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The horizontal interaction between retailers, coupledwith replenishment rules and time delays,makes the dynamics in supply chain
systems highly complicated. This paper aims to explore the impacts of lateral transshipments on the stability, bullwhip effect, and
other performance measurements in the context of a two-tiered supply chain system composed of one supplier and two retailers. In
particular, we developed a unified discrete-time state space model to address two different scenarios of placing orders. Analytical
stability results are derived, through which we found that inappropriate lateral transshipment policies readily destabilize the supply
chain system. Moreover, the lead time of lateral transshipments further complicates the stability problem. Theoretical results are
validated through simulation experiments and the influences of system parameters on performance measures are investigated
numerically. Numerical simulations show that lateral transshipments help improve the customer service level for both retailers.
It is also interesting to observe that the demand of the two retailers can be satisfied even if only one retailer places orders from the
upstream supplier.

1. Introduction

The dynamics of a supply chain system has grown increas-
ingly complicated due to numerous factors, such as global
economic downturn, e-commerce development, and disrup-
tive events. These factors bring great challenges to supply
chain management in uncertain environments. In uncertain
conditions, it is usually very hard to derive analytically opti-
mal policies in maximizing the benefits for the whole supply
chain system over a long duration. However, understanding
how different factors affect the dynamic complexities of sup-
ply chain systems will be very useful for guiding the selection
of parameters. To deal with demand variability and reduce
the risk of stock-out, one of the options is to implement
collaborative programs between supply chain members by
exploiting advanced information technologies, such as Ven-
dor Managed Inventory (VMI) and Collaborative Planning
Forecasting and Replenishment (CPFR) [1, 2]. In contrast
to those collaborative programs in which items are moved
from upstream to downstream,members in the same echelon
may redistribute or pool a fraction of inventory to mitigate

the risks in demand fulfillment. Lateral transshipment is
such a program for distributing goods or services between
sources, storage points, anddestinations to copewith demand
fluctuations [3]. However, lateral transshipments enhance
the horizontal interaction between supply chain members
and thus complicate the structure and function of supply
chain systems [3, 4]. Due to the these reasons, this paper
addresses the dynamic complexities in a supply chain system
with lateral transshipments between two retailers from the
perspective of complex systems.

The benefits of lateral transshipments have been well dis-
cussed, such as reducing inventory cost and improving cus-
tomer service level [5–7]. In addition, lateral transshipments
enhance the system resilience of supply chain systems in the
presence of disruptions due to inventory pooling [8, 9]. In
practice, collaboration programs with lateral transshipments
have been implemented in numerous areas, such as retail,
the energy industry, and the automotive industry [10, 11].
Automotive dealers routinely share parts so that they can
promptly complete the repairing of their customers’ vehicles.
Lateral transshipments can be either restricted to take place at

Hindawi
Complexity
Volume 2018, Article ID 3959141, 15 pages
https://doi.org/10.1155/2018/3959141

http://orcid.org/0000-0002-1738-2047
http://orcid.org/0000-0002-4512-7190
https://doi.org/10.1155/2018/3959141


2 Complexity

predetermined times before all demand is realized or at any
time to respond to stock-outs. We refer to the first type of
lateral transshipment as proactive transshipment, while the
second type is referred to as reactive transshipment [3]. The
proactive lateral transshipments are arranged in advance to
redistribute stock amongst all stocking points such that the
handling costs are as low as possible. The reactive transship-
ments may be costly or too late to redistribute products in
selling products, since they onlymeet the immediate shortfall
and ignore the risk of future shortages [7]. In this paper, we
focus on the proactive lateral transshipments.

The majority of the existing literatures on lateral trans-
shipments have hitherto focused on deriving optimal or
suboptimal transshipment policies as well as replenishment
decisions under specific assumptions [6, 12–15].Themethods
in the literature can be mainly grouped into four classes:
mathematical programming [7, 12, 16], game theory, queuing
theory [17], and simulation experiments [18]. The strict
assumptions underlying these models may impede their
implementation. For example, the results in most of the
existing literature are derived based on specific demand
models, such as a certain type of probability distribution
or time series process [4, 19]. Realistic demand, however, is
highly uncertain due to a lot of factors, including promotion
activities, economic crisis, and political events. Inventory
models with more realistic assumptions are difficult to ana-
lyze or solve. In contrast, dynamic system theories can be very
useful because they focus on the impacts of system structure
on dynamic behaviors, which are closely related to system
performance.

Actually, a supply chain system is a dynamical system
by nature, because its inventory and order fluctuate over
time. The dynamics of supply chain systems, such as the
bullwhip effect [20–23], stability [24–28], and chaos [29–
31], have received extensive attention over the past decades.
Accordingly, the impacts of the interactions between mem-
bers on supply chain dynamics have likewise begun to
attract academic attention. For example, [30] investigated the
interaction caused by the price discount strategies between
customers and suppliers in a three-tier supply chain system.
Reference [31] studied the interaction between retailers and
customers, in which the customer demand is stimulated by
the inventories displayed by retailers. The previous research
shows that the interactions between upstream and down-
streammembers make the dynamics of supply chain systems
very complicated. However, to the best of our knowledge,
no research has addressed the impact of the horizontal
interactions between the members in the same echelon, for
example, lateral transshipment, on dynamic complexities.

To bridge the aforementioned gap, this paper focuses
on exploring the dynamic complexities in a supply chain
system with lateral transshipments between two retailers.
Specifically, we focus on how the vertical replenishment
policy and horizontal lateral transshipment policy affect the
fluctuations of inventory and order. We derived the stability
conditions for the supply chain system in two different
scenarios. In the first scenario, each of the two retailers
places orders from the upstream supplier. In the second
scenario, only one retailer assumes the task of placing orders.

This scenario is motivated by our real-life observations in
both electrical and PC retail industries in China. To reduce
the ordering cost, stock-out cost, and inventory holding
cost, the retailers in such industries may satisfy customer
demand just by lateral transshipments from nearby retailers
without placing orderswith upstream suppliers.This scenario
can be very effective in reducing inventories and occurs
frequently in two situations: either a retailer attempts to sell
new products or customers want to buy new products but
their retailer does not have temporarily. The most critical
contribution of this research lies in our provision of both
delay-dependent and delay independent stability conditions
through analytical study, from which we show that lateral
transshipments make the dynamics of supply chain systems
more complicated. These theoretical results are significant
for the selection of both replenishment parameters and
later transshipment parameters in achieving better perfor-
mance.Through simulation experiments, we demonstrate the
advantages of lateral transshipments in improving demand
satisfaction and mitigating the bullwhip effect. Furthermore,
an interesting observation is that both retailers can better
fulfill customer demand even when one of them places orders
from the upstream supplier. The derived results are helpful
in providing general guidelines on system planning and
operation.

The structure of this paper is organized as follows. In
Section 2, a unified state model is developed and some key
measurements are introduced for conducting the simulation
experiments in Section 4. Section 3 analyzes the steady values
of system states and derives analytical stability results, which
are validated by the simulation experiments in Section 4. Fur-
thermore, based on the stability results, the impacts of lateral
transshipments on system performance are investigated and
some managerial insights are drawn. The paper is concluded
with Section 5.

2. Model Description

2.1. A State Space Model. Consider a two-echelon supply
chain system comprised of one external supplier and two
retailers with lateral transshipments. The structure of the
supply chain system is depicted by Figure 1. Without loss
of generality, we assume that the two retailers periodically
review their inventory at weekly or monthly intervals. The
review period may be one week or one month. To make
the model linear, we assume that the supply capacity of
the upstream supplier is unlimited. This assumption, which
is frequently made in the literature [31, 32], is reasonable
because the external supplier represents all the possible
supply sources.

During each period 𝑡 ∈ {1, 2, 3, . . .}, the two retail-
ers control their inventory following a sequence of events
described as follows. (1) At the beginning of each period, the
two retailers receive shipments from the supplier, which is
the order placed in the previous period. (2) After that, they
place orders from the upstream supplier based on demand
forecasting and then transfer the inventory in accordance
with a predetermined lateral transshipment contract. (3)
During the remaining time of each period, the two retailers
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Figure 1: The structure of a supply chain system with lateral transshipments.

satisfy their customer demands and the unsatisfied demands
are backlogged to the next period.

We consider two different scenarios in our model: sce-
nario 𝜉1 and scenario 𝜉2, where 𝜉1 represents the scenario
that two retailers place orders with the upstream supplier
independently and 𝜉2 represents the situation in which only
one retailer places orders with the upstream supplier and the
demand of other retailers is satisfied by only lateral trans-
shipments. The study of the second scenario 𝜉2 is motivated
by our observations in electrical and PC retail industries in
China.This scenario occurs in two situations: firstly, a retailer
attempts to sell a specific newproduct due to potentialmarket
demand but he or she is not very familiar with the purchasing
channels; secondly, a customermay place an order containing
a collection of items from a retailer, but some items are
outside the selling list of the retailer [7]. To save the time in
purchasing the items from different retailers, the customer
may authorize a retailer to purchase all the items. In both
situations, the retailer can use lateral transshipments to gain
more profits and avoid customer loss.Themain advantage for
the second scenario lies in the reduction of ordering cost and
inventory cost.

For simplicity, we assume that the replenishment lead
time for the two retailers to place orders with the upstream
supplier is only one period. We assume that lateral transship-
ments incur a fixed lead time of 𝜏 periods. Although some
papers concerning lateral transshipments assume negligible
transshipment lead times [33], the real-life lateral transship-
ment lead times may be nonnegligible due to information
processing time and the objective of reducing transaction
costs [15, 18]. In addition, we aim at disclosing how the lead
time in lateral transshipment affects dynamic complexities
and system performance. It is well known that the dynamics
of time-delayed systems is highly complicated [25, 34, 35].
The notations used in this study are listed in the Main
Notations and Symbols section.

We shall firstly develop a state space model based on
difference equations corresponding to the event sequence
introduced before. We use 𝑖 ∈ {1, 2} to index the 𝑖th retailer.
The difference equation for reviewing the inventory level is
represented as

𝐼𝑖 (𝑡 + 1) = 𝐼𝑖 (𝑡) + 𝑂𝑖 (𝑡) + 𝐿 𝑖 (𝑡) − 𝐷𝑖 (𝑡) , (1)

where 𝐼𝑖(𝑡) is the inventory level, 𝐷𝑖(𝑡) is the customer
demand, and 𝐿 𝑖(𝑡) is the amount of lateral transship-
ment received by retailer 𝑖. The sign of 𝐿 𝑖(𝑡) indicates the

direction of the inventory movement. It always satisfies
sign (𝐿1(𝑡)𝐿2(𝑡)) = −1 or sign (𝐿1(𝑡)𝐿2(𝑡)) = 0, in which

sign (𝑥) =
{{{{{{{{{

1 if 𝑥 > 0,
0 if 𝑥 = 0,
−1 if 𝑥 < 0.

(2)

Consequently, the amount of lateral transshipments from
retailer 𝑗 to retailer 𝑖 (𝑖 ̸= 𝑗) is determined by

𝐿 𝑖 (𝑡) = 𝜑𝐿 [𝐼𝑗 (𝑡 − 𝜏) − 𝐼𝑖 (𝑡 − 𝜏)] , (3)

in which 𝜑𝐿 is the parameter to determine the magnitude of
lateral transshipments. Specifically, there are no lateral trans-
shipments between the two retailers if 𝜑𝐿 = 0. Conversely, the
two retailers fully swap their inventory with 𝜑𝐿 = 1. Thus, we
can make the assumption 0 ≤ 𝜑𝐿 ≤ 1.

Due to its excellence in short-term predictions [27], the
two retailers employ the exponential smoothing algorithm
to predict the demand for each coming period, which is
represented as

𝐹𝑖 (𝑡 + 1) = 𝐹𝑖 (𝑡) + 𝜃𝑖 [𝐷𝑖 (𝑡) − 𝐹𝑖 (𝑡)] , (4)

where 𝐹𝑖(𝑡) is the predictive amount and the parameter 𝜃𝑖 is
the smoothing coefficient. The smoothing coefficient should
be determined by the characteristics of customer demand.
For example, small values of 𝜃𝑖 are appropriate for stationary
demand, while large values may be better to respond to
volatile demand [25].

The replenishment rule is one of the core factors under-
lying system performance. In general, inventory decisions
should be made accounting for demand trend, on-hand
inventory, stock-out, and pipeline stock. In our model,
however, there is no pipeline stock because we assume
that replenishment lead time is only one period. Thus, the
inventory rule is viewed as a function of demand forecast and
inventory level. The inventory polices corresponding to the
aforementioned two scenarios are quite different.

Recall that the two retailers assume their tasks of placing
orders independently in the first scenario, while only retailer
1 places order with the upstream supplier in the second
scenario. In the first scenario, the inventory policy for the two
retailers is represented as

𝑂𝑖 (𝑡) = 𝐹𝑖 (𝑡) + 𝜌𝑖 [𝐼𝑇𝑖 − 𝐼𝑖 (𝑡)] , (5)
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where 𝜌𝑖 is the replenishment parameter and 𝐼𝑇𝑖 is the
inventory target. This inventory policy can be understood
as a feedback controller to restock the inventory level to its
target level. Thus, with a large 𝜌𝑖, the retailer’s inventory can
rapidly respond to customers, while the parameter 𝐼𝑇𝑖 should
be optimized to balance the trade-off between inventory cost
and customer service.

In the second scenario, only retailer 1 makes replenish-
ment decisions based on the systematic inventory, which is
the sum of the two retailers’ inventory levels: SI(𝑡) = 𝐼1(𝑡) +𝐼2(𝑡). Correspondingly, the inventory policy for retailer 1 is
represented as

𝑂1 (𝑡) = 𝐹1 (t) + 𝐹2 (𝑡) + 𝜌 [SI𝑇 − SI (𝑡)] , (6)

in which 𝜌 is still a replenishment parameter and SI𝑇 is the
target of system inventory. It is noteworthy that retailer 2 does
not place any orders and therefore 𝑂2(𝑡) = 0.

Based on the above difference equations, we develop a
unified state model for the two scenarios by substituting
the inventory policies (5) or (6) into the balanced inventory
equation (1). Define x(𝑡) = [𝐹1(𝑡), 𝐹2(𝑡), 𝐼1(𝑡), 𝐼2(𝑡)] as the
state vector and w(𝑡) = [𝐷1(𝑡), 𝐷2(𝑡)] as the input vector.
Denote S = {𝜉1, 𝜉2} as the set of scenarios. Then, a unified
state space model is developed as

x (𝑡 + 1) = A𝜉x (𝑡) + B𝜉x (𝑡 − 𝜏) + C𝜉w (𝑡) +D𝜉, (7)

in which 𝜉 ∈ S and

A𝜉1 =
[[[[[
[

1 − 𝜃1 0 0 0
0 1 − 𝜃2 0 0
1 0 1 − 𝜌1 0
0 1 0 1 − 𝜌2

]]]]]
]
,

A𝜉2 =
[[[[[
[

1 − 𝜃1 0 0 0
0 1 − 𝜃2 0 0
1 1 1 − 𝜌 −𝜌
0 0 0 1

]]]]]
]
,

B𝜉1 = B𝜉2 =
[[[[[
[

0 0 0 0
0 0 0 0
0 0 −𝜑𝐿 𝜑𝐿
0 0 𝜑𝐿 −𝜑𝐿

]]]]]
]
,

C𝜉1 = C𝜉2 =
[[[[[
[

𝜃1 0
0 𝜃2
−1 0
0 −1

]]]]]
]
,

D𝜉1 =
[[[[[[
[

0
0
𝜌1𝐼𝑇1
𝜌2𝐼𝑇2

]]]]]]
]
,

D𝜉2 =
[[[[[
[

0
0
𝜌SI𝑇
0

]]]]]
]
.

(8)

2.2. PerformanceMeasurements. Lateral transshipments crit-
ically affect the system performance by taking role in redis-
tribution of inventory to the retailers. In this research, we
will consider the average total inventory cost (TIC), average
total ordering cost (TOC), average lateral transshipment cost
(LC), customer service level for the two retailers (SL𝑖), and the
bullwhip effect metric (BW). In the following, we shall define
these measurements.

The average total inventory cost (TIC), composed of
inventory holding cost and stock-out cost, is represented as

TIC

= ∑
2
𝑖=1∑𝑁𝑡=1 {𝑐ℎ [𝐼𝑖 (𝑡) − 𝐷𝑖 (𝑡)]+ + 𝑐𝑏 [𝐼𝑖 (𝑡) − 𝐷𝑖 (𝑡)]−}𝑁 , (9)

where 𝑐ℎ is the holding cost per unit, 𝑐𝑏 is the stock-out cost
per unit, and𝑁 is the simulation length.

The average ordering cost for the supply chain system is
computed by

TOC = ∑2𝑖=1∑𝑁𝑡=1 𝑐𝑜 𝑂𝑖 (𝑡)𝑁 , (10)

where 𝑐𝑜 is the ordering cost per unit.
The average lateral transshipment cost for the two retail-

ers is obtained by

LC = ∑𝑁𝑡=1 𝑐𝑙 𝐿1 (𝑡)𝑁 , (11)

where 𝑐𝑙 is the lateral transshipment cost per unit. In contrast
to 𝑐𝑜, 𝑐𝑙 is relatively small because lateral transshipments take
place between two retailers in geographical proximity.

By using the sign function introduced previously, the
service level for the two retailers is defined as

SL𝑖 = 1 − ∑
𝑁
𝑡=1 sign ([𝐷𝑖 (𝑡) − 𝐼𝑖 (𝑡)]+)𝑁 . (12)

The sign function is employed to record the period number
of stock-outs. It means that we can increase the service level
for the two retailers if we can satisfy the customer demand in
most of the simulation periods.

The bullwhip effect refers to the amplification of demand
fluctuations as one moves up a supply chain from down-
stream to upstream [25]. In this research, we study the
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bullwhip effect because the redistribution of inventory may
alter the ordering behavior. For ourmodel, the bullwhip effect
can be measured by the ratio of order variance to demand
variance [36], which is represented as

BW = ∑2𝑖=1 var (𝑂𝑖)∑2𝑖=1 var (𝐷𝑖) , (13)

where var (𝑂𝑖) and var (𝐷𝑖) represent the order variance and
inventory variance of retailer 𝑖, respectively.
3. Dynamics Analysis

In this section, we analyze the dynamic complexities of the
state space model (7) in two scenarios 𝜉1 and 𝜉2 with the
following two steps.

Step 1. Analyze the steady states of the inventories of the
two retailers, which essentially determine the equilibrium
points due to the interaction between supply chain members
[37]. The results of the steady state analysis are important for
determining the parameters of the desirable system.However,
such analysis is applicable to only stable systems because
unstable system exhibits divergent behaviors.

Step 2. Derive the stability conditions for the two scenarios.
As investigated in the literature, stability is a fundamental
problem for any dynamic systems including inventory sys-
tems [24, 25, 38]. Upon disruption, a stable system will grad-
ually return to its steady state. By contrast, unstable designs
will cause undesirable fluctuations for order and inventory,
which leads to high cost due to inventory accumulation or
stock-outs. Consequently, stability analysis provides a foun-
dation for the determination of parameters and performance
optimization.

3.1. Steady State Analysis. Without loss of generality, we
assume that the steady states of the demands of the two retail-
ers are expressed as 𝐷∞𝑖 , 𝑖 ∈ {1, 2}, which are understood
as the mean values of customer demands, because demands
usually fluctuate around them. Denote the steady states of
inventory level and of the order quantity as 𝐼∞𝑖 and 𝑂∞𝑖 ,
respectively.

Firstly, consider the scenario 𝜉 = 𝜉1 in which each of
the two retailers places order with the upstream supplier
independently. According to the inventory balance equation
(1) and ordering policy (5), we can obtain

𝑂∞𝑖 = 𝐷∞𝑖 + 𝜌𝑖 (𝐼𝑇𝑖 − 𝐼∞𝑖 ) , ∀𝑖 ∈ {1, 2} , (14)

𝐷∞𝑖 = 𝑂∞𝑖 + 𝜑𝐿 (𝐼∞𝑗 − 𝐼∞𝑖 ) , 𝑗 ̸= 𝑖 ∈ {1, 2} . (15)

Combining (14) and (15), we can further obtain

𝐼∞𝑖 = 𝐼𝑇𝑖 + 𝜑𝐿𝜌𝑗 (𝐼𝑇𝑗 − 𝐼𝑇𝑖 )𝜑𝐿 (𝜌1 + 𝜌2) + 𝜌1𝜌2 , 𝑗 ̸= 𝑖 ∈ {1, 2} . (16)

From above, we see that the steady state of the inventory
is determined by the inventory target and by the difference

between the inventory targets of the two retailers. In practice,
a retailer who is faced with high demand may set a high
inventory target. Under the lateral transshipment program,
such a retailer tends to transfer his or her inventory to another
retailer who sets a relatively low inventory target. To prevent
stock-outs, the setting of the inventory target should satisfy𝐼∞𝑖 − 𝐷∞𝑖 > 0.

In the following, we will consider the second scenario 𝜉 =𝜉2, in which only retailer 1 places orders with the upstream
supplier. Similarly, we can obtain

𝐼∞1 = 𝜑𝐿SI
𝑇 + 𝐷∞22𝜑𝐿 ,

𝐼∞2 = 𝜑𝐿SI
𝑇 − 𝐷∞22𝜑𝐿 .

(17)

In scenario 𝜉2, retailer 1 will frequently transfer his or her
inventory to retailer 2. It is very interesting to observe that
the steady states of both retailers’ inventories are indepen-
dent of 𝐷∞1 , because the demands of retailer 2 are fully
satisfied by lateral transshipments. Consequently, retailer
1 may become the leader due to the authorized right to
control inventory for both retailers. To sustain customers’
satisfaction, the parameter setting should satisfy 𝐼∞𝑖 − 𝐷∞𝑖 >0, which leads to the following condition for parameters
selection:

2𝐷∞1 − SI𝑇 ≤ 𝐷∞2𝜑𝐿 ≤ SI𝑇 − 2𝐷∞2 , (18)

which implicitly satisfies SI𝑇 > 𝐷∞1 + 𝐷∞2 . It means that
increasing the target of system inventory enlarges the space of
the selection of𝜑𝐿.We shall now consider the cases𝐷∞1 = 200
and𝐷∞2 = 100. If we set SI𝑇 = 320, we should satisfy𝜑𝐿 > 0.8;
otherwise, if we set SI𝑇 = 1000, then 𝜑𝐿 > 0.125 guarantees
the desired service level. Recall that 0 < 𝜑𝐿 < 1; thus
setting a relative high value for 𝜑𝐿 is significant for achieving
high customer service level. However, a high 𝜑𝐿 may bring
stability problem, which will be investigated in Section 3.2. In
principle, the decision-making for the selection of parameters
should take into account the trade-off between the inventory
cost and customers’ satisfaction.

3.2. Stability Analysis. According to the scenarios aforemen-
tioned, the supply chain system can be analyzed under 5
different cases.

Case 1 (𝜉 = 𝜉1 and 𝜑𝐿 = 0). There exist no lateral trans-
shipments and the two retailers make replenishment deci-
sions independently. This case is selected for comparison
and highlights the dynamic complexities brought by lateral
transshipments.

Case 2 (𝜉 = 𝜉1, 𝜑𝐿 ̸= 0, and 𝜏 = 0). The retailers
also make independent inventory decisions, and the lateral
transshipments are incorporated. Note that the lead time of
lateral transshipments is neglected as in [33] (𝜏 = 0).
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Case 3 (𝜉 = 𝜉1, 𝜑𝐿 ̸= 0, and 𝜏 ̸= 0). The retailers
also make independent inventory decisions and the lateral
transshipments are incorporated. However, we consider the
impact of the lead time in lateral transshipments on the
stability problem (𝜏 ̸= 0).
Case 4 (𝜉 = 𝜉2, 𝜑𝐿 ̸= 0, and 𝜏 = 0). In this case, we focus
on scenario 𝜉2. To simplify the analysis, we firstly neglect the
impact of the transshipment lead time.

Case 5 (𝜉 = 𝜉2, 𝜑𝐿 ̸= 0, and 𝜏 ̸= 0). In this case, we focus on
scenario 𝜉2. In contrast to Case 4, we consider a nonnegligible
transshipment lead time.

It is noteworthy that we consider 3 cases for 𝜉 = 𝜉1 and
2 cases for 𝜉 = 𝜉2. This is because the demand of retailer 2
cannot be satisfied without lateral transshipments.

In the following, we will perform detailed stability analy-
sis for the above 5 cases.

Case 1. Let 𝜑𝐿 = 0, 𝜉 = 𝜉1, and the eigenvalues for the
state space model are computed as 𝜆1 = 1 − 𝜃1, 𝜆2 =1 − 𝜃2, 𝜆3 = 1 − 𝜌1, and 𝜆4 = 1 − 𝜌4. According to the
Schur Theorem [39], the system will be stable as long as0 < 𝜃𝑖 < 1, 0 < 𝜌𝑖 < 2, where 𝑖 = 1; 2. This condition
is consistent with the results derived in [31]. It is noteworthy
that 0 < 𝜃𝑖 < 1 is the trivial condition for generating stable
forecasting results in the exponential algorithm. As a result,
the stability of the supply chain system in this case with no
lateral transshipments is determined only by replenishment
parameters.

Case 2. Let 𝜑𝐿 = 0, 𝜉 = 𝜉1, and 𝜏 = 0. Applying the 𝑧
transform [39], we can obtain the characteristic equation of
the state space model. By ignoring the impacts of 𝜃𝑖, 𝑖 = 1, 2,
we find that the stability of the dynamic system is determined
by

(𝜆 − 1 + 𝜌1 + 𝜑𝐿) (𝜆 − 1 + 𝜌2 + 𝜑𝐿) = 𝜑2𝐿. (19)

The two roots of (19) are

𝜆1,2 = 2 − 𝜌1 − 𝜌2 − 2𝜑𝐿 ± √𝜌
2
1 + 𝜌22 − 2𝜌1𝜌2 + 4𝜑2𝐿

2 . (20)

We can get a necessary and sufficient stability condition for𝜑𝐿 ̸= 0 and 𝜏 = 0 by making |𝜆1,2| < 1, which is given by
Theorem 1.

Theorem 1. Assume that 𝜏 = 0. For the scenario 𝜉 = 𝜉1, the
sufficient and necessary stability condition for the supply chain
system is 𝜌1 + 𝜌2 < 4 and

𝜑𝐿 < (2 − 𝜌1) (2 − 𝜌2)4 − 𝜌1 − 𝜌2 . (21)

Proof. We firstly consider 𝜆1 in (20). The condition |𝜆1| < 1
is equivalent to

√𝜌21 + 𝜌22 − 2𝜌1𝜌2 + 4𝜑2𝐿 < 4 − 𝜌1 − 𝜌2 − 2𝜑𝐿, (22)

which can be written as

𝜌1 + 𝜌2 + 2𝜑𝐿 < 4,
4 + 𝜌1𝜌2 + 𝜑𝐿 (𝜌1 + 𝜌2) − 2𝜌1 − 2𝜌2 − 4𝜑𝐿 > 0. (23)

It must satisfy 𝜌1 + 𝜌2 < 4 and
𝜑𝐿 < min{4 − 𝜌1 − 𝜌22 , (2 − 𝜌1) (2 − 𝜌2)4 − 𝜌1 − 𝜌2 }

= (2 − 𝜌1) (2 − 𝜌2)4 − 𝜌1 − 𝜌2 .
(24)

Now, we focus on 𝜆2. The condition |𝜆2| < 1 is equivalent to
√𝜌21 + 𝜌22 − 2𝜌1𝜌2 + 4𝜑2𝐿 < 𝜌1 + 𝜌2 + 2𝜑𝐿,
4 − 𝜌1 − 𝜌2 − 2𝜑𝐿 + √𝜌21 + 𝜌22 − 2𝜌1𝜌2 + 4𝜑2𝐿 > 0.

(25)

According to the above analysis, when |𝜆1| < 1, wemust have𝜌1 + 𝜌2 + 2𝜑𝐿 < 4. Thus, |𝜆2| < 1 can be satisfied if

√𝜌21 + 𝜌22 − 2𝜌1𝜌2 + 4𝜑2𝐿 < 𝜌1 + 𝜌2 + 2𝜑𝐿. (26)

The above condition holds because 𝜌1𝜌2 + 𝜌1𝜑𝐿 + 𝜌2𝜑𝐿 > 0,
which completes the proof.

FromTheorem 1, we can further obtain

lim
𝜌1→2,𝜌2→2

(2 − 𝜌1) (2 − 𝜌2)4 − 𝜌1 − 𝜌2 = 0, (27)

which implies that the lateral transshipments can easily
destabilize the system. In this sense, we find that lateral
transshipments further complicate the dynamics. In practice,
managers should be cautious in selecting the parameters of
lateral transshipments.

Case 3. Based on the analysis of Case 2, we will consider
the case 𝜏 ̸= 0 to disclose the impact of the lead time in
lateral transshipments. The stability condition for this case is
represented byTheorem 2.

Theorem 2. Assume that 𝜏 ̸= 0. For the scenario 𝜉 = 𝜉1, the
supply chain system is always stable if

(1 + 𝜑𝐿) 𝜌1 + 𝜌2 − 2 + (𝜌1 − 1) (𝜌2 − 1) + 2𝜑𝐿 < 1, (28)

while it is unstable if

𝜑𝐿 > 1𝜌1 + 𝜌2 − 2 . (29)

Proof. Using 𝑧 transform [39], the characteristic equation of
the state space model is obtained as

𝑧𝜏+2 + (𝜌1 + 𝜌2 − 2) 𝑧𝜏+1 + (𝜌1𝜌2 − 𝜌1 − 𝜌2 + 1) 𝑧𝜏
+ 2𝑧𝜑𝐿 + (𝜌1 + 𝜌2) 𝜑𝐿 − 2𝜑𝐿 = 0. (30)
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Figure 2: Stable boundaries in scenario 𝜉1.

It is infeasible to derive closed-form solutions for the above
equation, because it is a transcendental equation and the
number of roots depends on the value of 𝜏. However, we
know that there exist 𝜏 + 2 roots, which are denoted by𝜆1, 𝜆2, . . . , 𝜆𝜏+2. Then, the characteristic polynomial can be
expressed as

𝑝 (𝑧) = 𝜏+2∏
𝑖=1

(𝑧 − 𝜆𝑖)
= 𝑧𝜏+2 + (𝜌1 + 𝜌2 − 2) 𝑧𝜏+1
+ (𝜌1𝜌2 − 𝜌1 − 𝜌2 + 1) 𝑧𝜏 + 2𝑧𝜑𝐿
+ (𝜌1 + 𝜌2) 𝜑𝐿 − 2𝜑𝐿.

(31)

A sufficient stability condition is obtained as |𝑝(0)| =∏𝜏+2𝑖=1 |𝜆𝑖| < 1. Otherwise, there exists at least one root outside
the unit circle. Thus, if |(𝜌1 + 𝜌2)𝜑𝐿 − 2𝜑𝐿| > 1, the system
must be unstable. This completes the proof for (28).

Using Rouches’ Theorem [40], we can decompose the
characteristic polynomial as𝑝(𝑧) = 𝑝1(𝑧)+𝑝2(𝑧)with𝑝1(𝑧) =𝑧𝜏+2 and
𝑝2 (𝑧) = (𝜌1 + 𝜌2 − 2) 𝑧𝜏+1 + (𝜌1𝜌2 − 𝜌1 − 𝜌2 + 1) 𝑧𝜏

+ 2𝑧𝜑𝐿 + (𝜌1 + 𝜌2) 𝜑𝐿 − 2𝜑𝐿. (32)

For |𝑧| = 1, if we have |𝑝2(𝑧)| < |𝑝1(𝑧)|, the number of roots
inside the unit circle for both 𝑝1(𝑧) = 0 and 𝑝(𝑧) = 0 will be
equal. Because all the roots of 𝑝1(𝑧) = 0 are inside the unit
circle, we can have𝑝2 (𝑧)|𝑧|=1 = (𝜌1 + 𝜌2 − 2) 𝑧𝜏+1

+ (𝜌1𝜌2 − 𝜌1 − 𝜌2 + 1) 𝑧𝜏 + 2𝑧𝜑𝐿 + (𝜌1 + 𝜌2) 𝜑𝐿

− 2𝜑𝐿|𝑧|=1 ≤ 𝜌1 + 𝜌2 − 2 + 𝜌1𝜌2 − 𝜌1 − 𝜌2 + 1
+ (𝜌1 + 𝜌2 − 2) 𝜑𝐿 + 2𝜑𝐿.

(33)

Finally, as long as |𝜌1 + 𝜌2 − 2|(1 + 𝜑𝐿) + |(𝜌1 − 1)(𝜌2 − 1)| +2𝜑𝐿 < 1, the state space model will be stable for arbitrary 𝜏.
This completes the proof for Theorem 2.

The stability conditions inTheorems 1 and 2 are illustrated
in Figure 2. Figure 2(a) shows the precise stable regions for
the different parameters in lateral transshipment with 𝜏 = 0.
It is apparent that increasing the parameter 𝜑𝐿 can fall outside
unstable regions. As mentioned, the inventory policy (5) is a
generalized order-up-to policy; in particular, when 𝜌1 = 𝜌2 =1, the replenishment policy becomes an adaptive order-up-
to policy. For such a policy, we know that the supply chain
system will be stable if and only if 𝜑𝐿 < 0.5 fromTheorem 1.
This condition can be easily satisfied because 𝜑𝐿 > 0.5 reflects
the situations with swapped inventory, which might cause
unnecessary lateral transshipment costs. As found in [27],
the DE Policy 𝜌1 = 𝜌2 stabilizes a single-echelon inventory
control system. However, the stability condition becomes𝜑𝐿 < 1 − 0.5𝜌1 with lateral transshipments. This result differs
from those in [31], implying that the lateral transshipments
lead to the destabilization of supply chain systems.

Figure 2(b) illustrates the stable regions independent of𝜏 for different 𝜑𝐿. Theorem 2 provides stable regions for
arbitrary lateral transshipment lead time, which simplifies
the selection of replenishment parameters, because it is
difficult to obtain the precise stable region for each 𝜏. It
again demonstrates that increasing𝜑𝐿 further complicates the
stability problem. For a special case𝜌1 = 𝜌2 = 1, we can obtain
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that 𝜑𝐿 < 0.5 ensures the stability for the whole dynamic
system.

Case 4. In the following, we focus on the second scenario𝜉2. In this scenario, it is impossible for the second retailer to
satisfy demand if 𝜑𝐿 = 0. Thus, we firstly consider a simple
case 𝜏 = 0 and 𝜑𝐿 ̸= 0, for which the stability condition is
given byTheorem 3.

Theorem 3. When 𝜏 = 0 and 𝜑𝐿 ̸= 0, for the scenario 𝜉2,
the supply chain system is stable if and only if 0 < 𝜌 < 2 and0 < 𝜑𝐿 < 1.

The proof for Theorem 3 can be completed by analyzing
the two eigenvalues of the system:

𝜆1,2 = 2 − 𝜌 − 2𝜑𝐿 ±
𝜌 − 2𝜑𝐿2 . (34)

Theorem 3 shows a trivial stability condition under which the
demand of the two retailers can be satisfied even if only one
retailer places orders with the upstream supplier.

Case 5. When 𝜏 ̸= 0, we can obtain the stability condition
represented byTheorem 4, which is introduced as follows.

Theorem 4. Under the scenario 𝜉 = 𝜉2, the supply chain
system is stable if 0 < 𝜌 < 2, 0 < 𝜑𝐿 < 2, and

𝜏 < 𝜋 − arccos (1 − 2𝜑2𝐿)2 arccos (1 − 2𝜑2𝐿) . (35)

Proof. For the scenario 𝜉 = 𝜉2, the characteristic equation
becomes

(𝑧 − 1 + 𝜌) (𝑧 − 1 + 2𝜑𝐿𝑧−𝜏) = 0. (36)

Thus, 0 < 𝜌 < 2 is a necessary condition to ensure system
stability. The other conditions are contingent upon the roots
of the following equation:

𝑧𝜏+1 − 𝑧𝜏 + 2𝜑𝐿 = 0. (37)

Without loss of generality, substituting 𝑧 = 𝛾𝑒𝑗𝜔 into (37), we
can further obtain (𝛾𝑒𝑗𝜔)𝜏+1 − (𝛾𝑒𝑗𝜔)𝜏 + 2𝜑𝐿 = 0. According
to Euler’s formula 𝑒𝑗𝜔 = cos (𝜔) + 𝑗 sin (𝜔), we can further
obtain

𝛾𝜏+1cos [(𝜏 + 1) 𝜔] − 𝛾𝜏cos (𝜏𝜔) + 2𝜑𝐿 = 0, (38)

𝛾𝜏+1sin [(𝜏 + 1) 𝜔] − 𝛾𝜏sin (𝜏𝜔) = 0. (39)

When 𝜔 = 0, we must have 𝛾𝜏+1 − 𝛾𝜏 + 2𝜑𝐿 = 0 and further
obtain 0 < 𝛾 < 1. It implies that 𝜔 = 0 ensures the stability
for the system. Combining (38) and (39), we can derive

𝛾2𝜏+2 + 𝛾2𝜏 − 2𝛾2𝜏+1 cos (𝜔) = 4𝜑2𝐿, (40)

𝛾 sin [(𝜏 + 1) 𝜔] = sin (𝜏𝜔) . (41)

When 𝛾 = 1, we have sin [(𝜏 + 1)𝜔] = sin (𝜏𝜔). Because(𝜏 + 1)𝜔 − 𝜏𝜔 = 𝜔 < 2𝜋, we can obtain (𝜏 + 1)𝜔 + 𝜏𝜔 = 𝜋.
Let 𝜔∗ = 𝜋/(2𝜏 + 1). We can know if 0 < 𝜔 < 𝜋/(2𝜏 + 1),
we must satisfy 𝛾 < 1. When 𝛾 = 1, we can also have1 − 2𝜑2𝐿 = cos (𝜔). Further, we can have 𝜔∗ = arccos(1 −2𝜑2𝐿) = 𝜋/(2𝜏 + 1), which gives a critical value for 𝜏: 𝜏∗ =(𝜋 − arccos (1 − 2𝜑2𝐿))/2 arccos (1 − 2𝜑2𝐿). This completes the
proof of Theorem 4.

Theorem4 imposes a constraint on the lead time in lateral
transshipments in ensuring the stability of the whole system
for different 𝜑𝐿. It is evident that the system becomes more
unstable with increasing values of the parameter 𝜑𝐿. We can
also obtain

lim
𝜑𝐿→0

𝜋 − arccos (1 − 2𝜑2𝐿)2 arccos (1 − 2𝜑2𝐿) = ∞, (42)

which implies that, for a small 𝜑𝐿, the lead time in lateral
transshipments exerts only a negligible effect on system
stability. When 𝜑𝐿 = 0.5, the stability condition becomes 0 <𝜏 < 1. For a discrete system, 𝜏 is usually an integer. Thus, the
supply chain system with 𝜑𝐿 = 0.5 can be easily destabilized
if we increase the lead time in lateral transshipments.

4. Simulation Experiments

4.1. Stability Validation. This sectionwill validate the stability
results. The customer demand of the two retailers is exoge-
nous and thus exerts no effect on system stability. The step
signal is selected to test the dynamics because of its wide use
in studying the dynamics and system performance of supply
chain systems. For example, the step signal has been used
to model sudden changes in customer demand after price
promotion activities [41]. In addition, the well-known Supply
Chain Operations Reference (SCOR) model also measures
supply chain performance in response to a step change in
customer demand [25, 41]. The demands of retailer 1 before
the 5th period are 4 units; the demands after the 5th period
are 8 units. The demand amount of retailer 1 is assumed to
be twice that of retailer 2 in any period. The initial values of
retailers 1 and 2 are 4 and 8 units, respectively.We subjectively
select the values for the specific amounts of demands and
initial value of inventory because they exert no effect on
system stability. Since the demand forecasting algorithm is
not incorporated into any feedback loops, the parameters 𝜃1
and 𝜃2 do not affect system stability and therefore we set𝜃1 = 𝜃2 = 0.2.

We mainly validate Theorems 1, 2, and 4. Case 1 is
excluded from our simulation experiments due to its simplic-
ity. For Theorems 1 and 2, we attempt to cover both stable
and unstable dynamics, which lead to 6 simulation designs.
For Theorem 4 corresponding to scenario 𝜉2, except stable
and unstable design, we also include a critically stable design.
The parameters 𝜌1, 𝜌2, 𝜌, 𝜑𝐿, and 𝜏 are selected on the basis
of the theoretical results in Section 3. Finally, a total of 9
simulation designs are tested, which are shown in Table 1.
According to the demand and lead time assumptions, we set
the inventory targets for the two retailers as 𝐼𝑇1 = 8 and 𝐼𝑇2 = 4
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Table 1: Simulation designs for stability validation.

Simulation design Scenario 𝜌1 𝜌2 𝜌 𝜑𝐿 𝜏 Theorem
Design 1 𝜉1 1.5 1.5 - 0.2 0 Theorem 1
Design 2 𝜉1 1.5 1.5 - 0.3 0 Theorem 1
Design 3 𝜉1 0.8 1.2 - 0.2 2 Theorem 2
Design 4 𝜉1 0.8 1.2 - 0.2 12 Theorem 2
Design 5 𝜉1 0.8 0.6 - 0.4 2 Theorem 2
Design 6 𝜉1 0.8 0.6 - 0.4 12 Theorem 2
Design 7 𝜉2 - - 0.6 0.12 5 Theorem 4
Design 8 𝜉2 - - 0.6 0.12 6 Theorem 4
Design 9 𝜉2 - - 0.6 0.12 7 Theorem 4
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Figure 3: Stability validation for Theorem 1.

for scenario 𝜉1 (designs 1–6).The inventory target for scenario𝜉2 (designs 7–9) is set as SI𝑇 = 12.
(1) Validation for Scenario 𝜉1. To test Case 2, we consider
the parameter setting 𝜌1 = 𝜌2 = 1.5. From Theorem 1, we
see that 𝜑𝐿 ≤ 0.25 guarantees system stability. Figure 3(a)
shows the order dynamics for design 1 when 𝜌𝐿 = 0.2, while
Figure 3(b) shows the order dynamics for design 2 when𝜌𝐿 = 0.3. It shows that in design 1 the inventory and order
return to steady states after some periods, whereas design
2 generates divergent behaviors. In reality, such divergent
behaviors may be interrupted due to limited capacities with
respect to storage space or funds. However, unstable systems
frequently tend to accumulate inventory or lead to stock-outs.
If timely interventions are not taken, high inventory costs
may be incurred.

Theorem 2 provides both stable and unstable regions
independent of the lead time in lateral transshipments. It

deserves attention that the parameter 𝜑𝐿 plays a key role in
these stability conditions. To validateTheorem 2, we firstly fix𝜑𝐿 = 0.2. Figures 4(a) and 4(b) validate the stability condition
(28) in Theorem 2 with design 3 and design 4. The finding
is that both designs 3 and 4 are stable even if the lead time
in lateral transshipments is increased to 12 periods from 2
periods. To validate (29), Figure 4(c) shows that design 5 is
stable even when the parameters are outside the stable region
independent of 𝜏 for 𝜌1 = 0.8, 𝜌2 = 0.6, 𝜏 = 2, and 𝜑𝐿 = 0.2.
However, as shown in Figure 4(d), design 6 becomes unstable
as the lead time 𝜏 increases to 12 periods.
(2) Validation for Scenario 𝜉2. For the state spacemodel 𝜉 = 𝜉2,
we only validateTheorem 4 due to its significance. When 𝜌 =0.6, 𝜑𝐿 = 0.12, we find that the condition 𝜏 < 6.02 leads to
stable designs byTheorem 4. Figure 5(a) shows the order and
inventory dynamics for design 7with 𝜏 = 5, Figure 5(b) shows
periodical oscillations for design 8with 𝜏 = 6, and Figure 5(c)
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Figure 4: Stability validation for Theorem 2.

shows unstable dynamics for design 9with 𝜏 = 7. Collectively,
these results imply that increasing the lead time in lateral
transshipments introduces great dynamic complexity into the
system.

4.2. The Impact of Lateral Transshipment on System Perfor-
mance. The question of stability is of fundamental signifi-
cance for the selection of parameters. To further improve
systemperformance, wewill numerically disclose the impacts
of parameters on themeasurements introduced in Section 2.2
in both scenarios 𝜉1 and 𝜉2. Consider the following autore-
gressive demand model for the two retailers:

𝐷1 (𝑡 + 1) = 𝑑1 + 𝜇1𝐷1 (𝑡) + (1 − 𝜇1) 𝜀1 (𝑡) + 𝜂1𝜀 (𝑡) ,
𝐷2 (𝑡 + 1) = 𝑑2 + 𝜇2𝐷2 (𝑡) + (1 − 𝜇2) 𝜀2 (𝑡) + 𝜂2𝜀 (𝑡) , (43)

where 𝜀1(𝑡) ∼ N(0, 𝜎21), 𝜀2(𝑡) ∼ N(0, 𝜎22), 𝜀(𝑡) ∼ N(0, 𝜎2), 𝑑1
and𝑑2 are constant,𝜇1 and𝜇2 are autocorrelation coefficients,

and 𝜂1 and 𝜂2 are cross-correlation coefficients satisfying𝜂1, 𝜂2 ∈ {−1, 0, 1}. When 𝜂1 = 𝜂2 = 1, the demands
of the two retailers are positively correlated; when 𝜂1 =𝜂2 = 0, the demands of the two retailers are independent;
when 𝜂1 = −𝜂2 = 1, the demands of the two retailers are
negatively correlated. In the following simulation, in order
to compute the measurements, we set the cost parameters
as 𝑐ℎ = 0.2, 𝑐𝑏 = 0.4, 𝑐𝑜 = 0.2, and 𝑐𝑙 = 0.1. We consider
such a parameter setting because the marginal stock-out cost
is usually higher than the marginal inventory holding cost.
In addition, lateral transshipment occurs between nearby
retailers while the replenishments from upstream suppliers
usually incur high transportation cost.

(1) Scenario 𝜉1. We consider a situation that two retailers
whose market shares are quite close make independent
replenishment decisions in scenario 𝜉1. Then, we set the
parameters in the demand model (43) as 𝑑1 = 𝑑2 = 100,
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Figure 5: Stability validation for Theorem 4.

𝜇1 = 𝜇2 = 0.4, and 𝜎1 = 𝜎2 = 𝜎 = 10. To simplify the
analysis, the lead time of lateral transshipment is neglected
with 𝜏 = 0. The inventory targets for the two retailers are
set as 𝐼𝑇1 = 𝐼𝑇2 = 200. The coefficients in the exponential
smoothing algorithms are set as 𝜃1 = 𝜃2 = 0.2. Because we
focus on the impacts on lateral transshipments, we also fix the
replenishment parameters falling into stable regions: 𝜌1 = 0.6
and 𝜌2 = 0.8. A total of 18 parameter settings are designed by
varying the parameters 𝜂1, 𝜂2, and 𝜑𝐿. The simulation length
for each parameter setting is 50000 to avoid the impact of
randomness.

The computational results for our performance mea-
surements are shown in Table 2 and Figure 6 shows the
trend of different performance measurements by varying
the parameter 𝜑𝐿, from which we can draw the following
significantmanagerial insights. Firstly, increasing the amount

of lateral transshipments improves the customer service level.
This advantageous effect secondary to the pooling of the
retailers’ inventory is more obvious when the demands of the
two retailers are negatively correlated. Secondly, increasing
the parameter 𝜑𝐿 incurs high lateral transshipment cost,
especially for the case 𝜂1 = −𝜂2 = 1. This is caused by the
corresponding rise in the quantity of lateral transshipments.
In practice, managers should pay attention to the lateral
transshipment costs especially when the distance between
two retailers is very large. Thirdly, lateral transshipments are
useful in mitigating the bullwhip effect when the parameter𝜑𝐿 assumes a moderate value, because a large 𝜑𝐿 may lead to
serious bullwhip effect problem. The bullwhip effect may be
characterized as a convex function. In particular, this effect
is evident for negatively correlated demands between the two
retailers, as demonstrated in Figure 6(b).
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Table 2: The computational results of performance measurements in scenario 𝜉1.
𝜂1 𝜂2 𝜑𝐿 TIC TOC LC SL1 SL2 BW
0 0 0 13.41 66.67 0 0.99 0.99 1.05
0 0 0.05 13.32 66.69 0.04 0.99 0.99 1.00
0 0 0.15 13.32 66.69 0.11 0.99 0.99 0.94
0 0 0.25 13.32 66.69 0.18 0.99 0.99 0.91
0 0 0.35 13.32 66.69 0.25 0.99 0.99 0.90
0 0 0.45 13.32 66.69 0.35 0.99 0.99 0.94
1 1 0 14.13 66.67 0 0.93 0.94 1.05
1 1 0.05 14.13 66.65 0.04 0.93 0.94 1.04
1 1 0.15 14.12 66.65 0.11 0.93 0.94 1.02
1 1 0.25 14.11 66.65 0.18 0.93 0.94 1.01
1 1 0.35 14.10 66.65 0.26 0.93 0.94 1.01
1 1 0.45 14.11 66.65 0.36 0.93 0.94 1.02
1 −1 0 14.09 66.68 0 0.93 0.94 1.05
1 −1 0.05 14.034 66.67 0.10 0.93 0.94 0.97
1 −1 0.15 13.94 66.67 0.28 0.94 0.95 0.87
1 −1 0.25 13.89 66.67 0.45 0.94 0.95 0.81
1 −1 0.35 13.88 66.67 0.64 0.95 0.95 0.80
1 −1 0.45 13.93 66.67 0.88 0.94 0.94 0.86

(2) Scenario 𝜉2. As mentioned, scenario 𝜉2 fits the case that
retailer 1 plays a dominant role in selling a certain type
of product and places orders with the external supplier,
while retailer 2 attempts to sell this product just by lateral
transshipments as introduced in Section 2.1. In the following
simulation, we consider two retailers with different market
shares; for example, the demand amount of retailer is more
than retailer 2. Therefore, we set the parameters in the
demand model as 𝑑1 = 100, 𝑑2 = 20, 𝜇1 = 𝜇2 = 0.4,𝜎1 = 10, 𝜎2 = 2, and 𝜎 = 10. Similar to scenario 𝜉1, we
fix the demand smoothing coefficients and the replenishment
parameter by 𝜃1 = 𝜃2 = 0.2 and 𝜌 = 0.6. The lead time
of lateral transshipments is also 0. The systematic inventory
target is set as SI𝑇 = 300. The simulation length for each
parameter setting is 50000. By varying the parameters 𝜂1, 𝜂2,
and 𝜑𝐿, we can also obtain 15 simulation designs.

Table 3 shows the computational results for our per-
formance measurements. The results differ from those in
scenario 𝜉1. We observe that the increase of lateral trans-
shipments improves the customer service level for retailer
2 but can lead to stock-outs for retailer 1. However, the
shifting of the inventory reduces the total inventory cost for
some specific values of 𝜑𝐿. It is interesting that the lateral
transshipment cost remains unchanged, since the fulfillment
of the demand of retailer 2 is fully contingent upon retailer 1.
Another interesting observation is that the bullwhip effect can
be amplified for positively correlated demand but mitigated
for negatively correlated demand.

5. Conclusions

This paper aims to explore the dynamic complexities of a
supply chain system with lateral transshipments. The hori-
zontal transshipments between two retailers, coupled with
the replenishment policies and lead time, render the structure

of the whole system. These inventory rules culminate in
multiple feedback loops and lead to dynamic complexities
in terms of stability and system performance. To understand
the complexities in such a system, we developed a unified
state space model to incorporate two different scenarios.
Based on the state space model, we analyzed the steady
state of the supply chain system and analytical stability
conditions are derived. The stability results demonstrate
that lateral transshipments complicate the system dynamics
more than do the traditional supply chain systems. Exactly,
increasing the magnitude of lateral transshipments easily
destabilizes a supply chain system, especially in the case
with a long lead time of lateral transshipments. In the
second scenario, we discerned the interesting observation
that the demand of the two retailers can be satisfied even
though only one retailer places orders with the upstream
supplier.

Through simulation experiments, we have validated our
theoretical results using a step signal demand. Based on the
stability results, we selected different settings of parameter
to disclose the advantages of lateral transshipments. The
simulation results reveal that, in a decentralized supply chain,
lateral transshipments improve customer service level in the
scenario where each of the two retailers places orders with
the upstream supplier. Improving customer service level is
one of themainmotivations for lateral transshipments, which
has been validated widely in the existing literature [3, 42].We
also find that negatively correlated demand reduces inventory
cost, which supports the empirical results for merging firms
[43]. In the scenario where only one retailer places orders,
lateral transshipments jeopardize this retailer. However, we
also notice that moderated lateral transshipments reduce
inventory cost for the whole system.

Our periodic model is very general by incorporating 5
different cases in two scenarios without imposing any specific
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Figure 6: The impact of 𝜑𝐿 on performance measurements under scenario 𝜉 = 𝜉1.

assumptions in demand. The results obtained are applicable
to different industries, such as electrical and PC industries.
In particular, we observe that the second scenario 𝜉2 is also
suitable for spare parts network, for example, the outlets
networks supplying car parts in [7], in which retailers have
very limited space to stock inventory due to high rents.
Moreover, their demands for items are likely nonstationary
as well as stochastic. In such situations, the second scenario
of lateral transshipments 𝜉2 better fits practical situations and

will be helpful in reducing the inventory cost and mitigating
the risks of shortfall.

This research can be extended from several aspects. One
interesting problem is that replenishment lead times can
be included in our model, which will further complicate
the dynamics. Another interesting subject is the dynamic
complexities of a supply chain networkwithmultiple retailers
and multiple suppliers and sees how demand uncertainty
propagates along a network system.



14 Complexity

Table 3: The results on system performance in scenario 𝜉2.
𝜂1 𝜂2 𝜑𝐿 TIC TOC LC SL1 SL2 BW
0 0 0.05 150.01 40 3.33 1 0 0.94
0 0 0.15 20.08 40 3.33 1 0.92 0.94
0 0 0.25 19.99 40 3.33 1 1 0.94
0 0 0.35 20 40 3.33 0.99 1 0.94
0 0 0.45 20.07 40 3.33 0.97 1 0.94
1 1 0.05 150.08 40.01 3.33 1 0 1.73
1 1 0.15 25.75 40.01 3.33 0.99 0.58 1.73
1 1 0.25 20.39 40.01 3.33 0.98 0.96 1.73
1 1 0.35 20.60 40.01 3.33 0.91 0.99 1.73
1 1 0.45 21.25 40.01 3.33 0.82 0.99 1.73
1 −1 0.05 150.31 39.99 3.34 1 0 0.15
1 −1 0.15 24.81 39.99 3.34 0.99 0.58 0.15
1 −1 0.25 20.17 39.99 3.34 0.98 0.99 0.15
1 −1 0.35 20.55 39.99 3.34 0.92 0.99 0.15
1 −1 0.45 21.19 39.99 3.34 0.83 1 0.15

Main Notations and Symbols

𝑡: Index of periods𝑖, 𝑗: Index of retailers
S: The set of scenarios: S = {𝜉1, 𝜉2}𝜏: Lead time in lateral transshipments𝜑𝐿: The parameter to determine the

magnitude of lateral transshipments𝜃𝑖: The smoothing coefficient in the
exponential smoothing algorithm𝜌𝑖: The replenishment parameter to adjust the
inventory discrepancy of retailer 𝑖 in
scenario 𝜉1𝜌: The replenishment parameter to adjust
systematic inventory discrepancy in
scenario 𝜉2𝑐ℎ: Inventory holding cost per unit𝑐𝑏: Stock-out cost per unit𝑐𝑜: Ordering cost per unit𝑐𝑙: Lateral transshipment cost per unit𝐷𝑖(𝑡): The amount of the customer demand of
retailer 𝑖𝐼𝑖(𝑡): Inventory level of retailer 𝑖𝑂𝑖(𝑡): The amount of the order placed by retailer𝑖𝐹𝑖(𝑡): The amount of the demand forecast by
retailer 𝑖𝐿 𝑖(𝑡): The amount of lateral transshipment
received by retailer 𝑖

BW: Bullwhip effect of the supply chain system
TIC: Average total inventory cost
TOC: Average total ordering cost
LC: Average lateral transshipment cost
SL𝑖: Customer service level of retailer 𝑖.
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