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A simple procedure for approximating the input-output characteristic of non-linear electronic circuits
is presented. Using this procedure, closed-form analytical expressions, in terms of the ordinary Bessel
functions, are obtained for the output spectra of a non-linear electronic circuit resulting from a mul-
tisinusoidal input. Using these expressions, the non-linear performance of three basic MOSFET trans-
conductance amplifiers is considered in an attempt to determine the transistor parameters for best
linearity.

1. INTRODUCTION

It is frequently valuable in the design of analog signal processing circuits and systems
to have an indication of the likely spectrum of output signals, including harmonics
and intermodulation products, from a non-linear component of the system whose
characteristics are known only in the form of an untractable mathematical expres-
sion relating its input and output variables. A widely used procedure for evaluating
output spectra involves derivation of a high-order polynomial approximation to
the available untractable mathematical expression and this, in turn, implies the use
of sophisticated curve-fitting techniques that invariably demand extensive com-
puting facilities and well developed software. A problem, however, arises when
the mathematical expression available represents the input variable as a function
of the output variable, while what we would prefer is an expression for the output
variable as a function of the input variable. This requires a series inversion to get
the output variable as a function of the input variable. Moreover, for an nth-order
polynomial, the harmonics and intermodulation products that can be evaluated are
restricted to nth-order only.
An alternative procedure, which permits the derivation of high-order product

magnitudes from a simple model must, therefore, meet the following two principle
requirements: a. the mathematical description, which is valid over a wide range of
the input variable, must be of a kind that incorporates the major features of the
characteristics of the non-linear component while still offering straightforward
means for calculating harmonic and intermodulation products magnitudes; and b.
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having obtained such a mathematical model it must be possible to derive its pa-
rameters without recourse to the use of sophisticated curve-fitting techniques.

It is the major intention of this paper to present such a procedure. In principal,
the proposed procedure is based on approximating the non-linear component char-
acteristics by a sine-series function. The coefficients of this sine-series function can
be obtained using simple hand calculations. To illustrate the effectiveness of the
proposed procedure, approximations of the non-linear characteristics of three
widely used MOSFET transconductance amplifiers will be considered. Evaluation
of the harmonic distortion performance of these amplifiers will be also considered
in an attempt to determine the transistor parameters for best linearity.

2. PROPOSED APPROXIMATION

In general, the input-output characteristic of a non-linear electronic component
will be available in the form of a mathematical expression. The development of
the present approximation proceeds along empirical lines by comparing the trun-
cated sine-series model of (1) with the available mathematical expression of the
input-output characteristic of the non-linear component under consideration.

y= ysin--x ,for--<x<- (1)
1,3,5 2

where x and y are the input and output variables respectively. This implies rep-
resentation of the output of the non-linear component by a sine-series in the input
variable with periodicity, equal to 2B, chosen such that the working range of the
input variable is an appropriate segment around zero. The parameters 7n, n 1,
3, 5 can be obtained using the twelve-point method [1]. In general, this procedure
will result in a family of parameters B and Yn that depend on the physical and
dimensional properties of the component under consideration. The parameters B
and %, n 1, 3, 5 are then fitted to simple, closed-form analytical expressions of
the form

n Z tnmOm (2)
m-O

where a is the electronic-component parameter that depends on its physical and
dimensional properties. Closed-form analytical expressions other than (2) can also
be used wherever appropriate. Thus, by combining (1) and (2) the global approx-
imation proposed here can be expressed as

y tnmm sin --x for-- < x <- (3)
1,3,5 m=0 2



MOSFET TRANSCONDUCTANCE AMPLIFIER 137

3. HARMONIC AND INTERMODULATION ANALYSIS

One of the intended applications of the proposed approximation of (1) is to predict
the non-linear performance of an electronic component excited by a multisinusoidal
input signal of the form

K

x Xk sin Okt (4)
k=l

where EIXkl < B/2.
Substituting (4) into (1) yields

Y E 7. sin --E Xsintokt (5)
1.3.5

Using the identities

sin(z sin b) 2 J21+(z) sin(21 + 1)b
=0

cos(z sin 40 Jo(z) + 2 E J2(z) cos 214
I=1

it is easy to show that the amplitude of an output component of frequency

K

where A is a positive or negative integer or zero, will be given by

n 1,3,5
(6)

where Jlakl(’) is the Bessel function of the order and E=, I1 is the order of the
output product and is an odd integer. Therefore, the amplitude of an output product
of frequency 0p is

YI 2 1,3,5 nJ1 (-Xp) klI J (’ttXk)=l (7)
kp

the amplitude of a third-harmonic product of frequency 3Op is

Y3 2 E nJ3 (’ Xp)fi Jo ( Xk)1,3,5
kp

(8)
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and the amplitude of a fifth-harmonic product of frequency 5tOp is

1,3,5 k
kp

(9)

In a similar way, the amplitude of a harmonic or intermodulation product of any
order can be obtained using (6).

4. EXAMPLES

In this section the harmonic performance of three widely used MOSFET trans-
conductance amplifiers will be considered as illustrative examples for the use of
the procedure presented in the previous sections.

4.1. Example 1

Consider the weak inversion MOSFET transconductance amplifier, shown in Fig.
1. Assuming that the two transistors are perfectly matched, the current-voltage
characteristic of the transconductance amplifier of Fig. 1, with the MOSFETs work-

FIGURE MOSFET transconductance amplifier
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ing in the subthreshold region, can be expressed as

vt aiout + in(1 + iout)1 lout/
(10)

where uo Uinput/n0, iout Iout/Io, a IoR/n0 and the bias current Io should be
less than 1 IxA to ensure that the MOSFETs are working in the subthreshold region.

Equation (10) in its present form cannot be used to investigate the non-linear
performance of the weak inversion transconductance amplifier of Fig. 1, as this
requires an expression for the output current as a function of the input voltage.
Using the procedure described in the preceding sections, (10) can be approximated
by the sine-series function of (1), with x vt and y iout for any value of a. For
different values of’a, the parameters B and %, n 1, 3, 5 were obtained, and
fitted to (2), giving

1.1
/ 1 + O.031a O.O014a

(11)

(13)

and

B 10.6 + 2a (14)

Using (1) and (11-14), calculations were made and the results are shown in Fig.
2. From Fig. 2, it is obvious that the proposed approximation accurately represents
the input-output characteristic of the weak inversion MOSFET transconductance
amplifier shown in Fig. 1.

Now, consider a weak inversion MOSFET differential amplifier excited by a
linear time varying signal of the form

1
vo Bt/T (15)
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10

5
3

0.2 o.q- o-b 0.5 1.0

novmalise.d ctJr’ent: oue
FIGURE 2 Current-voltage characteristic of the transconductance amplifier of Fig.

Substituting (15) into (1) yields

(7 t) (16)lout E n sin
1.3.5

From (15) and (16) we can see that an input voltage linearly changing with time
will produce an output current sinusoidally changing with time, that is, the weak
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inversion MOSFET differential amplifier is working as a linear-to-sine function
converter. However, the output sinusoidal current will contain third-harmonic and
fifth-harmonic components. The total harmonic distortion can be expressed as

/I. + I
THD (17)

where Ira, m 1, 3, 5 is the amplitude of the mth-harmonic component of the
output current. Using (7-9), (11-14), and (17), the variation of the THD with the
parameter a was calculated and the results are shown in Fig. 3. From Fig. 3 we
can see that the THD will be minimum for a 4. This result is slightly different
from the observations of Tang et al. [2], which expects that the best performance
of the weak-inversion MOSFET differential amplifier triangle-to-sinusoidal con-
verter will be for 2 < a < 3.33. The results of Tang et al. [2] were obtained by

0.10

T/-ID

’:.5 I0

FIGURE 3 THD of the transconductance amplifier of Fig.
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FIGURE 4
lines)

CMOS differential transconductance amplifier with the four-transistor core cell (in thick

expanding (10) into a fifth-order polynomial. Obviously, this approximation, in
contrast with that of (1), is valid only for small values of iout. This explains the
difference between the results obtained using the present analysis and that reported
by Tang et al. The present analysis is more accurate as it is valid over a wider range
of input voltage and output currents.

4.2. Example 2

Consider the CMOS differential transconductance amplifier of Fig. 4. Assuming
that the transistors M, M’, M2 and M are in a common well and are working in
the strong inversion region, it has been shown that the normalized current-voltage
characteristic of the four-transistor core cell of Fig. 4 can be expressed by [3]

io.t VDV’I- V2D/4 (18a)

+ a + 0.5
for <

a + 0.25

(avDV’4a 2 +_ V4a 1 a2V2out)2
io. +

(4a- 1)
(18b)
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fOl"

a + a + 0.5
a + 0.25

X/4a 2

a

and

iout +-. 1

X/4a 2
for IVDI
where

(18c)

a=l+a

a /31/4/32

/D gmo linput IIias

iout lout/Ibias

Ibias
a(Vos- VT)Mt

btinput is the differential input voltage, Iout is the output current,/3, 1, 2 is the
W

transconductance constant of the MOSFET transistors where/3 /xoCo --,/Xo is

the mobility of carriers, Cox is the gate capacitance/unit area, W and L are the
channel width and length respectively, VT is the threshold voltage of the MOSFET
transistor, and (Vos VT)U, is the quiescent gate overdrive voltage of the
MOSFET Mr.

Equation (18) in its present form cannot be used to investigate the non-linear
performance of the CMOS differential transconductance amplifier of Fig. 4 as this
requires a single expression that stretches over the whole region of operation.

Using the procedure described in the preceding sections, (18) can be approxi-
mated by the sine-series function of (1), with x VD and y iout, for any value
of the parameter a. For different values of a, the parameters B and 3’,, n 1, 3,
5 were obtained and fitted to (2), giving

+ 5.218 8.797
a

+ 7.301
a

2.3458 (19)
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100 -2.792 116.667
a a

+ 366.816 610.624

+ 502.194 160.328

100 0.6 + 47.173 154.993 + 269.1

224.204
a

+ 74.255

(20)

(21)

and

B 2X/1 +2a+a (22)

Using (1) and (19-22), calculations were made and the results are shown in Fig.
5. From Fig. 5, it is obvious that the proposed approximation accurately represents
the input-output characteristic of the CMOS differential transconductance amplifier
of Fig. 4.

0.5 1.0 1.5

FIGURE 5 Normalised i-v characteristic of the four transistor core cell of Fig. 4
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Now, consider a CMOS differential transconductance amplifier excited by a
single sinusoid of the form

’D V sin wt (23)

where V B/2. Using (7-9), (19-22), and (17) the total harmonic distortion
defined by (17) was calculated for different values of the parameter a and the
results are shown in Fig. 6. From Fig. 6, we can see that the optimum value of a
for best linearity performance, that is minimum THD, is 9.2. This value is different
from the 6.7 conjectured by Krummenacher et al. [3].

4.3. Example 3

Consider the source-coupled pair of Fig. 7. Assuming that the two transistors are
working in the strong inversion, the current-voltage characteristic of the source-
coupled pair can be expressed as [4]

io,t 2,t,V’a- v2o (24)

Iout Isswhere iout /3/4’ vo linput, O 4 where/3 is the transconductance constant

of the MOSFET.
Equation (24) in its present form cannot be used to investigate the non-linear

performance of the source-coupled MOS transconductance amplifier of Fig. 6. This

[0

8 tz , 20 2’4

FIGURE 6 THD of the four-transistor core cell of Fig. 4
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Iout=

FIGURE 7 Source-coupled MOS transconductance amplifier

is attributed to the untractable square-root term. Using the procedure described
in the preceding sections, (24) can be approximated by the sine-series function of
(1), with x and y iout for any value of a. For different values of a, the
parameters B and %, n 1, 3, 5 were obtained and fitted to (2), giving

/, 0.9619a

T3 0.036(I a)

5= 0.03+ 0.032 (0) + 7.9375 ]-

13.125 -
(25)

(26)

+ 6.9375
a

(27)

and

B (28)

Using (1) and (25-28), calculations were made and the results are shown in Fig.
8. From Fig. 8, it is obvious that the proposed approximation accurately represents
the input-output characteristic of the source-coupled pair of Fig. 7.

Now, consider a source coupled pair excited by a single sinusoid of the form of
(23). Using (7-9) and (25-28), the relative third-harmonic and fifth-harmonic
distortions expressed by 13/11 and I5/I were calculated and the results are shown
in Fig. 9. From Fig. 9, we can see that, as expected from Fig. 8, the non-linear

Issdistortion decreases with the increase of the parameter a 4 -. This means that

the range of input voltage over which the source-coupled transconductance am-
plifier behaves approximately as a linear component can be increased by increasing
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10

2
no,cmalis Vo ila3e_

FIGURE 8 Input-output characteristic of the source-coupled amplifier of Fig. 7

the current Is or decreasing the parameter/3, which in-turn depends on the physical
parameters and dimensions of the devices.

5. CONCLUSION

In this paper, a simple procedure has been presented for approximating the non-
linear input-output characteristics of electronic circuits. In principal, the non-linear
characteristics is represented by a sine-series. The coefficients of this sine-series
can be easily calculated using simple hand calculations. Using this sine-series ap-
proximation, the harmonic and intermodulation performance of non-linear elec-
tronic circuits can be predicted using closed-form analytical expressions. These
expressions are simple and the Bessel functions involved can be computed either
by built-in subroutines in the mainframe computers or by using trigonometric
approximations for the Bessel functions [5, 6], which are especially convenient for
personal computers and pocket calculators. The analytical expressions obtained in
this paper can be used for quantitative study of the effect of the device parameters
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-60

-60

FIGURE 9 Variation of the (a) third-harmonic and (b) fifth-harmonic distortion of the transcon-
ductance amplifier of Fig. 7.
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on the performance of electronic circuits. In this regard, the harmonic distortion
performance of three widely used transconductance amplifiers was considered. This
can help in selecting the values of the MOSFET parameters, which will yield a
prespecified linearity performance of the transconductance amplifiers.
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