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*e damage process is accompanied by the acoustic emission for quasibrittle materials. And in the process of material damage
evolution, the length of microcracks satisfies the fractal distribution. Research on their relationship in theory is helpful to reveal
the law of material damage evolution and acoustic emission activities. Damage variable expressions are proposed based on the
damage and fractal characteristics firstly. *en, the statistical models for acoustic emission considering damage and fractal
characteristics are established by deducing the relationship between acoustic emission parameters and load cycles and fractal
dimensions. *e effects of damage and fractal effects on acoustic emission parameters are analyzed finally. *e results show that
the damage accelerates the AE activity to the rougher material, the opposite to the more homogeneous material. It can also be seen
that the increase of the fractal dimension, the homogeneity constant m, will substantially increase the AE activities.

1. Introduction

Material fatigue damage is a dynamic process of complex
plastic-cumulative damage accompanied by acoustic emis-
sion (AE) during damage degradation. *e study of AE
mechanisms provides a physical basis for interpretation of
the behavior of acoustic emission which helps to un-
derstand the mechanism of fatigue fracture. Many efforts
[1–4] have verified and identified the AE source mecha-
nisms. Among them, the research on acoustic emission
mechanism and acoustic emission characteristics based on
micromechanics theory has always been paid more atten-
tion by researchers.

Tang and Xu [5, 6] put forward the viewpoint that the
damage variable is consistent with the acoustic emission
parameters by the continuous damage mechanics method,
and the statistical model of acoustic emission is established
based on the Weibull distribution assuming damage evo-
lution of each microelement defect. Analytical models [7]
based on the continuous damage mechanics method have
proven to be effective and have become a basis for numerical
analysis related to the fracture process of materials [8].

Fatigue and fracture of the material is the result of
damage accumulation. Internal damage to the structure
during loading can cause stress redistribution, leading to
new microdefect damage, and experimental studies [9, 10]
have confirmed that the evolution of material damage has
fractal characteristics; at the same time, fractal features and
behaviors exist in the distribution of microcracks, the
propagation of cracks and the evolution of material damage.
On the other hand, AE behaviors during fracture are the
reflection of the extent of damage depending on the evo-
lution of internal defects and the mechanical process of
reproduction in materials. It seems to suggest that the
damage variables and constitutive equations are also re-
sponsible directly for the occurrence of AE in the material.
However, the current statistical models of acoustic emission
do not account for the effects of damage and fractal features
on the constitutive equations of the materials, and the
statistical models of acoustic emission are thus established
without considering their effects.

In this paper, damage variables are redefined by
AE parameters, the number of cycles, and the fractal
dimension, and the expression of damage variable is
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corrected. *e Weibull distribution [5] is further used to
describe the damage evolution of microdefect, and then
the material constitutive equation and load displacement
equation considering damage and fractal characteristics
are deduced to obtain the modified acoustic emission
statistical model. Finally, the effects of damage and
fractal characteristics on acoustic emission parameters
are discussed.

2. AE Parameters in Fatigue Fracture Process

2.1. Damage Expressions of AE Parameters. Since an acoustic
emission represents a minor damage of the material, as with
stress and strain parameters, some AE parameters such as
the event number of AE and the energy of AE are employed
to the index of the damage degree. To investigate the re-
lationship between the fatigue fracture process parameters
and AE parameters, several definitions of damage variables
are given as follows.

*e material without initial damage under uniaxial
loading is considered; assuming that the AE rate produced
by per unit area of the microelement damage is nv, damage
AE counts η for the microelement area of Ad is as follows:

η � nv · Ad, (1)

whereAd is the cross-sectional area of microdefects area.*e
sum of ring down counts AE occurring until the total
damage area of A failure ηt is as follows:

ηt � nv · A �
η · A

Ad
. (2)

Continuous damage variable D, characterized as the
damage of material, has been introduced by Robotnov [11]:

D �
Ad

A
�

0 undamage state

1 damage state,

⎧⎪⎨

⎪⎩
(3)

where Ad is the cross-sectional area with damage and A is
the cross-sectional area without damage.

Combining (2) with (3), the relationship between the
damage variable and AE count is obtained by

D �
η
ηt

. (4)

It is shown that the AE count ratio can characterize the
degree of damage evolution of the material, which is the
macroscopic representation of the microscopic change,
namely, the AE parameters that are consistent with the
damage variables.

2.2. *e Expressions of AE Parameters Based on Damage Effect
and Fractal Characteristics. Damage variables can track the
development of the crack in real time, and the fractal di-
mension can describe the crack shape quantitatively. If
parameters both damage variables and fractal dimension are
used to describe the damage evolution of the material, the
influence of material defects on the mechanical behavior
parameters can be further studied in a microscale.

Starting from the constitutive equation of the damage
variable, the damage variable expression is modified, and the
relationship between the damage variable defined by
acoustic emission parameters and the new damage variable
defined by damage and fractal characteristics is studied.

Fatigue damage is mainly caused by plastic accumulation
and hardening properties for low cycle fatigue (LCF).
Constitutive equations [12] derived from the damage vari-
able D for the low cycle fatigue are characterized as

_D �
σm−1

B′(Δσ)λN(1−α)(1−D)m
_σ(LCF), (5)

where m � 2s0 + 1/n and B′ � nG1/n(2ES0)
s0 are material

constants and s0 and S0 are parameters. Damage constitutive
equation for LCF is introduced by hardening state variable
G, G � G0h; assuming G with power exponent functions Δσ
and N, G � G0h � G0(ΔσλN(1− α))n. Integrating (5) in one
loading cycle, damage evolution equations dD/dN can be
obtained as

dD

dN
�

(Δσ)mh−1/n

B″(1−D)m (LCF), (6)

where B″ � mB′/2(m+1). By integrating (6), under boundary
conditions (if N � 0, D � 0, else N � Nf , D � 1), damage
variable expressions derived from LCF can be given by

D � 1− 1−
N1

Nf
 

α

 

1/(m+1)

. (7)

With α � 0, the above equations have the same patterns.
So, (7) can be regarded as the general expression of the
fatigue damage variable, which is similar to the results as
discussed by Chaboche et al. [13].

When the material is subjected to fatigue, damage caused
by external load, the fatigue damage variable μ after N cycles
could be defined as

μ �
N

Nf
, (8)

where Nf is the fatigue failure lifetime. Substituting (8) into
(7), then

1−(1−D)
m+1

� μa
. (9)

Substituting (4) and (8) into (9), the damage variable
expression with damage can be described as

1− 1−
η
ηt

 

m1+1

�
N

Nf
 

α

. (10)

*e above two relationships demonstrate that AE ac-
tivities are related to fatigue damage.

According to the fracture surface fractal characteristics,
the damage variable with damage and fractal characteristics
in (9) is defined by Xie and Ju [14] as follows:

μ Df , δ(  � μδDf−2 � 1−(1− μ)δDf−2, (11)

where Df and Df are the fractal dimensions of the damage
domain and the damage residual domain, respectively.
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Substituting (4) and (11) into (9), damage variable ex-
pression with fractal characteristics can be described as

1− 1−
η
ηt

  

m+1

�
N

Nf
 δDf − 2 

α

. (12)

*e above-modified expressions ((10) and (12)) dem-
onstrate that the damage can be defined by the number of
loading cycles and the fractal dimension and also can be
defined by acoustic emission parameters in AE caused by
fatigue fracture. *e theoretical results indicated that the AE
parameters are related to the damage effect and fractal
characteristics, so AE parameters can be used to evaluate the
AE activity at different fatigue fracture stages.

3. Modifications of AE Statistical Models
Based on Damage and Fractal Characteristics

*e main contributor to damage is the rate of strain energy
density release and is always associated with irreversible
strain at the microscopic or macroscopic level. More gen-
erally, the damage rate is described by deformation variables
such as the strain ε of the following form [7]:

dD �
f(ε) dε (ε � ζ and dε> 0)

0 (ε< ζ and dε< 0),
 (13)

where f(ε) is a continuous positive definite function of ε,
namely, the damage evolution function, and ζ is the
variable damage strain threshold value. Assuming that the
damage process of material is continuous, the Weibull
distribution function is used to describe the damage
evolution of these defects in this paper. In what follows, we
will express the AE parameters by statistical method
according to the AE parameters are consistent with and the
damage variables.

It is assumed that the microunit strength of the materials
obeys the Weibull distribution:

f(ε) �
m

ε0

ε
ε0

 

m−1

exp −
ε
ε0

 

m

 

or f
u

L
  �

mL

u0

u

u0
 

m−1

exp −
u

u0
 

m

 ,

(14)

F(ε) � 1− exp −
ε
ε0

 

m

 

or F
u

L
  � 1− exp −

u

u0
 

m

 ,

(15)

where u0 and ε0 are the reference mean displacement and
strain when the specimen reaches the peak load, respectively
(u0 � Lε0); the displacement-strain relationship in one di-
mension is u � Lε, where L is the length of the specimen and
m is the material heterogeneity (the larger the value, the
more uniform the material).

For monotonic loading, the first expression in (13) is
always established.*e initial damage condition is considered,

namely, D � ε � ζ � 0, and in terms of (4), (13), and (15), the
cumulative number of AE can be expressed as

η
ηt

� D � F(ε) � 
ε

0
f(x) dx � 1− exp −

ε
ε0

 

m

 . (16)

Here, we intend to show that the modified constitutive
equations and load expressions can be proposed by a
suitably chosen damage variable with damage and fractal
characteristics.

3.1. Modifications of Constitutive Equations and Load Expres-
sions with Damage Effect and Fractal Characteristics. Combin-
ing the effective stress concept [11] with (10), (14), and (15),
the improved constitutive equation with damage of the
material is expressed by the AE parameter as follows:

σ � Eε(1− μ) � Eε 1− 1− 1−
η
ηt

 

m1+1
⎡⎣ ⎤⎦

1/α⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭

� Eε1− 1− exp − m1 + 1( 
ε
ε0

 

m

  

1/α

,

(17)

where σ is the stress, E is the elastic modulus, and m1 and α
are the material constants.

*e relation between the load R and deformation u with
damage is obtained by

R � g(u) �
EA

L
1− 1−[1−F(ε)]m1+1

 
1/α

u

� k0u1− 1− 1−F
u

L
  

m1+1
 

1/α



� k0u1− 1− exp − m1 + 1( 
u

u0
 

m

  

1/α

,

(18)

where k0 is the specimen of initial stiffness, k0 � EA/L; for
the weakened properties of materials, namely, σ′(ε0)< 0,
then m> 1.

In terms of (12), (14), and (15), the modified constitutive
equation with fractal characteristics of the material is
expressed by the AE parameter as follows:

σ � σ(1− μ) � Eε 1− μδDf−2  � Eε 1−
N

Nf
δDf−2 

� Eε 1− δDf−2 1− 1− η
ηt

 
m1+1

 

1/α⎧⎨

⎩

⎫⎬

⎭

� Eε1− δDf−2 1− exp − m1 + 1( 
ε
ε0

 

m

  

1/α

.

(19)

*e relation between the load R and deformation u with
fractal characteristics is obtained by
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R � g(u) � k0u1− δDf−2 1− 1−F
u

L
  

m1+1
 

1/α



� k0u1− δDf−2 1− exp − m1 + 1( 
u

u0
 

m

  

1/α

.

(20)

3.2. Modifications of AE Statistical Model Based on Damage
Effect. *e following expressions of AE rates are modified

according to the constitutive equations and load ex-
pressions with damage and fractal characteristics in two
cases.

In one case, loaded at displacement rate c1 as a constant,
the deformation rate of the specimen is given by

_u �
c1

1 + g′(u)/Km
, (21)

where Km is the load stiffness of the test machine. *e
expression of the AE rate with damage can be described as

nt �
c1

L

f(u/L)

1 + g′(u)/Km
�

mc1

u0

·
u/u0( 

m−1 exp − u/u0( 
m

 

1 + k0/Km( ⌊〈1− 1− exp − m1 + 1(  u/u0( 
m

  
1/α〉 − m1 + 1( m( /α(  u/u0( 

m 1− exp − m1 + 1(  u/u0( 
m

  
1/(α−1) exp − m1 + 1(  u/u0( 

m
 ⌋

.

(22)

*e relationship between the deformation and the time
of the specimen is obtained by

t �
1
c1

u +
g(u)

Km
 

�
u

c1 º1 +
k0

Km
1− 1− exp − m1 + 1( 

u

u0
 

m

  

1/α



Ø

.

(23)

In the other case, loaded at stress increase rate c2
as aconstant, the deformation rate of the specimen is
given by

_u �
c2

g′(u)
. (24)

*e expression of the AE rate with damage can be de-
scribed as

nt �
c2f(u/L)

Lg′(u)
�

mc2

k0u0

·
u/u0( 

m−1 exp − u/u0( 
m

 

⌊〈1− 1− exp − m1 + 1(  u/u0( 
m

  
1/α〉 − m1 + 1( m( /α(  u/u0( 

m 1− exp − m1 + 1(  u/u0( 
m

  
1/(α−1) exp − m1 + 1(  u/u0( 

m
 ⌋

.

(25)

*e relationship between the deformation and the time
of the specimen is obtained by

t �
g(u)

c2
�

k0

c2
u1− 1− exp − m1 + 1( 

u

u0
 

m

  

1/α

.

(26)

3.3. Modification of AE Statistical Model Based on Fractal
Characteristics. In what follows, the statistical analysis of AE
models are investigated considering damage and fractal
characteristics.

In one case, loaded at displacement rate c1 as a constant,
the expression of the AE rate with fractal characteristics can
be described as

nt �
c1
L

f(u/L)

1 + g′(u)/Km
�

mc1
u0

·
u/u0( 

m−1 exp − u/u0( 
m

 

1 + k0/Km( ⌊〈1− δDf−2 1− exp − m1 + 1(  u/u0( 
m

  
1/α〉 − δDf−2 m1 + 1( m( /α(  u/u0( 

m 1− exp − m1 + 1(  u/u0( 
m

  
1/(α−1) exp − m1 + 1(  u/u0( 

m
 ⌋

.

(27)
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�e relationship between the deformation and the time
of the specimen is obtained by

t�
1
c1

u+
g(u)
Km

( )�
u

c1 º1+ k0Km
〈1−δDf−2 1−exp − m1 +1( )

u

u0
( )

m

[ ]{ }
1/α

〉

Ø

. (28)

In the other case, loaded at stress increase rate c2 as
a constant, the expression of the AE rate with fractal
characteristics can be described as

nt �
c2f(u/L)
Lg′(u)

�
mc2
k0u0

·
u/u0( )m−1 exp − u/u0( )m[ ]

⌊〈1− δDf−2 1− exp − m1 + 1( ) u/u0( )m[ ]{ }1/α〉 − δDf−2 m1 + 1( )m( )/α( ) u/u0( )m 1− exp − m1 + 1( ) u/u0( )m[ ]{ }1/(α−1) exp − m1 + 1( ) u/u0( )m[ ]⌋
.

(29)

�e relationship between the deformation and the time
of the specimen is obtained by

t �
g(u)
c2

�
k0
c2
u〈1− δDf−2 1− exp − m1 + 1( )

u

u0
( )

m

[ ]{ }
1/α

〉.

(30)

4. Damage and Fractal Characteristics Analysis
and Effect on AE Parameters

�e e�ects of damage and fractal characteristics on AE
parameters are discussed below.�e results in Figure 1 show
the curve of the AE rate (u0/c1)nt versus time (c1/u0)t with
di�erent homogeneity m of quasibrittle materials when
considering the initial sti�ness ratio Km→∞ of the system.

�ere are three cases: the �rst one does not consider the
damage, and the result of the AE rate is taken from Zhang et al.
[7]; the second one considers the damage, and the calculation
formula of the AE rate can be seen from (22) and (23); and the
third considers the fractal damage, and the calculation formula
of the AE rate can be seen from (27) and (28).

From Figure 1, it can be seen that the AE rate curves
overlap when m takes di�erent values; that is, the values of
the AE rate are identical for the three cases. �e results show
that the e�ects of damage/fractal e�ects on the AE pa-
rameters can be neglected when the initial sti�ness is greater
than Km to in�nity.

�e change of AE rates related with di�erent homoge-
neity m for constant stress increase rate c2 is presented in
Figure 2.�e dotted line represents the case without damage,
and the calculation formula of acoustic emissivity is taken
from [7]. �e solid line represents the case with damage, the
result from (25) and (26). It can be seen that the AE activity
does not appear aftershock during the deformation process,

m = Inf
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)n
t

0.5 1 1.5 2 2.50
(c1/u0)t

Figure 1: Relationship between AE rates (u0/c1)nt versus (c1/u0)t
of the material with homogeneity m loaded at displacement rate c1
as a constant with Km→∞ of the testing machine.
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Figure 2: AE hit rates (k0u0/c2)nt versus [c2/(k0u0)]t of the
material with m for constant stress increase rate c2.
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and when the material becomes unstable and the main
rupture occurs in the state of ultimate strength, the AE rates
approach in�nity. �e rougher the material, the more ob-
vious the precursor of main shock of AE activity. �e
damage accelerates the AE activity to the rougher material,
the opposite to the more homogeneous material.

As shown in Figure 3, with m1 � 4; α � 0.2; m � 5;
δ � 0.5, loaded at stress increase rate c2 as a constant, the AE
rate nt relates to time twith di�erent fractal dimensionDf . It
is also shown that the AE activity will increase with the
increase in the fractal dimension Df .

5. Conclusions

Modi�cations of the AE statistical models based on the damage
and fractal characteristics are presented, and the e�ects of
damage and fractal e�ects on acoustic emission parameters are
analyzed. �e following conclusions can be drawn:

(1) �e expressions of damage variables taking into account
damage and fractal characteristics are modi�ed.�e
AE parameter, in addition to its dependence on the
load cycles, is shown to be a function of the fractal
dimension.

(2) �e statistical analysis of the AEmodels are modi�ed
considering damage and fractal characteristics. �e
results show that for the constant stress increase rate,
the damage accelerates the AE activity to the rougher
material, the opposite to the more homogeneous
material. It can also be seen that the increase of the
fractal dimension, the homogeneity constant m, will
substantially increase the AE activities.
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