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This article presents a review on two methods based on dynamic mode decomposition and its multiple applications, focusing on
higher order dynamic mode decomposition (which provides a purely temporal Fourier-like decomposition) and spatiotemporal
Koopman decomposition (which gives a spatiotemporal Fourier-like decomposition). Thesemethods are purely data-driven, using
either numerical or experimental data, and permit reconstructing the given data and identifying the temporal growth rates and
frequencies involved in the dynamics and the spatial growth rates and wavenumbers in the case of the spatiotemporal Koopman
decomposition. Thus, they may be used to either identify and extrapolate the dynamics from transient behavior to permanent
dynamics or construct efficient, purely data-driven reduced order models.

1. Introduction

Uncovering the quantitative essence of complex signals, either
numerical or experimental, coming from nonlinear systems
is an interesting topic in data science and fluid dynamics.
Among its several applications in multidisciplinary sciences,
the purely data-driven analysis of nonlinear dynamics has
raised the interest of applied mathematicians (to understand
the dynamics of ordinary or partial differential equations and
systems, such as the complex Ginzburg-Landau equation),
doctors (to find relevant patterns in medical images), and
aeronautical, mechanical, and civil engineers (looking for
flow patterns or global instabilities or computing aerody-
namic forces on slender or bluff bodies). Even in simple, low-
dimensional dynamical systems, such as the Lorenz system (3
ordinary differential equations), it is possible to find complex
dynamics, including periodic, quasi-periodic, and chaotic
behaviors, as well as complex transients.

Fourier analysis has long been used as a data-processing
tool for analyzing complex signals. In addition to improving
the standard Fourier transform (e.g., fast Fourier transform,
power spectral density [1], and the so-called Laskar method
[2, 3]), several techniques have been developed in recent
years that extend the scope of Fourier analysis by seeking not

only the frequencies of the signal but also the growth rates,
which are relevant to transient behavior. One of the most
popular methods to obtain such an expansion is dynamic
mode decomposition (DMD) [4] (see also [5–7]), which needs
to be extended to give optimal results [8], as will be discussed
in this paper. These DMD-like methods are based on the
idea of decomposing a signal as an expansion in Fourier-like
modes, as

𝑣 (𝑡) ≃ 𝑁∑
𝑛=1

𝑎𝑛𝑢𝑛e(𝛿𝑛+i𝜔𝑛)𝑡 for 𝑡1 ≤ 𝑡 ≤ 𝑡1 + 𝑇, (1)

where 𝑣 is a time-dependent vector signal, which can be
either real or complex, 𝑢𝑛 are conveniently normalized spatial
modes, 𝑎𝑛 > 0 are the mode amplitudes, and 𝛿𝑛 and 𝜔𝑛
are the associated growth rates and frequencies, respectively.
Dynamics of the type (1) are paramount in applications, as
it will be illustrated in the paper. A good example is the
joint wake (accounting for interaction between the individual
wakes of the various buildings) of urban topographies; see
Figure 1. This example is interesting for two reasons. First,
direct numerical simulation is not affordable in realistic
conditions due to the huge value of the Reynolds number,
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Figure 1: An urban topography composed by three skyscrapers and four elongated buildings (left) and horizontal snapshots of the associated
joint wake (right).

meaning that numerical data must be obtained using turbu-
lence modeling, which only captures the large scales. These
are temporally quasi-periodic and may be described in the
form (1); small scales, instead, exhibit spatiotemporal chaos.
Experimental data, on the other hand, exhibit nonnegligible
errors that must be filtered out and also describe the large
scales only.

Expansion (1) is appropriate to represent temporally
growing (if 𝛿𝑛 > 0) or decaying (if 𝛿𝑛 < 0), periodic (if the
frequencies 𝜔𝑛 are commensurable) or quasi-periodic (if the
frequencies are incommensurable) phenomena. Commensu-
rability is a subtle matter in finite precision computations,
where exact incommensurability is not possible. Instead,
we shall guess that a set of frequencies are incommensu-
rable when the computed values are not commensurable
to some small tolerance. Namely, e.g., three frequencies are
incommensurable if no relation of the form 𝑚𝜔1 ± 𝑛𝜔2 ±𝑝𝜔3 = 𝜀 is possible for moderate values (say, not larger
than 10) of the natural numbers 𝑚, 𝑛, and 𝑝 and some small
(say, ∼ 10−5) 𝜀. This can be discerned provided that the
frequencies are computed with great accuracy. Moreover, the
robustness and accuracy of the approximation (1) are a good
means to ensure that the right periodic or quasi-periodic
dynamics have been captured. In chaotic dynamics, instead,
an infinite number of modes should be considered even for
moderate accuracy and the analysis using these methods is
subtle.

In the data-driven methods described and used along the
paper, space and time will both be discretized. However, it
is enlightening to consider at the moment continuous time,
with the vector snapshots 𝑣 of size 𝐽. The simplest problem
giving the dynamics in the right hand side of (1) is the ODE
linear system

𝑑𝑣 (𝑡)𝑑𝑡 = A𝑣 (𝑡) , (2)

for an appropriate 𝐽 × 𝐽 matrix A that may be computed via
the pseudoinverse (applied to a discretized version of this
equation, considering a collection of nearby snapshots and
approximating the time derivative by finite differences).

Obviously, (2) makes sense if the dynamics associated
with the snapshots are linear.However, expansion (1) and thus
the linear equation (2) also apply to nonlinear dynamics. This
is because the linear system (2) only intends to approximate

the particular trajectory in the left hand side of (1), not the
complete dynamics of the nonlinear system. In other words,
if a different trajectory of the nonlinear system is given,
for different initial conditions, matrix A is also generally
different. In any event, for generic A, all solutions of (2) are
of the form displayed in the right hand side of (1), where
the modes 𝑢𝑛 are the eigenvectors of A and 𝛿𝑛 + i𝜔𝑛 are
the associated eigenvalues. However, not all expansions of
form (1) are solutions of (2) because (2) provides at most 𝐽
modes, while the number of terms involved in (1), 𝑁, which
is known as the spectral complexity of expansion (1), can be
larger than 𝐽. More precisely, defining the spatial complexity
of expansion (1), 𝑀 ≤ 𝐽, as the dimension of the span of
the modes 𝑢1, . . . , 𝑢𝑁, the linear problem (2) is appropriate to
compute (1) only if𝑀 = 𝑁 (note that𝑀 cannot be larger than𝑁). We insist here that the spectral and spatial complexities
are defined for expansion (1), not for the dynamical system
from which the snapshots may come. However, 𝑁 > 𝑀 in
many dynamical systems of scientific/technological interest,
such as the following:

(i) The Lorenz system [9] (and other ODEs) in which𝑀 = 3, while𝑁may be quite large

(ii) Many nonlinear, infinite-dimensional dynamical sys-
tems (PDEs) exhibiting an inertial manifold [10] (lim-
ited 𝑀) but complex (e.g., quasi-periodic) temporal
behavior

(iii) Extrapolating from transients to obtain attractors [11]
requiring identifying additional (temporally decaying
modes), which increases𝑁

(iv) Experimental noise/numerical errors adding (unphys-
ical) temporal complexity that increases 𝑁 and must
be identified to clean the postprocessed data

When 𝑁 > 𝑀, the number of involved modes is increased
by using a higher order ODE system. Specifically the linear
system (1) can be replaced by

𝑑𝑑𝑣𝑑𝑡𝑑 = A1
𝑑𝑑−1𝑣 (𝑡)𝑑𝑡𝑑−1 + A2

𝑑𝑑−2𝑣 (𝑡)𝑑𝑡𝑑−2 + ⋅ ⋅ ⋅ + A𝑑−1
𝑑𝑣 (𝑡)𝑑𝑡

+ A𝑑𝑣 (𝑡) ,
(3)
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for appropriate 𝐽 × 𝐽 matrices A1, . . . ,A𝑑. Obviously, this
linear problem can also be written in the form (3), as

𝑑�̃�𝑑𝑡 = A�̃�. (4)

Here, Ṽ is a vector of size 𝐽𝑑 that collects 𝑣, 𝑑𝑣/𝑑𝑡, . . .,
and 𝑑𝑑−1𝑣/𝑑𝑡𝑑−1, and the (𝐽𝑑) × (𝐽𝑑)-matrix A is a sparse
matrix whose blocks are the unit 𝐽 × 𝐽-unit matrix and the
matrices A1, . . . ,A𝑑. The matrix A can be computed via the
pseudoinverse applied to �̃�(𝑡). Now, for an appropriate value
of the index 𝑑, any dynamics of the form displayed in the
right hand side of (1) can be captured. Note that the size of
the matrix A is huge when 𝐽 and 𝑑 are both large, which
would require very large computational resources. However,
these resources are greatly decreased by applying this idea
after appropriate dimension reduction; see below.

In the discrete counterpart of (1), the time variable is
discretized at𝐾 equispaced values of 𝑡, as 𝑡𝑘 = 𝑡1 + (𝑘 − 1)Δ𝑡,
withΔ𝑡 = 𝑇/𝐾, and a set of snapshots is defined as 𝑣𝑘 = 𝑣(𝑡𝑘).
The counterparts of (1), (2), and (3) are

𝑣𝑘 ≃ 𝑁∑
𝑛=1

𝑎𝑛𝑢𝑛e(𝛿𝑛+i𝜔𝑛)𝑡𝑘 for 𝑘 = 1, . . . , 𝐾, (5)

𝑣𝑘+1 = 𝑅𝑡𝑣𝑘 for 𝑘 = 1, . . . , 𝐾 − 1, (6)

𝑣𝑘+𝑑 = 𝑅𝑡1𝑣𝑘+𝑑−1 + 𝑅𝑡2𝑣𝑘+𝑑−2 + ⋅ ⋅ ⋅ + 𝑅𝑡𝑑𝑣𝑘
for 𝑘 = 1, . . . , 𝐾 − 𝑑, (7)

respectively. Obviously, (1) follows from (5) by just setting𝑡𝑘 continuous (interpolation in 𝑡). Interpolation can also be
made in the spatial variable, which yields the continuous
temporal DMD expansion (cf. (1)):

𝑣 (𝑥, 𝑡) ≃ 𝑁∑
𝑛=1

𝑎𝑛𝑢𝑛 (𝑥) e(𝛿𝑛+i𝜔𝑛)𝑡 for 𝑡1 ≤ 𝑡 ≤ 𝑡1 + 𝑇, (8)

where the modes 𝑢𝑛 depend on the spatial variable and the
vector 𝑣 may account for a vector state variable, such as the
velocity vector in fluid flows.

Equation (6) is the essence of standard DMD [6] that, as
explained above, only applies when the spatial and spectral
complexities coincide. Equation (7), instead, is the basis of
higher order DMD (HODMD) [8]. This method permits
computing the expansion (1) in the general case 𝑀 <𝑁 choosing an appropriate value of the tunable index 𝑑.
Note that the main difference between (6) and (7) is that
the latter equation relates each snapshot with not only the
last snapshot but also the former 𝑑 − 1 snapshots. In fact,
HODMD reduces to standard DMD if 𝑑 = 1. For 𝑑 >1, instead, HODMD can be seen as a result of applying
standard DMD to a set of enlarged snapshots containing also
the delayed snapshots. Thus, HODMD synergically combines
the advantages of standard DMD and some consequences
[12] of the delayed embedding theorem by Takens [13], who
followed and formalized former seminal ideas by Packard et
al. [14]. In fact, combination of DMD and delayed snapshots
had previously been suggested [7] and performed [15], in a

spirit different from that in [8]. Other applications of Takens’
theorem in different contexts (not related to DMD) include,
e.g., modal parameter identification and model reduction
[16], identification of invariant sets and bifurcations from
time-series [17], and analysis of high-dimensional time-
series combining the Laplacian eigenmaps with time-lagged
embedding [18]. On the other hand, some of the many
improvements of standardDMDbased on different ideas (not
related to time-lagged snapshots) are as follows:

(i) Optimized DMD [19], in which the expansion is com-
puted via an optimization problem. Compared to this
method, standard DMD and HODMD are simpler,
purely linear algebra driven approaches. However,
some linear algebra oriented (and thus less computa-
tionally expensive) approaches have been developed
to treat separable nonlinear least squares problems
[20], in particular, that involved in optimized DMD
[21].

(ii) Sparsity promoting DMD [22], which uses a penalty
to identify a smaller set of important modes via con-
vex optimization techniques.

(iii) Extended DMD [23], which extends the standard
DMDapproximation to includemore basis functions,
allowing the method to capture more complex behav-
ior.

(iv) Total least squares DMD [24], which combines total
least squares and standard DMD to treat noisy data.
Let us mention here that other improvements of
standard DMD have been developed to correct the
effect of noise. Among these, Dawson et al. [25] also
tried to characterize the noise properties, Takeishi et
al. [26] combined a Bayesian formulation with DMD,
and Dicle et al. [27] computed low-rank factors of the
DMD operator while satisfying the total least squares
constraints.

On the other hand, for spatially developing flows, 𝑡 may be
replaced in (8) by a distinguished spatial variable 𝑥, obtaining
the spatial DMD expansion

𝑣 (𝑥,𝑦, 𝑡) = 𝑀∑
𝑚=1

𝑎𝑚𝑢𝑚 (𝑦, 𝑡) e(]𝑚+i𝜅𝑚)𝑥, (9)

where 𝑦 collects the remaining transversal spatial variables
and ]𝑚 and 𝜅𝑚 are the spatial growth rates and wavenumbers,
respectively. Still, a simultaneous exponential behavior in
space and time may be relevant, considering the spatiotem-
poral Koopman decomposition (STKD) [28]

𝑣 (𝑥,𝑦, 𝑡) = 𝑀∑
𝑚=1

𝑁∑
𝑛=1

𝑎𝑚𝑛𝑢𝑚𝑛 (𝑦) e(]𝑚+i𝜅𝑚)𝑥+(𝛿𝑛+i𝜔𝑛)𝑡, (10)

which will be obtained by an appropriate STKD method
described below. This method roughly consists in applying
HODMD along the 𝑥 and 𝑡 coordinates simultaneously.
Expansion (10) has been attempted in [29] in a data-driven
fashion, through an approach based on Koopman operator
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theory plus the use of appropriate basis functions. See also
the analysis in [30], where some aspects of the theory of
operator-valued kernels for machine learning with delay-
coordinate maps of dynamical systems are combined. Similar
spatiotemporal expansions have also been already derived
(via a not purely data-driven method) for the Navier-Stokes
(NS) equations in [31] by first projecting the NS equations
into the temporal modes and then applying spatial DMD to
these modes using appropriate basis functions.

The modes 𝑢𝑚𝑛(𝑦) are appropriately normalized and
expansion (10) will be further truncated by retaining only
those modes whose amplitudes 𝑎𝑚𝑛 are larger than a given
threshold. In other words, expansion (10) will not generally
contain the 𝑀 × 𝑁 modes indicated in (10), but a smaller
number of modes, which is emphasized rewriting (10) as

𝑣 (𝑥,𝑦, 𝑡) = ∑
𝑚,𝑛

𝑎𝑚𝑛𝑢𝑚𝑛 (𝑦) e(]𝑚+i𝜅𝑚)𝑥+(𝛿𝑛+i𝜔𝑛)𝑡. (11)

It is interesting to note that the methods considered above
are related to former seminal ideas by Koopman [32]; see
also [5, 31, 33]. Koopman operator theory is concerned
with observability in dynamical systems. Specifically, for a
dynamical system 𝑣(𝑡), we may consider the temporal shift𝑡 → 𝑡 + Δ𝑡, with fixed Δ𝑡. For an arbitrary vector observable
function 𝑔, the Koopman operator 𝑅𝑡 is defined as

(𝑅𝑡 ⋅ 𝑔) (𝑣 (𝑡)) = 𝑔 (𝑣 (𝑡 + Δ𝑡)) . (12)

This operator is linear, because obviously 𝑅𝑡 ⋅ (𝛼1𝑔1 +𝛼2𝑔2) =𝛼1𝑅𝑡 ⋅ 𝑔1 + 𝛼2𝑅𝑡 ⋅ 𝑔2, and infinite-dimensional, since it
acts on the infinite-dimensional space of observables. Thus,
its eigenvalues and eigenvectors allow for giving an exact
representation of any observable. Setting 𝑔 =the identity, the
Koopman operator (12) reduces to (6) and is thus related
to the standard DMD method. Similarly, considering an
observable that also takes into account delayed snapshots,
the Koopman operator reduces to (7) and is thus related to
HODMD. Still, particular realizations of the spatiotemporal
Koopman operator 𝑅𝑥,𝑡, defined as

(𝑅𝑥,𝑡 ⋅ 𝑔) (𝑣 (𝑥,𝑦, 𝑡)) ) = 𝑣 (𝑥 + Δ𝑥, 𝑦, 𝑡 + Δ𝑡) , (13)

are related to the STKD method mentioned above. This con-
nection is why we call this method spatiotemporal Koopman
decomposition.

Finally, we note that in the weakly nonlinear analysis of
oscillatory pattern forming systems [34, 35], some equations
similar to (9) and (10) are also obtained. However, these
methods require both knowing the governing equations
and assuming that the dynamics are small perturbations of
a known steady or periodic solution. In contrast, DMD,
HODMD, and STKD provide approximations of type (9)
and (10) in a purely data-driven fashion for arbitrary fully
nonlinear dynamics, which are great advantages, specially in
the case of the analysis of experimental data. Note in this
context that expansions (9) and (10) can be seen as semian-
alytical expressions that allow for the fast online computation
of the associated spatiotemporal data, which leads to a purely
data-driven reduced order model (ROM). Among the most

important applications of such a ROM, (i) it avoids numerical
computation, which may be quite computationally expensive
in large scale systems, or even not possible when the model
is obtained from experimental data; (ii) it predicts different
flow states through available data reducing the number of
data collected in experiments; and (iii) it provides efficient
tools for various applications, including flow control [36] and
optimization design [37].

With the above in mind, the main object of this paper
is to present the HODMD and STKD methods, illustrating
them in simple toy models and applying them to various
problems of scientific and technological interest. To this end,
the HODMDmethod is described and illustrated in a simple
toy model in Section 2, while several applications of this
method are considered in Section 3. The STKD method is
developed in Section 4 and applied to various problems in
Section 5. The paper ends with some concluding remarks in
Section 6.

2. Higher Order Dynamic
Mode Decomposition

As above, for a time-dependent dynamical system given by
the vector state variable 𝑣(𝑡), of size 𝐽, we consider a set of 𝐾
snapshots at equispaced values of 𝑡,
𝑣𝑘 ≡ 𝑣 (𝑡𝑘) ,

with 𝑡𝑘 = 𝑡1 + (𝑘 − 1) Δ𝑡 for 𝑘 = 1, . . . , 𝐾. (14)

If the dynamical system is infinite-dimensional, the finite-
dimensional state vector V generally results from spatial
discretization. The snapshots are organized in a snapshot
matrix (whose columns are the snapshots), as

𝑉
𝐾
1 = [𝑣1, 𝑣2, ⋅ ⋅ ⋅ , 𝑣𝐾] . (15)

In the sequel, the accuracy of the various approximations of
the snapshots will be measured in terms of the relative root
mean square (RMS) error, defined as

RRMS error = √∑𝐾𝑘=1 𝑣approx𝑘 − 𝑣𝑘22∑𝐾𝑘=1 𝑣𝑘22 , (16)

where ‖ ⋅ ‖2 denotes the usual Euclidean norm. The right
hand side of (16) measures the collective RMS error in space
and time normalized with the spatiotemporal RMS norm
of the snapshots. Obviously, other norms (omitted here for
the sake of brevity) would be more appropriate when the
dynamics exhibit disparate localized behavior in space and/or
time.

For simplicity, only the temporal expansion (5) will
be considered in this section. The spatial expansion (9) is
obtained by just interchanging the roles of 𝑥 and 𝑡.
2.1.TheHODMDMethod. TheHODMDalgorithm proceeds
in two steps (see [8] for more details).
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Step 1 (dimension reduction). Applying truncated singular
value decomposition (SVD) [38] to the snapshot matrix 𝑉𝐾1
yields

𝑉
𝐾
1 ≃ 𝑃Σ𝑄⊤ ≡ 𝑃�̂�𝐾1 (or 𝑣𝑘 = 𝑃�̂�𝑘) ,

with �̂�
𝐾

1 = Σ𝑄⊤, (17)

where the matrix �̂�
𝐾

1 is known as the dimension-reduced
snapshot matrix and their columns, the dimension-reduced
snapshots, �̂�𝑘. The number of retained modes, which is the
spatial complexity defined above, 𝑀, is determined by a
(tunable) tolerance 𝜀1, requiring that the RRMS error of
the approximation, as defined in (16), be smaller than 𝜀1;
this error is easily computed in terms of the singular values
using well-known SVD formulae [38]. For noisy data we may
choose 𝜀1 comparable to the noise level, which helps to clean
the data [39]. Now we note that if we had a DMD expansion
for the dimension-reduced snapshots, as

�̂�𝑘 ≃ 𝑁∑
𝑛=1

𝑎𝑛�̂�𝑛e(𝛿𝑛+i𝜔𝑛)𝑡𝑘 for 𝑘 = 1, . . . , 𝐾, (18)

which in fact will be computed in the next step, substituting
this expansion into (17) (namely, premultiplying (18) by the
matrix 𝑃), then we obtain the DMD expansion (5) we are
looking for.

Step 2 (the DMD-d algorithm for the dimension-reduced
snapshots). Now, we must treat the standard DMD and
the HODMD algorithms separately. For ordinary DMD, we
consider the Koopman assumption (6) for the dimension-
reduced snapshots, which reads

�̂�𝑘+1 ≃ �̂�𝑡 �̂�𝑘, (19)

where the 𝑀 ×𝑀 matrix �̂�𝑡 (reduced Koopman matrix)
is computed from the dimension-reduced snapshots via the
pseudoinverse. Now, the reduced expansion (18) is computed
as follows. The reduced modes �̂�𝑛 are normalized eigen-
vectors of �̂�𝑡, the exponents are related to the eigenvalues,𝜇𝑛, as 𝛿𝑛 + i𝜔𝑛 = log 𝜇𝑛/Δ𝑡, and the amplitudes 𝑎𝑛 are
computed via least squares fitting (as in optimized DMD [19])
of the dimension-reduced snapshots in expansion (18). This
completes the algorithm for standard DMD.

Concerning HODMD, the counterpart of (6) for the
reduced snapshots,

�̂�𝑘+𝑑 ≃ �̂�1�̂�𝑘+𝑑−1 + �̂�2�̂�𝑘+𝑑−2 + . . . + �̂�𝑑�̂�𝑘, (20)

is treated using the enlarged snapshots

�̃�𝑘 ≡
[[[[[[[[[

�̂�𝑘

�̂�𝑘+1. . .
�̂�𝑘+𝑑−2

�̂�𝑘+𝑑−1

]]]]]]]]]
. (21)

Applying Step 1 above (a second dimension reduction that
eliminates redundancies between the snapshots and delayed
snapshots) gives a new set of enlarged dimension-reduced
snapshots, ̂̃𝑡𝑘, which are assumed to satisfy the counterpart of
(19), namely, ̂̃𝑡𝑘+1 ≃ �̃�𝑡̂̃𝑡𝑘, where thematrix �̃�𝑡 is computed via
the pseudo inverse, as above. The eigenvalues of eigenvectors
of �̃�𝑡 permit obtaining the counterpart of (18) for the enlarged
dimension-reduced snapshots. Considering only the first𝑀
components in this expansion, we obtain the dimension-
reduced expansion (18), where the mode amplitudes 𝑎𝑛 are
computed via least square fitting with the dimension-reduced
snapshots, which completes the derivation of (18) in the
HODMDmethod.

Once expansion (18) has been computed either for
standard DMD or for HODMD, the expansion is sorted
in decreasing order of the mode amplitudes and is further
truncated by eliminating those modes such that

𝑎𝑛𝑎1 < 𝜀2, (22)

for some tunable parameter 𝜀2.
Some remarks about the method are now in order:

(i) A solver for the DMD-𝑑 algorithm described above
can be found in [40].

(ii) It is interesting to note that the enlarged snapshots,
containing also the delayed snapshots, are defined
for the reduced snapshots (whose size is 𝑀), not for
the (usually much larger) original snapshots, which,
as anticipated, would greatly increase the computa-
tional cost of the method. In fact, the ratio of the
computational cost of HODMD to that of standard
DMD scales with a first or second power (depending
on the comparative values of 𝐽, 𝑀𝑑, and 𝐾) of𝐽/(𝑀𝑑), which is of order one in most applications
(but obviously not always).

(iii) Considering periodic or quasi-periodic dynamics,
and measuring the accuracy of the DMD recon-
struction with the RRMS error defined in (16), the
method is quite robust in connection with the tunable
parameters 𝑑, 𝜀1, and 𝜀2. In particular, the plot of the
RRMS error versus 𝑑 is fairly flat near the minimum,
which means that the selection of 𝑑 is not critical.
In principle, if the data were exact, the smaller 𝜀1
and 𝜀2, the better the approximation. However, in the
presence of noise or discretization/truncation errors,𝜀1 and 𝜀2 must be not too small to avoid that the
method captures unphysical modes. In other words,
these two parameters must be comparable to the
noise/errors level, but see the next remark. Finally,
the timespan 𝑡𝐾 − 𝑡1 and the time shift between
snapshots, Δ𝑡, must be selected as somewhat larger
and smaller than the largest and smallest involved
periods, respectively.

(iv) An obvious trade-off of the HODMD method is that
we have an additional tunable parameter 𝑑, which
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Figure 2: Toy model function defined in (16) (thin solid lines) and the reconstruction using DMD-800 (thick dashed lines) andDMD-1 (thin
dashed line).

is no present in standard DMD and must be chosen
via trial-and-error. However, as explained above, the
method is robust in connection with the parameter 𝑑.

(v) The parameters 𝜀1 and 𝜀2 can be seen as govern-
ing spatial and temporal truncation, respectively.
For finite accuracy and given values of the tunable
parameters, a new application of the method to the
HODMD reconstructed solution does not necessarily
give the same reconstruction. This is specially inter-
esting for noisy data, in which the iterative appli-
cation of the method (iterative HODMD, see [41])
improves noise filtering (beyond the well-known [39]
noise filtering effect associated with the application
of truncated SVD in Step 1). It is to be noted that
iterating HODMD with fixed tolerances 𝜀1 and 𝜀2
eliminates both spurious SVD modes and spurious
DMD frequencies, decreasing along the iterations
both the spatial and spectral complexities, 𝑀 and 𝑁,
respectively. The iteration is terminated when𝑀 and𝑁 do not decrease further. By choosing 𝜀1 and 𝜀2
comparable to the noise level, the method permits
uncovering physical phenomena that were masked by
noise in the original data. A striking example of the
ability of the iterative HODMDmethod to filter noise
and uncovering the physically relevant dynamics will
be given in Section 3.2.

(vi) When more than one spatial coordinate is present,
and spatial discretization is made in a structured
mesh in some of the spatial coordinates, the given
data can be organized in a snapshot tensor instead of
a snapshot matrix. In this case, standard DMD can
be substituted in Step 1 (see [41]) by HOSVD [42],
a well-known extension of standard DMD by Tucker
[43]. HOSVD decomposes the tensor as a linear

combination of tensor products of modes in the
various directions. The DMD-𝑑 algorithm is applied
separately (perhaps with different values of 𝑑) to the
various sets of modes.

2.2. Illustration of the HODMD Method in a Toy Model. Let
us first illustrate the method in the following quasi-periodic
simple toy model

V (𝑡) = √1 + 12 sin 𝑡 sin (√3𝑡). (23)

This model exhibits the incommensurable fundamental fre-
quencies √3 ± 1, which are somewhat disparate from each
other and their joint harmonics. The spatial complexity is𝑀 = 1, while the spectral complexity 𝑁 (which increases
as the accuracy of the reconstruction is required to be more
and more strict) is larger than one. The convenience of
using delayed snapshots when the spatial complexity is 1 was
alreadymentioned in [7].TheHODMDalgorithm DMD-800
is applied to a set of 𝐾 = 2000 snapshots in the timespan0 ≤ 𝑡 ≤ 32, with tolerances 𝜀1 = 10−10 and 𝜀2 = 10−4. The
method identifies 𝑁 = 27 frequencies and reconstructs the
snapshots with RRMS error, as defined in (16), ∼ 2 ⋅ 10−4 in
this interval. Thus, the original quasi-periodic function and
its reconstruction are plot-indistinguishable (see Figure 2-
left).Moreover, the extrapolation of this reconstruction to the
interval 180 ≤ 𝑡 ≤ 200 (Figure 2-right) is still quite good,
since the RRMS error is ∼ 2.7 ⋅ 10−3. On the contrary, the
standard DMD algorithm DMD-1 (Figure 2-left, thin dashed
line) identifies just one spurious frequency and gives a 𝑂(1)
RRMS error.

More realistic applications of the HODMD method and
its iterative extension are considered in the next section.
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3. Applications of HODMD

The discussion about spectral and spatial complexities is a
key point to understand the wide range of applications of
HODMD. As anticipated in Section 1 and further explained
in [11], there are several natural cases in which the spectral
complexity is larger than the spatial complexity.Here, we shall
concentrate on two such cases, one driven by numerical data
from the complex Ginzburg-Landau equation (CGLE) and
another by experimental data from the zero-net-mass-flux
(ZNMF) jet, which will be considered in Sections 3.1 and 3.2,
respectively. Additional applications will be briefly addressed
in Section 3.3.

3.1. Application to the CGLE. Let us consider the following
CGLE with periodic boundary conditions:

𝜕𝑡𝐴 = (1 + i𝛼) 𝜕2𝑥𝑥𝐴 + 𝜇𝑢 − (1 + i𝛽) |𝐴|2 𝐴, (24)

𝐴 (−1, 𝑡) = 𝐴 (1, 𝑡) ,
𝜕𝑥𝐴 (−1, 𝑡) = 𝜕𝑥𝐴 (1, 𝑡) . (25)

The dependent variable 𝐴 is complex and can be seen as the
complex amplitude when using (24) as the weakly nonlinear
“normal form”, which applies at the onset of oscillatory
instabilities in many relevant physical systems [34, 35]. The
CGLE is a well-known paradigm of pattern forming systems
that exhibits complex dynamics [44] due to the modulational
instability if 𝛼𝛽 < −1 (Newell’s condition [44]) and 𝜇
exceeds a threshold value. For typical values of 𝛼, 𝛽, and𝜇, the CGLE possesses an inertial manifold contained in
a linear subspace of dimension 20-30 (upper limit of the
spatial complexity), while the dynamics may be complex,
meaning that the spectral complexity can be large. Thus,
the standard DMD-1 algorithm fails except for the simplest
monochromatic attractors [8].

Problem (24)-(25) is invariant under the 𝑂(2) × 𝑆𝑂(2)
symmetry group generated by spatial translations and reflec-
tions, and phase shifts in 𝐴,

𝑥 → 𝑥 + 𝑐1,𝑥 → −𝑥,
𝐴 → 𝐴ei𝑐2 .

(26)

Because of the latter symmetry, it is convenient to write down
expansion (1) for the CGLE as

𝐴 (𝑥, 𝑡) = ei𝜔0𝑡
𝑁∑
𝑛=1

𝑎𝑛𝑢𝑛 (𝑥) ei𝜔𝑛𝑡, (27)

where the frequencies 𝜔1, 𝜔2, . . . are linear combinations with
integer coefficients of some fundamental frequencies, which
are generally incommensurable with 𝜔0. Thus, the dynamics
of𝐴 are more complex than those of |𝐴|. In other words,𝐴 is
periodic if |𝐴| is stationary, and 𝐴 represents a 2-torus if |𝐴|
is periodic. In the sequel, we consider just two attractors, one

such that |𝐴| is periodic and another such that |𝐴| is quasi-
periodic. Both attractors are obtained for

𝛼 = −10,
𝛽 = 10, (28)

and two values of 𝜇. Note that since |𝛼| and |𝛽| are both
somewhat large, dispersion and nonlinear detuning are large
compared to diffusion and nonlinear damping, respectively,
which is demanding from the computational point of view
and promotes complex dynamics. For the construction of the
databases, the equation is solved numerically using a Crank-
Nicolson plus Adams-Bashforth scheme [45] for temporal
discretization, with time step Δ𝑡 = 10−5, while the second-
order spatial derivative is discretized using centered finite
differences in a uniform grid of 1000 points. HODMD is
applied to a set of 2000 snapshots, collected in an appropriate
time interval of length 1, disregarding a transient time-stage.
In the two cases considered below, a good value of the index𝑑when applying the HODMD algorithm is 𝑑 = 50, while the
remaining tunable parameters are 𝜀1 = 10−8 and two values
of 𝜀2, namely,

𝜀2 = 5 ⋅ 10−3 (high accuracy) ,
𝜀2 = 10−4 (low accuracy) . (29)

Selecting these values of the tunable parameters as common
for the two cases considered below illustrates the robustness
of the method, which is further checked noting that low and
high accuracy computations are consistent among each other,
and the results coincide when different timespans are used in
the computations.

The first case to be considered in that for 𝜇 = 20, in which
using the DMD-50 algorithm, the RRMS reconstruction
error (see (16)) is ∼ 6 ⋅ 10−3 and ∼ 2 ⋅ 10−5 for low and
high accuracy, respectively, retaining 6 and 12 DMD modes,
respectively.The semilogarithmic plot of the DMDamplitude
versus frequency is plotted in Figure 3-left, where it can be
seen that the relevant points are approximately contained
in two straight lines centered at 𝜔0 = 11.6, which means
that expansion (27) converges spectrally; using the standard
DMD method (DMD-1 algorithm), instead, gives spurious
results, plotted with red symbols in the figure.The remaining
points obtained via the DMD-50 algorithm lie equispaced in
frequency, with a distance between them equal to 𝜔 = 118.7,
which means that the frequencies 𝜔𝑛 appearing in expansion
(27) are all (positive or negative) harmonics of 𝜔. Thus,|𝐴| is time-periodic (see Figure 3, middle), with a period2𝜋/𝜔, while 𝐴 is quasi-periodic (2-torus), with fundamental
frequencies 𝜔0 and 𝜔. Since 𝜔0 is small compared to 𝜔 the
pattern is slowly modulated (Figure 3, right). The spatial
modes appearing in the expansion (27), 𝑢𝑛, which are not
plotted for the sake of brevity, exhibit a reflection symmetry
around 𝑥 = −0.17 (indicated with a vertical white line in
Figure 3), meaning that the whole pattern also exhibits this
symmetry, consistently with the invariance of the problem
under the actions (26). This implies that the pattern can be
seen as a standing wave (SW), as indicated with the vertical
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Figure 4: Counterpart of Figure 3 for = 22.
while solid line in Figure 3, but it can also be considered as
either a right or left travelingwave (TW), as indicatedwith the
oblique dashed lines in this figure. This dual interpretation
cannot be ascertained from the shape of the modes 𝑢𝑛, but
this issue will be revisited and further checked in Section 5.1.

As a second case, we consider the value 𝜇 = 22 (Figure 4),
in which the dynamics are more complex. Again, the DMD-1
algorithm yields spurious results. Instead, for low and high
accuracy (see (29)), the DMD-50 algorithm retains 17 and
49 modes, giving a RRMS reconstruction error (see (16))∼ 8 ⋅ 10−3 and ∼ 2 ⋅ 10−4, respectively. The main difference
with the case considered in Figure 3 is that now the plot of
the amplitude versus the frequency forms a triangular pattern
that also decays spectrally but shows that, in addition to 𝜔0 =−21.2, the frequencies in the expansion in the right hand side
of (27) are linear combinations with integer coefficients of the
fundamental frequencies 𝜔1 = 156.6 and 𝜔2 = 22.2, which
are not easily identified in Figure 4, left. Thus, guessing that
the three fundamental frequencies are incommensurable, the
attractor for |𝐴| is contained in a 2-torus while that for 𝐴 lies
in a 3-torus. Finally, the middle and right plots in Figure 4

show that the pattern is a TW but, as in the former case,
elucidating this issue from the shape of the modes 𝑢𝑛(𝑥)
appearing in (27) turns out to be a difficult (and unnatural)
issue. The STKD method, which will be applied to the CGLE
in Section 5.1, instead, will solve this issue in a natural way.

In summary, the HODMD method is able to precisely
compute the temporal DMD expansion for the CGLE, giving
robust results and distinguishing between periodic and quasi-
periodic phenomena. However, identifying SWs and TWs
requires additional ingredients, which will be included in the
STKD method, developed in Section 4 and applied to the
CGLE in Section 5.1.

3.2. Application to the Zero-Net-Mass-Flux Jet. A zero-net-
mass-flux (ZNMF) jet [46, 47] is a pulsatile jet promoted by a
piston or membrane that interchanges fluid flow through an
orifice with an outer ambient fluid that is at rest far from the
orifice.Thenetmass flux is zero, but at largeReynolds number
there is a nonzero (and large) net flux of momentum that,
in addition to its own scientific interest, is useful in various
fields. For instance, synthetic jet actuators promote pulsatile
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Figure 5: Pseudo-streamlines in a meridional section for two representative snapshots of the injection (left) and suction (right) phases in the
ZNMF jet.

jets [48] that are useful in, e.g., mixing enhancement [49], jet
vectoring [50], heat transfer [51], and active flow control of
boundary layer separation [52].These jets are also relevant in
nature, in connection with squid, octopus, salp, and jellyfish
swimming [53].

It must be noted that the nonzero momentum flux at
large Reynolds number is due to the fact that, even if the
periodic forcing is temporally reflection symmetric, the flow
is highly nonreflection symmetric, as illustrated in Figure 5,
where an approximately rotationally symmetric jet produced
by a circular orifice is considered. As can be seen, a vortex
ring is formed in the injection phase that travels downstream,
while the suction phase is characterized by a saddle point that
separates the fluid reentering the cavity from that still moving
downstream.

The ZNMF jet promotes a complex flow structure that
involves various, disparate spatiotemporal scales, whose
understanding remains as an open topic. Thus, this is a
convenient problem to test the performance of the HODMD
method. Also, in order to test the noise filtering ability of
the iterative HODMD method, the analysis will be based on
experimental data resulting from particle image velocimetry
(PIV), as obtained [46, 47] in the experimental facility
for ZNMF jets of the Laboratory for Turbulence Research
and Combustion at Monash University. Such measurements
exhibit an error ∼ 2.4% at the 95% confidence level. Two
nondimensional parameters characterize the flow conditions,
namely the Reynolds and Strouhal numbers, defined as Re=𝑈𝐷/] and St= 𝑓𝐷/𝑈, respectively, where 𝐷 is the jet orifice
diameter, ] is the kinematic viscosity, 𝑈 is related to the peak
oscillation velocity of the piston 𝑉𝑝 as 𝑈 = 5𝑉𝑝/√2 (see [41]
for details), and 𝑓 is the piston oscillation frequency. In the
present case, we have Re= 13329 and St= 0.03, which give a
flow lying in the laminar-transitional regime.The flow is fully
turbulent in the far field, but laminar in the near field (near
the orifice), which will be the region of the jet considered
here; see [41] for further details on the experimental facility
and the PIV measurement.

The orifice is circular and the resulting near field flow
is approximately axi-symmetric, at least in the large scale.
The experimental data consists in 𝐾 = 1872 snapshots rep-
resenting 12 piston oscillation cycles, giving the streamwise
and radial velocity components, 𝑢(𝑥𝑖, 𝑟𝑗, 𝑡𝑘) and V(𝑥𝑖, 𝑟𝑗, 𝑡𝑘),
respectively, at 𝐼 × 𝐽 = 52 × 68 grid points in a meridional
rectangle (interrogation window), where 𝑥 and 𝑟 are the
streamwise and radial coordinates, respectively, with origin
at the center of the orifice and 𝑡 is the time variable, with

origin at the beginning of the suction phase.The time variable
has been rescaled such that the (nondimensional) oscillating
frequencies are measured in terms of the associated Strouhal
number defined above, meaning that the piston oscillating
period is 𝑇 = 2𝜋/0.03. Thus, we have a snapshot tensor
(instead of a matrix) and HOSVD must be used instead of
standard SVD in the first step of the HODMD method (see
[41] for details). Assuming permanent dynamics (zero or very
small growth rates) the aim of the iterative HODMDmethod
is to obtain an expansion of the form

𝑣 (𝑥, 𝑟, 𝑡) ≃ 𝑁∑
𝑛=1

𝑢𝑛 (𝑥, 𝑟) ei𝜔𝑛𝑡, (30)

The iterative DMD-𝑑 algorithm has been applied to obtain
this expansion using two values of the index 𝑑, namely, 𝑑 = 1
(standard DMD) and 𝑑 = 700 (strictly higher order DMD),
with two tolerance sets, namely,

𝜀1 = 𝜀2 = 2.4 ⋅ 10−2 (low accuracy) ,
𝜀1 = 𝜀2 = 10−2 (high accuracy) , (31)

which correspond to the estimated experimental error and
more precise computations, respectively. Using the latter
tolerances, below the experimental error, will permit eluci-
dating the ability of the iterative HODMDmethod to uncover
physical phenomena that are masked by the experimental
errors in the given data.

Figure 6 shows the amplitude versus frequency (nondi-
mensionalized as the Strouhal number) obtained in the
analyses. DMD-1 captures 11 modes, all of them spurious.

On the contrary, DMD-700 captures𝑁 = 19 and𝑁 = 49
DMD modes using low and high accuracy, respectively. It is
remarkable that the spatial complexity 𝑀 is much smaller
than the spectral complexity, 𝑁, since 𝑀 = 5 and 𝑀 = 11
for low and high accuracy, respectively, which justifies the
failure of DMD-1.Themethod shows that the flow is periodic
in the near field, with dominant frequency St= 0.03 (piston
oscillation frequency). Since the data are real, the DMD
modes appear in complex-conjugate pairs, meaning that the
retained modes contain the mean flow (St=0) and 9 and 24
nonzero harmonics for low and high accuracy, respectively.

The suction phase (see Figure 5-left) is not quite demand-
ing, since it just shows a saddle point at the axis of the
jet. The reconstructions using DMD-700 with low and high
accuracies are qualitatively similar to their counterparts for
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Figure 7: Two snapshots in the suction phase, for 𝑡 = 𝑇/18 (left plot) and 𝑡 = 2𝑇/9 (middle plot), and a snapshot at the very beginning of
the injection phase, for 𝑡 = 𝑇/2 + 𝑇/72 (right plot).
the original PIV data. Themain difference is that the iterative
HODMDmethod gives smoother results with high accuracy
than with low accuracy, and both are smoother than the
original PIV data. This is an indication of the ability of the
method to filter experimental errors, but this issue cannot be
confirmed because the actual physical data are not available.
Concentrating on the reconstructions with low accuracy, it
is seen that the saddle point is created near the orifice at
the beginning of this phase and travels downstream to a
distance that is approximately equal to 2𝐷, where it remains
steady for most part of the suction phase (Figure 7, left and
middle plots). This saddle point is blown downstream at the
beginning of the injection phase, where a new saddle point
is created near the orifice that travels dowstream very fast
(Figure 7, right plot) and leaves the near field, in a short
timespan of the order of 𝑇/100. This saddle point must be
present for topological reasons, but it had never been seen
in studies previous to [41], just because it is quite short
living. In fact, it is not present in any of the snapshots used
to apply the HODMD method. It must be noted that this
saddle point would be present (with some spatial noise) in
the experimental snapshots if the sampling frequency was
sufficiently large. Thus, the identification of this saddle point
illustrates well the advantages of the temporal interpolation
that is implicit in the HODMDmethod.

The injection phase (see Figure 5, right) is more inter-
esting in the present context. Figure 8 shows a comparison
of the original data with the reconstructions provided by
DMD-700 for low and high accuracy. As can be seen, the
reconstructions are much smoother than the original PIV
data, as it happened in the suction phase. However, the
reconstruction with high accuracy (recall that this is below
the experimental error) is qualitatively different, since it
shows some small vortices leaving the edge of the cavity
that cannot be even guessed in the original PIV data and do
not appear in the low accuracy reconstruction because they
involve a quite small energy.These small vortices are smooth,
which may indicate that they are not artifacts associated
with higher order modes resulting from experimental errors.
However, this cannot be ascertained since the actual physical
dynamics is not available.Therefore, we have conducted some
numerical simulations to elucidate this point. The value of
the Reynolds number in the experimental data considered
above, Re∼13000, is a quite large value that would need huge
numerical resources, even using the computationally efficient
solver Nek5000 [54] (an open source spectral element code).
Therefore, we have performed computations using the lower
Reynolds number Re=1000 and the same Strouhal number as
in the experimental data considered above, namely, St=0.03.
The numerical counterpart of the snapshot considered in
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Figure 8: Instantaneous pseudo-streamlines and streamwise velocity contours for a representative snapshot (𝑡 = 𝑇/9) in the injection phase,
showing the original PIV data (left plot) and the reconstructions using DMD-700 for low (middle plot) and high (right plot) accuracy.
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Figure 9: Counterpart of the snapshot considered in Figure 5 but as
numerically computed for Re=1000.

Figure 8 is given in Figure 9, which confirms the presence of
the small vortices.

In summary, the results above illustrate well the ability
of the iterative HODMD method to both (i) take advantage
of temporal interpolation to uncover fast events (such as the
saddle point at the beginning of the injection phase) that
are not present in the snapshots and (ii) filter experimental
errors so well that some small patterns (such as the small
vortices in the injection phase) can be identified that were
completely masked by the experimental noise. In addition,
the analysis above permits constructing a purely data-driven
(from experimental data) ROM that reproduces well the
periodic behavior of the ZNMF jet and shows a fast online
operation.

3.3. Additional Applications. Some additional applications
are now briefly quoted.

The HODMD method permits identifying flow instabil-
ities by monitoring those DMD modes whose growth rate

changes sign. On the other hand, as anticipated, retaining
only those terms appearing in the DMD expansion (1) that
exhibit zero (or very small) growth rate, the final attractor
may be obtained from transient data. This latter idea can be
used to strongly decrease the CPU time required to compute
the final attractor, avoiding continuing the numerical inte-
gration until final attractor is reached, which may require an
extremely large timespan, specially near bifurcation points.
Transient dynamics are usually found in the initial stage of a
numerical simulation, where a large number of modes (either
physical or spurious) appear simultaneously.

Let us illustrate these two applications by considering the
cylinder wake, namely, the wake behind a circular cylinder
immersed in a free stream with constant, spatially uniform
velocity, which is a basic fluid dynamics problem [55, 56].This
problem depends on a unique nondimensional parameter,
the Reynolds number Re = 𝑈𝐷/], where𝑈 is the free stream
velocity, 𝐷 is the cylinder diameter, and ] is the dynamic
viscosity of the fluid, assumed to be incompressible. Thus,
the nondimensional velocity and pressure obey the continuity
and Navier-Stokes equations:

∇ ⋅ 𝑣 = 0, (32)

𝜕𝑣𝜕𝑡 + (𝑣 ⋅ ∇) 𝑣 = −∇𝑝 + 1
Re

Δ𝑣, (33)

which are usually integrated imposing 𝑣 is equal to the
free stream velocity at the inlet boundary, no-slip boundary
conditions at the boundary of the body, appropriate (non-
reflecting) boundary conditions at the sides and exit of the
computational domain, and periodic boundary conditions
in the spanwise direction, with a period 𝐿𝑧. The wake is
two-dimensional and steady for small Re, but at Re≃ 46 it
exhibits a first unsteady instability (Hopf bifurcation [57, 58])
that produces a still two-dimensional but unsteady, periodic
von Karman vortex street flow. The flow remains orbitally
stable up to Re≃ 190, where it suffers a secondary bifurcation
(Floquet multiplier= 1) and becomes three-dimensional [59]
for spanwise period 𝐿𝑧 > 3𝐷 (with D the cylinder diameter).
The resulting mode is a long-wave, periodic, flow known as
mode A. For larger values of Re, at Re=259, a second periodic
short-wavemode appears if 𝐿𝑧 > 1.5𝐷 that is known asmode



12 Complexity

Figure 10: Streamwise velocity contours for modes A (left) and B (right) obtained at Re= 280, with and 𝐿𝑧 = 6.99.
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Figure 11: Measurements upstream the wind turbine in the LiDAR experimental campaign. Data are available in the six planes that are closer
to the wind turbine, while the data on the seventh plane are to be predicted.

B. Modes A and B are illustrated in Figure 10. These modes
are usually obtained via Floquet stability analysis of the basic
two-dimensional periodic solution [59–61], but they can also
be obtained via HODMD applied to the whole dynamics
obtained via numerical simulations [62]. It is relevant to note
that for higher values of the Reynolds number, at Re ≃ 380,
a new instability takes place that is associated with a pair of
complex-conjugate Floquet multipliers that give a family of
quasi-periodic solutions [61].Thesemodeswere also identified
in [62].

As for temporal extrapolation via the HODMD method,
this idea has been used [11] precisely in the three-dimensional
cylinder wake, with Re=220 and 𝐿𝑧 = 4. The numerical data
was obtained using the above-mentioned numerical solver
Nek5000 [54]. Temporal HODMD extrapolation divided by
five the CPU time required computing the final attractor with
a reasonable accuracy; see [11] for further details.

Additional applications involving numerically generated
data include the analysis of the turbulent wake of a cross flow
wind turbine [63] and an off-shore wind turbine [64], as well
as the analysis of wakes interaction [65].

Concerning analyses based on experimental data, a good
example, linked to the field of renewable energies, is the
postprocess of light detection and ranging (LiDAR) [66, 67]
measurements. LiDAR is an experimental method for the
remote measurement of the line-of-sight component of wind
speed, usually employed in the wind energy industry with
different goals, including the maximization of the power
generated by the wind turbine. Measurements are made at

a few (say, 𝑀) points upstream the wind turbine, based on
detection of the Doppler shift for light backscattered from
natural aerosols transported by the wind in the atmosphere.
LiDAR measurements offer 𝑀 time-dependent signals that
present high noise levels (15 − 20%). Thus, the spatial
complexity 𝑀 is small, making HODMD a suitable tool to
analyze the data and detect the dominant frequencies. A
great difficulty is that LiDAR experiments only measure at
distances between 20 m and 200 m from the measurement
device, which is a restriction in certain situations. Figure 11
shows six planes of LiDAR measurements located at dis-
tances between 33 m and 201 m upstream the wind turbine.
HODMD is used to analyze such data and to predict the
wind velocity at a seventh distance (228 m), which is well
beyond the LiDAR device measurement range. The idea used
in [68] is to extrapolate the spatial modes in the DMD
expansion, guessing the data at the seventh distance with
relative errors ∼ 2%. The computational cost for predicting
these measurements is negligible, making it possible to easily
update the model in real-time (leading to a fast, purely data-
driven ROM).

Additional applications using experimental data where
the HODMD method have proved to give good results
including nonisothermal flows around square objects in a
channel [69] and the analysis of aeroelastic data in aircraft
flight tests [70]. The aim in the latter application is to
obtain the natural aeroelastic frequencies, and the associated
damping rates, of the various aircraft parts (e.g., wings or
fuselage) from data obtained at some sensors along the
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aircraft when this is subject to various types of impulsive
excitation.

4. Spatiotemporal Koopman Decomposition

As seen in the previous sections, HODMD is suited for
analyzing complex dynamics and provides accurate signal
descriptions in terms of dominant frequencies and DMD
modes. Nevertheless, the spatial components of the data ana-
lyzed may bring some relevant information that, combined
with the temporal information, helps in the analysis and
interpretation of the data.Themain benefit of this idea, which
gives rise to the spatiotemporal Koopman decomposition
(STKD) method presented below, is that it further simplifies
the spatiotemporal description of complex data in terms of
TWs.The STKDmethod leads to data approximations of the
type of (11), which for the sake of clarity is rewritten here as

𝑣 (𝑥,𝑦, 𝑡) = ∑
𝑚,𝑛

𝑎𝑚𝑛𝑢𝑚𝑛 (𝑦) e(]𝑚+i𝜅𝑚)𝑥+(𝛿𝑛+i𝜔𝑛)𝑡, (34)

for 𝑥1 ≤ 𝑥 ≤ 𝑥1 + 𝑋 and 𝑡1 ≤ 𝑡 ≤ 𝑡1 + 𝑇. This expansion
can be seen as a linear combination of monochromatic TWs,
with phase velocities 𝑐𝑚𝑛 = −𝜔𝑛/𝜅𝑚, which may be organized
in various types of more complex standing or propagative
patterns [28]. For a given finite accuracy, it is frequent that
only some combinations of 𝑚 and 𝑛 need to be retained
that, moreover, are grouped along straight lines in 𝜔 versus𝜅 plane (called the 𝜔-𝜅 diagram below), which may be either
horizontal or oblique and correspond to either standing or
traveling patterns, respectively.

Pure TWs are a particular case, in which the number of
spatial and temporal modes coincide, the amplitude matrix𝑎𝑛𝑚 is diagonal, 𝛿𝑛 = ]𝑚 = 0, and 𝜔𝑛 = −𝑐𝜅𝑚. Then, (34) can
be expressed as

𝑣 (𝑥 − 𝑐𝑡,𝑦) ≃ 𝑁∑
𝑛=1

𝑎𝑛𝑚𝑢𝑛𝑚 (𝑦) ei𝜅𝑚(𝑥−𝑐𝑡). (35)

In this case, the relevant points in the 𝜔 − 𝜅 diagram are in
a straight line passing through the origin. If 𝑐 = 0, then the
pattern is a pure SW. When the points in the 𝜔 − 𝜅 diagram
can be organized in families of horizontal or oblique, parallel
straight lines, then the pattern is a modulated SW or TW,
respectively. Combinations of these two give more general
patterns; see the examples presented below.

In some cases, the dynamics present oscillatory behavior
in more than one spatial direction. Concentrating for sim-
plicity in the case in which two spatial directions 𝑥 and 𝑦
are involved, the STKDmethod provides an expansion of the
type

𝑣 (𝑥, 𝑦, 𝑧, 𝑡) ≃ ∑
𝑚1,𝑚2,𝑛

𝑎𝑚1𝑚2𝑛𝑢𝑚1𝑚2𝑛 (𝑧)
⋅ e(]1𝑚1+i𝜅1𝑚1 )𝑥+(]2𝑚2+i𝜅2𝑚2 )𝑦+(𝛿𝑛+i𝜔𝑛)𝑡, (36)

which also give TWs. For instance, if the temporal and spatial
growth rates are all equal to zero and the wavenumbers and
frequencies are such that𝜔𝑛

√(𝜅1𝑚1)2 + (𝜅2𝑚2)2
= −𝑐,

𝜅2𝑚2 = 𝑑𝜅1𝑚1 ,
(37)

then pattern (36) represents a pure TW with phase velocity 𝑐
that propagates in the direction of the lines 𝑑𝑦−𝑥 = constant.
As in the simpler case in which only one spatial direction is
involved, pure SWs correspond to the case 𝑐 = 0, and more
general patterns are obtained combining these basic patterns.
The extension to the case in which the three spatial variables
are involved is straight forward.

4.1. The STKD Method. Let us now present the STKD
method, considering the discrete counterpart of (34), with
the discrete values of 𝑥 and 𝑡 defined as 𝑥𝑗 = 𝑥1 + 𝑗Δ𝑥
and 𝑡𝑘 = 𝑡1 + 𝑘Δ𝑡, for 𝑗 = 1, . . . , 𝐽 and 𝑘 = 1, . . . , 𝐾, withΔ𝑥 = 𝑋/𝐽 and Δ𝑡 = 𝑇/𝐾; as in the temporal HODMD
method, the continuous decomposition is obtained from the
discrete decomposition by just allowing 𝑥𝑗 and 𝑡𝑘 to take
continuous values. In addition, for simplicity, we consider a
scalar state variable in the strictly one-dimensional case, in
which no dependence on the transversal variable 𝑦 is present.
Namely, we substitute (34) by

V (𝑥𝑗, 𝑡𝑘) = ∑
𝑚,𝑛

𝑎𝑚𝑛𝑢𝑚𝑛e(]𝑚+i𝜅𝑚)𝑥𝑗+(𝛿𝑛+i𝜔𝑛)𝑡𝑘 , (38)

where themodes𝑢𝑚𝑛 are complex numberswith unit absolute
value. The method proceeds in two steps.

Step 1 (dimension reduction). As in HODMD, truncated
SVD with a tunable tolerance 𝜀1 (which determines the
number of retained SVD modes, 𝑀) is applied to the 𝐽 × 𝐾
snapshot matrix (15), but in the present case the reduced
spatial and temporal modes are scaled differently. In other
words, (17) is replaced by

𝑉
𝐾
1 ≃ 𝑃Σ𝑄⊤ ≡ (�̂�𝐽1)⊤ �̂�𝐾1 , (39)

where𝑀× 𝐽 and𝑀×𝐾matrices 𝑋𝐽1 and 𝑇
𝐾
1 are defined as

�̂�
𝐽

1 = √Σ𝑃⊤,
�̂�
𝐾

1 = √Σ𝑄⊤. (40)

Thesematrices are called the reduced spatial and temporal
snapshot matrices, respectively, and their columns, �̂�𝑗 and
�̂�𝑘, the reduced spatial and temporal snapshots, respectively.
Comparison between (40) and (17) shows that while the SVD
singular values were used in the temporal HODMD method
to scale the reduced temporal snapshots, they are equidis-
tributed now to rescale the reduced spatial and temporal
snapshots, which are both scaled with the square root of the
singular values.
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Step 2 (computation of the STKD expansion). The higher
DMD-d algorithm described in Section 2 is applied to the
reduced spatial and temporal snapshots, using appropriate
indexes 𝑑𝑥 and 𝑑𝑡, respectively, which leads to

�̂�𝑗 ≃ 𝑀∑
𝑚=1

𝑎𝑥𝑚�̂�𝑥𝑚e(]𝑚+i𝜅𝑚)𝑥𝑗 , for 𝑗 = 1, . . . , 𝐽, (41)

�̂�𝑘 ≃ 𝑁∑
𝑛=1

𝑎𝑡𝑛�̂�𝑡𝑛e(𝛿𝑛+i𝜔𝑛)𝑡𝑘 for 𝑘 = 1, . . . , 𝐾. (42)

The numbers of retained modes, 𝑀 and 𝑀, are the spec-
tral spatial and temporal complexities, respectively, and are
selected in terms of the spatial and temporal amplitudes, 𝑎𝑥𝑚
and 𝑎𝑡𝑛, respectively, as we did in Section 2. Namely,𝑀 and𝑁
are the smallest values of the indexes 𝑚 and 𝑛 such that

𝑎𝑥𝑀+1𝑎𝑥1 < 𝜀2,
𝑎𝑡𝑁+1𝑎𝑡1 < 𝜀2.

(43)

for some tunable tolerance 𝜀2.
Now, substituting (41)-(42) into the columns of the

reduced snapshot matrices �̂�𝐽1 and �̂�
𝐾

1 appearing in (39)
yields the STKD expansion (38), with

𝑎𝑚𝑛 = 𝑞𝑚𝑛 > 0,
𝑞𝑚𝑛 = 𝑞𝑚𝑛𝑞𝑚𝑛 ,

(44)

where

𝑞𝑚𝑛 = 𝑎𝑥𝑚𝑎𝑡𝑛 (�̂�𝑥𝑚)⊤ �̂�𝑡𝑛. (45)

Note that themodes 𝑞𝑚𝑛 are complex numbers exhibiting unit
absolute value, as required, and that the resulting expansion
(38) exhibits 𝑀 × 𝑁 spatiotemporal modes. However, this
number of modes can be decreased by eliminating those
modes such that

𝑎𝑚𝑛 < 𝜀2, (46)

where the threshold 𝜀2 is tunable.
The method described above can be called a parallel

method because the spatial and temporal variables, 𝑥 and 𝑡,
are treated in the same way. The extension of the method to
the case in which more than one spatial variable is involved
(see, e.g., (34) and (36)) is straight forward, except that the
snapshot matrix becomes a snapshot tensor and HOSVD
needs to be used instead of SVD in Step 1 (as in Section 3.2).
For the sake of brevity, we do not describe this extension here;
see [28] for a detailed development and illustration of this
extension.

Instead of the parallel method described above, a simpler
but less consistent sequential method may be used to obtain

the discrete STKD expansion (38) as follows. First, the
temporal DMD-𝑑 algorithm described in Section 2, with an
appropriate index 𝑑𝑡, is applied to the snapshot matrix, which
leads to

V (𝑥𝑗, 𝑡𝑘) ≃ 𝑁∑
𝑛=1

𝑎𝑡𝑛𝑢𝑡𝑛𝑗𝑒(𝛿𝑛+i𝜔𝑛)𝑡𝑘 . (47)

As a second step, we apply the spatial DMD-𝑑 algorithm, with
an appropriate index 𝑑𝑥, to the 𝑁 × 𝐽 snapshot matrix 𝑊𝐽1
whose (𝑛, 𝑗) element is 𝑎𝑡𝑛𝑢𝑡𝑛𝑗, which leads to

𝑎𝑡𝑛𝑢𝑛𝑗 ≃ 𝑀∑
𝑚=1

𝑎𝑥𝑚𝑢𝑥𝑚𝑛𝑒(]𝑚+i𝜅𝑚)𝑥𝑗 . (48)

Substituting this into (47) and setting

𝑎𝑚𝑛 = 𝑎𝑥𝑚𝑢𝑥𝑚𝑛 ,
𝑢𝑚𝑛 = 𝑎𝑥𝑚𝑢𝑥𝑚𝑛𝑎𝑥𝑚𝑢𝑥𝑚𝑛

(49)

yields the discrete expansion (38), as required. However, as in
the parallel method, the number of terms in this expansion is𝑀×𝑁, which can be decreased by ignoring those modes that
satisfy (46).

Two remarks about the sequential method are now in
order:

(i) The order in which the variables 𝑥 and 𝑡 are treated
above can be interchanged, which generally gives
slightly different results.

(ii) Aswith the parallelmethod,whenmore than one spa-
tial variable is present, the snapshot matrix becomes
an snapshot tensor and standard SVD must be
replaced by HOSVD in the application of the
HODMDmethod.

Because the parallel method is more consistent, specially
when treating more than one spatial variable, it will be this
method that will be used in the remainder of this section,
unless otherwise stated.

As with the HODMD, the STKD method can be used
to analyze experimental data. The noisy artifacts that may
cover the actual physical data can be cleaned using the
proper tolerances and applying the method iteratively (as in
the example presented in Section 3.2). Similarly, the STKD
method is suitable for analyzing transient dynamics (as in the
example shown in Section 3.3).

4.2. Illustration of the STKD Method in a Toy Model. Let us
now apply these two methods in the following toy model,
already considered in [29], defined as

𝑢 (𝑥, 𝑡) = (0.5 + sin 𝑥)
⋅ [2 cos (𝜅1𝑥 − �̃�1𝑡) + 0.5 cos (𝜅2𝑥 − �̃�2𝑡)] , (50)

with �̃�1 = 2, 𝜅2 = 10, �̃�1 = 2𝜋/45, and �̃�2 = √10. It is a simple
(but demanding because �̃�1 and �̃�2 are disparate from each
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Figure 12: Color map of the toy model (50) (left plot) and its restriction to the sampled spatiotemporal square where the STKD method is
applied (right plot).
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Figure 13: 𝜔 − 𝜅 diagram of the toy model (50).

other; see Figure 12-left) model that can be cast into the form
(34), with ]𝑚 = 𝛿𝑛 = 0, involving 12 wavenumbers, namely,±𝜅1, ±𝜅2, ±(𝜅1 ± 1), ±(𝜅2 ± 1), and 4 frequencies, namely, ±�̃�1
and ±�̃�2. Thus the spectral spatial and temporal complexities
are𝑀 = 12 and𝑁 = 4, respectively.The pattern is temporally
quasi-periodic because �̃�1 and �̃�2 are incommensurable, but
spatially periodic, with a period equal to 2𝜋.

The STKD method is applied in the sampled square 0 ≤𝑥 ≤ 10, 0 ≤ 𝑡 ≤ 5 (see Figure 12, right), where 𝑥 and𝑡 are discretized using 50 and 25 points, respectively. The
tunable parameters of the method are 𝜀1 = 10−8, 𝜀2 = 10−7,𝑑𝑥 = 1, and 𝑑𝑡 = 10. The obtained 𝜔-𝜅 diagram is given in
Figure 13, which shows that the pattern is a modulated TW,
obtained as a linear superposition of two pure TWs, whose
phase velocities are 𝑐1 = 𝜔1/𝜅1 = 𝜋/45 and 𝑐2 = 𝜔2/𝜅2 =1/√10. The method provides the involved 12 wavenumbers
and 4 frequencies with zero machine accuracy, while the

RRMS error (see (16)) of the reconstruction is ∼ 10−14. It
is remarkable that these extremely good results are obtained
using a sampled spatial interval that is somewhat larger to the
spatial period, but a temporal sampled interval that is much
smaller than the largest temporal period, which is 2𝜋/�̃�1 =45. Also note that the extrapolation from the sampled time
interval 0 ≤ 𝑡 ≤ 5 (Figure 12, right) to the larger time
interval 0 ≤ 𝑡 ≤ 100 (Figure 12, left) still produces a
good reconstruction, whose RRMS error, as defined in (16),
is ∼ 10−14.

The sequential method has also been applied to analyze
this toy model, obtaining results that are similar to those
described above.

5. Applications of STKD

Let us now illustrate in some applications the ability of the
STKD method to uncover the spatiotemporal structure of
complex dynamics. Among these applications, we consider
the CGLE (already analyzed with the temporal HODMD
method in Section 3.1) and the dynamics of the thermal con-
vection in a rotating spherical shell subject to gravitational
force.

5.1. Application of the STKD Method to the CGLE. For the
CGLE, the STKD counterpart of (27) is

𝐴 (𝑥, 𝑡) = ei𝜔0𝑡∑
𝑚𝑛

𝑎𝑚𝑛𝑢𝑚𝑛ei(𝜅𝑚𝑥+𝜔𝑛𝑡), (51)

where the modes 𝑢𝑚𝑛 are now unit complex numbers.
Concentrating on the two cases analyzed in Section 3.1 and
Figures 3 and 4, we use the same snapshots and tunable
parameters used in Section 3.1, including the index 𝑑𝑡, which
is set as being equal to the index 𝑑 used in Section 3.1. The
index 𝑑𝑥, instead, is set as 𝑑𝑥 = 1. In both cases, the RRMS
reconstruction errors, as defined in (16), are comparable to
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Figure 14: 𝜔-𝜅 diagrams resulting from the STKD method applied to the CGLE for the cases considered in Figure 3 (left plot) and Figure 4
(right plot). As in Figure 3, left, and Figure 4, left, crosses and circles label results obtained with high and low accuracies, respectively.

their counterparts obtained in Section 3.1 using the temporal
HODMDmethod, retaining 25 and 71 spatiotemporal modes
for low and high accuracy, respectively, in the case considered
in Figure 3 and 17 and 49 modes for low and high accuracy,
respectively, in the case considered in Figure 4. The 𝜔-𝜅
diagrams for these two cases are given in Figure 14. The
left plot in this figure shows that points can be conformed
in either horizontal or oblique straight lines, which clearly
indicates that the pattern can be considered as either a
modulated SW or a modulated TW, consistent with what
is clearly seen in Figure 3. As anticipated in Section 3.1,
the value of 𝜔0 in the expansion (51) equals 11.6, while
the frequencies 𝜔𝑛 appearing in the expansion in the right
hand side of (51) are positive and negative harmonics of
the fundamental frequency 𝜔1 = 118.7, which is associated
with the wavenumber 𝜅1 = 𝜋. Thus, this pattern is slowly
modulated (because 𝜔0 is small compared to 𝜔1) and when
it is seen as a TW, the phase velocity is 𝑐 = ±𝜔1/𝜅1 = ±37.8.

Concerning the right plot in Figure 14, the points in this
plot are conformed in the indicated oblique straight lines,
which means that the pattern is a modulated TW. As in
Section 3.1, the frequency 𝜔0 appearing in (51) equals -21.2,
while the various frequencies appearing in the expansion in
the right hand side of this equations are all combinations of
the fundamental frequencies 𝜔1 = 156.6 and 𝜔2 = 22.2,
whose associated wavenumbers are 𝜅1 = 𝜋 and 𝜅2 = 2𝜋,
respectively; the associated phase velocities are 𝑐1 = −𝜔1/𝜅1 =−49.8 and 𝑐2 = −𝜔2/𝜅2 = −3.53, which are indicated in
Figures 3 and 4, middle and right plots.

In summary, the STKD method computes quite well the
frequencies and wavenumbers involved in SWs and TWs for
the CGLE and permits straightforward identification of the
associated phase velocities.

5.2. STKD in aThree-Dimensional Spherical Shell with Radial
Thermal Convection, Subject to Radial Gravity. Let us con-
sider the three-dimensional thermal convection in a rotating
spherical shell, heated from the inside, subject to a radial

gravitational force. This problem is relevant in geophysical
and astrophysical fluid dynamics [71], in connection with the
transport of mass and energy in the upper atmospheres of
stars and giant planets, where it is specially interesting the
identification of periodic and quasi-periodic rotating waves
promoted by convective instabilities.

The continuity, momentum, and energy equations gov-
erning the dynamics of the flow, using the Boussinesq
approximation in a rotating (with angular velocity Ω) frame
linked to the spherical shell, are

∇ ⋅ 𝑣, (52)

𝜕𝑡𝑣 + (𝑣 ⋅ ∇) 𝑣 + 2𝐸−1k × 𝑣 = −∇Π + ∇2
𝑣 +Θr, (53)

𝜎 (𝜕𝑡Θ + 𝑣 ⋅ ∇Θ) = ∇2Θ + 𝑅𝜂 (1 − 𝜂)−2 𝑟−3r ⋅ 𝑣. (54)

Here, 𝑣, Π, and Θ are the velocity vector, the pressure, and
the perturbation of the temperature from the quiescent purely
convective state, respectively, r = (𝑥, 𝑦, 𝑧) is the position
vector referred to a Cartesian coordinate system, with the
origin at the center of the sphere and the 𝑧 axis along the
axis of rotation, 𝑟 = |𝑟|, and k is the unit vector along the𝑧 axis. The boundary conditions are homogeneous Dirichlet
for both the velocity and temperature at the inner and outer
spheres.

The problem depends on three nondimensional param-
eters, the Prandtl number𝜎 = ]/𝜅 (where ] and 𝜅 are the
kinematic viscosity and thermal conductivity, respectively),
the Eckman number𝐸 = ]/(Ω𝑑2) (where 𝑑 = 𝑟∗𝑜 − 𝑟∗𝑖 is
the radial gap between the spheres), the Rayleigh number𝑅 =𝛾𝛼Δ𝑇𝑑4/(]𝜅) (where 𝛼 is the thermal expansion coefficient,𝛾𝑟∗𝑖 is the imposed radial gravity, and Δ𝑇 is increment in
temperature), and the inner to outer radii ratio𝜂 = 𝑟∗𝑖 /𝑟∗𝑜 .
This problem is invariant under the symmetry group 𝑆𝑂(2)×
Z2, generated by rotations about the 𝑧 axis and up-down
reflection on the equatorial plane. Invariance under rotation
is essential to obtain TWs (which are rotating waves along the
azimuthal direction in the present context), most of which are
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Figure 15: The 𝜔-𝜅 diagram (with circles and crosses indicating low and high accuracy) for the attractor at 𝑅 = 8 ⋅ 105.
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Figure 16: A snapshot showing the contour levels of Θ at the indicated surfaces for 𝑅 = 8 ⋅ 105.
also (instantaneously) invariant under the up/down reflection
symmetry.

The computational domain is composed by 25, 128, and
32 grid points in the radial, colatitudinal, and azimuthal
directions, respectively. The numerical solver used to solve
this problem is described in [72–75], where the problem is
reformulated by taking the curl of the momentum equation
(which eliminates the pressure) and writing the solenoidal
velocity field (which eliminates the continuity equation) as

𝑣 = ∇ × (Ψr) + ∇ × ∇ × (Φr) , (55)

whereΨ and Φ are the toroidal and poloidal scalar potentials,
respectively, first introduced by Chandrasekhar [76]. The
numerical data used in the analysis below have been provided
to us by Professors Marta Net and Joan Sánchez. These data
correspond to 𝐸 = 10−4, 𝜂 = 0.35, 𝜎 = 0.1, and two values of
the Rayleigh number, namely, 𝑅 = 8 ⋅ 105 and 𝑅 = 1.1 ⋅ 106. In
both cases, the STKD method is applied to the temperature
field, which gives the expansion

Θ(𝑟𝑗1 , 𝜃𝑗2 , 𝜙, 𝑡) ≃ 𝑀,𝑁∑
𝑚,𝑛=1

𝑎𝑚𝑛Θ𝑚𝑛𝑗1𝑗2ei(𝑘𝑚𝜙+𝜔𝑛𝑡), (56)

where 𝑟𝑗1 and 𝜃𝑗2 denote the mesh points in the radial
and colatitudinal directions, respectively, and 𝜙 denotes the

azimuthal coordinate. As in the previous applications of the
STKD method, two sets of values of the tunable parameters
are considered, namely, (𝜀1, 𝜀2) = (10−4, 5 ⋅ 10−3) and (10−5, 5 ⋅10−4), which will be referred to as low and high accuracy,
respectively. The index 𝑑 may be selected as 𝑑 = 1 for both
the spatial and temporal applications of theHODMDmethod
that are needed in the second step of the STKD method.

For 𝑅 = 8 ⋅ 105, the STKD method is applied considering
100 equispaced snapshots in a time interval of length 0.3,
selected after sufficiently large timespan to eliminate transient
behavior. The RRMS reconstruction error, as defined in (16),
is 1.6 ⋅ 10−3 and 1.5 ⋅ 10−5 for low and high accuracies, respec-
tively, retaining 5 and 9 spatiotemporal modes, respectively.
The 𝜔 − 𝜅 diagram is as given in Figure 15, which shows that
for both low and high accuracy; the relevant points (whose
frequencies and wavenumbers are multiples of 𝜔1 = 45.5 and𝜅1 = 8, respectively) are in a straight line passing through the
origin. As explained in Section 4, this means that the pattern
is a periodic, pure TW; namely, it is steady in a rotating
frame with phase speed, 𝑐 = −𝜔1/𝜅1 = −5.69. Such a steady
solution is considered in Figure 16, where the fundamental
wavenumber 𝜅1 = 8 is clearly seen in the equatorial section𝜙 = 𝜋/2.

Concerning the case 𝑅 = 1.1 ⋅ 106, in which the dynamics
are more complex than in the former case, the STKDmethod
is applied considering 500 equispaced snapshots in a time
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Figure 18: The quasi-periodic TW for 𝑅 = 1.1 ⋅ 106: color maps of Θ along the azimuthal coordinate at the indicated equatorial circles.

interval of length 1.4, again selected after sufficiently large
timespan to eliminate transient behavior. Now, the RRMS
reconstruction error, as defined in (16), is 8 ⋅ 10−3 and 1.4 ⋅10−4 for low and high accuracies, respectively, retaining 17
and 47 spatiotemporal modes, respectively. The 𝜔-𝜅 diagram
is as given in Figure 17, where it can be seen that the
relevant points are aligned along oblique straight lines. The
fundamental frequencies and wavenumbers are (𝜔1, 𝜅1) =(47.6, 8) and (−239.8, 6), while the remaining points are linear
combinations (with integer coefficients) of these. Thus, the
pattern is a modulated TW, which is periodic in a frame
moving with either of the phase velocities 𝑐1 = 𝜔1/𝜅1 = −5.95
or 𝑐2 = 𝜔2/𝜅2 = 40.

Since the counterpart of the space-time diagrams pre-
sented for the CGLE in Section 3.1 would lead to four-
dimensional plots that are not possible in the present case,
the character of the pattern as a modulated TW is illustrated
in Figure 18 considering the restricted space-time diagrams
(along the azimuthal coordinate) in two equatorial circles.
As can be seen in these plots, the modulated TW character
(with the already identified phase velocities, indicated here
with straight lines) of the pattern is clearly seen.

5.3. Additional Applications. The STKD method has already
been used in the analysis of TWs appearing in the following:

(i) Off-shore wind turbines [64], whose structure is of
great technological interest

(ii) The three-dimensional cylinder wake [77], which
permits identifying well the TWs associated with the
already mentioned periodic modes A and B, and also
with some quasi-periodic modes. These modes play a
fundamental role in the associated dynamics [61]

Additional ongoing applications include the following:

(i) Interacting wakes of bluff bodies, which generally
gives complex quasi-periodic phenomena, including
at least the frequencies and wavenumbers associated
with the individual wakes

(ii) Several turbomachinery configurations
(iii) The reconstruction the 3D flow from various (PIV)

2Dmeasurements, taking advantage of the fact that if
the 3D flow is given by (34), then the whole unsteady
3D flow field may be reconstructed if the (steady) 2D
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modes 𝑢𝑚𝑛(𝑦) are available. These can be computed
by fitting with unsteady 2D measurements. Note that
this is a demanding application of great scientific and
technological interest

(iv) The identification of the large scale dynamics in fully
turbulent flows from either experimental (PIV) or
numerical data resulting from direct numerical simu-
lation. Again, this is a demanding application of great
scientific interest

6. Conclusions

A review has been presented on the purely data-driven
HODMD and STKD methods and their multiple applica-
tions. These methods decompose either temporal or spa-
tiotemporal experimental or numerical signals as a combi-
nation of modes. In particular, HODMD is an extension of
standard DMD that has general validity, namely it provides
good results (identifying the relevant temporal growth rates
and frequencies) in cases in which standard DMD fails.
STKD also computes the relevant spatial growth rates and
wavenumbers, and provides 𝜔 − 𝜅 diagrams that permit
identifying TWs or SWs in the given data. These methods
allow for two main tasks:

(i) Uncovering the physics underlying the given data.
In particular, in the case of experimental data, these
methods are able to filter noise quite efficiently and
extract patterns that were completely masked by
experimental noise.

(ii) Constructing ROMs whose online operation is very
fast. This is because the HODMD and STKD recon-
structions involve semianalytic descriptions that only
require a limited amount of operations.

The HODMD and STKD methods have been illustrated in
various applications of basic scientific interest, including the
CGLE, the ZNMF jet, the thermal convection in a spherical
rotating shell, and the wake of a circular cylinder. Several,
more engineering oriented applications dealing with, e.g.,
aircraft flight tests and wind turbine problems, have also been
considered.
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[77] S. Le Clainche, J. M. Pérez, and J. M. Vega, “Spatio-temporal
flow structures in the three-dimensional wake of a circular
cylinder,” Fluid Dynamics Research. An International Journal,
vol. 50, no. 5, 051406, 19 pages, 2018.



Hindawi
www.hindawi.com Volume 2018

Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Problems 
in Engineering

Applied Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Probability and Statistics
Hindawi
www.hindawi.com Volume 2018

Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi
www.hindawi.com Volume 2018

Optimization
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Engineering  
 Mathematics

International Journal of

Hindawi
www.hindawi.com Volume 2018

Operations Research
Advances in

Journal of

Hindawi
www.hindawi.com Volume 2018

Function Spaces
Abstract and 
Applied Analysis
Hindawi
www.hindawi.com Volume 2018

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi
www.hindawi.com Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Hindawi
www.hindawi.com Volume 2018Volume 2018

Numerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical Analysis
Advances inAdvances in Discrete Dynamics in 

Nature and Society
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

Di�erential Equations
International Journal of

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Decision Sciences
Advances in

Hindawi
www.hindawi.com Volume 2018

Analysis
International Journal of

Hindawi
www.hindawi.com Volume 2018

Stochastic Analysis
International Journal of

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

