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In this paper, a novel fuzzy-model-based adaptive synchronization scheme and its fuzzy update laws of parameters are proposed to
address the adaptive synchronization problem. The proposed fuzzy controller does not share the same premise of fuzzy system,
and the numbers of fuzzy controllers is reduced effectively through the novel modeling strategy. In addition, based on the
adaptive synchronization scheme, the error dynamic system can be guaranteed to be asymptotically stable and the true values
of unknown parameters can be obtained. Two identical complicated dynamic systems, Mathieu-Van der pol system (M-V system)
with uncertainties, are illustrated for numerical simulation example to show the effectiveness and feasibility of the proposed novel
adaptive control strategy.

1. Introduction

Since Professor Zadehfirstly proposed the fuzzy logic concept
in 1988 [1], fuzzy logic has received much attention and
served as an effective tool for nonlinear analysis and fuzzy
control system [2–5]. Among various kinds of fuzzymethods,
Takagi-Sugeno (T-S) fuzzy system [6] is widely accepted
as a useful tool for design and analysis of fuzzy system,
such as sliding mode control [7, 8], time-vary delay [9, 10],
Robust H-infinity stabilization [11, 12], polynomial fuzzy
model approach [13], and other applications on fuzzy systems
[14, 15]. T-S fuzzy model is sensitive to the numbers of
nonlinear terms—the numbers of fuzzy rules are generated
according to the numbers of nonlinear terms in a nonlinear
dynamic system. Therefore, if there are lots of nonlinear
terms in a dynamic system, the modeling process should be
complicated and numerous modeling materials are required.
Large amounts of linear subsystems with their membership
functions are needed to express the original dynamic system,
and numerous sets of fuzzy controllers are necessary for
synchronization problem.

Based on the concept of classical T-S fuzzy system,Ge and
Li [16] presented an alternative fuzzymodeling strategy in the
end of 2011, which is focusing on modeling each nonlinear
equation of nonlinear dynamic systems. This new model is
effectively raising the modeling efficiency, simplifying the
modeling process, and reducing the numbers of controllers
during system control. Further, Li et al. [17] contributed a new
concept of fuzzy modeling in 2015, nonlinear terms groups,
to improve the Ge-Li fuzzy model—the final output of the
proposed fuzzy model can be composed of only two linear
subsystems and two sets of membership function matrices.
This new modeling approach leads the final output of the
fuzzy system to be a “standard form” with fixed numbers of
linear subsystems and its corresponding membership func-
tion matrices. In other words, through the novel model, two
different nonlinear dynamic systems with distinct structures
can be simply modeled as a unified form and the controller
design can be more flexible.

In this article, an extended study of the novel fuzzy
model on parameter mismatch is proposed. Since the exact
knowledge of system structure and parameters are always
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unknown in many application cases and those parameters
may change from time to time, a novel fuzzy-model-based
adaptive synchronization scheme and its novel adaptation
laws of parameters with fuzzy IF-THEN rules are further
derived to address the problem of systems synchronization
with parameters mismatch.

The contents of this paper are described as follows. The
theory of the novel fuzzy system and the fuzzy adaptive syn-
chronization scheme are introduced in Section 2. Simulation
results of fuzzy synchronization are proposed in Section 3.
Finally, conclusions are given in Section 4.

2. Fuzzy Adaptive Synchronization Scheme

In this section, a novel fuzzy-model-based adaptive synchro-
nization scheme is provided, which introduces the design
of fuzzy controllers and the derivation of adaptation laws of
parameters with fuzzy IF-THEN rules. The kernel modeling
strategy of the proposed fuzzy model [17] is to package all
nonlinear terms as a group in each equation and transfer the
original dynamic system to be two linear subequations with
their correspondingmembership functionmatrices.The final
output of this fuzzy system representing a nonlinear dynamic
system with n-states can be simply described as follows:

Ẏ (t) = 𝑝∑
𝑖=1

M̃𝑖 (A𝑖Y (t) + B𝑖) , (1)

where Y(t) ∈ R𝑛×1 is the system-state vector and A𝑖 ∈ R𝑛×𝑛
and B𝑖 ∈ R𝑛×𝑛 are system coefficient matrices, where B𝑖
includes some constants throughmodeling transform. 𝑝 = 2,
which represents the total numbers of linear subsystems and
membership functions matrices through the novel modeling
strategy. In addition, M̃𝑖 ∈ R𝑛×𝑛 are membership functions
matrices that can be described as follows:

M̃𝑖 =
[[[[[
[

𝑀𝑗𝑖 0 0 0
0 𝑀𝑗𝑖 0 0
0 0 d 0
0 0 0 𝑀𝑗𝑖

]]]]]
]
,

𝑗 = 1, 2, . . . , 𝑛; 𝑖 = 1, 2,
(2)

where M̃1 + M̃2 is identity matrix and ∑2𝑗=1𝑀𝑖𝑗 = 1.
Consider the following two identical 𝑛-orders fuzzy

systems in (3) and (4), which are regarded as the master
system with all unknown parameters and the slave system,
respectively.

Master system:

Ẏ (t) = 𝑝∑
𝑖=1

M̃𝑖 (A𝑖Y (t) + B𝑖) . (3)

Slave system:

Ẋ (t) = 𝑝∑
𝑖=1

Ñ𝑖 (Â𝑖X (t) + B̂𝑖) + U (t) , (4)

where A𝑖 ∈ R𝑛×𝑛 and B𝑖 ∈ R𝑛×𝑛 are the coefficient matrices
with some unknown parameters; Â𝑖 ∈ R𝑛×𝑛 and B̂𝑖 ∈ R𝑛×𝑛
are the coefficient matrices with some estimate parameters;
U(t) ∈ R𝑛×1 is designed as the fuzzy adaptive control inputs
outside the fuzzy modeling and does not share the same
membership functions of fuzzy-model-based system. Here,
we define the error of states e(t) ∈ R𝑛×1 and the error of
unknown and estimated parameters Ã𝑖 ∈ R𝑛×𝑛 and B̃𝑖 ∈
R𝑛×𝑛 as follows:

e (t) = Y (t) − X (t)
Ã𝑖 = A𝑖 − Â𝑖

B̃𝑖 = B𝑖 − B̂𝑖.
(5)

Then we have the following error dynamics description:

ė = Ẏ − Ẋ

= 2∑
𝑖=1

M̃𝑖 (A𝑖Y (t) + B𝑖) − 2∑
𝑖=1

Ñ𝑖 (Â𝑖X (t) + B̂𝑖) − U (t) (6)

Since M̃𝑖 ≠ Ñ𝑖, the error dynamic system is rearranged to be
another form:

ė = 2∑
𝑖=1

M̃𝑖 (A𝑖Y (t) + B𝑖) − 2∑
𝑖=1

Ñ𝑖 (Â𝑖X (t) + B̂𝑖)

− 2∑
𝑖=1

M̃𝑖 (A𝑖X (t) + B̂𝑖)

+ 2∑
𝑖=1

M̃𝑖 (A𝑖X (t) + B̂𝑖) − U (t)

= 2∑
𝑖=1

M̃𝑖 (Ã𝑖Y (t) + B̃𝑖 + Â𝑖e (t))

− 2∑
𝑖=1

(M̃𝑖 − Ñ𝑖) (Â𝑖X (t) + B̂𝑖) − U (t) .

(7)

According to (7), we can design the fuzzy controllers U(t) as
follows:

U (t) = 2∑
𝑖=1

(M̃𝑖 − Ñ𝑖) (Â𝑖X (t) + B̂𝑖) + 2∑
𝑖=1

M̃𝑖 (K𝑖e (t)) , (8)

where K𝑖 ∈ R𝑛×𝑛 and K𝑖 = Â𝑖 − G; G ∈ R𝑛×𝑛 is designed
as a positive-definite matrix. Substituting the designed fuzzy
controllers into (7), we have the following simple form of
error dynamic system:

ė (t) = 2∑
𝑖=1

M̃𝑖 (Ã𝑖Y (t) + B̃𝑖) − Ge (t) . (9)

Consider the following candidate Lyapunov function:

V (e (t) , ã𝑖) = 12 (e (t)2 +
𝑚∑
𝑖=1

(F𝑖ã2𝑖 )) , (10)
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where ã𝑖 are the error of unknown and estimated parameters,𝑚 is the total number of unknown parameters, and F𝑖 refers
to the adaptation gains where F𝑖 > 0; in this paper, all values
of F𝑖 are set to be F𝑖 = 1. Particularly, in this article, a set of
innovative fuzzy adaptation law of parameters based on fuzzy
IF-THEN rules is provided to further address the mismatch
of parameters, and the design procedure is given below.

2.1. Fuzzy Adaptation Law of Parameters. If 𝑎𝑘 is the un-
known parameter in the 𝑗th equation, then we have

Rule i: IF 𝑁𝑗 (𝑡) is 𝑀𝑗𝑖, THEN ̇̃𝑎𝑘 (𝑡)
= 𝑓 (𝑥 (𝑡) , 𝑦 (𝑡) ,𝑊𝑗) , (11)

where 𝑖 = 1-2, 𝑗 = 1, 2, . . . , 𝑛, n is the number of states,𝑁𝑗(𝑡) ∈ R1×1 is the nonlinear terms group in the 𝑗th
nonlinear equation, and 𝑀𝑗𝑖 ∈ R1×1 is the membership
function corresponding to the fuzzy Rule 𝑖. Through design-
ing appropriate fuzzy controllers U(t) in (8) and the fuzzy
adaptation law of system parameters ã𝑖 in (11), we are aiming
to have

V̇ = −Ge (t)2 ≤ 0. (12)

In (12), the derivative of Lyapunov function is a negative
semidefinite function of e(t). In current scheme of adaptive
control of chaotic motion, traditional Lyapunov stability
theorem and Barbalat lemma are used to prove the error
vector approaches zero, as time approaches infinity. But
the question, why the estimated or given parameters also
approach the uncertain or goal parameters, remains with
no answer. Through the pragmatically asymptotical stability
theorem which is provided by Ge et al. in 1999 [18, 19], this
question can be answered and addressed strictly.

3. Novel Fuzzy-Modeling-Based
Adaptive Synchronization

In this section, two identical novel fuzzyMathieu-Van der pol
systems (M-V systems) with uncertainties are illustrated to
show the effectiveness and feasibility of the proposed adaptive
synchronization scheme.TheM-V system is coupledwith two
typical nonlinear nonautonomous systems, Mathieu system
and Van der pol system, which is a man-made complicated
system for nonlinear study and has been proposed by Ge and
Li [20] in 2009; this system can be described as follows:

̇𝑦1 = 𝑦2
̇𝑦2 = − (𝑎 + 𝑏𝑦3) 𝑦1 − (𝑎 + 𝑏𝑦3) 𝑦31 − 𝑐𝑦2 + 𝑑𝑦3
̇𝑦3 = 𝑦4
̇𝑦4 = −𝑒𝑦3 + 𝑓 (𝑦4 − 𝑦23𝑦4) + 𝑔𝑦1,

(13)

where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔 are the system parameters. How-
ever, there are only three nonlinear terms in (13). In order to
show the effectiveness of the proposed fuzzy adaptive control
strategy in the following section, two uncertain terms are
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Figure 1: Chaotic motion of Mathieu-Van der pol system with
uncertainties by 𝑦1-𝑦2.

further added to system (13) to make the structure in (13) to
be more complex, which is given as

̇𝑦1 = 𝑦2 + Δ 1
̇𝑦2 = − (𝑎 + 𝑏𝑦3) 𝑦1 − (𝑎 + 𝑏𝑦3) 𝑦31 − 𝑐𝑦2 + 𝑑𝑦3
̇𝑦3 = 𝑦4 + Δ 2
̇𝑦4 = −𝑒𝑦3 + 𝑓 (𝑦4 − 𝑦23𝑦4) + 𝑔𝑦1,

(14)

where Δ 1 and Δ 2 are uncertainties, and we defined that Δ 1 =𝛼1(sin𝑤𝑦2) and Δ 2 = 𝛼2(sin𝑤𝑦4), and then there are totally
five nonlinear terms in this new system. This system exhibits
chaos behavior with the parameters set as 𝑎 = 10, 𝑏 = 3, 𝑐 =0.4, 𝑑 = 70, 𝑒 = 1, 𝑓 = 5, 𝑔 = 0.1, 𝛼1 = 5, 𝛼2 = 3, 𝑤 =0.1 and the initial states of system are (𝑦10, 𝑦20, 𝑦30, 𝑦40) =(0.1, −0.5, 0.1, −0.5).The complicated chaotic behaviors of the
proposed dynamics system described in (14) are given in
Figure 1.

Consider that the parameters 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, 𝛼1𝛼2
in (14) are all unknown; through the novel fuzzy modeling
strategy, we have the following fuzzy M-V system, which is
set as the master system:

̇̃Y = 2∑
𝑖=1

M̃𝑖 (A𝑖Y (t) + B𝑖) , (15)

where

A1 =
[[[[[
[

0 1 0 0
0 −𝑐 (𝑑 − 𝑏𝑊2) 0
0 0 0 1
𝑔 0 −𝑒 0

]]]]]
]
,

B1 =
[[[[[
[

𝛼1𝑊1−𝑎𝑊2𝛼2𝑊3𝑓𝑊4

]]]]]
]
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A2 =
[[[[[
[

0 1 0 0
0 −𝑐 (𝑑 + 𝑏𝑊2) 0
0 0 0 1
𝑔 0 −𝑒 0

]]]]]
]
,

B2 =
[[[[[
[

−𝛼1𝑊1𝑎𝑊2−𝛼2𝑊3−𝑓𝑊4

]]]]]
]

M̃1 =
[[[[[
[

𝑀11 0 0 0
0 𝑀21 0 0
0 0 𝑀31 0
0 0 0 𝑀41

]]]]]
]
,

M̃2 =
[[[[[
[

𝑀12 0 0 0
0 𝑀22 0 0
0 0 𝑀32 0
0 0 0 𝑀42

]]]]]
]
,

(16)

where Ẏ(t) = [ ̇𝑦1 ̇𝑦2 ̇𝑦3 ̇𝑦4]𝑇 and initial conditions are
set as (𝑦10, 𝑦20, 𝑦30, 𝑦40) = (0.1, −0.5, 0.1, −0.5). A𝑖 and B𝑖
are the coefficient matrices with unknown parameters, and
M𝑖 are membership functions with unknown parameters and
M1 +M2 is identity matrix; the elements of the membership
function matrices are fuzzy sets of each equation which are
given as

𝑀11 = 12 (1 + 𝑁1𝑊1) ,
𝑀12 = 12 (1 − 𝑁1𝑊1) ,
𝑀21 = 12 (1 + 𝑁2𝑊2) ,
𝑀22 = 12 (1 − 𝑁2𝑊2) ,
𝑀31 = 12 (1 + 𝑁3𝑊3) ,
𝑀32 = 12 (1 − 𝑁3𝑊3) ,
𝑀41 = 12 (1 + 𝑁4𝑊4) ,
𝑀42 = 12 (1 − 𝑁4𝑊4) ,

(17)

where𝑀11 +𝑀12 = 1, 𝑀21 +𝑀22 = 1, 𝑀31 +𝑀32 = 1 and𝑀41+𝑀42 = 1.𝑁1 = sin𝑤𝑦2, 𝑁2 = (𝑦1+𝑦31), 𝑁3 = sin𝑤𝑦4,
and 𝑁4 = 𝑦4 − 𝑦23𝑦4 are the nonlinear terms groups and
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Figure 2: Time series of nonlinear terms groups inMathieu-Van der
pol system with uncertainties.

(𝑊1,𝑊2,𝑊3,𝑊4) = (1, 200, 1, 10) are the designed-boundary
values, which is decided by the ranges of the nonlinear terms
groups 1 to 4, and their time history is given in Figure 2.

In addition, a slave fuzzy M-V system with uncertainties
and the designed fuzzy controllers as well as the estimated
parameters are given as follows:

Ẋ = 2∑
𝑖=1

Ñ𝑖 (Â𝑖X (t) + B̂𝑖) + U (t) , (18)

where

Â1 =
[[[[[
[

0 1 0 0
0 −𝑐 (𝑑 − �̂�𝑊2) 0
0 0 0 1
𝑔 0 −𝑒 0

]]]]]
]
,

B̂1 =
[[[[[
[

�̂�1𝑊1−𝑎𝑊2�̂�2𝑊3
𝑓𝑊4

]]]]]
]

Â2 =
[[[[[
[

0 1 0 0
0 −𝑐 (𝑑 + �̂�𝑊2) 0
0 0 0 1
𝑔 0 −𝑒 0

]]]]]
]
,

B̂2 =
[[[[[
[

−�̂�1𝑊1𝑎𝑊2−�̂�2𝑊3
−𝑓𝑊4

]]]]]
]
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Ñ1 =
[[[[[
[

𝑁11 0 0 0
0 𝑁21 0 0
0 0 𝑁31 0
0 0 0 𝑁41

]]]]]
]
,

Ñ2 =
[[[[[
[

𝑁12 0 0 0
0 𝑁22 0 0
0 0 𝑁32 0
0 0 0 𝑁42

]]]]]
]
,

(19)

where Ẋ = [�̇�1 �̇�2 �̇�3 �̇�4]𝑇 and initial conditions are
set as (𝑥10, 𝑥20, 𝑥30, 𝑥40) = (0.5, 0.1, 0.5, 0.1). Â𝑖 and B̂𝑖
are the coefficient matrices with estimated parameters. 𝑎, �̂�,𝑐, 𝑑, 𝑒, 𝑓, 𝑔, �̂�1, �̂�2 are the system estimated parameters
and are given the initial values as 𝑎0 = 1, �̂�0 = 1, 𝑐0 = 2, 𝑑0 =65, 𝑒0 = 8, 𝑓0 = 1, 𝑔0 = −1, �̂�10 = 1, and �̂�20 = 1. Ñ𝑖 are
membership functions and Ñ1 + Ñ2 is identity matrix, and
U(𝑡) in (18) is designed as the fuzzy controller.

The error and error dynamics of the two identical nonlin-
ear dynamicswith unknown systemparameters can be shown
in the following form:

e = Y − X = [[[[[
[

𝑒1𝑒2𝑒3𝑒4

]]]]]
]
= [[[[[
[

𝑦1 − 𝑥1𝑦2 − 𝑥2𝑦3 − 𝑥3𝑦4 − 𝑥4

]]]]]
]

ė = Ẏ − Ẋ

= 2∑
𝑖=1

M̃𝑖 (A𝑖Y (t) + B𝑖) − 2∑
𝑖=1

Ñ𝑖 (Â𝑖X (t) + B̂𝑖)
− U (t) .

(20)

Substituting the proposed fuzzy controllers U(t) de-
scribed in Section 2 into the error dynamics in (20), we have
the following simple form of error dynamic system:

ė (t) = 2∑
𝑖=1

M̃𝑖 (Ã𝑖Y (t) + B̃𝑖) − Ge (t) , (21)

where the parameters errors are defined as 𝑎 = 𝑎 − 𝑎, �̃� =𝑏 − �̂�, 𝑐 = 𝑐 − 𝑐, 𝑑 = 𝑑 − 𝑑, 𝑒 = 𝑒 − 𝑒, 𝑓 = 𝑓 − 𝑓, 𝑔 =𝑔 − 𝑔, �̃�1 = 𝛼1 − �̂�1, and �̃�2 = 𝛼2 − �̂�2 and G ∈ R4×4 is
designed as a positive-definite matrix given below; then we
have the following adjustable control gainsK1 and K2, which
are interacted via the adaptation laws of parameters:

G = [[[[[
[

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]]]]]
]

K1 =
[[[[[
[

−1 1 0 0
0 −𝑐 − 1 (𝑑 − �̂�𝑊2) 0
0 0 −1 1
𝑔 0 −𝑒 −1

]]]]]
]
,

K2 =
[[[[[
[

−1 1 0 0
0 −𝑐 − 1 (𝑑 + �̂�𝑊2) 0
0 0 −1 1
𝑔 0 −𝑒 −1

]]]]]
]
.

(22)

Choose the candidate Lyapunov function mentioned in
(10), and thenwe have the following square form of Lyapunov
function:

V (e1, e2, e3, e4, ã, b̃, c̃, d̃, ẽ, f̃ , g̃, �̃�1, �̃�2) = 12 (e (t)2

+ 𝑘∑
𝑖=1

(F𝑖ã2𝑖 )) = 12 (e (t)21 + e (t)22 + e (t)23 + e (t)24
+ ã2 + b̃2 + c̃2 + d̃2 + ẽ2 + f̃2 + g̃2 + �̃�21 + �̃�22) ,

(23)

where ã𝑖 are the unknown parameters, 𝑘 = 9 is the number of
unknown parameters, F𝑖 refers to the adaptation gains where
F𝑖 > 0; in this case, all values of F𝑖 are set as F𝑖 = 1. Then, the
derivatives of the Lyapunov function can be described as:

�̇� = 𝑒 (𝑡)1 ̇𝑒 (𝑡)1 + 𝑒 (𝑡)2 ̇𝑒 (𝑡)2 + 𝑒 (𝑡)3 ̇𝑒 (𝑡)3
+ 𝑒 (𝑡)4 ̇𝑒 (𝑡)4 + 𝑎 ̇̃𝑎 + �̃� ̇̃𝑏 + 𝑐 ̇̃𝑐 + 𝑑 ̇̃𝑑 + 𝑒 ̇̃𝑒 + 𝑓 ̇̃𝑓
+ 𝑔 ̇̃𝑔 + �̃�1 ̇̃𝛼1 + �̃�2 ̇̃𝛼2.

(24)

Substituting the error dynamic system in (25) into (24), we
have

�̇� = (𝑀11 (�̃�1𝑊1) 𝑒1 +𝑀12 (−�̃�1𝑊1) 𝑒1 − 𝑒21)
+ (𝑀21 (−𝑐𝑦2 + (𝑑 − �̃�𝑊2) 𝑦3 − 𝑎𝑊2) 𝑒2
+𝑀22 (−𝑐𝑦2 + (𝑑 + �̃�𝑊2) 𝑦3 + 𝑎𝑊2) 𝑒2 − 𝑒22)
+ (𝑀31 (�̃�2𝑊3) 𝑒3 +𝑀32 (−�̃�2𝑊3) 𝑒3 − 𝑒23)
+ (𝑀41 (𝑔𝑦1 − 𝑒𝑦3 + 𝑓𝑊4) 𝑒4
+𝑀42 (𝑔𝑦1 − 𝑒𝑦3 − 𝑓𝑊4) 𝑒4 − 𝑒24) + 𝑎 ̇̃𝑎 + �̃� ̇̃𝑏 + 𝑐 ̇̃𝑐
+ 𝑑 ̇̃𝑑 + 𝑒 ̇̃𝑒 + 𝑓 ̇̃𝑓 + 𝑔 ̇̃𝑔 + �̃�1 ̇̃𝛼1 + �̃�2 ̇̃𝛼2.

(25)

According to the fuzzy adaptation laws of parameters
proposed in Section 2, the adaptation laws can be designed as
the following form with the membership functions of master
system in (26), where the estimated parameter �̂�1 is located
in the first equation; therefore, it is arranged in pairs with
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the membership functions 𝑀11 and 𝑀12, and the estimated
parameters a, b, and 𝑐 are included in the second equation; we arranged them to be in pairs with the membership functions𝑀21 and 𝑀22, and the rest are arranged following the same

strategy.

[[[[[[[[[[[[[[[[[[[[[[[
[

̇̂𝛼1̇̂𝑎
̇̂𝑏
̇̂𝑐
̇̃𝑑
̇̂𝛼2̇̂𝑒
̇̂𝑓
̇̂𝑔

]]]]]]]]]]]]]]]]]]]]]]]
]

=

[[[[[[[[[[[[[[[[[[[[[[[
[

− ̇̃𝛼1
− ̇̃𝑎
− ̇̃𝑏
− ̇̃𝑐
− ̇̃𝑑
− ̇̃𝛼2
− ̇̃𝑒
− ̇̃𝑓
− ̇̃𝑔

]]]]]]]]]]]]]]]]]]]]]]]
]

=

[[[[[[[[[[[[[[[[[[[
[

𝑀11 0 0 0 0 0 0 0 0
0 𝑀21 0 0 0 0 0 0 0
0 0 𝑀21 0 0 0 0 0 0
0 0 0 𝑀21 0 0 0 0 0
0 0 0 0 𝑀21 0 0 0 0
0 0 0 0 0 𝑀31 0 0 0
0 0 0 0 0 0 𝑀41 0 0
0 0 0 0 0 0 0 𝑀41 0
0 0 0 0 0 0 0 0 𝑀41

]]]]]]]]]]]]]]]]]]]
]

[[[[[[[[[[[[[[[[[[[
[

𝑊1𝑒1−𝑊2𝑒2−𝑊2𝑦3−𝑦2𝑒2𝑦3𝑒2𝑊3𝑒3−𝑦3𝑒4𝑊4𝑒4𝑦1𝑒4

]]]]]]]]]]]]]]]]]]]
]

+

[[[[[[[[[[[[[[[[[[[
[

𝑀12 0 0 0 0 0 0 0 0
0 𝑀22 0 0 0 0 0 0 0
0 0 𝑀22 0 0 0 0 0 0
0 0 0 𝑀22 0 0 0 0 0
0 0 0 0 𝑀22 0 0 0 0
0 0 0 0 0 𝑀32 0 0 0
0 0 0 0 0 0 𝑀42 0 0
0 0 0 0 0 0 0 𝑀42 0
0 0 0 0 0 0 0 0 𝑀42

]]]]]]]]]]]]]]]]]]]
]

[[[[[[[[[[[[[[[[[[[
[

−𝑊1𝑒1𝑊2𝑒2𝑊2𝑦3−𝑦2𝑒2𝑦3𝑒2−𝑊3𝑒3−𝑦3𝑒4−𝑊4𝑒4𝑦1𝑒4

]]]]]]]]]]]]]]]]]]]
]

.

(26)

With the fuzzy adaptation law given in (26), we have the
following result:

�̇� = −𝑒21 − 𝑒22 − 𝑒23 − 𝑒24. (27)

The derivative of Lyapunov function in (27) is a negative
semidefinite function of e and parameter differences. The
Lyapunov asymptotical stability theorem is not satisfied. We
cannot obtain that common origin of error dynamics and
parameter dynamics is asymptotically stable. By pragmatical
asymptotically stability theorem [19, 20], 𝐷 is a 13-manifold,

𝑛 = 13, and the number of error state variables 𝑝 = 4. When𝑒1 = 𝑒2 = 𝑒3 = 𝑒4 = 0, 𝑎, �̃�, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, �̃�1, and �̃�2
take arbitrary values and �̇� = 0, so 𝑋 is of 4 dimensions,𝑚 = 𝑛 − 𝑝 = 13 − 4 = 9, 𝑚 + 1 < 𝑛 is satisfied. According
to the pragmatical asymptotically stability theorem, error
vector 𝑒 approaches zero and the estimated parameters also
approach the uncertain parameters. The equilibrium point
is pragmatically asymptotically stable. Under the assumption
of equal probability, it is actually asymptotically stable. The
simulation results are shown in Figures 3, 4, and 5.
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Figure 3: Time series of error states.
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Figure 4: Time series of error of parameters I.

4. Conclusions

In this article, adaptive synchronization of advanced G-L
fuzzy systems with parameters mismatch is achieved through
the proposed adaptive control scheme. The final form of this
advanced G-L fuzzy systems is the weighted sums of only
two linear subsystems, and it provides us with a simpler way
to analyze the stability of dynamics systems. Carrying the
superiority of the proposed fuzzy model, a set of adaptive
synchronization strategy is provided, which is designed to
be composed of the adjustable control gains and the novel
adaptation laws of parameters with fuzzy IF-THEN rules.The
simulation results reveal that the proposed novel adaptive
control strategy is effective and useful, and the parameters
mismatch can be addressed simultaneously.
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Figure 5: Time series of error of parameters II.
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