
Research Article
On Coupled 𝑝-Laplacian Fractional Differential
Equations with Nonlinear Boundary Conditions

Aziz Khan,1 Yongjin Li,2 Kamal Shah,3 and Tahir Saeed Khan1

1Department of Mathematics, University of Peshawar, P.O. Box 25000, Khybar Pakhtunkhwa, Pakistan
2Department of Mathematics, Sun Yat-Sen University, Guangzhou, China
3Department of Mathematics, University of Malakand, Chakdara, Dir (L), Khyber Pakhtunkhwa, Pakistan

Correspondence should be addressed to Yongjin Li; stslyj@mail.sysu.edu.cn

Received 2 May 2017; Accepted 17 July 2017; Published 17 August 2017

Academic Editor: Fathalla A. Rihan

Copyright © 2017 Aziz Khan et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper is related to the existence and uniqueness of solutions to a coupled system of fractional differential equations (FDEs)
with nonlinear 𝑝-Laplacian operator by using fractional integral boundary conditions with nonlinear term and also to checking
the Hyers-Ulam stability for the proposed problem. The functions involved in the proposed coupled system are continuous and
satisfy certain growth conditions. By using topological degree theory some conditions are established which ensure the existence
and uniqueness of solution to the proposed problem. Further, certain conditions are developed corresponding to Hyers-Ulam type
stability for the positive solution of the considered coupled system of FDEs. Also, from applications point of view, we give an
example.

1. Introduction

Due to high profile accuracy and usability, FDEs become
an area of interest for various fields of scientists and math-
ematicians. In last few years, some physical phenomenons
were described through FDEs and compared with integer
order differential equations which have better results, that is
why researchers of different areas have paid great attention
to study FDEs. The applications of FDEs can be studied
in several disciplines including aerodynamics, engineering,
electrical circuits, plasma physics, chemical reaction design,
turbulent filtration in porous media, and signal and image
processing; for further details we refer to [1–5].

Nonlinear operators have vital roles in differential equa-
tions; one of themost important operators used in FDEs is the
classical nonlinear 𝑝-Laplacian operator, which is defined as

1𝑝 + 1𝑞 = 1,
𝜙𝑝 (𝑠) = |𝑠|𝑝−2 𝑠,

𝑝 ≥ 1,
𝜙𝑞 (𝜏) = 𝜙−1𝑝 .

(1)

For further details and applications of the nonlinear 𝑝-
Laplacian operators, reader should study [6].

Researchers study different aspects of FDEs involving 𝑝-
Laplacian operators like the existence theory, which has been
extensively investigated by using classical fixed point theory.
The mentioned theory has been investigated very well for
the aforesaid equations of ordinary and partial fractional
differential equations. Since 𝑝-Laplacian operators have
been greatly applied in the mathematical modeling of large
numbers of real world phenomenons devoted to physics,
mechanics, dynamical systems, electrodynamics, and so
forth, therefore researchers paid much attention to study
such type of differential equation dealing with 𝑝-Laplacian
operators from different aspects including existence theory,
multiplicity results, and stability analysis. For instance, Lu et
al. [7] discussed Sturm-Liouville boundary value problems
(BVP) of FDEs with 𝑝-Laplacian operator for existence of
two or three positive solutions by using fixed point theory. By
applying Leggett-Williamfixedpoint theorem, thementioned
author studied the following problem:

D𝛽 (𝜙𝑝 ((𝐷)𝛼 𝜇 (𝑥))) +F (𝑥, 𝜇 (𝑥)) = 0, 0 < 𝑥 < 1,
𝚥𝜇 (0) − 𝜂𝜇 (0) = 0,
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𝛾𝜇 (1) + 𝛿𝜇 (1) = 0,
D𝛼𝜇 (0) = 0

(2)

and also he provided proper example, where D𝛼 and D𝛽
denote standardCaputo fractional derivativeswith 1 < 𝛼 ≤ 2,0 < 𝛽 ≤ 1, 1/𝑝 + 1/𝑞 = 1, 𝜙𝑝(𝜏) = |𝑠|𝑝−2𝑠, 𝑝 > 1, 𝜙𝑞(𝜏) = 𝜙−1𝑝 ,𝜌 = 𝚥𝛾 + 𝚥𝛿 + 𝜂𝛾 > 0, 𝚥, 𝜂, 𝛿, 𝛾 ≥ 0, andF is continuous.

Hu and Zhang [8] have investigated a nonlinear FDEwith𝑝-Laplacian operator for existence of solution as given by

D𝛽 (𝜙𝑝 ((𝐷)𝛼 𝜇 (𝑥))) +F (𝑥, 𝜇 (𝑥) ,D𝛼𝜇 (𝑥)) = 0,
𝑥 ∈ (0, 1) ,

D𝛼𝜇 (0) = 0 = D𝛼𝜇 (1) ,
(3)

where 0 < 𝛼, 𝛽 < 1, 1 < 𝛼 + 𝛽 < 2, D𝛼 and D𝛽 represent
standard Caputo fractional derivatives, F is continuous and1/𝑝 + 1/𝑞 = 1, 𝜙𝑝(𝜏) = |𝑠|𝑝−2𝑠, 𝑝 > 1, and 𝜙𝑞(𝜏) =𝜙−1𝑝 . Zhi et al. [9] have investigated the existence of positive
solutions for the nonlocal BVP of FDEs with 𝑝-Laplacian
operator and illustrated the problemwith expressive example.
The corresponding problem is given by

(𝜙𝑝 (D𝛼𝜇 (𝑥))) = F (𝑥, 𝜇 (𝑥) ,D𝛽𝜇 (𝑥)) ,
𝑥 ∈ (0, 1) ,

𝜇 (𝑥)𝑥=0 = 𝜇 (𝑥)𝑥=0 = 0,
𝜇 (1) = ∫1

0
𝑔 (𝜏) 𝜇 (𝜏) 𝑑𝜏,

(𝜙𝑝 (D𝛼) 𝜇 (0)) = 𝜉1 (𝜙𝑝 (D𝛼) 𝜇 (𝚥1)) ,
(𝜙𝑝 (D𝛼) 𝜇 (1)) = 𝜉2 (𝜙𝑝 (D𝛼) 𝜇 (𝚥2)) ,

(4)

where 𝜙𝑝 is 𝑝-Laplacian operator and 2 < 𝛼 ≤ 3, 1 <𝛽 < 𝛼 − 1 < 2, 0 < 𝚥1 ≤ 𝚥2 < 1, 0 ≤ 𝜉1, 𝜉2 < 1,
and D𝛼 expresses Caputo derivative of order 𝛼. For further
study about the existence theory and multiplicity results of𝑝-Laplacian operator involved in differential equations, see
[10–14].

Using classical fixed point theory needs strong condi-
tions to establish conditions for existence and uniqueness
of solutions to FDEs and therefore restrict the applicability
to certain classes of FDEs and their systems. To relax the
criteria degree theory plays excellent roles for the existence of
solutions to FDEs and their systems. Various degree theories
including Brouwer and Leray-Schauder were established to
deal with the existence theory of differential equations. An
important degree theory known as topological degree theory
which was introduced by Stamova [15] and later on extended
by Isaia [16] has been used to establish existence theory for
solutions to nonlinear differential and integral equations.The
mentioned method is called prior-estimate method which
needs no compactness of the operator and relaxes much

the condition for existence and uniqueness of solutions to
differential and integral equations. Recently, the aforesaid
degree theory has been applied to investigate certain classes
of FDEs with boundary conditions; see [17–19].

In recent years another aspect of FDEs which has greatly
attracted the attentions of researchers is devoted to the sta-
bility analysis of the mentioned equations. Stability analysis
plays significant roles in the optimization and numerical
analysis of the aforesaid equations. Different kinds of stability
have been studied for fractional differential equations includ-
ing exponential, Mittag-Leffler, and Lyapunov stabilities; see
[15, 20, 21]. An important stability was pointed out by Ulam
[22], in 1940, whichwas formally introduced byHyers [23], in
1941.The aforesaid stability has now been considered inmany
papers for classical differential equations; see [24–26]. For
instance, Urs [27] has investigated the Hyers-Ulam stability
for the following coupled periodic BVPs given as

𝜇 (𝑥) −F1 (𝑥, 𝜇 (𝑥)) = F2 (𝑥, V (𝑥)) , 𝑥 ∈ [0, 𝑇] ,
V (𝑥) −F1 (𝑥, V (𝑥)) = F2 (𝑥, 𝜇 (𝑥)) ,

𝜇 (𝑥)𝑥=0 = 𝜇 (𝑥)𝑥=𝑇 ,
V (𝑥)|𝑥=0 = V (𝑥)|𝑥=𝑇 .

(5)

The Hyers-Ulam stability has been investigated for certain
FDEs with boundary and initial conditions; see [28–30].
In many situations, Lyapunov type stability and its inves-
tigation are very difficult and time-consuming for certain
nonlinear fractional differential equations. This is due to the
predefined Lyapunov function which is often very difficult
to construct for FDEs. Therefore, Hyers-Ulam type stability
plays important roles in such a situation. Inspired from the
above-mentioned work, in this paper, we study a coupled
system of FDEs with nonlinear p-Laplacian operator by using
topological degree theory. Further, we also investigated some
conditions for the Hyers-Ulam stability of the solution to the
proposed problem. The proposed problem is given by

D𝛽1𝜙𝑝 (D𝛼1𝜇 (𝑥)) +F1 (𝑥, V (𝑥)) = 0, 𝑥 ∈ (0, 1) ,
D𝛽2𝜙𝑝 (D𝛼2V (𝑥)) +F2 (𝑥, 𝜇 (𝑥)) = 0, 𝑥 ∈ (0, 1) ,
D𝛼1 𝜇 (𝑥)𝑥=0 = 0 = 𝜇 (𝑥)𝑥=0 = 𝜇 (𝑥)𝑥=0 ,
𝜇 (𝑥)𝑥=1 = 𝜂1𝐼𝛾1𝑃 𝜓1 (𝜇)
= 𝜂1Γ (𝛾1) ∫

𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏,

D𝛼2 V (𝑥)|𝑥=0 = V (𝑥)|𝑥=0 = V (𝑥)𝑥=0 = 0,
V (𝑥)𝑥=1 = 𝜂2𝐼𝛾2𝑃 𝜓2 (V)
= 𝜂2Γ (𝛾2) ∫

𝑃

0
(𝑃 − 𝜏)𝛾2−1 𝜓2 (V (𝜏)) 𝑑𝜏,

(6)

where 2 < 𝛼𝑖 < 3, 0 < 𝛽𝑖 < 1, 𝑃, 𝜂𝑖, 𝛾𝑖 > 0, 𝜓1, 𝜓2 ∈ 𝐿[0, 1],
and D𝛼𝑖 and D𝛽𝑖 where 𝑖 = 1, 2 stand for Caputo fractional
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derivative, 𝜙𝑝(𝜅) = |𝜅|𝑝−2𝜅 is 𝑝-Laplacian operator, where1/𝑝 + 1/𝑞 = 1, 𝜙𝑞 denotes inverse of 𝑝-Laplacian, and F𝑖 :[0, 1] × [0,∞) → (0,∞), 𝑖 = 1, 2, are continuous functions.
Here, we remark that applying degree method to deal with
existence and uniqueness and to find conditions for Hyers-
Ulam stability to a coupled system of FDEs with 𝑝-Laplacian
operator has not been investigated properly to the best of
our knowledge. Therefore thanks to the coincidence degree
theory and nonlinear functional analysis greatly developed
by Deimling [31], we establish necessary and sufficient con-
ditions for existence and uniqueness as well as for Hyers-
Ulam stability corresponding to the aforementioned problem
considered by us. We also demonstrate our result through
expressive example.

2. Axillary Results

Here we recall some special definitions, theorems, andHyers-
Ulam stability results from the literature [1–4] which have
important applications throughout this paper.

Definition 1. The integral with fractional order 𝛼 > 0 of
Riemann-Liouville type is defined for the functionF as

𝐼𝛼0F (𝑥) = 1Γ (𝛼) ∫
𝑥

0
(𝑥 − 𝜏)𝛼−1F (𝜏) 𝑑𝜏, (7)

provided that the integral on the right converges pointwise on(0,∞).
Definition 2. The derivative with fractional order 𝛼 > 0 of
Caputo type is defined for the functionF as

𝐷𝛼0F (𝑥) = 1Γ (𝑚 − 𝛼) ∫
𝑥

0
(𝑥 − 𝜏)𝑚−𝛼−1F(𝑚) (𝜏) 𝑑𝜏, (8)

where 𝑚 = [𝛼] + 1, [𝛼] is the integer part of 𝛼 such that the
integral on the right converges pointwise on (0,∞).
Lemma 3. Let 𝛼 > 0 and 𝜇 ∈ 𝐶(0, 1) ∩ 𝐿1(0, 1), and then the
general solution of FDE

𝐷𝛼0𝜇 (𝑥) = 𝑦 (𝑥) (9)

is given by

𝜇 (𝑥) = 𝐼𝛼0 𝑦 (𝑥) + 𝐴0 + 𝐴1𝑥 + 𝐴2𝑥2 + ⋅ ⋅ ⋅
+ 𝐴𝑚−1𝑥𝑚−1, (10)

for some𝐴 𝑖 ∈ R, 𝑖 = 0, 1, 2, . . . , 𝑚−1 and𝑚 is smallest integer
such that𝑚 ≥ 𝛼.

Let L be the space of all continuous functions 𝜇 :[0, 1] → R endowed with a norm sup𝑥∈[0,1]{|𝜇(𝑥)| : 𝜇 ∈𝐶[0, 1]} which is obviously a Banach space.Then the product
space denoted byL = L1 ×L2 under the norms ‖(𝜇, V)‖ =‖𝜇‖+‖V‖ is also a Banach space whichwill be used throughout
this paper. For the coincidence degree theory and nonlinear
functional analysis, we recall the following definitions which
can be traced in [15, 16, 31] as follows.

Definition 4. Let the class of all bounded set of 𝑃(L) be
denoted by ℵ. Then the mapping 𝚥 : ℵ → (0,∞) for
Kuratowski measure of noncompactness is defined as

𝚥 (ℏ) = inf {𝑑
> 0 : ℏ is the finite cover for sets of diameter

≤ 𝑑} ,
(11)

where ℏ ∈ ℵ.
Proposition 5. The following are the characteristics of Kura-
towski measure 𝚥:

(1) For relative compact ℏ, then Kuratowski measure𝚥(ℏ) = 0.
(2) For seminorm 𝚥, 𝚥(𝜅ℏ) = |𝜅|𝚥(ℏ), 𝜅 ∈ R, and 𝚥(ℏ1 +ℏ2) ≤ 𝚥(ℏ1) + 𝚥(ℏ2).
(3) ℏ1 ⊂ ℏ2 yields 𝚥(ℏ1); 𝚥(ℏ1 ∪ ℏ2) = sup{𝚥(ℏ1), 𝚥(ℏ2)}.
(4) 𝚥(conv ℏ) = 𝚥(ℏ).
(5) 𝚥(ℏ) = 𝚥(ℏ).

Definition 6. Assume that 𝜑 : 𝜗 → U is bounded and
continuousmapping such that 𝜗 ⊂ U.Then 𝜑 is a 𝚥-Lipschitz,
where 𝜁 ≥ 0 such that

𝚥 (𝜑 (ℏ)) ≤ 𝜁𝚥 (ℏ) for all bounded ℏ ⊂ 𝜗. (12)

Then 𝜑 is called strict 𝚥-contraction under the condition 𝜁 <1.
Definition 7. The function 𝜑 is 𝚥-condensing if
𝚥 (𝜑 (ℏ)) < 𝚥 (ℏ) ,

for all bounded ℏ ⊂ 𝜗 such that 𝚥 (ℏ) > 0. (13)

Therefore 𝚥(𝜑(ℏ)) ≥ 𝚥(ℏ) yields 𝚥(ℏ) = 0.
Further we have 𝜑 : 𝜗 → U which is Lipschitz for 𝜁 > 0,

such that𝜑 (𝜐) − 𝜑 (𝜐) ≤ 𝜁 ‖𝜐 − 𝜐‖ , for all 𝜐, 𝜐 ∈ 𝜗. (14)

The condition 𝜁 < 1 yields that 𝜑 is a strict contraction.

Proposition 8. Themapping𝜑 is 𝚥-Lipschitz with constant 𝜁 =0 if and only if 𝜑 : 𝜗 → U, which is said to be compact.

Proposition 9. The operator 𝜑 is 𝚥-Lipschitz for some constant𝜁 if and only if 𝜑 : 𝜗 → U, which is Lipschitz with constant 𝜁.
Theorem 10. Let 𝜑 : L → L be a 𝚥-contraction and

G = {𝑧 ∈ L: 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡 0 ≤ 𝜆 ≤ 1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑧
= 𝜆𝜑 (𝑧)} . (15)

Under the conditions G ⊂ L is bounded for 𝑟 > 0 and G ⊂ℏ𝑟(0), with degree
deg (𝐼 − 𝜆𝜑, ℏ𝑟 (0) , 0) = 1, 𝑓𝑜𝑟 𝑒V𝑒𝑟𝑦 𝜆 ∈ [0, 1] . (16)

Then, 𝜑 has at least one fixed point.
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Lemma 11 (see [10]). Let 𝜙𝑝 be a 𝑝-Laplacian operator. Then

(i) if 1 < 𝑝 ≤ 2, 𝜅1𝜅2 > 0, and |𝜅1|, |𝜅2| ≥ 𝑚 > 0, then
𝜙𝑝 (𝜅1) − 𝜙𝑝 (𝜅2) ≤ (𝑝 − 1)𝑚𝑝−2 𝜅1 − 𝜅2 ; (17)

(ii) if 𝑝 > 2 and |𝜅1|, |𝜅2| ≤ 𝑀, then
𝜙𝑝 (𝜅1) − 𝜙𝑝 (𝜅2) ≤ (𝑝 − 1)𝑀𝑝−2 𝜅1 − 𝜅2 . (18)

Definition 12. Let T : L → L. Then the operator equation
given by

T𝜇 (𝑥) = 𝜇 (𝑥) , 𝑥 ∈ [0, 1] (19)

is called Hyers-Ulam stable if, for any 𝜉 > 0, the inequality
given as

𝜇 − T𝜇 ≤ 𝜉, 𝑥 ∈ [0, 1] (20)

has a unique fixed point say 𝜇∗ with constant𝐷 > 0 such that‖𝜇 − 𝜇∗‖ ≤ 𝐷𝜉, for all 𝑥 ∈ [0, 1] holds.
In view of Definition 12, we give the following definition.

Definition 13. The system of Hammerstein type integral
equations

𝜇 (𝑥) = ∫1
0
Ω𝛼1 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽1F1 (𝜏, V (𝜏))) 𝑑𝜏

+ 𝜂1𝑥Γ (𝛾1) ∫
𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏,

V (𝑥) = ∫1
0
Ω𝛼2 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽2F2 (𝜏, 𝜇 (𝜏))) 𝑑𝜏

+ 𝜂2𝑥Γ (𝛾2) ∫
𝑃

0
(𝑃 − 𝜏)𝛾2−1 𝜓2 (V (𝜏)) 𝑑𝜏

(21)

is calledHyers-Ulam stable such that, for𝐷𝑖 > 0 (𝑖 = 1, 2, 3, 4)
and for all 𝜉1, 𝜉2 > 0 and for every solution (𝜇∗, V∗) to the
system

𝜇
∗ (𝑥) − ∫1

0
Ω𝛼1 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽1F1 (𝜏, V (𝜏))) 𝑑𝜏

+ 𝜂1𝑥Γ (𝛾1) ∫
𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏

 ≤ 𝜉1,
V
∗ (𝑥) − ∫1

0
Ω𝛼2 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽2F2 (𝜏, 𝜇 (𝜏))) 𝑑𝜏

+ 𝜂2𝑥Γ (𝛾2) ∫
𝑃

0
(𝑃 − 𝜏)𝛾2−1 𝜓2 (V (𝜏)) 𝑑𝜏

 ≤ 𝜉2,

(22)

there exists a unique solution (𝜆1, 𝜆2) of (21) satisfying the
following system of inequalities:

𝜆1 − 𝜇∗ ≤ 𝐷1𝜉1 + 𝐷2𝜉2, 𝑥 ∈ [0, 1] ,
𝜆2 − V∗ ≤ 𝐷3𝜉1 + 𝐷4𝜉2, 𝑥 ∈ [0, 1] . (23)

3. Some Data Dependence Assumptions

To proceed further, let the following hypothesis hold:

(A1) The nonlocal functions𝜓1 and𝜓2 where𝜔, 𝜇, ], 𝜐 ∈ R

satisfy the following:
𝜓1 (𝜔) − 𝜓1 (𝜇) ≤ K𝜓1

𝜔 − 𝜇 ,𝜓2 (]) − 𝜓2 (𝜐) ≤ K𝜓2 |] − 𝜐| , (24)

where K𝜓1 ,K𝜓2 ∈ [0, 1).
(A2) To satisfy the following growth conditions by the

constants C𝜓1 ,C𝜓2 ,M𝜓1 ,M𝜓2 > 0 and 𝑞1 ∈ [0, 1) for𝜇, V ∈ R with the nonlocal functions 𝜓1 and 𝜓2 we
have

𝜓1 (𝜇) ≤ C𝜓1
𝜇𝑞1 +M𝜓1 ,𝜓2 (V) ≤ C𝜓2 |V|𝑞1 +M𝜓2 .

(25)

(A3) The functionsF1 andF2 satisfy the following growth
conditions under the constants 𝑎, 𝑏,M∗1 ,M∗2 , 𝑝1 ∈(0, 1]:

F1 (𝑥, 𝜇) ≤ 𝑎 𝜇𝑝1 +M
∗
F1
,

F2 (𝑥, 𝜐) ≤ 𝑏 |𝜐|𝑝1 +M
∗
F2
. (26)

(A4) There exist real valued constants LF1
and LF2

, and for
all 𝜇, 𝜐, 𝜔1, 𝜔2 ∈ R,

F1 (𝑥, 𝜐) − 𝜓1 (𝑥, 𝜔1) ≤ LF1

𝜐 − 𝜔1 ,F2 (𝑥, 𝜇) − 𝜓2 (𝑥, 𝜔2) ≤ LF1

𝜇 − 𝜔2 . (27)

4. Main Results

Theorem 14. Let F1(𝑥) ∈ 𝐶[0, 1] be integrable function for
FDEs and with integral boundary conditions; then the solution
of

D𝛽1𝜙𝑝 (D𝛼1𝜇 (𝑥)) +F1 (𝑥) = 0,
0 < 𝛽1 ≤ 1, 2 < 𝛼1 ≤ 3, 𝑥 ∈ [0, 1] ,

D𝛼1 𝜇 (𝑥)𝑥=0 = 𝜇 (𝑥)𝑥=0 = 𝜇 (𝑥)𝑥=0 = 0,
𝜇 (𝑥)𝑥=1 = 𝜂1𝐼𝛾1𝑇 𝜓1 (𝜇)
= 𝜂1Γ (𝛾1) ∫

𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏

(28)

is provided by

𝜇 (𝑥) = ∫1
0
Ω𝛼1 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽1F1 (𝜏)) 𝑑𝜏

+ 𝜂1𝑥Γ (𝛾1) ∫
𝑃

0𝑞
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏,

(29)
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whereΩ𝛼1(𝑥, 𝜏) is Green’s function, given by

Ω𝛼1 (𝑥, 𝜏)

=
{{{{{{{{{

𝑥 (1 − 𝜏)𝛼1−2Γ (𝛼1 − 1) − (𝑥 − 𝜏)𝛼1−1Γ (𝛼1) , 0 ≤ 𝜏 ≤ 𝑥 ≤ 1,
𝑥 (1 − 𝜏)𝛼1−2Γ (𝛼1 − 1) , 0 ≤ 𝑥 ≤ 𝜏 ≤ 1.

(30)

Proof. Applying the operator 𝐼𝛽1 on (28) and using Lemma 3,
we get from problem (28) the following equivalent integral
form as

𝜙𝑝 (D𝛼1𝜇 (𝑥)) = −𝐼𝛽1F1 (𝑥) + 𝐴0. (31)

By using conditions D𝛼1𝜇(𝑥)|𝑥=0 = 0, we get 𝐴0 = 0. From
(31), we have

D𝛼1𝜇 (𝑥) = −𝜙𝑞 (𝐼𝛽1F1 (𝑥)) . (32)

Applying the operator 𝐼𝛼1 on (32) and using Lemma 3 again,
we get from problem (32) the following equivalent integral
form given by

𝜇 (𝑥) = −I𝛼1 (𝜙𝑞𝐼𝛽1F1 (𝑥)) + 𝐴1 + 𝐴2𝑥 + 𝐴3𝑥2. (33)

By using the condition 𝜇(𝑥)|𝑥=0 = 𝜇(𝑥)|𝑥=0 = 0 in (33), we
obtain 𝐴1 = 𝐴3 = 0. Also in view of condition 𝜇(𝑥)|𝑥=1 =𝜂1𝐼𝛾𝑇𝜓1(𝜇) in (33), we get

𝐴2 = 1Γ (𝛼1 − 1) ∫
1

0
(1 − 𝜏)𝛼1−2 𝜙𝑞 (𝐼𝛽1F1 (𝑥)) 𝑑𝜏

+ 𝜂1Γ𝛾1 ∫
𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏.

(34)

By substituting the values of 𝐴1, 𝐴2, and 𝐴3 in (33), we get
the following integral equation:

𝜇 (𝑥) = [ 1Γ (𝛼1 − 1) ∫
1

0
𝑥 (1 − 𝜏)𝛼1−2

− 1Γ (𝛼1) ∫
𝑥

0
(𝑥 − 𝜏)𝛼1−1]𝜙𝑞 (𝐼𝛽1F1 (𝜏)) 𝑑𝜏

+ 𝜂1𝑥Γ (𝛾1) ∫
𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏

= ∫1
0
Ω𝛼1 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽1F1 (𝜏)) 𝑑𝜏 + 𝜂1𝑥Γ (𝛾1)

⋅ ∫𝑃
0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏.

(35)

According toTheorem 14, the equivalent system of Ham-
merstein type integral equations corresponding to coupled
system (6) is given by

𝜇 (𝑥) = ∫1
0
Ω𝛼1 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽1F1 (𝜏, V (𝜏))) 𝑑𝜏

+ 𝜂1𝑥Γ (𝛾1) ∫
𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏,

𝜐 (𝑥) = ∫1
0
Ω𝛼2 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽2F2 (𝜏, 𝜇 (𝜏))) 𝑑𝜏

+ 𝜂2𝑥Γ (𝛾2) ∫
𝑃

0
(𝑃 − 𝜏)𝛾2−1 𝜓2 (𝜐 (𝜏)) 𝑑𝜏,

(36)

whereΩ𝛼2(𝑥, 𝜏) is defined as

Ω𝛼2 (𝑥, 𝜏)

=
{{{{{{{{{

𝑥 (1 − 𝜏)𝛼2−2Γ (𝛼2 − 1) − (𝑥 − 𝜏)𝛼2−1Γ (𝛼2) , 0 ≤ 𝜏 ≤ 𝑥 ≤ 1,
𝑥 (1 − 𝜏)𝛼2−2Γ (𝛼2 − 1) , 0 ≤ 𝑥 ≤ 𝜏 ≤ 1.

(37)

FromΩ𝛼1(𝑥, 𝜏) andΩ𝛼2(𝑥, 𝜏) clearly,
max
𝑥∈𝐽

Ω𝛼1 (𝑥, 𝜏) = (1 − 𝜏)𝛼1−2Γ (𝛼1 − 1) ,
max
𝑡∈𝐽

Ω𝛼2 (𝑥, 𝜏) = (1 − 𝜏)𝛼2−2Γ (𝛼2 − 1) .
(38)

Further, we define the operators 𝜑1 : L1 → L1 and 𝜑2 :
L2 → L2 by

𝜑1𝜇 (𝑥) = 𝜂1𝑥Γ (𝛾1) ∫
𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏,

𝑥 ∈ [0, 1] ,
𝜑2𝜐 (𝑥) = 𝜂2𝑥Γ (𝛾2) ∫

𝑃

0
(𝑃 − 𝜏)𝛾2−1 𝜓2 (𝜐 (𝜏)) 𝑑𝜏,

𝑥 ∈ [0, 1] ,

(39)

and Υ𝑖 : L → L for (𝑖 = 1, 2) by
Υ1𝜐 (𝑥) = ∫1

0
Ω𝛼1 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽1F1 (𝜏, V (𝜏))) 𝑑𝜏,

𝑥 ∈ [0, 1]
Υ2𝜇 (𝑥) = ∫1

0
Ω𝛼2 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽2F2 (𝜏, 𝜇 (𝜏))) 𝑑𝜏,

𝑥 ∈ [0, 1] .

(40)

Hence we have 𝜑(𝜇, V) = (𝜑1, 𝜑2)(𝜇, V), Υ(𝜇, V) = (Υ1, Υ2)(𝜇, V), and T(𝜇, V) = 𝜑(𝜇, V) + Υ(𝜇, V). Therefore the operator



6 Complexity

equation of Hammerstein type integral equations (36) is
given by

(𝜇, V) = T (𝜇, V) = 𝜑 (𝜇, V) + Υ (𝜇, V) . (41)

Thus the solution of Hammerstein type equation (36) is the
fixed points of operator equation (41).

Theorem15. In view of hypotheses (A1) and (A4), the operator𝜑 is 𝚥-Lipschitz and satisfies the growth condition given by
𝜑 (𝜇, 𝜐) ≤ C𝜑

(𝜇, 𝜐)𝑞1 +M𝜑, ∀ (𝜇, 𝜐) ∈ L. (42)

Proof. From condition (A1) and using 𝑥 ≤ 1, we get
𝜑1 (𝜇) (𝑥) − 𝜑1 (𝜇) (𝑥)

= 
𝜂1Γ (𝛾1) ∫

𝑃

0
(𝑃 − 𝜏)𝛾1−1 [𝜓1 (𝜇) − 𝜓1 (𝜇)] 𝑑𝜏


≤ 𝜂1Γ (𝛾1) ∫

𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇) − 𝜓1 (𝜇) 𝑑𝜏,

(43)

which implies that |𝜑1(𝜇)(𝑥)−𝜑2(𝜇)(𝑥)| ≤ K𝜓1‖𝜇−𝜇‖, where
K𝜓1 = K𝜓1𝑃𝛾1/Γ(𝛾1 + 1) ∈ [0, 1). To obtain the growth
condition we have

𝜑1 (𝜇) (𝑥) =


𝜂1Γ (𝛾1) ∫
𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏


≤ 𝜂1Γ (𝛾1) ∫

𝑃

0
(𝑃 − 𝜏)𝛾1−1 𝜓1 (𝜇 (𝜏)) 𝑑𝜏.

(44)

Upon simplification, we get from (44)

𝜑1𝜇 ≤ 𝜂1𝑃𝛾1Γ (𝛾1 + 1) [C𝜓1 𝜇𝑞1 +M𝜓1] . (45)

Similarly, we get

𝜑2𝜐 ≤ 𝜂2𝑃𝛾2Γ (𝛾2 + 1) [C𝜓2 ‖𝜐‖𝑞1 +M𝜓2] . (46)

Now𝜑 (𝜇, 𝜐)
≤ 𝜂1𝑃𝛾1Γ (𝛾1 + 1) [C𝜓1 𝜇𝑞1 +M𝜓1]

+ 𝜂2𝑃𝛾2Γ (𝛾2 + 1) [C𝜓2 ‖𝜐‖𝑞1 +M𝜓2]
≤ ( 𝜂1𝑃𝛾1Γ (𝛾1 + 1)C𝜓1 𝜇𝑞1 +

𝜂2𝑃𝛾2Γ (𝛾2 + 1)C𝜓2 ‖𝜐‖𝑞1)

+ (𝜂1𝑃𝛾1M𝜓1Γ (𝛾1 + 1) +
𝜂2𝑃𝛾2M𝜓2Γ (𝛾2 + 1))

≤ C𝜑 [𝜇𝑞1 + ‖𝜐‖𝑞1] +M𝜑 = C𝜑
(𝜇, 𝜐)𝑞1 +M𝜑,

(47)

where

max{ 𝜂1𝑃𝛾1Γ (𝛾1 + 1)C𝜓1 ,
𝜂2𝑃𝛾2Γ (𝛾2 + 1)C𝜓2} = C𝜑,

M𝜑 = 𝜂1𝑃𝛾1M𝜓1Γ (𝛾1 + 1) +
𝜂2𝑃𝛾2M𝜓2Γ (𝛾2 + 1) .

(48)

Theorem 16. In view of hypothesis (A3), the operator Υ is
continuous and satisfies the growth condition given by

Υ (𝜇, 𝜐)𝑝1 ≤ ϝ (𝜇, 𝜐)𝑝1 + Ξ, (49)

where ϝ = ℘(𝑎+𝑏), ℘ = max{((𝑞−1)𝑚𝑞−21 /Γ(𝛽1+1))(1/Γ(𝛼1+1)), ((𝑞−1)𝑚𝑞−22 /Γ(𝛽2+1))(1/Γ(𝛼2+1))}, andΞ = ℘(M∗1 +M∗2 )
for each (𝜇, 𝜐) ∈ L.

Proof. Consider bounded set B𝑟 = {(𝜇, 𝜐) ∈ L : ‖(𝜇, 𝜐)‖ ≤ 𝑟}
with sequence (𝜇𝑛, 𝜐𝑛) converging to (𝜇, 𝜐) in B𝑟. We have to
show that ‖Υ(𝜇𝑛, 𝜐𝑛) −Υ(𝜇, 𝜐)‖ → 0 as 𝑛 → ∞. Therefore, we
have to consider

Υ1 (𝜐𝑛 (𝑥)) − Υ (𝜐 (𝑥)) ≤


𝑥Γ (𝛼1 − 1) ∫
1

0
(1 − 𝜏)𝛼1−2

⋅ [𝜙𝑞 (𝐼𝛽F1 (𝜏, 𝜐𝑛 (𝜏)))
− 𝜙𝑞 (𝐼𝛽F1 (𝜏, 𝜐 (𝜏)))] 𝑑𝜏

 +


1Γ (𝛼1) ∫
𝑥

0
(𝑥

− 𝜏)𝛼1−1 [𝜙𝑞 (𝐼𝛽F1 (𝜏, 𝜐𝑛 (𝜏)))
− 𝜙𝑞 (𝐼𝛽F1 (𝜏, 𝜐 (𝜏)))] 𝑑𝜏

 ≤ (𝑞 − 1)
⋅ 𝑚𝑞−21 [ 1Γ (𝛼1 − 1) ∫

1

0
(1 − 𝜏)𝛼1−2 − 1Γ (𝛼1) ∫

𝑥

0
(𝑥

− 𝜏)𝛼1−1] × 𝐼𝛽F1 (𝜏, 𝜐𝑛 (𝜏)) − 𝐼𝛽F1 (𝜏, 𝜐 (𝜏)) 𝑑𝜏.

(50)

Due to continuity of F1, one has F1(𝜏, 𝜐𝑛(𝜏)) → F1(𝜏, 𝜐(𝜏))
as 𝑛 → ∞. Thus in view of Lebesgue dominated convergent
theorem, we have |𝐼𝛽F1(𝑥, 𝜐𝑛(𝑥)) − 𝐼𝛽F1(𝑥, 𝜐(𝑥))| → 0 as𝑛 → ∞. Thus |Υ1(𝜐𝑛(𝑥)) −Υ(𝜐(𝑥))| → 0, as 𝑛 → ∞. HenceΥ1 is continuous. Now for growth condition (49), we have

Υ1𝜐 (𝑥) =
∫
1

0
Ω𝛼1 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽1F1 (𝜏, 𝜐 (𝜏))) 𝑑𝜏


≤ (𝑞 − 1)𝑚𝑞−21

∫
1

0
Ω𝛼1 (𝑥, 𝜏) (𝐼𝛽1F1 (𝜏, 𝜐 (𝜏))) 𝑑𝜏

 ,Υ1𝜐𝑝1
≤ (𝑞 − 1)𝑚𝑞−21Γ (𝛽1 + 1) [ 1Γ (𝛼1 + 1)] (𝑎 ‖𝜐‖𝑝1 +M

∗
1 ) ,
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Υ2𝜇 (𝑥) =
∫
1

0
Ω𝛼2 (𝑥, 𝜏) 𝜙𝑞 (𝐼𝛽2F2 (𝜏, 𝜇 (𝜏))) 𝑑𝑠


≤ (𝑞 − 1)𝑚𝑞−22

∫
1

0
Ω𝛼2 (𝑥, 𝜏) (𝐼𝛽2F1 (𝜏, 𝜐 (𝜏))) 𝑑𝑠

 ,Υ2𝜇𝑝1
≤ (𝑞 − 1)𝑚𝑞−22Γ (𝛽2 + 1) [ 1Γ (𝛼2 + 1)] (𝑏 𝜇𝑝1 +M

∗
2 ) .

(51)

From, (51), we obtain the following result

Υ (𝜇, 𝜐)𝑝1 = Υ1 (𝜐)𝑝1 + Υ2 (𝜇)𝑝1
≤ ℘ (𝑎 ‖𝜐‖𝑝1 +M

∗
1 ) + ℘ (𝑏 𝜇𝑝1 +M

∗
2 )

≤ ℘ (𝑎 + 𝑏) (‖𝜐‖𝑝1 + 𝜇𝑝1)
+ ℘ (M∗1 +M

∗
2 ) = ϝ (𝜇, 𝜐)𝑝1 + Ξ.

(52)

Theorem 17. The operator Υ : L → L is compact and 𝚥-
Lipschitz with constant zero.

Proof. Consider a sequence {F𝑛} in bounded set𝐷 such that𝐷 is subset of B𝑟; in view of (49), we see

Υ (𝜇𝑛, 𝜐𝑛)𝑝1 ≤ ϝ (𝜇𝑛, 𝜐𝑛)𝑝1 + Ξ,
for every (𝜇, 𝜐) ∈ L. (53)

Thus Υ is bounded for (𝜇𝑛, 𝜐𝑛) ∈ 𝐷. Let us, for any 𝑥1, 𝑥2 ∈[0, 1], consider
Υ𝜐𝑛 (𝑥1) − Υ𝜐𝑛 (𝑥2)

= ∫
1

0
Ω𝛼1 (𝑥1, 𝜏) 𝜙𝑞 (𝐼𝛽1F1 (𝜏, 𝜐𝑛 (𝜏))) 𝑑𝜏

− ∫1
0
Ω𝛼1 (𝑥2, 𝜏) 𝜙𝑞 (𝐼𝛽1F1 (𝜏, 𝜐𝑛 (𝜏))) 𝑑𝜏

 ≤ (𝑞
− 1)𝑚𝑞−21

∫
1

0
Ω1 (𝑥1, 𝜏) − ∫1

0
Ω1 (𝑥2, 𝜏)


⋅ (𝐼𝛽1F1 (𝜏, 𝜐𝑛 (𝜏))) 𝑑𝜏
≤ (𝑞 − 1)𝑚𝑞−21Γ (𝛽1 + 1) [ (𝑥1 − 𝑥2)Γ (𝛼1 − 1) ∫

1

0
(1 − 𝜏)𝛼1−2 𝑑𝜏

+ 1Γ (𝛼1) (∫
𝑥1

0
(𝑥1 − 𝜏)𝛼1−1 𝑑𝜏

− ∫𝑥2
0

(𝑥2 − 𝜏)𝛼1−1 𝑑𝜏)] (𝑎 𝜐𝑛𝑝1 +M
∗
1 ) .

(54)

By simplification, we get the following result:
Υ1𝜐𝑛 (𝑥1) − Υ1𝜐𝑛 (𝑥2)

≤ (𝑞 − 1)𝑚𝑞−21Γ (𝛽1 + 1) [ 𝑥1 − 𝑥2Γ (𝛼1) + 𝑥𝛼11 − 𝑥𝛼12 Γ (𝛼1 + 1) ]
⋅ (𝑎 𝜇𝑛𝑝1 +M

∗
1 ) .

(55)

And also in same fashion, one hasΥ2𝜇𝑛 (𝑥1) − Υ2𝜇𝑛 (𝑥2)
≤ (𝑞 − 1)𝑚𝑞−22Γ (𝛽2 + 1) [ 𝑥1 − 𝑥2Γ (𝛼2) + 𝑥𝛼21 − 𝑥𝛼22 Γ (𝛼2 + 1) ]
⋅ (𝑏 ‖𝜐‖𝑝2 +M

∗
2 ) .

(56)

Therefore if 𝑥1 → 𝑥2, then the right hand side of both sides of
(55) and (56) tends to zero. Thus Υ1, Υ2 are equicontinuous,
and therefore Υ = (Υ1, Υ2) is equicontinuous on 𝐷. Hence,
thanks to the Arzelá-Ascoli theorem, Υ(𝐷) is compact. Also,
by proposition Υ is 𝚥-Lipschitz with constant zero.

Remark 18. Theresults ofTheorems 15, 16, and 17 are also hold
for using 𝑞1 = 𝑝1 = 1.
Theorem 19. In view of assumptions (A1)–(A4) such thatC𝜑+ϝ ≤ 1, then the coupled system (6) has at least one solution(𝜇, 𝜐) ∈ L together with condition that the set of the solutions
B is bounded inL.

Proof. 𝜑 and Υ are continuous and 𝚥-Lipschitz with constant
C𝜑 and 0, respectively. Thanks to Theorem 10, T is strict 𝚥-
contraction, and then consider a set

B = {(𝜇, 𝜐) ∈ L: 𝜆 ∈ [0, 1] | (𝜇, 𝜐) = 𝜆T (𝜇, 𝜐)} . (57)

To prove thatB is bounded, let
(𝜇, 𝜐) = 𝜆T (𝜇, 𝜐) ≤ 𝜆𝜑 (𝜇, 𝜐) + 𝜆Υ (𝜇, 𝜐)

≤ C𝜑
(𝜇, 𝜐) +M𝜑 + ϝ (𝜇, 𝜐) + Ξ

= (C𝜑 + ϝ) (𝜇, 𝜐) +M𝜑 + Ξ.
(58)

Therefore, the set of solutionsB is bounded.

Theorem 20. Assume that hypotheses (A1)–(A4) hold. Then
system (6) has a unique solution if and only if Θ < 1, where

Θ = 𝜂1K𝜓1𝑃𝛾1Γ (𝛾1 + 1) +
𝜂2K𝜓2𝑇𝛾2Γ (𝛾2 + 1) +

(𝑞 − 1)𝑚𝑞−21 LF1Γ (𝛽1 + 1) Γ (𝛼1)
+ (𝑞 − 1)𝑚𝑞−22 LF2Γ (𝛽2 + 1) Γ𝛼2 .

(59)

Proof. Let (𝜇, 𝜐) and (𝜇, 𝜐) ∈ L be two solutions; then
T (𝜇, 𝜐) − T (𝜇, 𝜐) ≤ 𝜑 (𝜇, 𝜐) − 𝜑 (𝜇, 𝜐)

+ Υ (𝜇, 𝜐) − Υ (𝜇, 𝜐) ; (60)
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therefore by simplification (60), we get the following result:

T (𝜇, 𝜐) − T (𝜇, 𝜐) ≤ ( 𝜂1K𝜓1𝑃𝛾1Γ (𝛾1 + 1) +
𝜂2K𝜓2𝑇𝛾2Γ (𝛾2 + 1)

+ (𝑞 − 1)𝑚𝑞−21 LF1Γ (𝛽1 + 1) Γ𝛼1 + (𝑞 − 1)𝑚𝑞−22 LF2Γ (𝛽2 + 1) Γ𝛼2 )(𝜇, 𝜐)
− (𝜇, 𝜐) ≤ Θ (𝜇, 𝜐) − (𝜇, 𝜐) .

(61)

Thus the operator T is a contraction. Hence the uniqueness of
solution to system (6) follows due to the Banach fixed point
theorem.

5. Hyers-Ulam Stability of Coupled System

In the present section, we derive the Hyers-Ulam type
stability for the solution of the considered problem.

Theorem 21. By assumptions (A1)–(A4), system (6) is Hyers-
Ulam stable.

Proof. By Theorem 20 and Definition 13, let (𝜆1, 𝜆2) be the
exact solution, and let (𝜇∗, 𝜐∗) be any other solution of system
(36). Then from equation of (36) we have

𝜆1 (𝑥) − 𝜇∗ (𝑥) ≤
∫
1

0
Ω𝛼1 (𝑥, 𝜏) 𝜙𝑞

⋅ [𝐼𝛽1 (F1 (𝜏, 𝑦 (𝜏)) −F1 (𝜏, 𝜐∗ (𝜏)))] 𝑑𝜏 + 𝜂1𝑥Γ (𝛾1)
⋅ ∫𝑃
0
(𝑃 − 𝜏)𝛾1−1 (𝜓1 (𝑥) − 𝜓1 (𝜇∗)) 𝑑𝜏



(62)

implies that 𝜆1 − 𝜇∗ ≤ (𝑞 − 1)𝑚𝑞−21 LF1Γ (𝛽1 + 1) Γ (𝛼1)
𝑥 − 𝜐∗

+ 𝜂1𝑃𝛾1K𝜓1Γ (𝛾1 + 1) 𝑦 − 𝜇∗ ≤ 𝐷1𝜉1 + 𝐷2𝜉2,
(63)

where 𝐷1 = (𝑞 − 1)𝑚𝑞−21 LF1
/Γ(𝛽1 + 1)Γ(𝛼1) and 𝐷2 =𝜂1𝑃𝛾1K𝜓1/Γ(𝛾1 + 1). By the same process we also get that

𝜆2 − 𝜐∗ ≤ 𝐷3𝜉1 + 𝐷4𝜉2, (64)

where 𝐷3 = (𝑞 − 1)𝑚𝑞−21 LF2
/Γ(𝛽2 + 1)Γ(𝛼2) and 𝐷4 =𝜂2𝑃𝛾2K𝜓2/Γ(𝛾2 + 1).

Hence in view of (62) and (64), the system of integral
equation (36) is Hyers-Ulam stable, and consequently, the
solution of system (6) is Hyers-Ulam stable.

6. Illustrative Examples

Example 1. Consider the following coupled system of FDEs
with 𝑝-Laplacian operator and fractional order differential
and integral boundary conditions of the type

D1/2𝜙𝑝 (D5/2𝜇 (𝑥)) + ( 𝑥99 + 19 sin |] (𝑥)|) = 0, (65)

D1/2𝜙𝑝 (D5/2𝜐 (𝑥)) + ( 𝑥100 + 3 sin 𝜇 (𝑥) + 75) = 0,
D5/2 𝜇 (𝑥)𝑥=0 = 0 = 𝜇 (𝑥)𝑥=0 = 𝜇 (𝑥)𝑥=0 ,
𝜇 (𝑥)𝑥=1 = 13Γ (3/2) ∫

1

0
(1 − 𝜏)1/2 cos (𝜇) 𝑑𝜏,

D5/2 𝜐 (𝑥)|𝑥=0 = 0 = 𝜐 (𝑥)|𝑥=0 = 𝜐 (𝑥)𝑥=0 ,
𝜐 (𝑥)𝑥=1 = 13Γ (3/2) ∫

1

0
(1 − 𝜏)1/2 cos (𝜐) 𝑑𝜏,

(66)

where 𝑥 ∈ [0, 1], 𝑃 = 1, 𝑝 = 3, 𝛼𝑖 = 5/2, 𝛽𝑖 = 1/2, 𝜂𝑖 = 1/3,𝛾𝑖 = 3/2, where 𝑖 = 1, 2, K𝜓1 ,K𝜓2 = 1/5, M𝑖 = 2, and LF𝑖
=1/6. By simple calculation we obtain the following:

(1/3) (1/5)Γ (3/2 + 1) + (1/3) (1/5)Γ (3/2 + 1) + (3/2 − 1) 2−1/2 (1/6)Γ (1/2 + 1) Γ (5/2)
+ (3/2 − 1) 2−1/2 (1/6)Γ (1/2 + 1) Γ (5/2) < 1.

(67)

Therefor from Theorem 20, we concluded that (65) has
unique solution. Similarly, the conditions of Theorem 21 can
be verified easily. Thus the solution of system (65) is Hyers-
Ulam stable.

7. Conclusion

We have investigated sufficient conditions for existence and
uniqueness of solutions to a coupled system of nonlinear
FDEs with fractional integral boundary conditions with
nonlinear 𝑝-Laplacian operator by using topological degree
method. Further, we have established some adequate condi-
tions for the Hyers-Ulam stability to the proposed problem.
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