temperature gradients at
5min, 10min, 20min, and 40minwere presented in Figure 4.
A large temperature gradient through the thickness of bottom
flange was found at 5min and 10min; however, the gradient
decreased from 10min to 40min. This indicated that a
more even temperature distribution was found through the
thickness of bottom flange, and the temperatures of hot face
and inner facewere approximately 750∘Cand900∘Cat 40min
(Figure 3). The elastic modulus profiles at 5min, 10min, 20
min, and 40min were given in Figure 5. At 5min, the
modulus was 5.8GPa and the glass transition was finished.
Besides, the modulus of web also was also degraded. At
40min, the modulus of bottom flange was almost lost and
the bottom flange was fully decomposed with the lower part
of web was in rubbery state.

The time-dependent elastic modulus profiles of web can
be seen from Figure 6(a), and the decreasing modulus of
elements resulted in an upper migration of neutral axis
(Figure 6(b)). In the fire duration, the distance from the
neutral axis at hot facewas increasing from50mmto 75.5mm
while the one at outer face of top flange was decreasing from
50mm to 36.5mm. As a result, the time-dependent second
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Figure 4: Temperature distribution of GFRP tube: (a) 5min, (b) 10min, (c) 20min, and (d) 40min.
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Figure 5: Elastic modulus distribution of GFRP tube: (a) 5min, (b) 10min, (c) 20min, and (d) 40min.

moment of area of each element and bending stiffness was
shown in Figures 6(c) and 6(d). A 78% reduction of bending
stiffness was found during the whole fire durations. Figure 7
shows comparison of the midspan deflection progressions
between the 2Dmodeling results, test values and 1Dmodeling
results from [34]. As can be seen from Figure 7, the 1D
thermomechanical model developed by the Bai et al. can
accurately predict the midspan deflections during the first
12min. However, due to the limitation of 1D model, the
thermal responses of webs cannot be predicted; therefore
mechanical responses after the onset of web degradationwere
not presented. The 2D modeling results agreed well with
the test values in the first 8min; however, overestimation
was found from 8min to 37min. This may be attributed
to two main reasons. First, it was assumed that the total
bending stiffness was calculated as the sum of independent
individual element. However, in fact each element in the cross
section was constrained by the adjacent elements. Therefore
this led to underestimation of total bending stiffness. In
addition, here it was assumed that the whole span was

subjected to the same loading and exhibited the same stiffness
degradation, but only 0.95m (64% of the span of 1.51m)
was directly exposed to the oven [34]. Therefore the overall
bending stiffness was underestimated and the deflections
were overestimated.

5. Conclusions

In this study, a 2D model to predict the thermomechan-
ical responses of rectangular GFRP tubes were developed
and solved by ADI finite difference scheme. The modeling
results were compared with the temperature and mechanical
responses from experiment on GFRP rectangular beam
under the four-point bending and one-side fire exposure.The
main conclusion remarks were drawn:

(1) A 2D thermomechanical model based on finite dif-
ference method was developed and solved by Gauss-
Seidel iterative approach. The detailed ADI schemes
considering complex boundary conditions were also
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Figure 6: Mechanical responses of GFRP tube: (a) elastic modulus, (b) neutral axis, (c) second moment of area, and (d) bending stiffness.
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Figure 7: Comparison of mechanical responses of GFRP tube.

presented, and the numerical results were stable due
to the stability of this difference format.

(2) The proposed 2D thermal model can reasonably
predict the temperatures of GFRP rectangular tube.
Based on the calculated temperature, the tempera-
ture-dependent conversion degree of glass transition
and decomposition as well as thermophysical proper-
ties of the whole cross section can also be obtained.

(3) The evolution of elastic modulus, neutral axis, second
moment of area, and bending stiffness can also be cap-
tured by the thermomechanical model, and midspan
deflections of GFRP beam under four-point bending
and fire exposure from one side can be reasonably
predicted.

(4) The overestimation of the midspan deflections may
be resulted from the underestimation of bending
stiffness and this may be attributed to two reasons:
(a) the individual element in the cross section, in fact,
was enhanced by the constrain of the adjacent ele-
ments; (b) it was assumed that the whole span was
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subjected to the same loading and exhibited the same
stiffness degradation, but only part of the span was
exposed to the oven directly [34], and this alsomake a
contribution of underestimation of stiffness.

(5) The 2D thermomechanical model can also be ex-
tended to simulate the thermomechanical responses
of beam subjected to four-point bending and three-
side fire loading. The 2D thermal also could be used
to model the thermal responses of GFRP tubular
columns subjected tomultiside fire exposure, and this
makes it possible to provide a base for estimating the
mechanical performance of theGFRP tubular column
under mechanical and multiside fire loading.

Appendix

A. 𝑖=0, 𝑗=1
Step I:

𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛∞,f − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
= 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2

Step II:
𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1∞,f − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
= 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2 .

(A.1)

B. 𝑖=𝐿/2, 𝑗=1
Step I:

𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛∞,f − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2 + 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12
⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2 = 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1∞,f − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
= 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2 .

(B.1)

C. 𝑖=0, 𝑗=𝑀
Step I:

𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎao (𝑇∞,ao − 𝑇𝑛𝑖,𝑗) + 𝜀r𝜎r (𝑇∞,ao4 − (𝑇𝑛𝑖,𝑗)4)]
⋅ Δ𝑥2 = 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦4

Step II:
𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎao (𝑇∞,ao − 𝑇𝑛+1𝑖,𝑗 ) + 𝜀r𝜎r (𝑇∞,ao4 − (𝑇𝑛+1𝑖,𝑗 )4)]
⋅ Δ𝑥2 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦4 .

(C.1)

D. 𝑖 = 𝐿/2, 𝑗 = 𝑀
Step I:

𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎao (𝑇∞,ao − 𝑇𝑛𝑖,𝑗) + 𝜀r𝜎r (𝑇∞,ao4 − (𝑇𝑛𝑖,𝑗)4)]
⋅ Δ𝑥2 = 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦4
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Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎao (𝑇∞,ao − 𝑇𝑛+1𝑖,𝑗 )
+ 𝜀r𝜎r (𝑇∞,ao4 − (𝑇𝑛+1𝑖,𝑗 )4)] Δ𝑥2 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗
⋅ 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦4 .

(D.1)

E. 𝑖=0, 1<𝑗<𝑀
Step I:

𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
= 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2

Step II:
𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
= 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2 .

(E.1)

F. 𝑖 = 𝐿/2, 1 < 𝑗 < 𝑇𝑠 ∪𝑀 − 𝑇𝑠 < 𝑗 < 𝑀
Step I:

𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
= 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
= 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2 .

(F.1)

G. 0<𝑖<𝐿/2, 𝑗=1
Step I:

𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛∞,f − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥 + 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12
⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥 = 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1∞,f − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥
= 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦.

(G.1)

H. 0 < 𝑖 < 𝐿/2, 𝑗 = 𝑀
Step I:

𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥
+ [ℎao (𝑇∞,ao − 𝑇𝑛𝑖,𝑗) + 𝜀r𝜎r (𝑇∞,ao4 − (𝑇𝑛𝑖,𝑗)4)]
⋅ Δ𝑥 = 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2
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Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2

+ 𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥
+ [ℎao (𝑇𝑛+1𝑖,𝑗 − 𝑇∞,ao)
+ 𝜀r𝜎r (𝑇∞,ao4 − (𝑇𝑛+1𝑖,𝑗 )4)]Δ𝑥 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗
⋅ 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2 .

(H.1)

I. 𝑖 = 𝑇𝑠, 𝑗 = 𝑇𝑠

Step I:
𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥 + 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12
⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2 + [ℎal (𝑇∞,al − 𝑇𝑛+1/2𝑖,𝑗 )
+ 𝜀r𝜎r (𝑇∞,al4 − (𝑇𝑛+1/2𝑖,𝑗 )4)] Δ𝑦2
+ [ℎab (𝑇∞,ab − 𝑇𝑛𝑖,𝑗) + 𝜀r𝜎r (𝑇∞,ab4 − (𝑇𝑛𝑖,𝑗)4)] Δ𝑥2
= 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 3Δ𝑥Δ𝑦4

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎal (𝑇∞,al − 𝑇𝑛+1/2𝑖,𝑗 )

+ 𝜀r𝜎r (𝑇∞,al4 − (𝑇𝑛+1/2𝑖,𝑗 )4)] Δ𝑦2
+ [ℎab (𝑇∞,ab − 𝑇𝑛+1𝑖,𝑗 ) + 𝜀r𝜎r (𝑇∞,ab4 − (𝑇𝑛+1𝑖,𝑗 )4)]
⋅ Δ𝑥2 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 3Δ𝑥Δ𝑦4 .

(I.1)

J. 𝑖 = 𝐿/2, 𝑗 = 𝑇𝑠
Step I:

𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎab (𝑇∞,ab − 𝑇𝑛𝑖,𝑗) + 𝜀r𝜎r (𝑇∞,ab4 − (𝑇𝑛𝑖,𝑗)4)] Δ𝑥2
= 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦4

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎab (𝑇∞,ab − 𝑇𝑛+1𝑖,𝑗 ) + 𝜀r𝜎r (𝑇∞,ab4 − (𝑇𝑛+1𝑖,𝑗 )4)]
⋅ Δ𝑥2 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦4 .

(J.1)

K. 𝑖 = 𝑇𝑠, 𝑗 = 𝑀 − 𝑇𝑠
Step I:

𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦
+ 𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥
+ [ℎal (𝑇∞,al − 𝑇𝑛+1/2𝑖,𝑗 )
+ 𝜀r𝜎r (𝑇∞,al4 − (𝑇𝑛+1/2𝑖,𝑗 )4)] Δ𝑦2
+ [ℎat (𝑇∞,at − 𝑇𝑛𝑖,𝑗) + 𝜀r𝜎r (𝑇∞,at4 − (𝑇𝑛𝑖,𝑗)4)] Δ𝑥2
= 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 3Δ𝑥Δ𝑦4
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Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥
+ [ℎal (𝑇∞,al − 𝑇𝑛+1/2𝑖,𝑗 )
+ 𝜀r𝜎r (𝑇∞,al4 − (𝑇𝑛+1/2𝑖,𝑗 )4)] Δ𝑦2
+ [ℎat (𝑇∞,at − 𝑇𝑛+1𝑖,𝑗 ) + 𝜀r𝜎r (𝑇∞,at4 − (𝑇𝑛+1𝑖,𝑗 )4)]
⋅ Δ𝑥2 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 3Δ𝑥Δ𝑦4 .

(K.1)

L. 𝑖=𝐿/2, 𝑗=𝑀−𝑇𝑠

Step I:
𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2

+ 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎat (𝑇∞,at − 𝑇𝑛𝑖,𝑗) + 𝜀r𝜎r (𝑇∞,at4 − (𝑇𝑛𝑖,𝑗)4)] Δ𝑥2
= 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦4

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎat (𝑇∞,at − 𝑇𝑛+1𝑖,𝑗 ) + 𝜀r𝜎r (𝑇∞,at4 − (𝑇𝑛+1𝑖,𝑗 )4)]
⋅ Δ𝑥2 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦4 .

(L.1)

M. 𝑖 = 𝑇𝑠, 𝑇𝑠 < 𝑗 < 𝑀 − 𝑇𝑠

Step I:
𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2

+ 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎal (𝑇∞,al − 𝑇𝑛+1/2𝑖,𝑗 )
+ 𝜀r𝜎r (𝑇∞,al4 − (𝑇𝑛+1/2𝑖,𝑗 )4)]Δ𝑦 = 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗
⋅ 𝑇𝑛+1/2𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦

+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥2
+ [ℎal (𝑇∞,al − 𝑇𝑛+1/2𝑖,𝑗 )
+ 𝜀r𝜎r (𝑇∞,al4 − (𝑇𝑛+1/2𝑖,𝑗 )4)]Δ𝑦 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗
⋅ 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2 .

(M.1)

N. 𝑇𝑠 < 𝑖 < 𝐿/2, 𝑗 = 𝑇𝑠

Step I:
𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2

+ 𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑦,𝑖,𝑗−1 + 𝑘𝑛𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛𝑖,𝑗−1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥
+ [ℎab (𝑇∞,ab − 𝑇𝑛𝑖,𝑗) + 𝜀r𝜎r (𝑇∞,ab4 − (𝑇𝑛𝑖,𝑗)4)]
⋅ Δ𝑥 = 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2

+ 𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗−1 + 𝑘𝑛+1/2𝑦,𝑖,𝑗2 ⋅ 𝑇𝑛+1𝑖,𝑗−1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥
+ [ℎab (𝑇∞,ab − 𝑇𝑛+1𝑖,𝑗 )
+ 𝜀r𝜎r (𝑇∞,ab4 − (𝑇𝑛+1𝑖,𝑗 )4)]Δ𝑥 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗
⋅ 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2 .

(N.1)
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O. 𝑇𝑠 < 𝑖 < 𝐿/2, 𝑗 = 𝑀 − 𝑇𝑠
Step I:

𝑘𝑛𝑥,𝑖−1,𝑗 + 𝑘𝑛𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑥,𝑖,𝑗 + 𝑘𝑛𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛𝑦,𝑖,𝑗 + 𝑘𝑛𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛𝑖,𝑗+1 − 𝑇𝑛𝑖,𝑗Δ𝑦 Δ𝑥
+ [ℎat (𝑇∞,at − 𝑇𝑛𝑖,𝑗) + 𝜀r𝜎r (𝑇∞,at4 − (𝑇𝑛𝑖,𝑗)4)]Δ𝑥
= 𝐶𝑛p,𝑖,𝑗𝜌𝑛𝑖,𝑗𝑇

𝑛+1/2
𝑖,𝑗 − 𝑇𝑛𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2

Step II:
𝑘𝑛+1/2𝑥,𝑖−1,𝑗 + 𝑘𝑛+1/2𝑥,𝑖,𝑗2 ⋅ 𝑇𝑛+1/2𝑖−1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2

+ 𝑘𝑛+1/2𝑥,𝑖,𝑗 + 𝑘𝑛+1/2𝑥,𝑖+1,𝑗2 ⋅ 𝑇𝑛+1/2𝑖+1,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑥 Δ𝑦2
+ 𝑘𝑛+1/2𝑦,𝑖,𝑗 + 𝑘𝑛+1/2𝑦,𝑖,𝑗+12 ⋅ 𝑇𝑛+1𝑖,𝑗+1 − 𝑇𝑛+1𝑖,𝑗Δ𝑦 Δ𝑥
+ [ℎat (𝑇∞,at − 𝑇𝑛+1𝑖,𝑗 ) + 𝜀r𝜎r (𝑇∞,at4 − (𝑇𝑛+1𝑖,𝑗 )4)]
⋅ Δ𝑥 = 𝐶𝑛+1/2p,𝑖,𝑗 𝜌𝑛+1/2𝑖,𝑗 𝑇𝑛+1𝑖,𝑗 − 𝑇𝑛+1/2𝑖,𝑗Δ𝑡/2 Δ𝑥Δ𝑦2 ,

(O.1)

where 𝑇∞,f and 𝑇∞,a represent the surrounding temperatures
of fire and air, respectively. ℎ denotes the convective coef-
ficients, and the subscript ao denotes the outer face of top
flange; the subscripts ab, al, and at represent the inner face of
bottom flange, web, and top flange, respectively.

Nomenclature

𝑎: Distance between the support and load𝐴: Preexponential factor𝐶p: Apparent specific heat capacity𝐸: Young’s (elastic) modulus𝐸A: Activation energy𝑓: Mass fraction of material𝑔: Acceleration of gravityℎ: Convective coefficient𝐼: Second moment of area of the section𝑘: Thermal conductivity𝑙: Width of tube𝐿: Number of elements in width direction𝐿 s: Span𝑚: Height of tube𝑀: Number of elements in height direction
Ma: Mass𝑁: Number of time steps

𝑃: Half of total load
Pr: Prandtl number𝑞: Heat flux𝑅: Universal gas constant𝑡: Time𝑇: Temperature𝑇s: Number of elements of flanges or webs
V: Kinetic viscosity of air𝑉: Volume fraction of material.

Greek

𝛼: Conversion degree𝛽: Volumetric coefficient of thermal expansion of air𝛿: Midspan deflection∞: Surrounding𝜀: Emissivity of solid surface𝜌: Density𝜎: Stefan-Boltzmann constant.

Subscripts

A: Material after decomposition (char)
ab: Inner surface of bottom flange
al: Inner surface of web
at: Inner surface of top flange
b: Material before decomposition (virgin)
bd: The boundaries of tube
bf: Bottom flange
d: Decomposition
e: Final mass
f : Fiber
g: Glass transition
ga: Gas𝑖: Space step in 𝑥 direction𝑗: Space step in 𝑦 direction
m: Matrix resin
ou: Outer surface of upper flange
r: Rubbery and leathery states
ra: Radiation
tf : Top flange
v: Initial mass
w: Web⊥: Through thickness direction.

Superscripts

𝑛: Time step𝑛𝑟: Reaction order.
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Français du Pétrole, vol. 50, no. 1, pp. 69–74, 1995.

[13] M. R. E. Looyeh, P. Bettess, and A. G. Gibson, “A one-
dimensional finite element simulation for the fire-performance
of GRP panels for offshore structures,” International Journal of
Numerical Methods for Heat and Fluid Flow, vol. 7, no. 5, pp.
609–625, 1997.

[14] N. Dodds, A. G. Gibson, D. Dewhurst, and J. M. Davies, “Fire
behaviour of composite laminates,” Composites Part A: Applied
Science and Manufacturing, vol. 31, no. 7, pp. 689–702, 2000.

[15] B. Y. Lattimer and J. Ouellette, “Properties of composite mate-
rials for thermal analysis involving fires,” Composites Part A:
Applied Science and Manufacturing, vol. 37, no. 7, pp. 1068–1081,
2006.

[16] A. G. Gibson, P. N. H. Wright, Y.-S. Wu, A. P. Mouritz, Z.
Mathys, and C. P. Gardiner, “Modelling residual mechanical
properties of polymer composites after fire,”Plastics, Rubber and
Composites, vol. 32, no. 2, pp. 81–90, 2003.

[17] A. G. Gibson, P. N. H. Wright, Y.-S. Wu, A. P. Mouritz, Z.
Mathys, and C. P. Gardiner, “The integrity of polymer compos-
ites during and after fire,” Journal of Composite Materials, vol.
38, no. 15, pp. 1283–1307, 2004.

[18] A. P.Mouritz andZ.Mathys, “Post-firemechanical properties of
marine polymer composites,” Composite Structures, vol. 47, no.
1-4, pp. 643–653, 1999.

[19] A. G. Gibson, T. Browne, S. Feih, and A. P. Mouritz, “Modeling
composite high temperature behavior and fire response under
load,” Journal of Composite Materials, vol. 46, no. 16, pp. 2005–
2022, 2012.

[20] V. U. Miano and A. G. Gibson, “FIREmodel for fibre reinforced
plastic composites using Apparent thermal diffusivity (ATD),”
Plastics, Rubber andComposites, vol. 38, no. 2-4, pp. 87–92, 2009.

[21] V. U. Miano, Modelling composite fire behaviour using apparent
thermal diffusivity [Ph.D. thesis], Newcastle University, Septem-
ber 2011.

[22] S. Feih, Z. Mathys, A. G. Gibson, and A. P. Mouritz, “Modelling
the compression strength of polymer laminates in fire,” Com-
posites Part A: Applied Science and Manufacturing, vol. 38, no.
11, pp. 2354–2365, 2007.

[23] S. Feih, Z. Mathys, A. G. Gibson, and A. P. Mouritz, “Modelling
the tension and compression strengths of polymer laminates in
fire,”Composites Science andTechnology, vol. 67, no. 3-4, pp. 551–
564, 2007.

[24] A. P. Mouritz, S. Feih, Z. Mathys, and A. G. Gibson, “Modeling
compressive skin failure of sandwich composites in fire,” Journal
of Sandwich Structures and Materials, vol. 10, no. 3, pp. 217–245,
2008.

[25] A. Anjang, V. S. Chevali, E. Kandare, A. P. Mouritz, and S. Feih,
“Tensionmodelling and testing of sandwich composites in fire,”
Composite Structures, vol. 113, no. 1, pp. 437–445, 2014.

[26] A. Anjang, V. S. Chevali, B. Y. Lattimer, S. W. Case, S. Feih,
and A. P.Mouritz, “Post-firemechanical properties of sandwich
composite structures,” Composite Structures, vol. 132, pp. 1019–
1028, 2015.

[27] T. Keller, C. Tracy, and A. Zhou, “Structural response of liquid-
cooled GFRP slabs subjected to fire—Part II: thermo-chemical
and thermo-mechanical modeling,” Composites Part A: Applied
Science and Manufacturing, vol. 37, no. 9, pp. 1296–1308, 2006.

[28] Y. Bai, T. Vallée, and T. Keller, “Modeling of thermo-physical
properties for FRP composites under elevated and high temper-
ature,” Composites Science and Technology, vol. 67, no. 15-16, pp.
3098–3109, 2007.

[29] Y. Bai, T. Vallée, and T. Keller, “Modeling of thermal responses
for FRP composites under elevated and high temperatures,”
Composites Science and Technology, vol. 68, no. 1, pp. 47–56,
2008.

[30] Y. Bai, T. Keller, and T. Vallée, “Modeling of stiffness of FRP
composites under elevated and high temperatures,” Composites
Science and Technology, vol. 68, no. 15-16, pp. 3099–3106, 2008.

[31] Y. Bai and T. Keller, “Modeling of mechanical response of FRP
composites in fire,” Composites Part A: Applied Science and
Manufacturing, vol. 40, no. 6-7, pp. 731–738, 2009.

[32] Y. Bai and T. Keller, “Modeling of strength degradation for
Fiber-reinforced polymer composites in fire,” Journal of Com-
posite Materials, vol. 43, no. 21, pp. 2371–2385, 2009.

[33] S. Shi, L. Li, G. Fang, J. Liang, F. Yi, and G. Lin, “Three-
dimensional modeling and experimental validation of thermo-
mechanical response of FRP composites exposed to one-sided
heat flux,”Materials and Design, vol. 99, pp. 565–573, 2016.



Advances in Materials Science and Engineering 17

[34] Y. Bai, T. Keller, J. R. Correia, F. A. Branco, and J. G. Ferreira,
“Fire protection systems for building floors made of pul-
truded GFRP profiles - Part 2: Modeling of thermomechanical
responses,” Composites Part B: Engineering, vol. 41, no. 8, pp.
630–636, 2010.

[35] A. P.Mouritz, S. Feih, E. Kandare et al., “Review of fire structural
modelling of polymer composites,” Composites Part A: Applied
Science and Manufacturing, vol. 40, no. 12, pp. 1800–1814, 2009.

[36] B. Mutnuri, Thermal conductivity characterization of composite
materials, West Virginia University Libraries, 2006.

[37] Alternating direction implicit method.Wikipedia, 2016, https://
en.wikipedia.org/wiki/Alternating direction implicit method&gt.

[38] D. W. Peaceman and J. Rachford, “The numerical solution
of parabolic and elliptic differential equations,” Society for
Industrial and AppliedMathematics, vol. 3, no. 1, pp. 28–41, 1955.

[39] J. Douglas and J. Rachford, “On the numerical solution of
heat conduction problems in two and three space variables,”
Transactions of the American Mathematical Society, vol. 82, pp.
421–439, 1956.

https://en.wikipedia.org/wiki/Alternating_direction_implicit_method&gt
https://en.wikipedia.org/wiki/Alternating_direction_implicit_method&gt


Submit your manuscripts at
https://www.hindawi.com

Scientifica
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Corrosion
International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Polymer Science
International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Ceramics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Composites
Journal of

Nanoparticles
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

International Journal of

Biomaterials

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Nanoscience
Journal of

Textiles
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Journal of

Nanotechnology
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Journal of

Crystallography
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

The Scientific 
World Journal
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Coatings
Journal of

Advances in

Materials Science and Engineering
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

 Smart Materials 
Research

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Metallurgy
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

BioMed 
Research International

Materials
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014


