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Abstract. 
The importance of self-action and its considerable links with cognitive activity in childhood are known. For instance, in arithmetical cognition, 2-year-olds detected an impossible arithmetical outcome more accurately when they performed the operation themselves (actor mode) than when the experimenter presented it (onlooker mode). A key component in this domain concerns the understanding of the inversion principle between addition and subtraction. Complex operations can be solved without calculation by using an inversion-based shortcut (3-term problems of the form  must equal a). Some studies have shown that, around the age of 4, children implicitly use the inversion principle. However, little is known before the age of 4. Here, we examined the role of self-action in the development of this principle by preschool children. In the first experiment, 2-year-olds were confronted with inversion ( or 2) and standard ( or 2) arithmetical problems either in actor or onlooker mode. The results revealed that actor mode improved accuracy for the inversion problem, suggesting that self-action helps children use the inversion-based shortcut. These results were strengthened with another inversion problem ( or 2) in a second experiment. Our data provide new support for the importance of considering self-action in early mathematics education.
 


1. Introduction
A growing body of research is appearing in the field of embodied cognition [1–4]. Embodied cognition suggests that higher cognitive concepts may be based on bodily (i.e., action) experiences [5]. Self-actions modify how we think about the objects we encounter by interconnecting our representation of these objects with the sensory-motor experience associated with acting on objects [6]. The perspective that action and cognition are linked is, of course, not new in developmental psychology [4]. Piaget [7] first noted the influence of action on the development of intelligence. Seminal studies have shown the importance of motor activity and its considerable link with cognitive activity during childhood [2, 6, 8–14]. Embodied cognition is therefore highly relevant for education such as mathematics [1, 15]. Indeed, the beneficial role of children’s action in facilitating learning and thought has been highlighted in this domain [11, 13, 16–23]. In this study, we examined the role of embodied cognition, specifically the role of self-action (i.e., performing an action by oneself), in the development of the arithmetic principle in preschool children.
A key component in the development of arithmetic concerns the understanding of the inversion principle. Arithmetical inversion between addition and subtraction defines the relationship between these two operations: subtraction is the inverse of addition and vice versa. Indeed, adding a particular number  to an array  can be negated by subtracting the same number  (i.e.,  must equal ). With this principle, a complex operation can be solved more efficiently by using a substitution method that is an inversion-based shortcut. The implicit use of this principle can be tested by determining whether children solve the inversion problem (e.g., calculation is not necessary to solve ) more accurately than a standard problem (e.g., calculation is required to solve ) of comparable size.
This topic has drawn considerable attention in recent years (see special issues [24, 25]), with notable discussion on the age at which children have a full grasp of this principle [26]. This major controversy may be explained by the fact that the definition of the term “inversion” is not universally consensual and sometimes refers to different concepts [24]. According to Piaget’s theory, the notion of arithmetical inversion is fundamental to mastering the nature of addition and subtraction. Children can understand this principle around the age of 6 or 7 years and can explain it later, around the age of 10. Before the age of 6, children can add and subtract without necessarily understanding the relationship between these operations [27, 28]. Along these lines, Canobi and collaborators observed that 6- to 9-year-old children often fail to use the inversion principle even after formal instruction [29–31]. However, some studies have shown that before formal schooling, around the age of 4, children implicitly use the inversion principle [32–36]. Some authors have argued that children seem to be sensitive to this principle even before the age of 4 [37, 38]. In Starkey and Gelman’s study [38], the experimenter placed some small objects in his hand and hid them. He added and subtracted other objects and asked the child how many he had in his hand. The children were presented with some inversion problems (, , and ) and a standard problem (). The 3-year-old children performed better on inversion problems than on the standard problem. Sherman and Bisanz [37] used a similar method. The experimenter presented an initial array of blocks () to the children. Then, the experimenter covered the middle of the array and added a number of blocks (). For the inversion problems,  blocks were removed. For standard problems, another number of blocks () were removed. The children were asked to tell how many blocks remained in the array. The authors observed that children were better at the inversion problems. However, no significant correlation was obtained with children’s counting performances. The authors argued that very young children could solve inversion problems before they became skillful counters. Although it was not the objective of Izard et al. [39] to study the use of the inversion principle, the transformation proposed in the identity condition of experiment 4 seemed to be an inversion problem. They used a nonverbal manual search task with 2-year-olds. An experimenter put 5 (or 6) puppets in an opaque box, took a puppet out of the box, and, then, after a short delay, returned the puppet to the box (i.e., ). Children were invited to retrieve the puppets from the box. In this identity condition, the children succeeded, suggesting the use of the inversion principle by 2-year-olds. However, no standard problem was proposed here, as is usual in inversion experiments. Thus, it is difficult to draw accurate conclusions. Vilette [36] observed during a violation-of-expectation paradigm ([40], see also [41, 42]) that children grasp the inverse relationship between addition and subtraction only after the age of 4. Two Babar dolls were presented in a little theatre, and the experimenter closed an opaque screen. One Babar doll was added and immediately removed, and the children were presented with either a possible, , or an impossible, , outcome. They were then asked whether each outcome was correct. Although the 4-year-olds succeeded, the younger children failed to detect the impossible outcome. Note that the author did not present a standard problem (in which calculation was necessary) to assess the use of the shortcut strategy, ruling out the possibility of determining whether 4-year-old children used the inversion-based shortcut or simply calculated.
Given the effects of the method on children’s performance, it has been suggested that developmental psychologists must adapt their methods to the age of the children involved in the testing [13, 32, 43, 44]. In the studies cited above [36–39], the experimenter performed the operations, and the children often responded verbally (except [39], which used a manual search). However, from Piaget’s work, we know that, prior to language emergence, children often solve problems through action [45]. At this age, sensory-motor experiences are essential for gaining knowledge and developing cognitive abilities. Lubin and collaborators [13, 23] previously showed that allowing the child to be the actor during the experiment was effective in revealing early arithmetic abilities. They compared a violation-of-expectation method in which the experimenter presented the problem to the children (onlooker mode) with a new method based on action (actor mode) in which the children performed the operations by manipulating the material themselves. For addition problems (, 2, or 3), the results revealed that 2-year-old children detected erroneous results more accurately in actor mode than in onlooker mode [13]. Moreover, the children had better performance in onlooker mode after they solved a problem in an actor mode, suggesting a pedagogical effect of action on arithmetic performance at this age [23]. This methodology, which allows children to perform the set-up of the displays, favors the demonstration of implicit knowledge of arithmetic principles.
According to the aforementioned beneficial effect of self-action in arithmetical skills, we investigated the early roots of the inversion principle using the same methodology [13, 23]. We hypothesized that children might use the inversion principle to resolve 3-term problems more easily if they are the actors of the arithmetical operation. Indeed, embodying the inversion problem (to undo their self-action) should allow children to better integrate the cognitive shortcut based on inversion.
2. Experiment 1
The first study tested our assumption directly by presenting inversion () and standard () 3-term arithmetic problems to 2-year-old children long before they attended formal schooling. We used a standard violation-of-expectation paradigm with onlooker and actor modes (see [13]). If the children used calculation to solve the presented problems, then the inversion and standard problems should be equally difficult. Alternatively, if 2-year-old children are able to implicitly use the inversion principle, then accuracy should be better in the inversion problem than in the standard problem. Moreover, actor mode should allow young children to detect erroneous arithmetic results more easily during the inversion problem (adding  and subtracting  with self-action) than simply observing an experimenter performing the same inversion problem (onlooker mode). In agreement with our previous results [13], only actor mode should allow children to spontaneously use the shortcut strategy that is cognitively less costly than calculation.
2.1. Method
2.1.1. Participants
Forty 2-year-old children recruited from childcare centers in Caen, France (mean age: 2 years and 8 months, range: 2 years and 5 months to 2 years and 11 months, 20 boys, middle-class homes, French native speakers), participated in this experiment. Written informed consent was obtained from parents.
2.1.2. Design and Procedure
The children were tested individually for approximately 10 minutes in a quiet room. In the “onlooker mode” group, the experimenter presented the arithmetic operations to the children, whereas, in the “actor mode” group, the children executed the same arithmetic operations themselves (see [13] for more details). Half of the participants were randomly assigned to each of these two presentation modes. Two arithmetic problems of similar magnitude were used: an inversion problem “ or 2” (i.e., possible or impossible outcome) and a standard problem “ or 2.” In the inversion problem, one Babar doll was put in a box behind glass (by the experimenter or the child himself, according to the mode). Next, the screen was closed so that the children could no longer see the doll. One doll was then added to the first doll already in the box, and then one doll was removed (). In the standard problem, three dolls were added successively to the box. Next, the screen was closed, and two dolls were removed one at a time (). Each outcome (possible or impossible) was presented twice, and the order of the problem type was counterbalanced. In the two modes, the children were asked to determine which of the final outcomes (i.e., 1 or 2) was the correct result of the operation (Figure 1).


	
	
		
			
				
					
				
					
				
			
		
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
		
		
			
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
		
		
			
				
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
	


Figure 1: Presentation of the inversion problem ( or 2, top) and the standard problem ( or 2, bottom) in either actor or onlooker modes.


2.2. Results
All analyses were based on the participants’ percentages of correct responses. Accuracy was analyzed with a 2 (mode: actor or onlooker) × 2 (problem Type: inversion or standard) repeated-measures ANOVA. Post hoc comparisons were performed using Tukey’s Honest Significant Difference tests.
The main effect of problem type showed that children were more accurate on the inversion problem (mean percent correct ± standard error of the mean: %) than on the standard problem (%), F(1, 38) = 7.67, , and . There was no main effect of mode of presentation (% and % for actor mode and onlooker mode, resp.), F(1, 38) = 1.51, , and . Finally, a two-way interaction of mode × problem Type, F(1, 38) = 11.23, , and , revealed that, during actor mode, the 2-year-old children were better at the inversion problem (%) than at the standard problem (%) (, Cohen’s  = 1.55). No difference was found between the two problem types during onlooker mode (% and % for inversion and standard problems, resp., ) (see Figure 2). Note that the children were better at the inversion problem in actor mode (%) than in onlooker mode (%, , Cohen’s ).




	
	
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
			
			
			
			
			
			
			
			
			
		
		
		
			
			
			
			
			
			
			
			
			
		
		
		
			
			
			
			
			
		
		
		
			
			
			
			
			
			
		
		
		
			
			
			
			
			
		
		
		
			
			
		
		
		
			
			
		
		
		
			
			
		
		
		
		
		
			
			
			
			
			
			
			
			
			
			
		
		
		
			
			
			
			
			
			
			
			
			
		
		
		
			
			
			
			
			
		
		
		
			
			
			
			
			
			
		
		
		
			
			
			
			
			
		
		
		
			
			
		
		
		
			
			
		
		
		
			
			
		
		
		
			
				
				
				
				
				
				
			
			
			
				
				
				
				
				
				
				
				
				
				
				
			
			
			
				
				
				
				
				
				
				
				
				
			
			
			
				
				
				
				
				
			
			
		
		
			
				
				
				
				
				
			
			
			
				
				
				
				
				
			
			
			
				
				
			
			
			
				
				
			
			
		
		
		
		
			
		
		
		
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
		
		
		
			
		
			
		
			
		
			
		
		
		
			
		
			
		
			
				
			
				
		
		
			
				
			
				
			
				
		
		
		
	


Figure 2: Percentage of correct responses as a function of problem type and mode. ; .


2.3. Discussion
The present study is the first to document the role of self-action in 2-year-old children on the arithmetical inversion principle before formal schooling. The results revealed that, in comparison to the traditional “onlooker” method (i.e., when arithmetic problems were presented to the children by the experimenter), 2-year-old children used inversion-based shortcuts when they performed the arithmetic 3-term problems themselves in actor mode. In particular, although their performances were not different from chance on the standard problem (, ), the children succeeded on the inversion problem. Taken together, these results suggest that the actor method (1) seems to be an effective procedure for testing young children and (2) reveals the true arithmetic inversion abilities of 2-year-olds. By reversing their own action, young children may have implicitly grasped the inverse strategy and detected the impossible event more easily during the inversion problem. Conversely, the only successful strategy for the standard problem was to calculate the result, and the children’s performance showed that this operation was certainly beyond their competencies (due to the absence of formal learning).
Interestingly, the children’s performance on both problems did not differ from the level of chance (, ) during onlooker mode, indicating that these 3-term problems were probably too difficult for 2-year-old children. This result reinforces the assumption that observing someone performing the problems does not allow children to see the inverse strategy and does not promote their success on the standard problem. Taken together, our results suggest that onlooker mode may not always be adaptable to studies of toddlers, explaining why, for instance, no inverse principle was evidenced before the age of 4 in a previous study [36].
Because of the theoretical importance of these findings, we conducted an additional study with another problem in a new sample of 2-year-old children to assess the robustness of our results. In the first study, the children performed only 2 trials of each problem because it is difficult to maintain young children’s attention over a long period. Moreover, because working memory constrains arithmetic performance in preschoolers [34], variation in problems is limited at this age. We decided to propose a new inversion problem ( or 2; the magnitude is the same, but subtraction appears before addition) and the same standard problem ( or 2) with exactly the same design as in Experiment 1.
3. Experiment 2
3.1. Method
3.1.1. Participants
Forty more 2-year-old children were recruited from childcare centers in Caen, France (mean age: 2 years and 6 months, range: 2 years and 1 month to 2 years and 11 months, 20 boys, middle-class homes, French native speakers), to participate in this experiment. Written informed consent was obtained from parents.
3.1.2. Design and Procedure
The apparatus was the same as in Experiment 1. Half of the children were randomly assigned to one of two presentation modes (onlooker mode or actor mode), and we introduced a new inversion problem. One Babar doll was put in a box behind glass (by the experimenter or the child himself, according to the mode). Next, the screen was closed so that the children could no longer see the doll. The doll was removed, and, then, one doll was added (). The standard problem was the same as in Experiment 1 ().
3.2. Results
All analyses were based on the participants’ percentages of correct responses. Accuracy was analyzed with a 2 (mode: actor or onlooker) × 2 (problem type: inversion or standard) repeated-measures ANOVA.
The main effect of problem type showed that children were more accurate on the inversion problem (mean percent correct ± standard error of the mean: %) than on the standard problem (%), F(1, 38) = 10.12, , and . There was a main effect of mode of presentation (% and % for actor mode and onlooker mode, resp.), F(1, 38) = 5.75, , and  = .13. Finally, there was no two-way interaction mode × problem type, F(1, 38) = 2.55, , and . In the absence of interaction, we performed planned comparison. As in Experiment 1, during actor mode, the 2-year-old children were better at the inversion problem (%) than at the standard problem (%) (, Cohen’s  = 0.8). No difference was found between the two problem types during onlooker mode (% and % for inversion and standard problems, resp., ). Note that the children were better at the inversion problem in actor mode (%) than in onlooker mode (%, , Cohen’s ).
3.3. Discussion
The findings of Experiment 2 reinforced those of Experiment 1 with another inversion problem on a new sample of participants. We pooled all the data to reinforce the robustness of our findings. This new analysis performed with 80 2-year-old children accorded with the original findings. We obtained a main effect of problem type F(1, 78) = 16.65, , and  = .17, a main effect of mode of presentation F(1, 78) = 6.47, , and , and, most crucially, an interaction between these two factors F(1, 78) = 13.09, , and . Children were better at the inversion problem (%) than at the standard problem (%) in actor mode (, Cohen’s  = 1.1). No difference was found between these two problem types in onlooker mode (% and % for inversion and standard problems, resp., ).
4. General Discussion
Our results show for the first time that sensitivity to the inversion principle appears as early as 2 years of age. Although 2-year-old children were previously characterized as “bad counters” [37], they seemed to be able to use the inversion principle by enacting it. As previously suggested for simple arithmetic operations [13, 23], the present study suggests that a paradigm based on action seems better adapted for evaluating the numerical abilities of preschoolers. This finding underlines the importance of adapting the method to the age of children [13, 32, 43, 44] because low performance does not necessarily reveal a lack of competency and, in fact, depends on the method of testing.
Our results are in agreement with embodied mathematical cognition [16, 18, 21]. Self-action reveals new strategies and brings out implicit knowledge [17, 46]. In this line, embodied intervention programs have shown beneficial effects in the mathematical domain [11, 22]. However, one could ask what exactly the role of action is. Are children discovering the inversion principle during the experiment, or is it the method that reveals preexisting knowledge? We believe that embodying the inversion problem (undoing their self-action) allows children to better integrate the cognitive shortcut based on inversion and could reactivate implicit knowledge discovered by the active exploration of their environment. For instance, children can recognize in everyday life experience that putting one candy in a box and removing another candy from the same box leaves the initial amount of candies unchanged. However, children were unable to detect the shortcut when they only observed it. Our paradigm based on self-action activates (or reactivates) the inversion strategy and leads to success with the inversion problem.
Studying early arithmetic development before the onset of formal schooling provides crucial insights into young children’s emerging academic learning and could be useful for adapting pedagogical methods. Before they enter school, children use mathematical notions in everyday life and develop informal mathematical knowledge. However, with the emergence of numerical symbolization, children must reorganize their early knowledge through this new format. Thus, there is often an apparent gap between children’s informal, intuitive knowledge and the formal opportunities at the start of their schooling [47]. Therefore, studying ways to support and reinforce the development of early numerical abilities could be critical for bridging intuitive mathematical knowledge and formal schooling and for better understanding (and optimizing) the transition between them. Educators and teachers should find ways to help children link what they know implicitly and what they must learn at school [48].
In the particular case of the inversion principle, our findings suggest that an implicit understanding of the inversion principle precedes explicit formal learning. However, a gap has been observed between the presence of the inversion strategy in preschool children (as emphasized here) and its use in school-aged children [49], suggesting that the link between implicit and explicit inversion is not explicitly made at school. Nevertheless, teaching the inverse relationship between addition and subtraction can improve the understanding and the use of inversion between the ages of 4 and 9 years [50–53]. These mathematical ideas could be useful for preschool teachers to move children towards more formal knowledge by encouraging mathematical exploration in many contexts and by inciting young children to perform inversions in different classroom contexts. Self-action, as an index of transition, may help children to solidify the connection between the numerical symbolic system and their nonsymbolic knowledge.
5. Conclusion
The present results revealed that actor mode improved the accuracy of 2-year-olds for inversion problems, suggesting, for the first time, that self-action helps children use the inversion-based shortcut during this developmental window. The present work provides new support for the view that it may be worthwhile to consider the self-action advantage in early mathematics education.
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