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Allergic hypersensitivity of type I for hymenoptera venoms is the most frequent reason for acute IgE-
mediated anaphylactic reactions. The subcutaneous injection of increasing doses of purified allergen
followed by long-term administration of an adequate maintenance dose over a period of 3–5 years
called venom immunotherapy (VIT) has been proven to be a very effective treatment achieving
protection in about 96% of allergic patients. Even though the principle of hyposensitisation has been
introduced already 90 years ago, the underlying immunoregulatory mechanisms of VIT remain poorly
understood. Recent studies suggest a shift in cytokine production from a Th2 to a Th1 cytokine profile
during therapy. In this paper, a mathematical model for T-cell regulation and a model for mast
cell/basophil desensitisation are presented and analysed to explain the mechanism of conventional rush
and ultra-rush VIT.
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TH1–TH2 REGULATION AND ALLERGY

Over the last decade it has become clear that the capability

of various subsets of CD4þ class II MHC-restricted T-cells

(helper T-cells) to generate certain cytokines in response

to allergen is crucial for the regulation of IgE synthesis

and the generation of inflammatory responses (Mosmann

et al., 1986; Romagnani, 1991). The concept of T-helper

cell heterogeneity is based on a marked difference in their

cytokine secretion patterns. One subtype of T-helper cells,

referred to as Th2-cells, produces mainly cytokines such

as IL-3, IL-4, IL-5, and IL-13, providing defence against

extracellular pathogens. The other T-helper subtype, Th1,

producing cytokines such as IL-2, IL-12, and IFN-g, is

involved in immune responses against intracellular

pathogens such as viruses and tends to antagonise the

allergic response. Recently the CC-chemokine receptor 5

(CCR5) has been described as a surface marker of Th1

cells (Odum et al., 1999), whereas the relationship

between CD30 expression and Th2 cells is still

controversial (Hamann et al., 1996; Petkova et al., 2000).

Factors influencing the differentiation of CD4þ T cells

comprise the affinity of the allergen peptide to the MHC

(Chaturvedi et al., 1996; Murray, 1998), the dose of the

allergen (Kumar et al., 1995; Parish and Liew, 1972;

Ruedl et al., 2000), the type of antigen presenting cell

(APC) (Kapsenberg et al., 1998), selective use of co-

stimulatory molecules, or the cytokine microenvironment

during stimulation (Romagnani, 1993; Seder et al., 1993;

Swain et al., 1990). In addition to the expression of

distinct cytokines, the molecular basis for commitment to

a Th1 or Th2 phenotype can probably explained by

multiple mechanisms including differential cytokine

signalling, exclusive cytokine receptor expression, differ-

ential expression of transcription factors or differential

chromatin remodelling of Th1- and Th2-specific genes

(Agarwal and Rao, 1998; Murphy et al., 1999; Rincon and

Flavell, 1997; Takemoto et al., 2000).

Figure 1 represents a simplified scheme of the proposed

cellular and molecular mechanisms of allergy. Antigen

presenting cells such as dendritic cells or B-cells trigger

naı̈ve CD4þ T-cells to differentiate into Th1- or Th2-cells.

Cytokines released by Th2-cells (IL-4, IL-5, IL-10) have

the following effects: autocrine stimulation of the Th2-cell

population, suppression of IFN-g production in Th1-cells,

IgE production in B-cells and activation of eosinophils and
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basophils. Th1 cytokines on the other hand have autocrine

effects on production of Th1-cells, suppress proliferation

of Th2-cells and cause B-cells to produce IgG4 (Abbas

et al., 1996; Romagnani, 1997).

Allergy of type I is a typical Th2-response (Romagnani,

1996). Cross-linking of specific IgE antibodies on the mast

cell or basophil surface by allergen leads to a subsequent

mediator release by these cells and promotes thereby the

allergic reaction.

Hyposensitisation was first introduced 1911 by Noon

to treat patients suffering from hay fever by injecting

them with pollen extracts (Noon and Cantab, 1911).

Since then this method has been adopted as the

treatment of choice for allergic hypersensitivity. The

effectiveness of immunotherapy has been proven in

several clinical studies (Hunt et al., 1978; Reisman,

1992). In patients undergoing venom immunotherapy

(VIT) a shift from a Th2 to a Th1 profile and an

increase of the specific IgG4/IgE ratio (Blaser et al.,

1998; McHugh et al., 1995; Schuerwegh et al., 2001;

Tari et al., 1994) has been observed.

We suppose that in immunotherapy two phases, which

target different types of cells, can be distinguished. The

first phase comprises the initiation phase, which starts with

very low doses of the allergen continued by gradually

increasing doses and is supposed to desensitise the effector

cells of the early phase reaction, i.e. mast cells and

basophils. Thus having eliminated the danger of

anaphylactic reactions it is possible to administer high

doses of the allergen, which select for Th1 responses, over

a period of 3–5 years to eventually perform a Th2 !

Th1 switch, which is, however, of transient nature

(Golden et al., 2000). Out of this complex network of

immune regulation, two models describing the essential

processes that govern these two different phases of the

therapy have been developed and are discussed in the

following section.

THE MATHEMATICAL MODELS

Th1/Th2-cell Regulation

For the T-cell regulation, the mathematical model

proposed by Behn et al. (2001) is adopted. We use,

however, a fundamentally different parameter regime as

suggested by recent experimental findings (Ruedl et al.,

2000; Secrist et al., 1995). The model comprises initially

six variables, namely the concentration of naı̈ve cells (N̂ ),

the concentration of either T-helper cell population (T̂1

and T̂2), the concentration of allergen peptide presented by

APCs (Âp), the cytokines secreted by Th1-cells all of them

denoted by IF, and the cytokines secreted by Th2-cells

denoted by IL. Since the life-time of cytokines is short

compared to that of T-cells, cytokines relax fast to a quasi-

stationary state, which allows for an elimination of these

two variables. Measuring the time in units of half-life of

the T-cells and rescaling the variables, yields the

FIGURE 1 Th1–Th2 regulation via cross-suppressive and autocrine cytokines, their effect on the antibody secretion by B-cells and the sensitisation of
mast cells.
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following set of equations (see Appendix for details):

dN

dt
¼ 2N þ a 2 NAp

T1

1þ m2T2

þ c

� �
2fNApðT2 þ cÞ;

ð1Þ

dT1

dt
¼ 2T1 þ vNAp

T1

1þ m2T2

þ c

� �
; ð2Þ

dT2

dt
¼ 2T2 þ vfNAp

T2 þ c

1þ m1
T1

1þm2T2

; ð3Þ

dAp

dt
¼ jpðtÞ2 ApðT1 þ T2Þ; ð4Þ

where a is the production rate of the naı̈ve T-cells, v is

the proliferation rate of the T-cells and jp(t ) is the rate

at which allergen peptide is presented by APCs after an

allergen injection. The dimensionless parameters m1

and m2 control the efficiency of the cross-suppression

of Th1- and Th2-cells mediated by their cytokines and

become important at high concentrations, whereas f

regulating the balance of the autocrine effects of the

Th1–Th2 system is relevant at low concentrations. A

small cytokine background originating from other

immunological processes is accounted for by the

parameter c, which has been assumed to be constant

in time.

Fixed Points of the Autonomous System

In the following, the state of the system will be

denoted by

!
Z ¼ ðN; T1; T2;ApÞ: ð5Þ

Neglecting the small cytokine background ðc ¼ 0Þ the

system has, without allergen ðjpðtÞ ¼ 0Þ; only one

fixed point:
!
Z

0
¼ ða; 0; 0; 0Þ: For a constant allergen

supply jpðtÞ ¼ jp . 0; the system has two stable fixed

points

!
Za ¼

a

1þ jp

;
vajp

1þ jp

; 0;
1þ jp

va

� �
; ð6Þ

!
Zb ¼

a

1þ fjp

; 0;
vafjp

1þ fjp

;
1þ fjp

vaf

� �
: ð7Þ

These fixed points describe states in which either the

Th1- or the Th2-cell population dominates and the

other becomes extinct. Allowing for a small cytokine

background c, the fixed points can be written as

!
Z 0a ¼

!
Za þ c

!
Z 0; ð8Þ

!
Z 0b ¼

!
Zb þ c

!
Z 00: ð9Þ

The correction
!
Z 0 for the Th1-cell dominating fixed

point
!
Za reads

T 02 ¼
f

m1T1;a 2 fþ 1
; ð10Þ

N 0 ¼
ðm2T1;a 2 fþ 1ÞT 02 2 ðfþ 1Þ

vð1þ jpÞ
; ð11Þ

T 01 ¼ vjpN 0 2 ðm2T1;a þ 1ÞT 02 þ 1; ð12Þ

A0p ¼ 2ðAp;aÞ
2ðT 01 þ T 02Þ=jp: ð13Þ

The correction
!
Z 00 for the Th2-cell dominating fixed

point
!
Zb is

T 001 ¼
1þ m2T2;b

fð1þ m2T2;bÞ2 1
; ð14Þ

N 00 ¼
2ðm2T2b 2 fþ 1ÞT 001 2 ðfþ 1Þ

vfð1þ fjpÞ
; ð15Þ

T 002 ¼ vjpN 00 2
m1T2;b

1þ m2T2;b
þ 1

� �
T 001 þ 1; ð16Þ

A00p ¼ 2ðAp;bÞ
2ðT 001 þ T 002Þ=jp: ð17Þ

In both cases a complete elimination of the suppressed

T-cell population is thus prevented.

Parameter Choice

During VIT, the immune system has to deal with single

allergen injections rather than with a constant allergen

supply. With respect to the short duration of the injections,

the rate at which allergen peptide is presented by APCs is

approximated by

jpðtÞ ¼ DpdðtÞ; ð18Þ

where d(t ) is the Dirac delta function and Dp is the

allergen peptide dose which is proportional to the

administered allergen dose. In the following, the choice

of the parameters of the T-cell model is elucidated.

Proliferation factor v. The dynamics of the system is

not sensitive to this parameter. If v is transformed to

vnew ¼ fv; the equations remain unchanged when Ap, and

jp(t ) are re-scaled as follows: Anew
p ¼ fAp and Dnew

p ðtÞ ¼

fDpðtÞ: For our simulation this parameter was set to be 8.

Production rate of naı̈ve cells a. The usual, relatively

high allergen dose of an insect sting or an injection

administered during the maintenance phase of the therapy

is set to the order of 1. The subsequent response should

lead to an elimination of the allergen. Simulations have

shown that a minimal a of about 5 is required for a

sufficiently fast elimination of an allergen dose of Dp ¼ 1.

For our simulations a value of a ¼ 10 has been used.

Cytokine background c. The small cytokine background

originating from other immunological processes is

assumed to be constant and has been chosen as c ¼ 1024:
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The parameters f, m1 and m2. The decisive parameters

determining the qualitative behaviour of the system are m1

and m2 measuring the efficiency of the cross-suppression

and f controlling the balance of the autocrine effects. The

Th1–Th2 regulation is conceived as a competition

between autocrine and cross-suppressive effects mediated

by the cytokines. For small T-cell concentrations, as is the

case for small allergen doses, the cross-suppression is

negligible, and the equations for T1 and T2 can be written

as

dT1

dt
¼ 2T1 þ vNApðT1 þ cÞ; ð19Þ

dT2

dt
¼ 2T2 þ vfNApðT2 þ cÞ: ð20Þ

Consequently, for small allergen doses the parameter f

determines the dominant T-cell population. At high

concentrations of the allergen, however, the cross-

suppressive effects represented by m1 and m2 become

important. Since the maximum suppression should be of

the order of 1/10 and as T-cell concentrations reach in

response to an allergen dose of Dp ¼ 1 values of ,50, m1

and m2 should be in the range of 0.1–1.

When the model first was developed, there have been

experimental indications that high doses of allergen would

select for Th2 cells whereas low doses would favour a Th1

response (Parish and Liew, 1972; Bancroft et al., 1994;

Bretscher et al., 1992), which was implemented in the

model by setting the parameter f , 1 and m1 , m2: The

first encounter with a high dose of antigen (first insect

sting) would thus result in a Th2 response. The switch

from Th2 to Th1 is then attained by the small increasing

doses initiating the therapy for conventional protocols

(Behn et al., 2001).

However, the rush and ultra-rush protocol reach the

high maintenance dose much faster with an initiation

phase as short as 3.5 h (ultra-rush) (Birnbaum, 1998). The

T-cell dynamics on the other hand have a much longer

time scale (Lanzavecchia and Sallusto, 2000). In addition,

recent findings indicate that high antigen doses favour a

Th1 response and low doses Th2 (Ruedl et al., 2000;

Secrist et al., 1995; Grakoui et al., 1999), implying that

the Th2–Th1 switch is achieved during the second part of

the therapy due to the long-term administration of the high

allergen doses.

Reviewing the literature on the controversial subject of

the dose dependency of T-helper differentiation, it is

noticeable that experiments leading to the conclusion high

doses favour Th2 and low doses favour Th1 responses

dealt, with proliferating antigen (Parish and Liew, 1972;

Bancroft et al., 1994; Bretscher et al., 1992) whereas

experiments yielding the opposite result dealt with non-

proliferating antigen or peptide (Ruedl et al., 2000; Secrist

et al., 1995; Grakoui et al., 1999), as used for VIT.

To achieve the observed dose dependency in the model,

f . 1 is a necessary condition as has been explained

above. Shown in Fig. 2a and b is the dose dependency of

the response of the naı̈ve T-cell system for fixed values of

f and m2 as a function of m1. Setting f . 1 provides a Th2

response at low allergen doses for all values of m1.

However, to achieve Th1 responses at high allergen doses

m1 has to surpass a certain threshold, below which only

Th2 responses are possible (Fig. 2a, region 1). For small

values of f, there exists a parameter range in which Th2

responses are favoured at very low and again at very high

doses of allergen whereas medium to high concentrations

favour Th1 responses (Fig. 2, region 2). This phenomenon

has also been observed experimentally by Hosken et al.

(1995) using naı̈ve cells. For higher values of m1 the

response to very high doses turns from Th2 to Th1

dominated (Fig. 2a, region 3). Increasing f reduces the

region 2 of Fig. 2a further and further until it vanishes at

f , 1.05 (Fig. 2b).

In general, for every f . 1 and a fixed m2, there exists a

minimal m1 above which injections of high allergen doses

result in Th1 responses and injections of low doses in Th2

responses. For our simulations these parameters were

chosen as follows: f ¼ 1:02; m1 ¼ 0:2 and m2 ¼ 0:1:

Dynamical Separatrix

In the following, we analyse the response of the system to

single high-dose allergen injections as applied during the

FIGURE 2 Type of response (Th1 or Th2) as a function of the allergen dose and the parameter m1 for fixed f and m2. The regions, where the response is
Th1 dominated is shadowed grey.
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maintenance phase of the therapy. Whether such high-

dose injections improve, which is desired, or impair the

ratio T1=T2; depends on the initial values, T0
1 and T0

2:
In this context, we define the dynamical separatrix as

the set of points ðT0
1; T0

2Þ for which a single injection

of Dp ¼ 1 does not alter the ratio T1=T2: This

separatrix parts in the plane of initial conditions

ðT1=T2Þ the region in which an injection of Dp ¼ 1 will

improve the ratio T1=T2 from a region, in which such

an injection will impair the ratio T1=T2 (see Fig. 3a).

In the grey-coloured region of Fig. 3a, a single high-

dose allergen injection will cause an impairment of the

original ratio T1=T2; whereas in the white region this

ratio will improve as is illustrated by characteristic

trajectories.

Starting from a point on the separatrix, the trajectory

will eventually recross the initial point in the (T1, T2) plane

after a certain time interval Dt. If the allergen is injected

repeatedly with this period Dt, this non-autonomous

system exhibits a periodic behaviour. In Fig. 3b, three

cyclic trajectories corresponding to the same period of

injection are shown. From Fig. 3a and b, it is evident that

the periodically driven non-autonomous system exhibits

new attractors that are fixed points of the stroboscopic

map. The locations of the attractors is a function of the

period of injection Dt. Whether the system is driven to the

Th1- or Th2-cell dominated attractor depends on the

initial conditions. Even if the number of injections is not

sufficient to reach the attractor, the system will move

towards it.

The following remark is in order: concentrations of T-

cells cannot become arbitrarily small and the formation

of long-lived memory cells will also stabilise the size of

a T-cell clone at a certain level. Since during a normal

immune response a single T-cell may expand to a clone

of ,104 cells (Abbas et al., 2000), only T-cell

concentrations in the range from ,1023 to 100 in

dimensionless units have been considered in the

following simulations.

Mast Cell/basophil Desensitisation

In Fig. 4 a simplified scheme of mast cell desensitisation is

presented. Mast cells and basophils express substantial

amounts of high-affinity IgE receptors (FceRI). The

interaction of serum IgE with FceRI is of high affinity

ðKd ¼ 1029 –10210 MÞ creating long-lived antigen-

specific IgE-FceRI units (Keown et al., 1998). Mast

FIGURE 3 (a) The T1–T2 plane is divided by the separatrix in regions in which an injection of Dp ¼ 1 will either improve the ratio T1/T2 (white) or
impair it (grey). All trajectories start with an injection of Dp ¼ 1 (dot) and have in common that after the proliferation phase (when Ap has been removed)
Th1- and Th2-cells decay exponentially with a constant T1/T2 ratio. (b) The non-autonomous system driven by periodically repeated injections exhibits
new attractors whose locations depend on the period of injection.

FIGURE 4 Simplified scheme of IgE-mediated hypersensitivity. Receptors on the mast cell surface bind antigen specific IgE antibodies creating
specific IgE-FceRI units of density rf. The binding of antigen to such units results in single antigen-IgE-FceRI complexes of density rs. The cross-linking
of these complexes with adjacent free IgE units triggers a cascade of signalling events that lead to the release of inflammatory mediators.
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cells and basophils respond to antigenic cross-linking of

receptors through a cascade of events. The intracellular

calcium concentration rises within seconds (Beaven

et al., 1984), serotonin and histamine is released from

cytoplasmatic secretory granules within minutes (Barsu-

mian et al., 1981), and various prostaglandins and

cytokines (i.e. IL-4) are produced within hours

(Bradding et al., 1992; Igarashi et al., 1993; Plaut

et al., 1989). A correlation between the number of cross-

links and subsequent mediator release has been observed

(Chabay and DeLisi, 1980). The histamine release as a

result of receptor cross-linking has been modelled by

other authors before with different approaches and

focuses (Dembo and Goldstein, 1980; Hlavacek et al.,

1999; Wofsy et al., 1978). A goal of these studies has

been the quantitative analysis of interactions between

multivalent ligands and FceRI.

We hypothesise that the successive injection of

increasing doses of allergen in the initial phase of the

therapy leads to a gradual depletion of specific IgE on

the mast cell/basophil surface. Since we are dealing with

specific desensitisation the density of free allergen

specific IgE-FceRI units ðr̂fÞ on the mast cell/basophil

surface is a crucial quantity. Given that the binding of

IgE antibodies to FceRI is independent of their

specificity, the density of specific IgE-FceRI units is

proportional to the ratio of the specific IgE titer to the

total IgE titer

r̂f ,
c

specific
IgE

ctotal
IgE

: ð21Þ

For the sake of simplicity we consider the binding of a

bivalent antigen to cell surface bound IgE. The

following equations describe the dynamics of the

density of specific IgE-FceRI units r̂f ; the density of

single allergen-IgE-FceRI complexes r̂s resulting from

the binding of allergen to an IgE-FceRI unit, the serum

concentration of allergen Â; and the intracellular Ca2þ

concentration Ĉa

dp̂f

dt
¼ 2aÂr̂f 2 br̂f r̂s; ð22Þ

dp̂s

dt
¼ aÂr̂f 2 br̂f r̂s; ð23Þ

dÂ

dt
¼ 2eÂr̂f 2 gÂþ vðtÞ; ð24Þ

dĈa

dt
¼ xr̂̂f r̂s 2 dĈa: ð25Þ

Equations (22) and (23) take into account that free IgE-

FceRI units vanish by either forming complexes with

allergen thus creating single allergen-IgE-FceRI com-

plexes ð2aÂr̂fÞ or by cross-linking to allergen already

bound to another IgE-FceRI unit ð2br̂̂f r̂sÞ: The

expression of new IgE-FceRI receptor units on the cell

surface has been assumed to take long compared to the

desensitisation process and has therefore been neglected.

Equation (24) describes how an allergen enters the

system at a rate v(t ) and is eliminated by binding to

surface IgE ð2eÂr̂fÞ and to serum antibodies and

different types of APCs which are accounted by 2gÂ:
Finally, Eq. (25) describes how intracellular Ca2þ is

raised in proportion to the number of cross-links

formed ðxr̂f r̂sÞ and is then removed by sequestration

into the mitochondria and by extrusion to the exterior

ð2dĈaÞ:
Measuring the time in units of 1/d and re-scaling the

variables as

rf ¼
b

d
r̂f ; rs ¼

b

d
r̂s; A ¼

a

d
Â; Ca ¼

b2

xd
Ĉa; ð26Þ

FIGURE 5 (a) The maximum Ca2þ signal as a function of the allergen dose D. The decrease of the Ca2þ signal at high allergen doses is caused by the
fast formation of single allergen IgE-FceRI complexes using up the majority of unoccupied IgE which limits subsequent cross-linking. (b) The maximum
Ca2þ rise as a function of r0

f and D is represented by isoclines. Starting at r0
f ¼ 1 the first injection dose leading to a maximum Ca-response of 0.01 is

3.8mg. This dose reduces rf by Drf as given in Eq. (37). The new value of rf allows for a dose of 4.1mg and so forth.
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leads to the new set of equations

drf

dt
¼ 2Arf 2 rfrs; ð27Þ

drs

dt
¼ 2Arf 2 rfrs; ð28Þ

dA

dt
¼ 2 ~bArf 2 ~gAþ jðtÞ; ð29Þ

dCa

dt
¼ rfrs 2 Ca: ð30Þ

The new, dimensionless parameters ~b; ~g; and jðtÞ are

related to the old ones by

~b ¼
e

b
; ~g ¼

g

d
; jðtÞ ¼

a

d2
vðtÞ: ð31Þ

The parameters ~b and ~g determine the efficiency of

elimination of the allergen by binding to surface IgE ð ~bÞ

and through other pathways ð ~gÞ: Variations in both

parameters do not change the qualitative behaviour of the

system. j(t ) is the rate at which antigen enters the system.

For the numerical simulations, the parameters have been

chosen as ~b ¼ ~g ¼ 1:
A typical dose-response curve which represents the

highest rise in Ca2þ as a function of the administered

allergen dose is shown in Fig. 5a. The decrease of the Ca2þ

signal at very high allergen doses is caused by the fast

formation of single allergen-IgE-FeRI complexes using up

the majority of unoccupied IgE which limits subsequent

cross-linking. A dose of 100mg has been assumed to

correspond to the maximum response stimulation.

Desensitisation

For jðtÞ ¼ 0 the system remains in its initial state with

ðrf ; rs;A;CaÞ ¼ ðr0
f ; 0; 0; 0Þ: A constant allergen supply

jðtÞ ¼ j on the other hand would lead to a cross-linking of

all available IgE ðrf ! 0Þ and would drive the system in

the state (0,0,0,j/g̃). More interesting in the context of a

therapy is the response of the system to single allergen

injections. Again we approximate the allergen injection

rate by

jðtÞ ¼ DdðtÞ ð32Þ

where D is the administered allergen dose. The rise in

Ca2þ is a function of both the amount of the injected

allergen D and the initial density of free surface IgE r0
f :

An allergen dose D will reduce rf by a certain amount

Drf. If this dose is small compared to rf, it is possible to

obtain an analytical approximation for Drf. Since for small

doses the formation of the intermediate single allergen-

IgE-complexes rs can be neglected, the equation for rf

becomes

drf

dt
¼ 22Arf : ð33Þ

To determine Drf, we only need the equations for rf and A,

which lead to

dA

drf

¼
~b

2
þ

~g

2rf

: ð34Þ

Integration with initial conditions Að0Þ ¼ D; rfð0Þ ¼ r0
f

yields

e2ðA2DÞ= ~g ¼ rf=r
0
f e

~bðrf 2r0
f
Þ= ~g: ð35Þ

We are interested in the value of rf after the allergen has

been eliminated ðA ! 0Þ:
Expanding the exponential function on the right side

yields

r0
f e2ð2= ~gÞD ¼ rf 1þ

~b

~g
ðrf 2 r0

f Þ

� �
; ð36Þ

which can be solved for rf. Thus, we obtain that an

injection of D reduces rf by

Drf ¼ r0
f 2 rf

¼
1

2
r0

f þ
~g

~b

� �

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
r0

f 2
~g

~b

� �2

þ
~g

~b
r0

f e2ð2= ~gÞD

s
: ð37Þ

TABLE I Examples of three different standard VIT protocols according
to Heppt et al. (1998). Vertical dots indicate a dose repetition every 4
weeks over a period of 3–5 years. In the last column, a theoretical
protocol minimising the mast cell/basophil response during the initial
phase is given (see also Figs. 5b and 6d)

Day Hour

Allergen dose (mg)

Conventional Rush Ultra-rush Optimised

1 0 0.01 0.01 0.1 3.8
0.5 0.1 1 4.1
1 0.1 1 10 4.4
1.5 2 20 4.8
2.5 30 5.4
3.5 50 6.1

2 0 4 7.3
1 8 9.1
2 10 12.7
3 20 25.1

3 0 40
1 60
2 80
3

4 100 100
8 0 1 100 50 100

0.5 50
1 2

15 0 4 100 100
1 8

22 0 10 100
1 20

29 40 100 100
36 60
43 80 100 100
50 100 100
57 100
71 100 100 100 100
..
. ..

. ..
. ..

. ..
.
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In the context of a therapy, the maximum rise in Ca2þ

in response to the injected allergen doses should not

exceed a certain threshold in order to prevent systemic

reactions in the patient. Therefore, it is necessary to

know the highest allergen dose that can be administered

without causing the Ca2þ concentration to pass the

threshold.

The isoclines in Fig. 5b represent pairs of values

ðr0
f ;DÞ resulting in the same maximum calcium rise.

Hence for a given threshold of Ca2þ
max; an optimal

protocol would follow such an isocline. To illustrate this

concept, let us consider a system with r0
f ¼ 1; ~b ¼ ~g ¼

1; the max. Ca2þ should not exceed 1/10 of a maximum

response. Starting at r0
f ¼ 1 the first injection dose

resulting in a maximum Ca2þ-response of 0.01 is 3.8mg.

This dose reduces rf by Drf as given in Eq. (37). The

new, reduced value of rf allows for a higher dose of

4.1mg and so forth.

After reaching the minimum point of the isocline, any

allergen dose will be tolerated, since most of the specific

IgE has been cross-linked and it is now possible to

administer the high allergen doses necessary for the

Th2–Th1 switch. The thus optimised protocol is listed

in Table I. It should be noted that such a protocol

depends of course on r0
f ; the parameters ~b and ~g as well

as the threshold level for Ca2þ
max and is therefore subject

to individual changes.

VENOM IMMUNOTHERAPY

The principle of VIT is the subcutaneous injection of

increasing doses of venom up to a maintenance dose of

about 100mg. Several protocols with varying intervals

between injections have been established (see Table I).

The time required to reach the maintenance phase of the

therapy varies from several weeks (conventional proto-

col), over 3–5 days (rush protocol) to 3.5 h (ultra-rush

protocol). Studies on rush and ultra-rush protocols

indicate that protection is provided rapidly and that

these protocols are not less safe than the conventional

(Birnbaum et al., 1993; Brehler et al., 2000; Skribic et al.,

1996). In this chapter, the different therapy protocols are

investigated in the frame of the previously formulated

mathematical models of Th1/Th2-regulation and mast

cell/basophil desensitisation.

Mast Cell/Basophil Desensitisation

The purpose of the slowly increasing doses is to keep the

corresponding Ca2þ rise in the mast cells/basophils and

therewith the histamine release on a moderate level. The

time between successive injections must allow the calcium

concentration to reach baseline again which takes

approximately 15–30 min (Beaven et al., 1984). This

FIGURE 6 Concentrations of rf, rs and Ca in response to allergen injections as a function of time. (a) Response to a single injection of a dose, which
provokes the maximum possible response. Dose sequences according to Conventional/rush protocol (b), Ultra-rush protocol (c) and an optimised
protocol (d). For reasons of clarity, in these simulations injections were made at l/2 h intervals. This is justified as already after this time rf has been
reduced by Drf and the concentrations of rs, A and Ca have practically reached zero baseline so that a prolongation of the interval does not change the
response to the subsequent injection.
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condition is fulfilled by all standard protocols, examples

of which are given in Table I.

Figures 6b and c show the concentrations of rf, rs and

Ca in response to allergen injections as a function of time

for the three different protocols. The number of free

specific IgE-FceRI units is reduced gradually to almost

zero so that the subsequently administered high allergen

doses cannot cause further histamine release. The

conventional and rush protocol differ only in the time

intervals between injections during initial phase, but not in

the administered doses. Therefore, for mast cell/basophil

desensitisation both protocols display a similar behaviour

in our model. However, in ultra-rush therapy the doses are

increased more rapidly thus giving rise to slightly larger

Ca2þ peaks. Nonetheless, the magnitude of the Ca2þ

signal in all protocols is strongly reduced compared to a

single injection provoking the maximum response as

shown in Fig. 6a.

In Fig. 6d is shown an optimised protocol which

minimises for a given number of injections (in the present

FIGURE 7 (a) The three possible regions of initial conditions. (b) Conventional, (c) Rush and (d) Ultra-rush protocol starting from a state in region 2
achieving the desired Th2–Th1 switch. (e) Therapy failed because the intervals between injections were too long (in this case .2 months). (f)
Sensitisation by 4 injections of Dp ¼ 0:1: The dotted line represents the separatrix for Dp ¼ 0:1; so that all injections take place in the region where they
impair the T1/T2 ratio.
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case 10) the maximum Ca signal (see also Fig. 5b).

Examples for conventional: rush and ultra-rush protocols

are given in Table I together with an optimised protocol.

Th1/Th2 Switch

As discussed above, Th1 cells are preferentially

stimulated by high antigen doses and high peptide-MHC

affinity. Therefore a switch from Th2 to Th1 can be

expected in the course of the administration of the high

allergen doses.

Assuming that for an allergic individual initially T0
2 .

T0
1; three regions in the (T1/T2)-plane can be distinguished

according to the response to high allergen injections of

Dp ¼ 1 (corresponding to the maintenance dose of

100mg), see Fig. 7a:

Region 1: Successive injections of Dp ¼ 1 will

continuously improve the ratio T1/T2 independent of

the time interval between injections.

Region 2: Even though an injection of Dp ¼ 1 will

impair the ratio T1/T2, the trajectory can transiently

cross the separatrix. If a further allergen injection takes

place while the system is still beyond the separatrix, it is

possible to improve the T1/T2 ratio. Success or failure of

a therapy depend in this case clearly on the schedule of

injections.

Region 3: In this case, the Th2-cell dominance is too

pronounced such that every injection of allergen will

only further impair the T1/T2 ratio.

The high rate of success of the therapy suggests

that most patients have initial conditions in region 1

and 2. Starting from region 1, the therapy will be

successful independently of the intervals between

injections.

The time interval between injections plays only then a

decisive role when the system is initially in region 2. If an

allergen dose of Dp ¼ 1 is then injected, the trajectory will

cross transiently the separatrix. For a successful therapy,

the next allergen injection has to be given while the

trajectory is on the other side of the separatrix, where

allergen injections will cause improvement of the T1/T2

ratio. This time slot clearly depends on the initial

conditions again. If the initial state is very close to the

separatrix, the trajectory will quickly cross the separatrix

and then stay there a long time (,60–70 days), before

recrossing the separatrix. The further the initial state is

apart from the separatrix, the shorter is the time the

trajectory will be at the other side of the separatrix, which

makes the timing of the subsequent injection more and

more crucial. Therefore, shorter intervals between

injections at the beginning of the therapy will increase

the chance of success. Interestingly, the schedule of the

empirical protocols follows already such a strategy by

increasing the interval between the 100mg doses from

initially one week over two weeks to eventually four

weeks. In Fig. 7 b–d, it is shown that starting at an initial

state in region 2, all three empirical protocols can achieve

the Th2–Th1 switch. Figures 8 and 9 show the

concentrations of the allergen and of Th1 and Th2 cells

as a function of time for the situations displayed in the

previous figure. As expected, the rush and ultra-rush

protocols yield almost identical results since the intervals

FIGURE 8 Conventional therapy protocol. With the beginning of the
administration of the high doses of allergen, the Th1-cell population
gradually exceeds the population of Th2-cells.

FIGURE 9 Rush and ultra-rush therapy protocols. As expected, the rush and ultra-rush protocols yield almost identical results since the time intervals
between the initiation doses are short in comparison with the lifetime of the T-cells.
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between the initiation doses are short in comparison with

the lifetime of the T-cells.

If the intervals between injections are too long, therapy

may fail to produce a Th2–Th1 switch as shown in Fig.

7e. With an interval of 2 months all injections take place in

the region where they impair the T1/T2 ratio.

DISCUSSION

The modelling of Th1–Th2 regulation and mastcell/

basophil desensitisation requires of course simplification

of very complex systems. Nevertheless, the analysis and

simulations have shown that the models can account for

essential features of VIT. The models are able to explain the

empirical structure of the protocols and the influence of the

timing and the magnitude of the allergen doses on the T-

cell regulation and mastcell/basophil desensitisation.

The purpose of these mathematical models is to

contribute to the understanding of the related immuno-

logical processes and to yield indications for an improved

therapy. Looking at the dose-response curve in Fig. 5a,

one could conclude that there are two ways for an optimal

desensitisation of the mast cells/basophils: a single

injection of a very high dose on one hand and the very

long-term administration of very low doses or a low-dose

infusion of allergen on the other. However, the toxicity of

the insect venom rules out the application of such a high

dose (equivalent to 100 or 1000 insect stings) which would

surely block all membrane IgE and prevent cross-linking

but would also kill even a non-allergic person. On the

other hand, the long-term administration of very low and

thereby very safe doses would mean a very high number of

injections which is also not in the interest of the patient.

Therefore, it is important to reach the maintenance dose

quickly, but with minimum risk. To arrive at the

maintenance dose of 100mg with a given number of

injections, in our case 10, there is only one protocol

minimising the maximal Ca2þ signal (see Table I). Such a

protocol depends, however, on patient specific parameters,

the specific IgE/total IgE ratio and the specific IgG

concentration (see Fig. 6d).

The Th2–Th1 switch on the other hand secures the

long-term protection of the patients. Analysis of the T-cell

model has shown that shorter time intervals at the

beginning of the 100mg dose injections enhance the

chance of success and do also quicken the shift from Th2–

Th1. The corresponding reduction of the specific IgE-level

leads to a decreased rf , c
specific
IgE =ctotal

IgE and an enhanced

production of specific IgG4 means a bigger ~g in Eq. (29).

Both factors can reduce the Ca2þ response to a given

injection and therefore the antigen specific histamine

release significantly. From Fig. 7b–d, it can also be

concluded that in the later part of the therapy, when the

trajectory is no longer able to recross the separatrix, the

intervals between injections could safely be extended.

Only very recently it has been shown that even 3-month

intervals in the maintenance phase are both safe and

successful (Goldberg and Confino-Cohen, 2001).

The Th2 dominated response in allergic individuals has

probably a multicausal origin. First of all there is evidence

for genetic factors, which can in some allergic patients

account for a Th2 dominated immune response (Ono,

2000). Environmental factors also play a role in the onset

of allergic diseases (Parronchi et al., 2000). In addition, it

has been shown that allergens present in bee venom

induce mast cell and basophil degranulation and stimulate

IL-4 production even in the absence of antigen specific

IgE (Machado et al., 1996). However, the relevance of

cytokines produced by mast cells/basophils in the

differentiation process of the T-cells lacks clear

experimental evidence and has not been considered in

our models so far.

Individual history certainly plays a role in the onset of

allergy. In the case of wasp VIT, the maintenance dose is

,10–20 times higher than that of a normal sting. The

amount of venom the insect is able to inject varies also

with the age of the insect and with the season. Since the

separatrix is a function of the allergen dose, the response

of the naı̈ve system depends crucially on the dose of the

first allergen contacts. Figure 7f shows that a sensitisation

can be achieved with only three injections of Dp ¼ 0:1
corresponding to lower dose wasp stings. The dotted line

represents the separatrix for Dp ¼ 0:1: The shift of the

separatrix towards Th1 reflects the dose dependency of the

T-cell differentiation. This is consistent with the

experimental findings of Kolbe et al. (1991), who

observed that repeated injections of minute doses of

phospholipase A2 (0.1mg/mouse) induce a persisting high

level IgE titer, whereas large doses (10mg/mouse) induce

only low levels of IgE.

Bergmann et al. (2001) modelled T-helper cell

differentiation and cross regulation including activation

induced cell death (AICD) in the presence of proliferating

antigen. Their model, however, features Th2 responses at

high and Th1 responses at low antigen doses. Since the

nature of the antigen (proliferating vs. non-proliferating)

may crucially influence the dose dependency of the T-

helper cell differentiation (as discussed in “Parameter

choice” section), it would be interesting to investigate

whether these differences can be modelled by varying

only antigenic proliferation.

Fishman and Segel (1996) formulated a compartment

model to describe immunotherapy for pollen allergy (for a

review of compartmentalisation, see Kroemer et al.,

1993). It is based on the assumption that an antigen

introduced to lymph nodes that drain mucosal surfaces

induce a predominantly Th2 response whereas the same

antigen introduced into non-mucosal lymph nodes will

lead to a Th1 response.

In our case of insect venom allergy where the draining

lymphatic tissue is the same for an insect sting and the

sites of therapeutic injections, the Th1/Th2 switch can be

explained in the frame of nonlinear non-autonomous

dynamics.
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APPENDIX

Rescaling of the T-cell Model

To reduce the number of variables, we do not distinguish

the different cytokines secreted by Th1-cells denoting all

of them by IF, in a similar way we denote the cytokines

secreted by Th2-cells by IL. For better understanding, we

refrain in the first step from including cytokines coming

from other immune processes (later considered as a

cytokine background). Thus we model the nonlinear

dynamics of Th1–Th2 regulation in the presence of

allergen by the following equations for the concentrations

per unit volume of naı̈ve cells ðN̂Þ; Th1- and Th2-cells (T̂1

and T̂2), cytokines IF and IL, and allergen peptide ðÂpÞ

presented by APCs:

dN̂

dt
¼ 2gN̂þ r 2 b1N̂ÂpIF 2 b2N̂ÂpIL; ðA:1Þ

dT̂1

dt
¼ 2gT̂1 þ vb1N̂ÂpIF; ðA:2Þ

dT̂2

dt
¼ 2gT̂2 þ vb2N̂Âp

IL

1þ c1IF
; ðA:3Þ

dIF

dt
¼ 2dIFþ a1

T̂1

1þ c2IL
; ðA:4Þ

dIL

dt
¼ 2dILþ a2T̂2; ðA:5Þ

dÂp

dt
¼ 1vðtÞ2 lÂpðT̂1 þ T̂2Þ: ðA:6Þ

Naı̈ve cells are produced with a rate r and decay with the

same characteristic time 1/g as the Th1- and Th2-cells.

Stimulated naı̈ve cells disappear from the pool of naı̈ve

cells; their number is proportional to N̂·Âp·cytokine;where

the last factor mirrors the autocrine effect of the cytokines

IF or IL. The parameters b1 and b2 allow for differences in

the activation of Th1- and Th2-cells by allergen presenting

cells. A stimulated naı̈ve cell proliferates and produces in

the mean v T-cells. Cytokines decay with a characteristic

time 1/d which is small compared to 1/g; their production

rate is proportional to the number of T-cells. The cross-

suppression is modelled by factors of the form 1=ð1þ
const·cytokineÞ; which tend to 1 for low concentrations.

Since the cytokines IL secreted from Th2-cells suppress

the IF production whereas the cytokines IF secreted from

Th1-cells suppress the Th2-proliferation there is an

asymmetry in the equations for T̂1 and IF on one side and

the equations for T̂2 and IL on the other side. Allergen

peptide is supplied at a rate proportional to the allergen

injection rate v(t ) and is eliminated proportional to the

number of Th1- and Th2-cells.

Adiabatic elimination. Since the life-time of cytokines

is short compared to that of T-cells ð1=d ! 1=gÞ cytokines

relax fast to a quasi-stationary state dictated by the Th1-

and Th2-cells,

IL ¼
a2

d
T̂2; ðA:7Þ

IF ¼ a1= d 1þ c2

a2

d
T̂2

� �� �
T̂1: ðA:8Þ

This allows to reduce the number of variables by inserting

Eqs. (A.7) and (A.8) into Eqs. (A.1)–(A.3). Measuring the

time in units of 1/g and rescaling the variables as

N̂ ¼
g

l
N; T̂1 ¼

g

l
T1; T̂2 ¼

g

l
T2;

Âp ¼
ld

a1b1

Ap;

ðA:9Þ
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leads to the reduced set of equations

dN

dt
¼ 2N þ a 2 NAp

T1

1þ m2T2

2 fNApT2; ðA:10Þ

dT1

dt
¼ 2T1 þ vNAp

T1

1þ m2T2

; ðA:11Þ

dT2

dt
¼ 2T2 þ vfNAp

T2

1þ m1
T1

1þm2T2

; ðA:12Þ

dAp

dt
¼ jpðtÞ2 ApðT1 þ T2Þ; ðA:13Þ

where the new parameters m1, m2, f, a, and jp(t ) are

related to the old ones by

m1 ¼
c1a1g

dl
; m2 ¼

c2a2g

dl
; f ¼

a2b2

a1b1

;

a ¼
rl

g2
; jpðtÞ ¼

a1b11

gdl
vðtÞ:

ðA:14Þ
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