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Another chaotic nonlinear Lü model with complex factors is covered here. We can build this riotous complex system when we
add a complex nonlinear term to the third condition of the complex Lü system and think of it as if every one of the factors is
mind boggling or complex. This system in real adaptation is a 6-dimensional continuous autonomous chaotic system. Different
types of chaotic complex Lü system are developed. Also, another sort of synchronization is presented by us which is simple for
anybody to ponder for the chaotic complex nonlinear system.This sort might be called a complex antilag synchronization (CALS).
There are irregular properties for CALS and they do not exist in the literature; for example, (i) the CALS contains or fused two
sorts of synchronizations (antilag synchronization ALS and lag synchronization LS); (ii) in CALS the attractors of the main and
slave systems are moving opposite or similar to each other with time lag; (iii) the state variable of the main system synchronizes
with a different state variable of the slave system. A scheme is intended to accomplish CALS of chaotic complex systems in light of
Lyapunov function. The acquired outcomes and effectiveness can be represented by a simulation case for our new model.

1. Introduction

The chaotic system is an extremely specific nonlinear dynam-
ical system. This chaotic system has numerous properties
like the sensibility to starting conditions and in addition a
sporadic, unusual conduct. The “butterfly effect” is the well-
known name of the sensibility of the introductory states of
the chaotic systems [1]. Since the development of the first
chaotic attractor in a three-dimensional (3D) self-governing
chaotic system in 1963 by Lorenz [2], over the most recent
30 years chaos has been seriously explored [3–5]. Other
chaotic systems were ordered in progression relying upon the
arrangement of Lorenz, for example, Lü and Chen chaotic
systems [6] and Liu chaotic system [7]. Each of the past
chaotic systems has one positive Lyapunov exponent, and
every one of them is three-dimensional chaotic system. Be
that as it may, there are likewise many fascinating cases
including complex factors which have not been effectively
investigated. For instance, we say here the mind-boggling

Lorenz conditions which are utilized to depict and reproduce
the physics of detuned laser and thermal convection of
fluid flows [8] and some of its dynamical properties are
contemplated in [9]. The electric field abundance and the
nuclear polarization sufficiency are both complex; for details
see [10] and reference therein. In secured communications,
utilizing complex variable expands the substance security of
the transmitted data [11]. Complex Lü and Chen systems are
presented and contemplated as of late in [12].

In 2007, Mahmoud et al. [12] introduced the complex Lü
system as follows: �̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧, (1)

where 𝜌, 𝜐, and 𝜇 are positive parameters, 𝑥 = 𝑤1 + 𝑗𝑤2 and𝑦 = 𝑤3+𝑗𝑤4 are complex components, 𝑧 = 𝑤5 is real variable,
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𝑗 = √−1, 𝑤𝑖 = 1, 2, . . . , 5, dots refer to derivatives according
to time, and the meaning of overbar is complex conjugate
variables.

Complex synchronization of chaotic (hyperchaotic) com-
plex systems is a critical nonlinear occurrence [13–25]. Com-
plex synchronization of chaotic complex systems considers a
couple of complex chaotic systems called main and slave sys-
tems, and it means to accomplish asymptotic tracking of the
conditions of the slave system to the conditions of the main
system. In the quest for the higher ability for enhancing the
security of communication systems, some efforts have been
dedicated to synchronization with complex-esteemed scal-
ing components between chaotic (hyperchaotic) complex-
variable systems. Lately, complex complete synchronization
(CCS) [13], complex lag synchronization (CLS) [14], com-
plex projective synchronization (CPS) [15], and modified
projective synchronizationwith complex scaling components
(CMPS) [16, 17] are explored for coupled chaotic complex
dynamical systems. Complexmodified generalized projective
synchronization (CMGPS) [18] and complexmodified hybrid
projective synchronization (CMHPS) [19] were executed
between the same or different dimensional partial request
complex chaotic (hyperchaotic). Complex generalized syn-
chronization as for a mind-boggling vector map [20, 21]
was presented for two indistinguishable or nonidentical
chaotic (hyperchaotic) complex-variable systems. The com-
plex modified projective synchronization of complex chaotic
(hyperchaotic) systems with uncertain complex parameters
was studied in [22, 23] while the complex modified function
projective synchronization of complex chaotic systems is
investigated in [24, 25].

As of late, a few sorts of synchronization with time
lag were concentrated; for example, antilag synchronization
(ALS), lag synchronization (LS), and modified projective
lag synchronization (MPLS) of two riotous or hyperchaotic
complex systems are investigated in [26–29]. In designing
the applications, time delay always exists. For example, in
the arrangement of telephone communication, the receiver
hears the speaker voice at time 𝑡. This is the speaker voice or
transmitter at time 𝑡 − 𝜏 (𝜏 ≥ 0 and it is the lag time). In
chaos communication, the time lag is the transmit flag that
transmits to the receiver’s end [26, 27].

In this research, we introduce a modern chaotic model
with complex components by embedding a complex nonlin-
ear expression to the third equation of the complex Lü system
(1) as �̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑥)Re (𝑦) , (2)

where 𝜌, 𝜐, and 𝜇 are positive parameters, 𝑥 = 𝑤1 + 𝑗𝑤2, 𝑦 =𝑤3 + 𝑗𝑤4, and 𝑧 = 𝑤5 + 𝑗𝑤6 are complex functions, Im(𝑥) is
imaginary part of 𝑥 equal to 𝑤2, and Re(𝑦) is the real part of𝑦 equal to 𝑤3.

In addition, we present a novel sort of synchronization
which we can name as complex antilag synchronization

(CALS). The term CALS can be dealt with as synchronizing
among ALS and LS. ALS occurs between the real part of the
main system and the imaginary part of a slave system, while
LS occurs between a real part of the slave system and an
imaginary part of the main system.

This paper is organized as follows: in the tracking sec-
tion invariance, dissipation, fixed points, and their stability
analysis of some points are contemplated. The complex
comportment of system (2) can without much of a stretch be
studied. As indicated by estimations of Lyapunov exponents,
we can figure the scope of parameters qualities at the chaotic
attractors numerically. We get the best classification of the
progression of (2) by the signs of Lyapunov types. We get
the Lyapunov dimension of (2). We develop different types
of chaotic complex Lü systems in Section 3. In Section 4 a
definition of CALS is acquainted and a scheme to achieve
CALS of chaotic complex nonlinear systems is proposed. In
Section 5, we study CALS of two indistinguishable chaotic
complexes Lü systems (2) as a case of Section 4. Finally, we
will find that the fundamental conclusions of our investiga-
tions are totalized in Section 6.

2. Basic Properties of System (2)

We study the basic dynamical analysis of our new system (2).
The real version of system (2) reads�̇�1 = 𝜌 (𝑤3 − 𝑤1) ,�̇�2 = 𝜌 (𝑤4 − 𝑤2) ,�̇�3 = 𝜐𝑤3 − 𝑤1𝑤5 + 𝑤2𝑤6,�̇�4 = 𝜐𝑤4 − 𝑤1𝑤6 − 𝑤2𝑤5,�̇�5 = 𝑤1𝑤3 + 𝑤2𝑤4 − 𝜇𝑤5,�̇�6 = −𝜇𝑤6 + 𝑤2𝑤3.

(3)

System (3) has many main dynamical qualities as track-
ing.

2.1. Symmetry and Invariance. In system (3), we notice that
this system is invariant transformation: (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5,𝑤6) ⇒ (−𝑤1, −𝑤2, −𝑤3, −𝑤4, 𝑤5, 𝑤6); therefore if (𝑤1, 𝑤2, 𝑤3,𝑤4, 𝑤5, 𝑤6) is the solution of system (3), then (−𝑤1, −𝑤2, −𝑤3,−𝑤4, 𝑤5, 𝑤6) is known as the solution of the similar system.

2.2. Dissipation. It is clear to find ∇ ⋅ 𝑉 = ∑6𝑙=1(𝜕�̇�𝑖/𝜕𝑤𝑖) =𝜕�̇�1/𝜕𝑤1 + 𝜕�̇�2/𝜕𝑤2 + 𝜕�̇�3/𝜕𝑤3 + 𝜕�̇�4/𝜕𝑤4 + 𝜕�̇�5/𝜕𝑤5 +𝜕�̇�6/𝜕𝑤6 = −2𝜌 + 2𝜐 − 2𝜇 < 0. When 𝜐 < (𝜌 + 𝜇), the
system is dissipative and meets 𝑑𝑉/𝑑𝑡 = 𝑒−(𝜐−𝜌−𝜇)𝑡 with type
shape. It implies that the volume component 𝑉0 contracts to
the volume component𝑉0𝑒−(𝜐−𝜌−𝜇)𝑡 at the time 𝑡. At the point
when 𝑡 → ∞, each volume component which contains the
system direction congregates to 0 with exponent rate form𝜐 − 𝜌 − 𝜇. Thus, the majority of the system directions will
finally be limited to zero volume subset, and the dynamic
development is fixed on an attractor.
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2.3. Equilibria andTheir Stability. Theequilibria of system (3)
can be found by solving the tracking system of equations:0 = 𝜌 (𝑤3 − 𝑤1) ,0 = 𝜌 (𝑤4 − 𝑤2) ,0 = 𝜐𝑤3 − 𝑤1𝑤5 + 𝑤2𝑤6,0 = 𝜐𝑤4 − 𝑤1𝑤6 − 𝑤2𝑤5,0 = 𝑤1𝑤3 + 𝑤2𝑤4 − 𝜇𝑤5,0 = −𝜇𝑤6 + 𝑤2𝑤3.

(4)

Obviously, 𝐹0 = (0, 0, 0, 0, 0, 0) is trivial fixed point. Other
nonzero equilibria are given by𝐹1 = (0, √𝜇𝜐, 0, √𝜇𝜐, 𝜐, 0) ,𝐹2 = (0, −√𝜇𝜐, 0, −√𝜇𝜐, 𝜐, 0) ,𝐹3 = (√𝜇𝜐, 0, √𝜇𝜐, 0, 𝜐, 0) ,𝐹4 = (−√𝜇𝜐, 0, −√𝜇𝜐, 0, 𝜐, 0) ,𝐹5 = (√𝜇𝜐, 𝑗√𝜇𝜐,√𝜇𝜐, 𝑗√𝜇𝜐, 0, 𝑗𝜐) ,𝐹6 = (√𝜇𝜐, −𝑗√𝜇𝜐,√𝜇𝜐, −𝑗√𝜇𝜐, 0, −𝑗𝜐) ,𝐹7 = (−√𝜇𝜐, 𝑗√𝜇𝜐, −√𝜇𝜐, 𝑗√𝜇𝜐, 0, −𝑗𝜐) ,𝐹8 = (−√𝜇𝜐, −𝑗√𝜇𝜐, −√𝜇𝜐, −𝑗√𝜇𝜐, 0, 𝑗𝜐) .

(5)

2.3.1. Stability of 𝐹0. To study the stability of 𝐹0 the Jacobian
matrix of system (3) at 𝐹0 is

𝐽𝐹0 =(((((
(

−𝜌 0 𝜌 0 0 00 −𝜌 0 𝜌 0 00 0 𝜐 0 0 00 0 0 𝜐 0 00 0 0 0 −𝜇 00 0 0 0 0 −𝜇
)))))
)
. (6)

The characteristic polynomial equation is(𝜆 + 𝜌)2 (𝜆 + 𝜇)2 (𝜆 − 𝜐)2 = 0. (7)

Then the eigenvalues are 𝜆1 = 𝜆2 = −𝜌, 𝜆3 = 𝜆4 = −𝜇, and𝜆5 = 𝜆6 = 𝜐.The trivial fixed point (0, 0, 0, 0, 0, 0) is a stable
point if 𝜐 has negative values and 𝜌 and 𝜇 are positive and else,
it is not stable fixed point.

2.3.2. Stability of 𝐹1, 𝐹2, 𝐹3, and 𝐹4. 𝐹1, 𝐹2, 𝐹3, and 𝐹4 have the
same characteristic polynomial, which is[𝜆3 + 𝜆2 (𝜇 − ] + 𝜌) + 𝜆𝜇𝜌 + 2𝜇𝜐𝜌]⋅ [𝜆3 + 𝜆2 (𝜇 − ] + 𝜌) + 𝜆𝜇 (𝜌 − 𝜐) + 𝜇𝜐𝜌] = 0. (8)

According to the Routh-Hurwitz theorem [30] the necessary
and sufficient conditions for all roots to have negative real
parts are if and only if (stable fixed points)𝜐 < 𝜌 + 𝜇,𝜇𝜐𝜌 > 0,3𝜐 < 𝜌 + 𝜇,𝜇 (1 − 𝜐𝜌) + 𝜌 + 𝜐2𝜌 > 3𝜐;

(9)

otherwise they are unstable fixed points.
Likewise we can study the stability of 𝐹5, 𝐹6, 𝐹7, and 𝐹8.

2.4. Lyapunov Exponents. System (3) in vector notation can
be written as �̇� (𝑡) = 𝑔 (𝑤 (𝑡) ;𝑀) , (10)

where 𝑤(𝑡) = (𝑤1(𝑡), 𝑤2(𝑡), 𝑤3(𝑡), 𝑤4(𝑡), 𝑤5(𝑡), 𝑤6(𝑡))𝑇 is the
state space vector, 𝑔 = (𝑔1, 𝑔2, 𝑔3, 𝑔4, 𝑔5, 𝑔6)𝑇,𝑀 is the set of
parameters, and (⋅ ⋅ ⋅ )𝑇 indicates transpose.The equations for
small deviations 𝛿𝑤 from the trajectory 𝑤(𝑡) are𝛿�̇� (𝑡) = 𝐽𝑘𝐼 (𝑤 (𝑡) ;𝑀) 𝛿𝑤, 𝑘 = 𝐼 = 1, 2, 3, 4, 5, 6, (11)
where 𝐽𝑘𝐼 = 𝜕𝑔𝑗/𝜕𝑤𝐼 is the Jacobian matrix of the form

𝐽𝑘𝐼 =(((((
(

−𝜌 0 𝜌 0 0 00 −𝜌 0 𝜌 0 0−𝑤5 𝑤6 𝜐 0 −𝑤1 𝑤2−𝑤6 −𝑤5 0 𝜐 −𝑤2 −𝑤1𝑤3 𝑤4 𝑤1 𝑤2 −𝜇 00 𝑤3 𝑤2 0 0 −𝜇
)))))
)
. (12)

The Lyapunov exponents 𝑙𝐼 of the system are defined by [31]𝑙𝐼 = lim
𝑡→∞

1𝑡 log 𝜕𝑤𝐼 (𝑡)𝜕𝑤𝐼 (0) . (13)

To find 𝑙𝐼, (10) and (11) must be numerically determined
simultaneously. Runge-Kutta method of order 4 is used to
compute 𝑙𝐼.

For the case of 𝜌 = 21, 𝜐 = 10, and 𝜇 = 6, the initial
conditions are as follows: 𝑡0 = 0, 𝑤1(0) = 1, 𝑤2(0) = 2,𝑤3(0) = 3, 𝑤4(0) = 4, 𝑤5(0) = 5, and 𝑤6(0) = 6. We compute
the Lyapunov exponents as 𝑙1 = 2.034, 𝑙2 = 0, 𝑙3 = −0.99,𝑙4 = −4.16, 𝑙5 = −22.49, and 𝑙6 = −2.45.

This implies that our system (3) under this selection of𝜌, 𝜐, 𝜇 is a chaotic system due to the fact that one of the
Lyapunov exponents is positive.

The Lyapunov dimension of the attractors of (3) accord-
ing to Kaplan-Yorke conjecture is defined as [32]𝐷 = Ω + ∑Ω𝑘=1 𝑙𝑘𝑙Ω+1 , (14)

such that Ω is the largest integer that ∑Ω𝑘=1 𝑙𝑘 > 0 and∑Ω+1𝑘=1 𝑙𝑘 < 0.TheLyapunov dimension of this chaotic attractor
using (14) with 𝜌 = 21, 𝜐 = 10, and 𝜇 = 6 is𝐷 = 3.2509.
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Figure 1: The Lyapunov exponents 𝑙𝐼, 𝐼 = 1, 2, . . . , 6 of system (3) when we fix 𝜐 = 10 and 𝜇 = 6 and vary 𝜌 ∈ [20, 50].

5

10

15

30 40 5020



w
5

Figure 2:The bifurcation diagramof system (3) when the parameter𝜌 is varying 𝜌 ∈ [20, 50].
2.4.1. Fix 𝜐 = 10 and 𝜇 = 6 and Vary 𝜌 ∈ [20, 50]. In
light of Lyapunov exponents 𝑙𝐼 (13) the system’ parameter
qualities were computed (3) at which chaotic attractors,
periodic, quasiperiodic attractors and fixed points exist. The
review modifies and differs one parameter and fixes the
extra parameters as indicated by their states which fulfill
the dissipative condition and the dependability state of the
trifling fixed focuses.

Utilizing (13) we ascertain 𝑙𝐼, 𝐼 = 1, 2, . . . , 6, and the
estimations of 𝑙1, 𝑙2, . . . , 𝑙6 versus 𝜌 are plotted in Figure 1.

Obviously from Figure 1, when 𝜌 ∈ [20, 23.6] system (3)
has chaotic attractors. The intermittent or periodic attractors
of (3) exist for 𝜌 which lies in the interims (23.6, 24]. The
quasiperiodic conductmodels up when 𝜌 ∈ (24.1, 24.6]while
the arrangement is equilibrium point when 𝜌 ∈ (24.6, 50].

In Figure 2, we figure the bifurcation diagram of system
(3) when the parameter 𝜌 is varying or modifying to guaran-
tee that our system is chaotic. A bifurcation diagram outlines

a system parameter on the horizontal axis and a report of
the attractor’s action on the vertical axis. So, bifurcation
diagrams present a kind method to picture how a system’s
behavior varies according to the value of a parameter [33].
Figure 2 shows (𝜌, 𝑤5) bifurcation diagram for 𝜌 ∈ [20, 50].
It can be discerned that when 𝜌 ∈ [20, 23.6], system (3)
has solutions that approach chaotic attractors and when 𝜌 ∈(23.6, 24.6] it has periodic and quasiperiodic behavior. The
equilibrium points are shown when 𝜌 ∈ (24.6, 50]. The
dynamical behavior of Figure 2 is similar to this which is
given in Figure 1.

Testing this numerically (utilizing, e.g., Mathematica 7
programming) in different sections and best notes is found
and is agreeable with our outcomes. For instance, picking𝜐 = 10 and 𝜇 = 6, with the underlying conditions 𝑡0 = 0,𝑤1(0) = 1, 𝑤2(0) = 2, 𝑤3(0) = 3, 𝑤4(0) = 4, 𝑤5(0) = 5,
and 𝑤6(0) = 6, and when 𝜌 = 21, the arrangement of system
(3) has chaotic attractor (see Figure 3(a)). In Figure 3(b) the
arrangement is periodic with 𝜌 = 23.9. The quasiperiodic
attractor is represented in Figure 3(c),𝜌 = 24.2. In Figure 3(d)
the balance point is indicated when 𝜌 = 30.
3. Different Forms of Chaotic Complex
Lü Systems

In this section, we demonstrate that the complex Lü system
(2) is not just the one that has chaotic attractors with all
factors or variables being complex. In this way, we search for
different systems that yield chaotic conduct. We can build
these systems in light of system (1) by adding a complex
nonlinear term to the third equation of (1) with thought, all
factors are complex.We can build six different types of riotous
complex Lü systems and compute their Lyapunov exponents
as �̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗Re (𝑥)Re (𝑦) , (15)
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Figure 3: For 𝜐 = 10 and 𝜇 = 6, vary 𝜌. (a) Chaotic attractor, 𝜌 = 21 in (𝑤1, 𝑤3, 𝑤5). (b) Periodic attractor, 𝜌 = 23.9 in (𝑤1, 𝑤3, 𝑤5). (c)
Quasiperiodic attractor, 𝜌 = 24.2 in (𝑤1, 𝑤3, 𝑤5). (d) Fixed point, 𝜌 = 30 in (𝑤1, 𝑤3, 𝑤5).
where 𝑙1 = 0.549, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −4.19, 𝑙5 = −11.540,𝑙6 = −17.72, 𝜌 = 20, 𝜇 = 2.5, and 𝜐 = 18.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑥) Im (𝑦) , (16)

where 𝑙1 = 1.31, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −5.804, 𝑙5 = −17.201,𝑙6 = −22.013, 𝜌 = 25, 𝜇 = 3, and 𝜐 = 12.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑦)Re (𝑧) , (17)

where 𝑙1 = 0.6, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −4.88, 𝑙5 = −8.5, 𝑙6 =−11.65, 𝜌 = 19, 𝜇 = 2.5, and 𝜐 = 16.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑧)Re (𝑦) , (18)

where 𝑙1 = 0.957, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −.98, 𝑙5 = −7.86, 𝑙6 =−13.7, 𝜌 = 22, 𝜇 = 4, and 𝜐 = 18.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗Re (𝑧)Re (𝑦) , (19)
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where 𝑙1 = 1.200, 𝑙2 = 0.01, 𝑙3 = 0, 𝑙4 = −2.89, 𝑙5 = −10.96,𝑙6 = −15.04, 𝜌 = 27, 𝜇 = 5, and 𝜐 = 14.6.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑥)Re (𝑧) , (20)

where 𝑙1 = 1.6, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −5.80, 𝑙5 = −16.908,𝑙6 = −19.20, 𝜌 = 20, 𝜇 = 3, and 𝜐 = 11.
All the above systems have one positive Lyapunov expo-

nent. We ascertain these Lyapunov types as we accom-
plished in system (2) indistinguishable beginning conditions
(Figure 1). The fundamental properties of these systems can
be likewise examined as we have in Section 2.

4. A Definition and Achievement for CALS

Consider the chaotic complex nonlinear system as follows:

ẋ = Ψx + F (x) , (21)

where x = (𝑥1,𝑥2, . . . , 𝑥𝑛)𝑇 ∈ 𝑐𝑛 is a state complex vector,
x = xRe + 𝑗xIm, xRe = (𝑤1,𝑤3, . . . , 𝑤2𝑛−1)𝑇, xIm = (𝑤2,𝑤4, . . . ,𝑤2𝑛)𝑇, 𝑗 = √−1, 𝑇 denotes transpose, Ψ ∈ 𝑅𝑛×𝑛 is real (or
complex) matrix of system parameters, F = (𝑓1, 𝑓2, . . . , 𝑓𝑛)𝑇
is a vector of nonlinear complex functions, and coordinating
Re and Im symbolize the real and imaginary parts of the state
complex vector x.

In this work we present and study the definition of CALS
of two systems of shape (21) (indistinguishable) with known
parameters by scheming a control plot. We tried its rightness
numerically.

We consider two indistinguishable chaotic complex non-
linear systems of shape (21): one is the main system (we
indicate the main system with the subscript𝑚) as

ẋ𝑚 = ẋRe𝑚 + 𝑗ẋIm𝑚 = Ψx𝑚 + F (x𝑚) , (22)

and the second is the controlled slave system (with subscript𝑠) as
ẋ𝑠 = ẋRe𝑠 + 𝑗ẋIm𝑠 = Ψx𝑠 + F (x𝑠) + L, (23)

where the additive complex controllers are as follows: L =(L1, L2, . . . , L𝑛)𝑇 = LRe + 𝑗LIm, LRe = (𝜁1, 𝜁3, . . . , 𝜁2𝑛−1)𝑇, and
LIm = (𝜁2, 𝜁4, . . . , 𝜁2𝑛)𝑇.
Definition 1. Two indistinguishable complex dynamical sys-
tems coupled in amain-slave configuration can exhibit CALS
if there exists a vector of the complex error function e defined
as

e = eRe + 𝑗eIm = lim
𝑡→∞

x𝑠 (𝑡) + 𝑗x𝑚 (𝑡 − 𝜏) = 0, (24)

where e = (𝑒1, 𝑒2, . . . , 𝑒𝑛)𝑇, x𝑚 and x𝑠 are the state com-
plex vectors of the main and slave, respectively, eRe =
lim𝑡→∞‖xRe𝑠 (𝑡)−xIm𝑚 (𝑡−𝜏)‖ = 0, eIm = lim𝑡→∞‖xIm𝑠 (𝑡)+xRe𝑚 (𝑡−𝜏)‖ = 0, eRe = (𝑒𝑤1 , 𝑒𝑤3 , . . . , 𝑒𝑤2𝑛−1)𝑇, eIm = (𝑒𝑤2 , 𝑒𝑤4 , . . . ,𝑒𝑤2𝑛)𝑇, and 𝜏 is the positive time lag.

In CALS we define the error in simple case:𝑥𝑠 (𝑡) + 𝑗𝑥𝑚 (𝑡 − 𝜏) = 0, as 𝑡 → ∞, where 𝑥 = 𝑤1 + 𝑗𝑤2[𝑤1𝑠 (𝑡) + 𝑗𝑤2𝑠 (𝑡)] + 𝑗 [𝑤1𝑚 (𝑡 − 𝜏) + 𝑗𝑤2𝑚 (𝑡 − 𝜏)] = 0,[𝑤1𝑠 (𝑡) + 𝑗𝑤2𝑠 (𝑡)] + [−𝑤2𝑚 (𝑡 − 𝜏) + 𝑗𝑤1𝑚 (𝑡 − 𝜏)] = 0,[𝑤1𝑠 (𝑡) − 𝑤2𝑚 (𝑡 − 𝜏)] + 𝑗 [𝑤2𝑠 (𝑡) + 𝑤1𝑚 (𝑡 − 𝜏)] = 0,⇒ 𝑤1𝑠 (𝑡) − 𝑤2𝑚 (𝑡 − 𝜏) = 0 ⇒ (LS)⇒ 𝑤2𝑠 (𝑡) + 𝑤1𝑚 (𝑡 − 𝜏) = 0 ⇒ (ALS) } ⇒ (CALS)
Box 1: Complex antilag synchronization (CALS).

In ALS the error in simple case:𝑥𝑠 (𝑡) + 𝑥𝑚 (𝑡 − 𝜏) = 0, as 𝑡 → ∞, where 𝑥 = 𝑤1 + 𝑗𝑤2[𝑤1𝑠 (𝑡) + 𝑗𝑤2𝑠 (𝑡)] + [𝑤1𝑚 (𝑡 − 𝜏) + 𝑗𝑤2𝑚 (𝑡 − 𝜏)] = 0,[𝑤1𝑠 (𝑡) + 𝑗𝑤2𝑠 (𝑡)] + [𝑤1𝑚 (𝑡 − 𝜏) + 𝑗𝑤2𝑚 (𝑡 − 𝜏)] = 0,[𝑤1𝑠 (𝑡) + 𝑤1𝑚 (𝑡 − 𝜏)] + 𝑗 [𝑤2𝑠 (𝑡) + 𝑤2𝑚 (𝑡 − 𝜏)] = 0,⇒ 𝑤1𝑠 (𝑡) + 𝑤1𝑚 (𝑡 − 𝜏) = 0 ⇒ (ALS)⇒ 𝑤2𝑠 (𝑡) + 𝑤2𝑚 (𝑡 − 𝜏) = 0 ⇒ (ALS) } ⇒ (ALS)
Box 2: Antilag synchronization (ALS) [27].

Remark 2. When 𝜏 = 0 in (24) we define complex antisyn-
chronization CAS between (22) and (23).

Remark 3. If we define e = lim𝑡→∞‖x𝑠(𝑡) − 𝑗x𝑚(𝑡 − 𝜏)‖ and𝜏 = 0, we get CCS of systems (22) and (23) [13], while if 𝜏 > 0,
we obtain CLS of the same systems [14].

Remark 4. The complex state is as follows:𝑗 = 𝜌 (cos 𝜃 + 𝑗 sin 𝜃) , (25)

where 𝜌 = |𝑗| = 1 (𝜌 is the modulus of 𝑗) and 𝜃 = 𝜋/2 (𝜃 is
the phase of 𝑗).
Remark 5. The sum of the imaginary part of slave system
xIm𝑠 (𝑡) and the real part of main system xRe𝑚 (𝑡 − 𝜏) is vanishing
when 𝑡 → ∞ (ALS) [27].

Remark 6. The error between the real part of slave system
xRe𝑠 (𝑡) and the imaginary part of main system xIm𝑚 (𝑡 − 𝜏) goes
to zero as 𝑡 → ∞ (LS) [26].

Remark 7. Thedifference between CALS and ALS [27] can be
illustrated from Boxes 1 and 2.

Theorem 8. If nonlinear controller is designed as

L = LRe + 𝑗LIm = −Ψx𝑠 (𝑡) − F (x𝑠 (𝑡))− 𝑗 [Ψx𝑚 (𝑡 − 𝜏) + F (x𝑚 (𝑡 − 𝜏))] − 𝜉e,= −ΨxRe𝑠 (𝑡) − FRe (x𝑠 (𝑡)) +ΨxIm𝑚 (𝑡 − 𝜏)+ FIm (x𝑚 (𝑡 − 𝜏)) − 𝜉eRe + 𝑗 [−ΨxIm𝑠 (𝑡)
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− FIm (x𝑠 (𝑡)) −ΨxRe𝑚 (𝑡 − 𝜏) − FRe (xm (𝑡 − 𝜏))− 𝜉eIm] ,
(26)

then the main system (22) and the slave system (23) are moving
in CALS manner asymptotically, 𝜉 > 0.
Proof. From the definition of CALS,

e = eRe + 𝑗eIm = x𝑠 (𝑡) + 𝑗x𝑚 (𝑡 − 𝜏) . (27)

So

ė = ėRe + 𝑗ėIm = ẋ𝑠 (𝑡) + 𝑗ẋ𝑚 (𝑡 − 𝜏) ,
ė = ėRe + 𝑗ėIm= ẋRe𝑠 (𝑡) − ẋIm𝑚 (𝑡 − 𝜏) + 𝑗 [ẋIm𝑠 (𝑡) + ẋRe𝑚 (𝑡 − 𝜏)] , (28)

and from chaotic complex systems (22) and (23), we get the
error complex dynamical system as follows:

ė = ėRe + 𝑗ėIm = ΨxRe𝑠 (𝑡) + FRe (x𝑠 (𝑡)) −ΨxIm𝑚 (𝑡− 𝜏) − FIm (xm (𝑡 − 𝜏)) + LRe + 𝑗 [ΨxIm𝑠 (𝑡)+ FIm (x𝑠 (𝑡)) +ΨxRe𝑚 (𝑡 − 𝜏) + FRe (x𝑚 (𝑡 − 𝜏))+ LIm] .
(29)

By separating the real and the imaginary parts in (29), the
error complex system is written as

ėRe = ΨxRe𝑠 (𝑡) + FRe (x𝑠 (𝑡)) −ΨxIm𝑚 (𝑡 − 𝜏)− FIm (x𝑚 (𝑡 − 𝜏)) + LRe,
ėIm = ΨxIm𝑠 (𝑡) + FIm (x𝑠 (𝑡)) +ΨxRe𝑚 (𝑡 − 𝜏)+ FRe (x𝑚 (𝑡 − 𝜏)) + LIm.

(30)

For positive parameters, we may now define a Lyapunov
function for this system by the tracking positive definite
quantity:

𝑉 (𝑡) = 12 [(eRe)𝑇 eRe + (eIm)𝑇 eIm] ,= 12 [(𝑒2𝑤1 + 𝑒2𝑤3 + ⋅ ⋅ ⋅ + 𝑒2𝑤2𝑛−1)+ (𝑒2𝑤2 + 𝑒2𝑤4 + ⋅ ⋅ ⋅ + 𝑒2𝑤2𝑛)] = 12 ( 𝑛∑
ℎ=1

𝑒2𝑤2ℎ−1
+ 𝑛∑
ℎ=1

𝑒2𝑤2ℎ) .
(31)

Note now that the total time derivative of 𝑉(𝑡) along the
trajectory of error system (30) is as follows:�̇� (𝑡) = (ėRe)𝑇 eRe + (ėIm)𝑇 eIm,= (ΨxRe𝑠 (𝑡) + F (xRe𝑠 (𝑡)) −ΨxIm𝑚 (𝑡 − 𝜏)− F (xIm𝑚 (𝑡 − 𝜏)) + LRe)𝑇 eRe + (ΨxIm𝑠 (𝑡)+ F (xIm𝑠 (𝑡)) +ΨxRe𝑚 (𝑡 − 𝜏) + F (xRe𝑚 (𝑡 − 𝜏))+ LIm)𝑇 eIm.

(32)

By substituting from (26) about LRe and LIm in (32) we obtain�̇� (𝑡) = −𝜉 [(eRe)𝑇 eRe + (eIm)𝑇 eIm] ,
= −𝜉( 𝑛∑

ℎ=1

𝑒2𝑤2ℎ−1 + 𝑛∑
ℎ=1

𝑒2𝑤2ℎ) . (33)

Obviously, 𝑉(𝑡) is a positive definite capacity and its subor-
dinate is negatively definite; therefore as per the Lyapunov
hypothesis, intricate mistake system (29) is asymptotically
steady, which implies that 𝑒𝑤2ℎ → 0 and 𝑒𝑤2ℎ−1 → 0 as 𝑡 → ∞
and ℎ = 1, 2, . . . , 𝑛. Along these lines, the CALS between
systems (22) and (23) is accomplished. This supplements the
confirmation.

At last, by applying it for two comparable riotous com-
plexes Lü systems in Section 5, our composition is stated.

5. Example

5.1. Construction of the Controller. In the current subsection,
we can demonstrate the likelihood and effectiveness of the
proposed synchronization plot in the forward segment. We
review the CALS of two indistinguishable chaotic complex
Lü systems.The main and the slave systems are consequently
defined, individually, as follows:�̇�𝑚 = 𝜌 (𝑦𝑚 − 𝑥𝑚) ,̇𝑦𝑚 = 𝜐𝑦𝑚 − 𝑥𝑚𝑧𝑚,�̇�𝑚 = 12 (𝑥𝑚𝑦𝑚 + 𝑥𝑚𝑦𝑚) − 𝜇𝑧𝑚 + 𝑗𝑤2𝑚𝑤3𝑚,

(34)

�̇�𝑠 = 𝜌 (𝑦𝑠 − 𝑥𝑠) + 𝐿1,̇𝑦𝑠 = 𝜐𝑦𝑠 − 𝑥𝑠𝑧𝑠 + 𝐿2,�̇�𝑠 = 12 (𝑥𝑠𝑦𝑠 + 𝑥𝑠𝑦𝑠) − 𝜇𝑧𝑠 + 𝑗𝑤2𝑠𝑤3𝑠 + 𝐿3,
(35)

where 𝑥𝑚 = 𝑤1𝑚+𝑗𝑤2𝑚, 𝑦𝑚 = 𝑤3𝑚+𝑗𝑤4𝑚, 𝑧𝑚 = 𝑤5𝑚+𝑗𝑤6𝑚,𝑥𝑠 = 𝑤1𝑠+𝑗𝑤2𝑠, 𝑦𝑠 = 𝑤3𝑠+𝑗𝑤4𝑠, 𝑧𝑠 = 𝑤5𝑠+𝑗𝑤6𝑠, 𝐿1 = 𝜁1+𝑗𝜁2,
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𝐿2 = 𝜁3+𝑗𝜁4, and 𝐿3 = 𝜁5+𝑗𝜁6 are complex control functions,
respectively, which are to be determined.

Complex systems (34) and (35) can be formed, respec-
tively, as

(�̇�𝑚̇𝑦𝑚�̇�𝑚) = (
−𝜌 𝜌 00 𝜐 00 0 −𝜇)(

�̇�𝑚̇𝑦𝑚�̇�𝑚)
+( 𝑜−𝑥𝑚𝑧𝑚12 (𝑥𝑚𝑦𝑚 + 𝑥𝑚𝑦𝑚) + 𝑗𝑤2𝑚𝑤3𝑚),

(36)

(�̇�𝑠̇𝑦𝑠�̇�𝑠) = (
−𝜌 𝜌 00 𝜐 00 0 −𝜇)(

�̇�𝑠̇𝑦𝑠�̇�𝑠)
+( 𝑜−𝑥𝑠𝑧𝑠12 (𝑥𝑠𝑦𝑠 + 𝑥s𝑦𝑠) + 𝑗𝑤2𝑠𝑤3𝑠)

+(𝐿1𝐿2𝐿3).
(37)

So, by comparing complex systems (36) and (37) with the
form of systems (22) and (23), respectively, we find

Ψ = (−𝜌 𝜌 00 𝜐 00 0 −𝜇) ,
F (x𝑚) = ( 𝑜−𝑥𝑚𝑧𝑚12 (𝑥𝑚𝑦𝑚 + 𝑥𝑚𝑦𝑚) + 𝑗𝑤2𝑚𝑤3𝑚),
F (x𝑠) = ( 𝑜−𝑥𝑠𝑧𝑠12 (𝑥𝑠𝑦𝑠 + 𝑥𝑠𝑦𝑠) + 𝑗𝑤2𝑠𝑤3𝑠).

(38)

According toTheorem 8, the controller is computed as

𝐿 = [−Ψx𝑠 (𝑡) − F (x𝑠 (𝑡))] − 𝑗 [Ψx𝑚 (𝑡 − 𝜏) + F (x𝑚 (𝑡 − 𝜏))] − 𝜉e,
(𝐿1𝐿2𝐿3) =(

−𝜌 (𝑦𝑠 (𝑡) − 𝑥𝑠 (𝑡)) − 𝑗𝜌 (𝑦𝑚 (𝑡 − 𝜏) − 𝑥𝑚 (𝑡 − 𝜏)) − 𝜉𝑒1−𝜐𝑦𝑠 (𝑡) + 𝜑1 − 𝑗 (𝜐𝑦𝑚 (𝑡 − 𝜏) − 𝜑2) − 𝜉𝑒2−𝜑3 + 𝜇𝑧𝑠 (𝑡) − 𝑗𝑤2𝑠 (𝑡) 𝑤3𝑠 (𝑡) − 𝑗 (𝜑4 − 𝜇𝑧𝑚 (𝑡 − 𝜏) + 𝑗𝑤2𝑚 (𝑡 − 𝜏)𝑤3𝑚 (𝑡 − 𝜏)) − 𝜉𝑒3),
(39)

where 𝜑1 = 𝑥𝑠(𝑡)𝑧𝑠(𝑡), 𝜑2 = 𝑥𝑚(𝑡 − 𝜏)𝑧𝑚(𝑡 − 𝜏), 𝜑3 =1/2(𝑥𝑠(𝑡)𝑦𝑠(𝑡) + 𝑥𝑠(𝑡)𝑦𝑠(𝑡)), and 𝜑4 = 1/2(𝑥𝑚(𝑡 − 𝜏)𝑦𝑚(𝑡 −𝜏) + 𝑥𝑚(𝑡 − 𝜏)𝑦𝑚(𝑡 − 𝜏)). So, the controller in (39) can be written as

(𝜁1 + 𝑗𝜁2𝜁3 + 𝑗𝜁4𝜁5 + 𝑗𝜁6) =(
−𝜌 (𝑤3𝑠 (𝑡) − 𝑤1𝑠 (𝑡) − 𝑤4𝑚 (𝑡 − 𝜏) + 𝑤2𝑚 (𝑡 − 𝜏)) − 𝜉𝑒𝑤1−𝜐 (𝑤3𝑠 (𝑡) − 𝑤4𝑚 (𝑡 − 𝜏)) + 𝜑5 − 𝜉𝑒𝑤3−𝜑7 + 𝜇 (𝑤5𝑠 (𝑡) − 𝑤6𝑚 (𝑡 − 𝜏)) + 𝑤2𝑚 (𝑡 − 𝜏)𝑤3𝑚 (𝑡 − 𝜏) − 𝜉𝑒𝑤5)

+ 𝑗(−𝜌 (𝑤4𝑠 (𝑡) − 𝑤2𝑠 (𝑡) + 𝑤3𝑚 (𝑡 − 𝜏) − 𝑤1𝑚 (𝑡 − 𝜏)) − 𝜉𝑒𝑤2−𝜐 (𝑤4𝑠 (𝑡) + 𝑤3𝑚 (𝑡 − 𝜏)) + 𝜑6 − 𝜉𝑒𝑤4−𝜑8 + 𝜇 (𝑤6𝑠 (𝑡) + 𝑤5𝑚 (𝑡 − 𝜏)) − 𝑤2𝑠 (𝑡) 𝑤3𝑠 (𝑡) − 𝜉𝑒𝑤6 ),
(40)

where 𝜑5 = 𝑤1𝑠(𝑡)𝑤5𝑠(𝑡) − 𝑤2𝑠(𝑡)𝑤6𝑠(𝑡) − 𝑤1𝑚(𝑡 − 𝜏)𝑤6𝑚(𝑡 −𝜏) − 𝑤2𝑚(𝑡 − 𝜏)𝑤5𝑚(𝑡 − 𝜏), 𝜑6 = 𝑤1𝑠(𝑡)𝑤6𝑠(𝑡) + 𝑤2𝑠(𝑡)𝑤5𝑠(𝑡) +𝑤1𝑚(𝑡−𝜏)𝑤5𝑚(𝑡−𝜏)−𝑤2𝑚(𝑡−𝜏)𝑤6𝑚(𝑡−𝜏), 𝜑7 = 𝑤1𝑠(𝑡)𝑤3𝑠(𝑡)+𝑤2𝑠(𝑡)𝑤4𝑠(𝑡), 𝜑8 = 𝑤1𝑚(𝑡−𝜏)𝑤3𝑚(𝑡−𝜏)+𝑤2𝑚(𝑡−𝜏)𝑤4𝑚(𝑡−𝜏).
5.2. Numerical Results. To demonstrate and confirm the
value of the suggested plot, we clarify the recreation conse-
quences of the CALS among two indistinguishable chaotic
complex systems (34) and (35). Systems (34) and (35) with the



Complexity 9

−14

−7

0

7

14

3 6 90 12
t

w1m(t − )

w2s(t)

(a)

3 6 90 12
t

−10

−5

0

5

10

w2m(t − )

w1s(t)

(b)

3 6 90 12
t

−14

−7

0

7

14

w3m(t − )

w4s(t)

(c)

3 6 90 12
t

−10

−5

0

5

10

w4m(t − )

w3s(t)

(d)

3 6 9 120
t

−24

−12

0

12

24

w5m(t − )

w6s(t)

(e)

126 930
t

−5

0

5

10

w6m(t − )

w5s(t)

(f)

Figure 4: CALS between two identical systems (34) and (35) with the controller (40). (a) 𝑤1𝑚(𝑡 − 𝜏) and𝑤2𝑠(𝑡). (b) 𝑤2𝑚(𝑡 − 𝜏) and𝑤1𝑠(𝑡). (c)𝑤3𝑚(𝑡 − 𝜏) and 𝑤4𝑠(𝑡). (d) 𝑤4𝑚(𝑡 − 𝜏) and 𝑤3𝑠(𝑡). (e) 𝑤5𝑚(𝑡 − 𝜏) and 𝑤6𝑠(𝑡). (f) 𝑤6𝑚(𝑡 − 𝜏) and 𝑤5𝑠(𝑡).
controller (40) are illuminated numerically, and the parame-
ters are picked as 𝜌 = 23, 𝜇 = 6, and 𝜐 = 10. The underlying
necessity of the main model and the underlying state of
the slave models 𝜉, 𝜏 are considered basically (𝑥𝑚(0), 𝑦𝑚(0),

𝑧𝑚(0))𝑇 = (1 + 2𝑗, 3 + 4𝑗, 5 + 6𝑗)𝑇, (𝑥𝑠(0), 𝑦𝑠(0), 𝑧𝑠(0))𝑇 =(−1 − 2𝑗, −3 − 4𝑗, −5 − 6𝑗)𝑇, 𝜉 = 10, and 𝜏 = 0.2.
In Figure 4 the arrangements of (34) and (35) are plotted

which are subject to different beginning conditions and
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Figure 5: CALS errors between systems (34) and (35): (a)𝑤1𝑠(𝑡)−𝑤2𝑚(𝑡−𝜏). (b)𝑤2𝑠(𝑡)+𝑤1𝑚(𝑡−𝜏). (c)𝑤3𝑠(𝑡)−𝑤4𝑚(𝑡−𝜏). (d)𝑤4𝑠(𝑡)+𝑤3𝑚(𝑡−𝜏).
(e) 𝑤5𝑠(𝑡) − 𝑤6𝑚(𝑡 − 𝜏). (f) 𝑤6𝑠(𝑡) + 𝑤5𝑚(𝑡 − 𝜏).
demonstrate that CALS is to be surely accomplished after
a next to no time 𝑡. We can see that 𝑤1𝑠, 𝑤3𝑠, 𝑤5𝑠 have a
similar indication of 𝑤2𝑚, 𝑤4𝑚, 𝑤6𝑚 with time lag, while𝑤2𝑠, 𝑤4𝑠, 𝑤6𝑠 have an inverse indication of 𝑤1𝑚, 𝑤3𝑚, 𝑤5𝑚
with time lag. This implies that LS is accomplished between
the imaginary part of system (34) and the real part of system
(35) while ALS happens between the real part of slave system
(34) and the fanciful part of the main system (35). It is
clear from Figure 4 that the state variables of the main
system synchronize with different state variables of the slave

system. In this way, the CALS gives more prominent security
in secure communications. Figure 4 indicates that CALS is
accomplished after little time interim. The CALS errors are
plotted in Figure 5. Of course from the above exschemeatory
contemplations the CALS errors 𝑒𝑤2ℎ−1 and 𝑒𝑤2ℎ converge to
zero as 𝑡 → ∞ and ℎ = 1, 2, 3. In Figure 5 it can be seen
that the errors will approach zero after little estimation of 𝑡.
The development of the attractors of main and slave systems
in the wake of accomplishing the CALS is shown in Figure 6.
Anothermarvel is represented in Figure 6 anddoes notmodel
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Figure 6: The attractors of systems (34) and (35). (a) Attractor of the main system has the opposite shape of the slave system. (b) Attractor
of the main system has the similar shape of the slave system.

up in a wide range of synchronizations in the writing. The
attractors of the main and slave systems in CALS are moving
in opposite or similar shape to each other with different state
variables and time lag as found in Figure 6. In Figure 6(a),
the attractor of the main system in (𝑤1𝑚(𝑡 − 𝜏), 𝑤3𝑚(𝑡 −𝜏), 𝑤5𝑚(𝑡 − 𝜏)) has the opposite shape of the slave system in(𝑤2𝑠(𝑡), 𝑤4𝑠(𝑡), 𝑤6(𝑡)), while the attractor of the slave system
in (𝑤1𝑠(𝑡), 𝑤3𝑠(𝑡), 𝑤5(𝑡)) has the similar shape of the main
system with time lag in (𝑤2𝑚(𝑡 − 𝜏), 𝑤4𝑚(𝑡 − 𝜏), 𝑤6𝑚(𝑡 − 𝜏)) as
shown in Figure 6(b).

In the numerical reenactments, we register the module
errors and phase errors of main and slave models, respec-
tively. For every unpredictable number, themodule and phase
are resolved as follows:

𝜌𝑥 = √(𝑥Re)2 + (𝑥Im)2, (41)

𝜃𝑥 =
{{{{{{{{{{{{{{{{{
arctan(𝑥Im𝑥Re) , 𝑥Re > 0, 𝑥Im ⩾ 0,2𝜋 + arctan(𝑥Im𝑥Re) , 𝑥Re > 0, 𝑥Im < 0,𝜋 + arctan(𝑥Im𝑥Re) , 𝑥Re < 0.

(42)

Figure 7models themodules errors and phases errors ofmain
system (34) and slave systems (35). It is clear from Figures
7(a), 7(b), and 7(c) that themodules errors 𝜌𝑥𝑚 −𝜌𝑥𝑠 , 𝜌𝑦𝑚 −𝜌𝑦𝑠 ,
and 𝜌𝑧𝑚 − 𝜌𝑧𝑠 converge to zero as 𝑡 → ∞, while the phases
errors 𝜃𝑥𝑚 − 𝜃𝑥𝑠 , 𝜃𝑦𝑚 − 𝜃𝑦𝑠 , and 𝜃𝑧𝑚 − 𝜃𝑧𝑠 go to 𝜋/2 or −𝜋/2 as𝑡 → ∞; see Figures 7(d), 7(e), and 7(f).

6. Conclusions

In this paper, we have presented a cutting edge chaotic com-
plex Lü system (2) and we concentrated the elements of it. By
affixing an unpredictable expression of the third condition of
the complex Lü system (1), we can develop this system. In this
system all factors are intricate. Our system in real adaptation
is six measurements or by different words system (2) are
high measurements. In spite of this, our new system does not
create hyperchaotic practices. Consequently, we close from
these outcomes that the expansion in the measurements is
the important and not sufficient condition for producing
hyperchaotic practices. The steadiness investigations of the
fixed purposes of system (2) are completed. We presented in
Section 3 different types of chaotic complex Lü systemswhich
can be comparatively explored as we accomplished for system
(2) in Section 2. These new systems leave room for further
investigations.

We present another kind of complex synchronization
which is called complex antilag synchronization (CALS). A
definition of CALS of two indistinguishable chaotic complex
systems is given. We dissect and concentrate the CALS
concerning two indistinguishable chaotic complex nonlinear
systems.The CALS can be concentrated just in complex non-
linear systems. The CALS can be considered as syncretizing
among ALS and LS (see Figure 4). LS occurs between a real
part of the slave system and an imaginary part of the main
system, while ALS occurs between the real part of the main
system and the fanciful part of a slave system. In CALS, the
state variables of the main system synchronize with different
state variables of the slave system (see Figure 4). Thus, CALS
gives more prominent security in secure interchanges. The
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Figure 7: The modules errors and phases errors of systems (34) and (35): (a) 𝜌𝑥𝑚 − 𝜌𝑥𝑠 versus 𝑡. (b) 𝜌𝑦𝑚 − 𝜌𝑦𝑠 versus 𝑡. (c) 𝜌𝑧𝑚 − 𝜌𝑧𝑠 versus 𝑡.
(d) 𝜃𝑥𝑚 − 𝜃𝑥𝑠 versus 𝑡. (e) 𝜃𝑦𝑚 − 𝜃𝑦𝑠 versus 𝑡. (f) 𝜃𝑧𝑚 − 𝜃𝑧𝑠 versus 𝑡.
most outstanding normal for the CALS is the attractors of
the main and slave systems are moving in opposite or similar
shape to each other with different state variables (see Figures
6(a) and 6(b)).Thesemarvels did not come to pass and appear
for any sorts of synchronization in the writing.

A scheme is laid out to acknowledge CALS of two
indistinguishable chaotic complex nonlinear systems in view
of Lyapunov capacities. Amid this scheme, we analytically
concluded the control complex capacities to accomplish

CALS. It is simple and advantageous to utilize this scheme
for chaotic and hyperchaotic complex systems. We apply
our scheme, for instance, for two indistinguishable chaotic
complex systems with different introductory qualities, main
system (34) and slave systems (35). All the hypothetical
outcomes are verified by numerical recreations of our case.
A great assertion is found as shown in Figures 4, 5, and
6. In Figure 7 we register the modules errors and phase
errors in light of the fact that, in the complex nonlinear
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dynamical systems, the noticeable or quantifiable physical
amounts more often than not are module and phase.
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