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We review the simulation work for the far-field focus and dispersionless anticrossing bands in two-dimensional (2D) photonic
crystals. In a two-dimensional photonic-crystal-based concave lens, the far-field focus of a plane wave is given by the distance
between the focusing point and the lens. Strong and good-quality far-field focusing of a transmitted wave, explicitly following the
well-known wave-beam negative refraction law, can be achieved. The spatial frequency information of the Bloch mode in multiple
Brillouin zones (BZs) is investigated in order to indicate the wave propagation in two different regions. When considering the
photonic transmission in a 2D photonic crystal composed of a negative phase-velocity medium (NPVM), it is shown that the
dispersionless anticrossing bands are generated by the couplings among the localized surface polaritons of the NPVM rods. The
photonic band structures of the NPVM photonic crystals are characterized by a topographical continuous dispersion relationship
accompanied by many anticrossing bands.
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1. INTRODUCTION

As was shown by Vesselago over 30 years ago [1], left-handed
materials (LHMs) possess a number of unusual electromag-
netic effects including negative refraction and allow for a
considerable control over light propagation. Years later, the
LHM has attracted some theoretical and experimental atten-
tions [2–27]. The phase velocity of the light wave propagat-
ing inside the medium points to the opposite direction of the
energy flow. Thus, the Poynting vector and wave vector are
antiparallel. Consequently, the light is refracted negatively.
As a result, for such frequency ranges, the photonic crystal
(PC) behaves as if the index of refraction is negative. The
far-field focusing of acoustic waves has been shown in two-
dimensional sonic crystals consisting of hexagonal arrays of
steel cylinders in air [28]. In further research, negative refrac-
tion allows for the focusing of a far-field radiation by con-
cave rather than convex surfaces [29–31], with the advantage
of reduced aberration for the same radius of curvature, and
changes many commonly accepted aspects of conventional
optical systems. One prominent example towards far-field
focusing has been experimentally realized in a planoconcave
lens by Vodo and Parimi et al. [31]. The possible applications
of such a phenomenon to photonic devices are anticipated.

On the other hand, early research was largely concen-
trated on photonic band gap (PBG) materials consisting of
positive and frequency-independent dielectrics. In the past
few years, negative phase-velocity (NPV) materials [32–34],
also named left-handed materials and negative refractive in-
dex media, have been successfully fabricated [35, 36]. Re-
cently, a periodic arrangement of NPV materials, namely,
NPV-medium photonic crystals, has become the object of in-
tense experimental and theoretical interest [37–41]. Like po-
laritonic PCs whose μ is homogeneous while ε is frequency-
dependent [42, 43], the application of NPV materials in PCs
is expected to introduce a whole range of exciting physical
phenomena. For instance, a multilayer structure with stack-
ing alternating layers of ordinary (positive-n) and NPV ma-
terials can result in an omnidirectional zero-n gap [38, 39],
where the defect modes depend weakly on the incident an-
gles [44]. In general, the permittivity and permeability of an
NPV material are frequency-dependent [37]. In a split-ring
resonator used to create negative magnetic materials, the per-
meability is normally expressed as μ(ω) = 1−ωm/ω(ω + iγ),
where ωm is the effective magnetic plasma frequency, ω is the
frequency of the light, and γ represents the light absorption
[37]. Due to these dispersive properties of NPV materials, the
study of high-dimensional NPV-medium PCs thus becomes
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Figure 1: (a) The photonic-crystal-based concave lens; (b) band
structure of the PC calculated with the plane wave expansion
method; (c) the EFCs of the first band for the TE polarization mode.
Frequency values are in units of 2πc/a.

rather complicated for many conventional theoretical meth-
ods [45].

In this paper, we show that a 2D photonic-crystal-based
concave lens achieves a strong far-field focusing effect. The
incident waves are from the background material, propagat-
ing through a section of a PC designed for negative refraction
at the considered frequency range, and exiting to the back-
ground material. The focusing of a plane wave is successfully
observed. The spatial frequencies information of the Bloch
mode is shown, describing the wave propagation. When con-
sidering negative phase-velocity medium, the optical proper-
ties are studied with the 2D PC in a square lattice of NPV-
material cylindric rods embedded in air background. The
whole PC structure is divided into thin slices along the wave
propagation direction. It is assumed that each slice is sur-
rounded by two thin air films with zero thickness. The EM
fields in the air films and in each slice are expressed by the
Floquet harmonics and the eigenmodes of the slice, respec-
tively. Since the independent variable in these calculations is
the frequency rather than the wave vector, it can therefore
effectively simulate dispersive PCs, even though their perme-
ability and permittivity are frequency-dependent and nega-
tive.

2. FOCUSING PROPERTIES IN THE 2D
PHOTONIC-CRYSTAL-BASED CONCAVE LENS

The system we examine is a 2D photonic-crystal-based con-
cave lens consisting of a square lattice of circular air holes
(with lattice constant a and hole radius r = 0.35a) in di-
electric background with ε = 12.0 as shown in Figure 1(a).
The optical principal axis of the lens is normal along the
ΓM direction with the length AB = 16.9a, and the curva-
ture of the lens is 0.7092. Here, the point A(B) is located at
the left (right) surface along the optical principal axis. Only
TE modes (magnetic field parallel to the axis of the holes) are
considered.

To visualize and analyze the negative refractive effect
and the far-field focusing, by using a plane-wave expansion
method [12–14, 46], we have calculated the photonic band
structure in Figure 1(b) and the equifrequency-surface con-

tours (EFCs) in Figure 1(c) for TE mode in
→
k space whose

gradient vectors give the group velocities of the photonic
modes. In Figure 1(c), the EFCs for five relevant frequencies
are demonstrated, respectively. Note that throughout this pa-
per the frequency is always in units of 2πc/a. The 0.05 and
0.115 contours are very close to a perfect circle, and therefore
the group velocity at any point of the contour is collimated

with the
→
k vector and

→
k ·∂ω/∂

→
k≥ 0, indicating that the crys-

tal behaves like an effective homogeneous medium with pos-
itive effective index for the 0.05 and 0.115 frequencies. The
contour with frequency 0.16 is a bit distorted from a circle,

with the distance | →k | along the ΓM direction being slightly
shorter than along the ΓX direction, indicating that the crys-
tal behaves like a positive effective index medium. In most
parts of the 0.195 contour, the curve is quite flat in the mid-
dle of this contour and the surface is normal pointing to the
ΓM direction. In small parts of the 0.195 contour near the
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BZ edges, the surface is convex with respect to the M point.
For the 0.195 contour, the group velocity of the excited Bloch
wave mode near the BZ edges is pointed towards theM point,
corresponding to an apparent negative refraction direction.
The group velocity centered round the ΓM direction in most
parts of the 0.195 contour would point dominantly along the
ΓM direction.

3. FOCUSING PROPERTIES OF A PLANE WAVE

For photonic-crystal-based thin lab lens, only the near-field
focusing is easily observed. In the photonic-crystal-based
concave lens, we can find that the far-field focusing is formed.
We perform a simulation for the incident plane wave at fre-
quency ω = 0.195(2πc/a). A typical result of the intensity
distribution is shown in Figure 2(a). The strong focusing of
the waves is successfully observed. The surface of the field
distribution for a plane wave incident to the PC surface is
also shown in Figure 2(b). One can find easily that a far-field
focusing of the plane wave is formed out of the PC concave
lens, and the focusing keeps on in a steady state. The focal
point is centered at x = 65a and y = 0; that is, the focal
length is 65a and it is very far from the right interface of the
concave lens. The strong focal point has a width maximum
of 4.5a. The intensity of the focusing is three times stronger
than that of incident plane wave. The results confirm that
far-field focusing is realizable and opens the door for the ap-
plications of the LHM in the far-field region.

Next, in order to discuss in more detail the focusing ef-
fect of plane wave source, the transversal (Y direction) light
intensities at five positions, x/a = −8.45,−4.23, 0, 4.23, 8.45,
are shown in Figure 2(c), respectively. It is found that the in-
tensity distribution in x/a = −8.45 is symmetric with respect
to x = 0. The intensity distribution along Y shows how the
EM wave transmits through the PC concave lens. In the left
and right surface regions, we can clearly see that light inten-
sity is in good agreement with the wave-beam negative re-
fraction law. The wave with the frequency 0.195 propagating
inside the PC concave lens is along the ΓM direction. The
focusing behavior is in complete agreement with the EFCs
analysis.

Furthermore, at a given frequency 0.195 inside the PC
concave lens, the propagation behavior can be explained by
means of the spatial Fourier spectrum. In the Fourier trans-
form, the wave vector kx is defined as the spatial frequency.
For one particular y, a spatial Fourier transform of the field
data presented in Figure 2(a) along the x direction, around
the focus region and inside the PC concave lens region,
yields the spectrum F(kx) of the spatial frequency kx [15–
17, 47, 48]. Spatial frequency kx is in units of 2π/(

√
2a). To

improve the signal-to-noise ratio of the numerical simula-
tion, the spectra F(kx) are summed for all y. We can find
that the Bloch mode, which consists of more than one spatial
frequency, is visualized in Figure 3. These spatial frequencies
are separated by an integral number of π/(

√
2a) along the

ΓM direction for the square lattice, as seen in Figure 3 for the
first five zones. At frequency 0.195, the intensity of the Bloch
harmonics for the same Bloch mode inside the PC region
with kx = 0.705 and 1.295 can be given as peaks (dotted line)
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Figure 2: (a) The intensity distribution and (b) the surface of the
field distribution for a plane wave incident to the PC interface. A
high-quality far-field focus is formed out of the concave lens. (c)
Intensity distributions along the transverse direction at five posi-
tions.

in Figure 3. One can find that the amplitudes of Bloch har-
monics separated by π/(

√
2a) are different. The exact physi-

cal interpretation behind this observation has been shown in
[47, 48]. As shown in Figure 3, near the focus region, only the
spatial frequency of the Bloch mode kx = k0 = 0.195

√
12 in

units of 2π/(
√

2a) (k0 is the wave number at frequency 0.195
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Figure 3: Spatial Fourier spectrum F(kx) versus spatial frequency kx
for frequency 0.195 is summed around the focus region (solid line)
and inside the PC concave lens region (dotted line), corresponding
to the field data presented in Figure 2(a).

in dielectric background) with frequency 0.195 contributes
to the propagation of EM wave. Therefore, when the waves
leave the PC concave lens, the focusing of the waves is formed
[49, 50].

4. THE DISPERSIONLESS ANTICROSSING BANDS IN
2D PC WITH NEGATIVE PHASE-VELOCITY MEDIUM

Based on the transfer-matrix approach, the photonic band
structures and the corresponding spectra of 2D NPV-
material PCs are calculated. The 2D PC considered here is
a square lattice of NPV-material cylindric rods embedded in
air background. The rods are aligned along the x axis and
positioned periodically in the yz plane. The physical back-
ground of our method is as follows. (1) Divide the whole PC
structure into thin slices along the z-axis direction; within
each slice, ε and μ are approximated as z-independent (they
are however y-dependent). (2) It is assumed that each slice is
surrounded by two thin air films with zero thickness. (3) Ex-
press the EM field in the air films by Floquet harmonics. (4)
Express the EM field in each slice by the eigenmodes in the
slice. (5) Use the boundary conditions between EM fields in
the slice and two neighboring air films to obtain the transfer
matrix or the scattering matrix. (6) Use the obtained matrix
to calculate the transmission spectrum of the PC. The pho-
tonic band structure of the PC can thus be obtained by using
Bloch’s theorem. For the sake of easy comparison, the rela-
tive permittivity ε(ω) and relative permeability μ(ω) of the
rods are adopted from [51]. The free-electron representation
of ε(ω) is assumed:

ε(ω) = 1− ω2
p

ω2
, (1)

where ωp is the frequency of bulk longitudinal electron exci-
tations, and

μ(ω) = 1− Fω2

ω2 − ω2
0
. (2)
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Figure 4: The permittivity ε(ω), permeability, and absolute refrac-
tive index |n(ω)| of the NPV-material cylindric rods as functions
of ω.

The parameters assumed here are F = 0.4, ωp =
0.552(2πc/a), ω0 = 0.276(2πc/a), and the radius of the rod
r = 0.3a, where a is the lattice constant and c is the speed
of light in vacuum. Notice that ω0 and ωp used here are 1/20
of those used in [51]. Really, we use the similar parameters
of the left-hand rod as those in [51]. In [51], the unit is nor-
malized with the radius of the rod, while in our paper, the
parameters are normalized with the lattice constant a. Thus,
the ratios of ω0 and ωp to those of [51] are not their absolute
values. Dissipative properties of NPV materials are neglected
in (1) and (2), which is valid if the light absorption is very
small. Moreover, the small light absorption has a very lim-
ited effect on the band structure.

Figure 4 shows μ(ω), ε(ω), and |n(ω)| of the NPV-
material cylindric rods as functions of ω. The exact positions
of ω0 and ωp are also shown in Figure 4. For the clarity of
the figure, we plot |n| instead of n in the figure. We think
it can make the figure look better if we use |n| instead of n
because of the positive or negative refractive n-index. The re-
fractive index n values change the sign very quickly so that
the value magnitude cannot be separated for the figure with-
out the absolute values. For frequencies ω < ω0, ε(ω) < 0
and μ(ω) > 0, that is, the metamaterial is singly negative; for
ω0 < ω < 0.35635(2πc/a), both μ(ω) and ε(ω) are negative
so that the metamaterial is left-handed; for 0.35635(2πc/a) <
ω < ωp, ε(ω) < 0 and μ(ω) > 0, and the metamaterial is
again singly negative; for ω > ωp, both μ(ω) and ε(ω) are
positive, and the metamaterial is right-handed. Notice that
0.35635 = ωb/20 which is used in [51], where ωb is defined
as ωb = ω0/

√
1− F.

The transmission spectrum along the same direction
for a 16-layer structure is also calculated and shown in
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Figure 5: Transmission spectrum of the two-dimensional PC. (a)
The frequency range in units of 2πc/a is [0.2, 0.7]. (b) The fre-
quency range is [0.25, 0.37]. (3) The frequency range is [0.327,
0.357]. Notice that more accurate results can be obtained by de-
creasing the increment frequency.

Figure 5(a). Two profound similarities between our peri-
odic structure and the single rod are observed by comparing
Figure 5(a) with the scattering resonances of a single NPV-
material cylindric rod shown in [52, Figure 2(b)].

(1) Anticrossing bands appear when the metamaterial is
NPV (see the inset of Figure 6 as an example), which are sep-
arated by very narrow band gaps and are almost dispersion-
less around the band edges. The group velocity is determined
by the slope of the corresponding band curve. In such case
of dispersionless band, the slope is very close to zero, so is
the group velocity. Thus, the dispersionless bands (in other
words, their group velocities are almost zero) lead to sharp
resonant peaks in the transmission spectrum. Similar results
have been reported in the scattering resonances of the sin-
gle NPV-material rod [32], where resonances also exist in
the NPV frequency region. We interpret this observation by
collective couplings among highly localized resonance modes
and surface polaritons of the NPV-material rods [51, 52]. It is
noticed that the anticrossing bands also appear in polaritonic
PCs [42].

(2) A narrow band gap exists slightly above 0.6(2πc/a),
corresponding to the valley in the transmission spectrum of
Figure 5(a). A similar dip is also found around the same place
in the scattering resonances of a single rod [51]. This is a di-
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tive structure (solid line). The inset shows the anticrossing bands
around 0.340.

rect result of the fact that the refractive index of the cylin-
dric rod around 0.6(2πc/a) is 0.275, and that the volume-
averaged refractive index of the whole structure, roughly
given by

n(ω) = [πr2
√
ε
(
ω
)
μ
(
ω
)

+
(
a2 − πr2

)× 1.0
]

a2
, (3)

becomes only 0.8. This value is very close to the refractive
index of vacuum so that the transmission rates around this
narrow band gap are nonzero. They are about 37%, as shown
in Figure 5(a).

From these two similarities, it can be concluded that, as
in a polaritonic PC, the band structure of a high-dimensional
NPV-material PC is governed principally by the surface po-
laritons localized in individual rods, whose frequencies are
determined by the rods’ geometries. The periodicity of the
rods in the PC introduces only weak dispersion [42].

From 0.32728(2πc/a) to 0.35635(2πc/a), where the
metamaterials are NVP, the dispersion relation can be to-
pographically described as continual, accompanied by an-
ticrossing bands. The dispersion relation here has the same
physical origin as that in [0.35635(2πc/a), ωp], where the
metamaterial is singly negative with a negative ε(ω) and a
positive μ(ω). This phenomenon can also be explained by
the long-wavelength approximation; that is, when the wave-
length of the propagating EM wave is much longer than the
lattice constant of the PC, the dispersion relationship be-
comes approximately linear, and the PC is effectively homo-
geneous. Notice that the refractive index of the NPV material
in this region is very close to zero, as shown in Figure 4(b).
In order to explain it more clearly, we plot the disper-
sion relationship of the effectively homogeneous structure in
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Figure 6. More explicitly, the effective refractive index of the
whole structure used here can be approximated by

n(ω) =
[− πr2

√
ε
(
ω
)
μ
(
ω
)

+
(
a2 − πr2

)× 1.0
]

a2
, (4)

and the corresponding dispersion relationship, the thick

solid line in Figure 6, is obtained from k = n (ω)ω/c. No-
tice that the solid line is shifted upward by 0.0258(2πc/a) in
order to demonstrate that the two curves have similar slopes;
that is, there are almost identical speeds of the energy propa-
gation (given by dω/dk) in the effective structure and in the
periodic structure.

When the volume-averaged refractive index of a multi-
layer structure n = ∫ a

0n(x)dx/a/a equals zero with a being
the lattice constant, a band gap, namely, a zero-n gap, will
appear in the band structure of the one-dimensional struc-
ture for normal incidence [38]. Our 2D sample also has a
similar zero-n gap around ωa/2πc = 0.293125, as shown
in Figure 7. When the refractive index of the cylindric rods
around this frequency is about −2.5368, the averaged re-
fractive index of the 2D PC is zero by (4). In the 2D PC
case, the zero-n gap is only one of many minigaps induced
by the anticrossing interaction. It is very important to point
out that the NPV material annihilates the effect of the sur-
rounding normal material; a more accurate description of
the effect of an NPV material is given in [33, 53]. Moreover,
a very sharp peak with very narrow bandwidth is shown at
0.29307275(2πc/a) in Figure 7, and the ratio between the full
width at half maximum and the peak frequency is extremely
small (only 6.8× 10−8(2πc/a)).

5. CONCLUSION

We have reviewed the numerical work on the strong far-
field focusing and the dispersionless anticrossing bands in 2D

photonic crystals. The far-field focus of a plane wave is ob-
tained out of the concave lens. In comparison with the results
of Vodo and Parimi, some similar focusing effects are shown,
such as the far-field focusing of a plane wave [31]. The far-
field focus of a plane wave is shown by the distance between
the focusing point and the lens [19]. Moreover, the spatial
frequencies information of the Bloch mode in multiple Bril-
louin zones is investigated, demonstrating the wave propaga-
tion in the 2D PC concave lens system. On the other hand,
from the detailed comparisons between the periodic struc-
ture and a single NPVM cylindric rod, it has been shown that
due to the coupling among the Anticrossing surface polari-
tons localized in neighboring NPVM rods, many anticrossing
bands exist in the NPVM periodic structure. Furthermore, a
topographical continual dispersion relation is found in a part
of the negative phase-velocity frequency region, accompa-
nied by many anticrossing bands, which has been explained
by the long-wavelength approximation. Focusing and novel
band structures are expected to be a significant step towards
novel imaging optics and can lead to considerable changes in
optical system design [54].
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