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The purpose of this article is to present a simplified methodology for analysis of sandwich structures using the homogenization
method. This methodology is based upon the strain energy criterion. Normally, sandwich structures are composed of hexagonal
core and face sheets and a complete and complex hexagonal core is modeled for finite element (FE) structural analysis. In the
present work, the hexagonal core is replaced by a simple equivalent volume for FE analysis. The properties of an equivalent volume
were calculated by taking a single representative cell for the entire core structure and the analysis was performed to determine the
effective elastic orthotropic modulus of the equivalent volume. Since each elemental cell of the hexagonal core repeats itself within
the in-plane direction, periodic boundary conditions were applied to the single cell to obtain the more realistic values of effective
modulus. A sandwich beamwas thenmodeled using determined effective properties. 3D FE analysis ofThree- and Four-Point Bend
Tests (3PBT and 4PBT) for sandwich structures having an equivalent polypropylene honeycomb core and Glass Fiber Reinforced
Plastic (GFRP) composite face sheets are performed in the present study. The authenticity of the proposed methodology has been
verified by comparing the simulation results with the experimental bend test results on hexagonal core sandwich beams.

1. Introduction

Applications of composite sandwich structures are contin-
uously increasing in the recent times due to their excel-
lent out-of-plane shear and compressive properties. Modern
manufacturing aerospace, ship building, and automotive
industries are the main users of sandwich structures. A
typical sandwich structure consists of a central core material
covered by top and bottom face sheets. Generally honeycomb,
truss, and foam are used as the inner cores in sandwich
structures. Nomex, Polypropylene, and Aluminium are reg-
ularly used core materials, whereas, Glass Fiber Reinforced
Plastic (GFRP), Carbon Fiber Reinforced Plastic (CFRP), and
Aluminium are commonly used face sheet materials.

Composite sandwiches are used as substantial struc-
tures in cars, ships, beams, and so forth. Complex and large

hexagonal honeycomb core shapes are not only difficult to
model but also are computationally expensive. Due to these
limitations, an alternative strategy is desired in which a
complex shaped core material may be replaced by a simple
equivalent volume having elastic orthotropic properties.

Many authors attempted to determine the equivalent
properties of central core by separately modeling the hon-
eycomb core sheet with hexagonal unit cells [1–6]. Each cell
of the honeycomb sheet periodically repeats itself within in-
plane direction. The required equivalent core properties are
the in-plane (E11, E22) and out-of-plane (E33) elastic moduli,
in-plane (G12) and out-of-plane (G13, G23) shear moduli, and
the Poisson ratios (𝜐12, 𝜐13, and 𝜐23). The homogenization
method is based on the mechanical equivalence between the
microstructures of RVE (representative volume element) and
a similar homogeneous macroscopic volume.
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Figure 1: Representative volume element (RVE).

Different authors like Kelsey et al. [7], Gibson and Ashby
[8], Zhang and Ashby [9], Klintworth and Stronge [10],
Hohe and Becker [11], and Yang and Becker [12] developed
the analytical schemes to estimate the equivalent proper-
ties of cellular core. Normally analytical theories are shape
dependent and also not able to predict all the 9 engineering
constants of the elastic orthotropic properties. In recent years,
finite element analysis (FEA) has become a popular tool to
determine the equivalent elastic properties of any cellular
structure of periodic nature [13–17].

In the present study only a single hexagonal element with
periodic boundary conditions has been modeled to deter-
mine the equivalent properties. This approach to determine
the equivalent properties is based on the work of Gornet et
al. [13, 15]. The required orthotropic properties in terms of 9
engineering constants are determined using the strain energy
based homogenizationmethod. Subsequently, a 3D sandwich
structure with face sheets and simple inner core volume was
modeled along with the calculated equivalent properties and
analyzed for Three-Point Bend Test (3PBT) and Four-Point
BendTest (4PBT). For the 3PBT and 4PBTfinite element (FE)
simulations, a complex hexagonal honeycomb is replaced
by the equivalent 3D core material. Finally, the results were
compared with the experimental data.

This article is organized as follows: representative volume
element (RVE) for honeycomb core material is defined
and described in Section 2. Mathematical formulation is
explained in Section 3. FEA results and its comparison with
experimental results are discussed in Section 4. Finally, some
concluding remarks are made in Section 5.

2. Representative Volume Element (RVE)

Figure 1 shows a representative volume element (RVE) for
overexpanded hexagonal honeycomb material along with
necessary orthotropic basis, that is, axes 1, 2, and 3. Now
by successive in-plane translation of RVEs, one can obtain
a larger volume of the honeycomb cellular structure. RVE
for honeycomb core material and corresponding equiva-
lent homogenized volume is shown in Figure 2. Once the
orthotropic properties of homogenized volume are known,

one can model the large and complex sandwich structures
with simple homogenized volume for different FE analyses.

3. Formulation

By considering 𝑌 to be the RVE and |𝑌| its volume mea-
surement, the average of the second-order tensor𝑋𝐼𝐽 may be
represented by the following relation:

⟨𝑋𝐼𝐽⟩ = 1|𝑌| ∫𝑌𝑋𝐼𝐽 (𝑌) 𝑑𝑌. (1)

One can express the average stress and strain tensors asΣ𝐼𝐽 = ⟨𝜎𝐼𝐽⟩ and 𝐸𝐼𝐽 = ⟨𝜀𝐼𝐽⟩, respectively. Periodic homog-
enization is based upon the data average over the strain
field and then one determines the compliance operator 𝐶RVE
of the RVE by imposing displacement boundary conditions
[13]. Here, Hill-Mandel [18, 19] energy approach is used to
calculate the equivalent homogenized components of 6 × 6
compliancematrix𝐶RVE𝐼𝐽 . Now homogenized stress and strain
tensors are related to each other with the help of the following
relation:

Σ = 𝐶RVE𝐸
𝐸 = 𝑆RVEΣ. (2)

Here 𝑆RVE represents the 6 × 6 stiffness matrix. The
homogenized mechanical stiffness characteristics (𝐶RVE) of
the RVE can be derived with the Hill-Mandel theorem [18,
19]. The Hill-Mandel theorem equates the RVE energy to the
average of the energies of its components:

𝜀𝐼𝐶RVE𝐼𝐽 𝜀𝐽 = 1|𝑌|RVE ∫𝑌 Tr [𝜎𝜀] 𝑑𝑌. (3)

The 21 components of the orthotropic compliance matrix𝐶RVE𝐼𝐽 can be determined by applying 21 linear combinations
of applied loading on RVE and the resultant set of the
corresponding equationsmay be expressed as follows [13, 15]:

𝜀𝐼𝐶RVE𝐼𝐼 𝜀𝐼 = 1|𝑌|RVE ∫𝑌 Tr [𝜎𝜀] 𝑑𝑌 𝐼 ∈ [1, 3]
√2𝜀𝐼𝐶RVE𝐼𝐼 √2𝜀𝐼 = 1|𝑌|RVE ∫𝑌 Tr [𝜎𝜀] 𝑑𝑌 𝐼 ∈ [4, 6]
𝜀𝐼𝐶RVE𝐼𝐼 𝜀𝐼 + 2𝜀𝐼𝐶RVE𝐼𝐽 𝜀𝐽 + 𝜀𝐽𝐶RVE𝐽𝐽 𝜀𝐽
= 1|𝑌|RVE ∫𝑌 Tr [𝜎𝜀] 𝑑𝑌

(𝐼, 𝐽) ∈ [1, 3]2 with (𝐼 ̸= 𝐽)
𝜀𝐼𝐶RVE𝐼𝐼 𝜀𝐼 + 2𝜀𝐼𝐶RVE𝐼𝐽 √2𝜀𝐽 + √2𝜀𝐽𝐶RVE𝐽𝐽 √2𝜀𝐽
= 1|𝑌|RVE ∫𝑌 Tr [𝜎𝜀] 𝑑𝑌 (𝐼, 𝐽) ∈ [1, 3] × [4, 6]
√2𝜀𝐼𝐶RVE𝐼𝐼 √2𝜀𝐼 + 2√2𝜀𝐼𝐶RVE𝐼𝐽 √2𝜀𝐽 + √2𝜀𝐽𝐶RVE𝐽𝐽 √2𝜀𝐽
= 1|𝑌|RVE ∫𝑌 Tr [𝜎𝜀] 𝑑𝑌

with (𝐼, 𝐽) ∈ [4, 6]2 with (𝐼 ̸= 𝐽) .

(4)
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Figure 2: Honeycomb core RVE.

Equations (4) are used to find the components of com-
pliance matrix 𝐶RVE𝐼𝐽 and components of the stiffness matrix
𝑆RVE𝐼𝐽 can be determined by using the relation 𝑆RVE𝐼𝐽 =[𝐶RVE𝐼𝐽 ]−1.The selected RVE is loaded with the imposed strain
for different loading conditions corresponding to different
coefficients of the compliance matrix. The resultant strain
energy of the RVE can be calculated in the postprocessing
after the FEA is completed. The calculated strain energy is
related to the coefficients of the compliance matrix (𝐶𝐼𝐽)
by the Hill-Mandel theorem, (3). The coefficients of the
compliance matrix (𝐶𝐼𝐽) corresponding to different loading
conditions are represented by (4). The orthotropic material
parameters (E11, E22, E33, G12, G13, G23, 𝜐12, 𝜐13, and 𝜐23)
can be determined from the stiffness matrix 𝑆RVE𝐼𝐽 . See the
Appendix for detailed mathematical relations.

4. 3D FEA and Results

In this section, FE analysis and results are presented and
discussed in detail. Two different FE models were devel-
oped and analyzed. First, FEA of a single cell of hexagonal
honeycomb representing the RVE is performed and the
equivalent orthotropic properties are determined using the
methodology explained in previous section.Then a sandwich
beam is modeled and FEA (3PBT and 4PBT) is performed
using the determined equivalent properties.

4.1. Determination of Equivalent Properties. FEA to deter-
mine the equivalent properties was done using the com-
mercially available software CAST3M [20]. This code was
developed by the “Département Mécanique et Technolo-
gie (DMT) du Commissariat français à l’Energie Atom-
ique (CEA), France.” The purpose of the development of
CAST3M is to provide high level support for the design

and analysis of structures and components in the research
field. In this context, CAST3M not only incorporates the
process of calculations but also serves as preprocessor for the
modeling of structural parts and analysis of the final results
(posttreatment).

The honeycomb core is modeled with three-dimensional
brick elements having 20 nodes (CU20) [20]. The core
material is polypropylene with a density of 80.0 Kg/m3 and a
sheet thickness of 0.24mm.The unit cell is 8.0mm wide and
20mm high (see Figure 1).

As adopted by Gornet et al. [13, 15], FEAwas done for dif-
ferent loading conditions to determine the orthotropic coef-
ficients of the compliance matrix. The principal orthotropic
directions are shown in Figure 1. The boundary conditions
for five different loadings are shown in Figure 3. Von
Mises stress profiles of 20mm thick core for three tensile
loading conditions are shown in Figure 4. The determined
orthotropic properties and their comparison with analytical
results as proposed by Gibson and Ashby [8] and Chamis et
al. [6] are given in Table 1.

Honeycomb cores are usually designed for out-of-plane
normal (E33) and shear (G13, G23) loading conditions.
Gibson and Ashby [8] presented the solution for ortho-
tropic properties of honeycomb cores; however, they did
not consider the effects of double wall thickness and peri-
odic nature of core media. Due to this reason, the values
for E11 and E22 are not only similar to each other but also
lower than those depicted by FE results. Likewise, the values
of G13 and G23 are also identical for the same reasons.
The out-of-plane modulus predicted by the FEA is in close
approximation to the Gibson and Ashby results. Still the
value of E33 is towards the lower side for the Ashby and
Gibson due to constant wall approximation. Chamis et al.
[6] also proposed approximated formulas to calculate the
equivalent orthotropic properties of honeycomb structures.
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Figure 3: Boundary conditions for five different loadings.
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Figure 4: Von Mises stress profile for different loading conditions on hexagonal core.
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Table 1: Comparison of FEA results with published [6, 8] data.

Property 3D FEA results Gibson and Ashby [8] Chamis et al. [6]

Unit cell

𝐸11 (N/m2) 5.8𝐸6 4.2𝐸5 5.85𝐸7
𝐸22 (N/m2) 6.9𝐸6 4.2𝐸5 3.9𝐸7
𝐸33 (N/m2) 10.2𝐸7 7.8𝐸7 11.7𝐸7
𝐺12 (N/m2) 1.97𝐸6 1.05𝐸5 1.03𝐸7
𝐺13 (N/m2) 1.44𝐸7 1.37𝐸7 1.37𝐸7
𝐺23 (N/m2) 2.2𝐸7 1.37𝐸7 2.06𝐸7
𝜐12 0.81 0.99 0.42
𝜐13 0.024 0.031 0.42
𝜐23 0.028 0.0054 0.42

P

L/2

L

tf

ℎc

Figure 5: Three-point bend test (3PBT) specimen.

The formulations proposed by Chamis et al. overestimated
the calculated values. Readers may consult the work of
Gibson and Ashby and Chamis et al. for more details [6, 8].

In the present work, only one honeycomb core cell
with actual double wall thickness is modeled and results
are obtained by applying periodic displacement boundary
conditions. The predicted out-of-plane elastic modulus E33
and the two shear moduli G13 and G23 were found in good
agreement with the values obtained by Chamis et al. [6]. The
identified equivalent properties were used for the 3D 4PBT
and 3PBT FE analyses in the next section.

4.2. 3D FE Analysis of Three- and Four-Point Bend Tests. The
sandwich structure usually consists of central core materials
covered by the face sheets on both sides of the core. In the
present study, two different types of analyses were performed,
where the face sheets weremodeled with the shell elements in
the first andwith the 3D solid elements in the second analysis.
However, the core material is modeled by 3D solid elements
in both the cases. The authenticity of the performed analysis
has been established by comparing the FE results with the
reported work [2, 21].

The geometry and boundary conditions for 3PBT and
4PBT specimens are shown in Figures 5 and 6, respectively.
Considering the symmetry of 4PBT, only half of the spec-
imen is modeled and analysis is performed by employing
symmetric boundary conditions. The specimen length is L
= 300mm, the face sheet thickness is 𝑡𝑓 = 1mm, and the
width is b = 35mm for all the specimens. A core height (hc)
of 20mm is used for both 3PBT and 4PBT analyses. The 3D

FE analyses are performed using the commercial software
Abaqus/Standard. C3D8R solid elements are used for core
material modeling. S4R shell and C3D8R solid elements are
used for face sheet material modeling.

Figures 7 and 8 present the FE results of force versus
deflection curve for 3PBT and 4PBT, respectively. Note that
changing the type of elements from solid to shell did not
reflect any noticeable difference in the FE results. Neverthe-
less, the simulation results are in close agreement with the
experimental ones.

The above simulation results on 3PBT and 4PBT indicate
that the adopted strategy to model the hexagonal hon-
eycomb material by equivalent orthotropic material gives
good results. Hence, instead of modeling a large number of
hexagonal cells, one can determine the equivalent properties
by modeling a single hexagonal cell as an RVE only.

Figures 9 and 10 present the VonMises and normal stress
(𝜎33) profile on the 3PBT specimen for both core and face
sheet materials, respectively.

Similarly Figures 11 and 12 show the Von Mises and
normal stress (𝜎33) profile on the 4PBT specimen for core
and face sheet materials, respectively. The normal stress (𝜎33)
distribution/trend along a specific path of core material for
both 3PBT and 4PBT is discussed here. The selected nodal
paths along the height and width of the core are shown in
Figure 13 for 3PBT and in Figure 14 for 4PBT. The stress
distribution is studied at the nodes along width direction,
where the loading is imposed and the same path is extended
along the height for the creation of second set of nodes.

Figure 15 presents the variation of normal stress (𝜎33)
along the core height, starting from the top to the bottom
node for 3PBT (Figure 13). The normal stress produced is
compressive in nature because of the direction of applied
load at the selected nodes. The top node stress value is
observedmaximum and it decreases gradually along the path
towards the bottom node. Figure 16 shows the variation of
normal compressive stress along the width for 3PBT. The
stress value increased as it moves from corner node and then
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Figure 6: Four-point bend test (4PBT) specimen: (a) full length; (b) symmetric.
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Figure 7: Force versus deflection curve (3PBT).
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Figure 8: Force versus deflection curve (4PBT).

tends to stabilize as it reaches the middle node; after reaching
the middle node the exact symmetry is observed for the
remaining half width.
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Figure 9: Von Mises stress profile (3PBT).

Similarly, Figures 17 and 18 present the normal com-
pressive stress variation along the selected nodal paths for
height and width directions for 4PBT. Although the stress
magnitudes observed in the 4PBT are lesser as compared to
those of 3PBT, the trends are quite similar for both the cases.
The lower values of normal stress for 4PBT can be attributed
to the small bending arm’s length for the given loading in
comparison to 3PBT; see Figures 5 and 6.

5. Conclusion

In this article, the strain energy based homogenization
methodology is explained to determine the equivalent
orthotropic properties of honeycomb sandwich structures.
The obtained properties are further successfully employed to
simulate the 3PBT and 4PBT. A 3D representative volume
element (RVE) of one cell of honeycomb is selected to apply
the homogenization technique rather than selecting a con-
tinuous structure having multiple cells, hence considerably
reducing the computational time and effort. In the first part,
homogenization is performed for honeycomb core material
and determined orthotropic properties are compared with
the properties based on available theories of different authors.
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Figure 10: Normal stress (𝜎33) profile (3PBT).
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In the second part, 3D FEA of 3PBT and 4PBT are performed
based on the determined equivalent orthotropic properties.
The bend test results for both analyses are compared with
experimental data and are found in good agreement.

Appendix

The constitutive equations representing the 3D stress-strain
relation in terms of 6× 6 compliancematrix,𝐶𝐼𝐽 (Herakovich,
1997) [17], are

𝜎1 = 𝐶𝐼𝐽𝜀𝐽 (A.1)
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Figure 12: Normal stress (𝜎33) profile (4PBT).
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(A.2)

The inverse relationship in terms of 6 × 6 stiffness matrix,𝑆𝐼𝐽, may be expressed as follows (Herakovich, 1997) [17]:

𝜀1 = 𝑆𝐼𝐽𝜎𝐽
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𝑆11 𝑆12 𝑆13 𝑆14 𝑆15 𝑆16𝑆22 𝑆23 𝑆24 𝑆25 𝑆26𝑆33 𝑆34 𝑆35 𝑆36𝑆44 𝑆45 𝑆46
symmetry 𝑆55 𝑆56𝑆66

]]]]]]]]
]

[[[[[[[[[
[

𝜎11𝜎22𝜎33√2𝜎23√2𝜎13√2𝜎12

]]]]]]]]]
]

,

(A.3)

where 𝑆𝐼𝐽 = 𝐶𝐼𝐽−1.
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(a) (b)

Figure 13: Selected nodal path direction for 3PBT: (a) height; (b) width.

(a) (b)

Figure 14: Selected nodal path direction for 4PBT: (a) height; (b) width.
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Figure 15: Normal stress distribution along the height direction (3PBT).
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Figure 16: Normal stress distribution along the width direction
(3PBT).
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Figure 17: Normal stress distribution along the height direction
(4PBT).

The Hill-Mandel theorem equates the RVE energy to the
average of the energies of its components:

𝜀𝐼𝐶𝐼𝐽𝜀𝐽 = 1|𝑌| ∫𝑌 Tr [𝜎𝜀] 𝑑𝑌. (A.4)

Components of the 6 × 6 compliance matrix, 𝐶𝐼𝐽, are
given in (A.2). The coefficients of the compliance matrix
are calculated using (4) for different imposed strain loading
conditions. The components of the stiffness matrix may be
calculated using relation 𝑆𝐼𝐽 = 𝐶𝐼𝐽−1. Stiffness matrix for
the orthotropic material is represented by (A.5) where some
coefficients become zero due to symmetry of three mutually
orthogonal planes (Herakovich, 1997) [17].

[[[[[[[[
[

𝑆11 𝑆12 𝑆13 0 0 0𝑆12 𝑆22 𝑆23 0 0 0𝑆13 𝑆23 𝑆33 0 0 00 0 0 𝑆44 0 00 0 0 0 𝑆55 00 0 0 0 0 𝑆66

]]]]]]]]
]

. (A.5)
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Figure 18: Normal stress distribution along the width direction
(4PBT).

The orthotropic material parameters (E11, E22, E33, G12,
G13, G23, 𝜐12, 𝜐13, and 𝜐23) can be determined from stiffness
matrix 𝑆𝐼𝐽; see (A.6) (Herakovich, 1997) [17].
[[[[[[[[[[
[

𝑆11 𝑆12 𝑆13 0 0 0
𝑆12 𝑆22 𝑆23 0 0 0
𝑆13 𝑆23 𝑆33 0 0 0
0 0 0 𝑆44 0 0
0 0 0 0 𝑆55 0
0 0 0 0 0 𝑆66

]]]]]]]]]]
]

=

[[[[[[[[[[[[[[[[[[[[[
[

1
𝐸1
−]12𝐸1
−]13𝐸1 0 0 0

−]21𝐸2
1
𝐸2
−]23𝐸2 0 0 0

−]31𝐸3
−]32𝐸3

1
𝐸3 0 0 0

0 0 0 1
2𝐺23 0 0

0 0 0 0 1
2𝐺13 0

0 0 0 0 0 1
2𝐺12

]]]]]]]]]]]]]]]]]]]]]
]

.

(A.6)
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