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To overcome the weakness of generic neural networks (NNs) ensemble for prediction intervals (PIs) construction, a novel Map-
Reduce framework-based distributed NN ensemble consisting of several local Gaussian granular NN (GGNNs) is proposed in this
study. Each local network is weighted according to its contribution to the ensemble model. The weighted coefficient is estimated
by evaluating the performance of the constructed PIs from each local network. A new evaluation principle is reported with the
consideration of the predicting indices. To estimate the modelling uncertainty and the data noise simultaneously, the Gaussian
granular is introduced to the numeric NNs. The constructed PIs can then be calculated by the variance of output distribution of
each local NN, i.e., the summation of the model uncertainty variance and the data noise variance. To verify the effectiveness of the
proposed model, a series of prediction experiments, including two classical time series with additive noise and two industrial time
series, are carried out here. The results indicate that the proposed distributed GGNNs ensemble exhibits a good performance for
PIs construction.

1. Introduction

It is important for a predictor to be able to estimate the
reliability of the prediction results. However, the point-
oriented prediction can only provide the estimated values
without any indication of their reliability [1]. Compared to the
point-oriented methods, PIs construction can be employed
to quantify the modelling uncertainty and the data noise. It
becomes more popular in the field of data-based prediction
[1, 2]. The models adopted for prediction mainly include
fuzzy model [3], support vector machine (SVM) [4, 5], and
neural networks (NNs) [6–8], in which NNs-based models
are the most commonly used for PIs construction.

The variance-estimation based numeric NNs, a class
of typical PIs construction methods, have been proposed
in the literatures, such as the delta [7], mean variance
estimation (MVE) [9], and Bayesian techniques [10]. The
delta is applied to the NN modelling for PIs construction
[11] with the assumption that the target variance is a constant
for all the samples. However, such assumption deviates from

real-world conditions, while the MVE method estimates the
target variance by using a dedicated NN on an assumption
that prediction errors are normally distributed around the
true mean of the targets. As such, the PIs can be constructed
if the parameters of the distribution are known [1, 9]. For
the Bayesian technique based NNs, Gaussian probability
distribution is considered over the weight values of NN,
and the corresponding outputs can be approximated by a
Gaussian distribution [12, 13].The essence of the BayesianNN
can be regarded as a kind of Gaussian granular NN, in which
the Gaussian probability density function (PDF) represents
an information granularity. In such a way, the variance of
the Gaussian PDF is the summation of the variances of the
modelling uncertainty and the data noise, where the PIs can
be built up from the variance of the outputGaussian PDF [14].

In addition, the interval-valuedNNsmodelling is another
class of PIs construction method, in which the bounds of
the intervals are considered. A multilayer perceptron (MLP)
is proposed in [15] to learn the relationship between the
interval-valued inputs and outputs, and the trained MLP
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comes with interval-valued weights and biases. Another
interval-valued network is also reported in [16], where the
neurons connections are denoted by a series of interval
values, while the modelling inputs are numerical values.
Besides, considering how to utilize the interval information
directly, a lower upper bound estimation (LUBE) based NN
with two outputs is proposed in [17] for estimating the PI
bounds, in which the two outputs are the upper and lower
bounds of the PIs, respectively. The training objective of NN
in [17] is a function of two evaluation indices of PIs, i.e., the
PIs coverage probability and the mean width of PIs which can
be calculated based on the PI bounds.

It is apparent that both classes of PIs construction
mentioned above are based on the NN individual. When
coping with large-scale or strongly nonlinear problems, such
methods may exhibit weak modelling capacities due to their
limited learning ability. Besides NN individual, modular NNs
[18] and NNs ensemble [19] are also applied for classification,
recognition, and prediction. For instance, a kind of modular
NNs is proposed in [18] and applied for human recognition
in [20–22], which improves the recognition rates compared
with other existing methods. An NNs ensemble is reported
in [23] with Type-1 and Type-2 fuzzy integration for time
series prediction, the parameters of which are optimized by
using the particle swarm optimization (PSO) algorithm. In
addition, a network ensemble structure is designed in [24, 25]
for PIs construction compared to the network individual-
based methodology. It is still a challenging task to organize
an effective NN ensemble despite their popularity, because
of three basic limitations of the ensemble structure. (1) The
performance of an NN ensemble depends on each local
network. If some local networks are biased, the accuracy of
the ensemble modelling will be severely deteriorated [26,
27]. Moreover, it is rather hard for all local networks to
guarantee their unbiased features. (2) The modelling uncer-
tainty variance and the data noise variance are estimated
for PIs construction [1, 2]. Another independent NN is
required for the noise variance estimation. It may be more
effective if these variances are estimated simultaneously. (3)
Although an NNs ensemble consists of a number of NN
individuals, it is not suitable for distributed computing. In
such a way, the traditional ensemble approaches demand a
high computational load and is troublesome for the real-time
applications [28].

Granular computing is originally proposed by L. Zadeh
[30, 31]. A granule may be interpreted as an interval, a set,
a probability density function, or a distribution. Combining
with granular computing, the shortcomings of the NNs
ensemble can be properly overcome. The NNs ensemble can
achieve better performance inmany fields, such as time series
prediction, human recognition, and pattern recognition.
However, at present, there is still a lack of some relative
research on the granular NNs ensemble-based PIs.

In this study, aMap-Reduce based distributed computing
structure composed of a number of local Gaussian granular
NNs (GGNNs) is proposed in this study for PIs construc-
tion. To avoid the ensemble being performed badly due to
biased local networks, each local network of the proposed
ensemble is specified by a penalty coefficient to weight their

contributions to the ensemble. The coefficient can be esti-
mated by evaluating the performance of PIs constructed
by the local networks, where a new evaluation principle is
designed here with the consideration of the interval width,
the coverage probability, and the accuracy. To simultaneously
estimate the uncertainties due to modelling and data noises,
GGNNs are constructed as the local networks, and the
neurons connections and the outputs are represented by
Gaussian distributions. The prediction variance of the local
GGNN has two components that are used to quantify the
variance of modelling uncertainty and the data noise, respec-
tively. In addition, aMap-Reduce programming framework is
developed here in order to enhance the computing efficiency.
To verify the effectiveness of the proposed model, a number
of prediction tasks, including the noisy classical prediction
problems and industrial data, are considered here. The
experimental results indicate that the proposed distributed
GGNNs exhibit a good performance for PIs construction.

The rest of this paper is organized as follows. First, the
Gaussian PDF based granularity and the Gaussian granular
based reasoning are introduced. The distributed GGNN is
also proposed. Second, the parameter estimation of the dis-
tributed GGNNs is described, including the intrinsic param-
eters of local networks and the contribution coefficients of
local networks. A Map-Reduce framework is developed for
the distributed processing as well. Third, the quality of the
proposed ensemble is experimentally verified. Finally, the
conclusions are given.

2. Structure of the Distributed GGNNs

As for the drawbacks of the conventional ensemble structure
analysed in the introduction, the contribution of this study
lies in a distributed NNs ensemble, which consists of several
local GGNNs whose connections are described by Gaussian
PDFs. In the proposed ensemble, it does not depend on the
bootstrap method to estimate the variance of the predicted
targets. Here, the PIs are constructed based on a set of
variances of the Gaussian probability densities of the outputs
of the local NNs.

2.1. Gaussian PDF Based Granularity. Let X and Y be two
independent Gaussian random variables, 𝑋 ∼ N(𝜇𝑋, 𝜎2𝑋)
and 𝑌 ∼ N(𝜇𝑌, 𝜎2𝑌). A linear combination 𝑎𝑋 + 𝑏𝑌 is also
Gaussian [23]. That is,

𝑎𝑋 ± 𝑏𝑌 ∼N (𝑎𝜇𝑋 ± 𝑏𝜇𝑌, 𝑎2𝜎2𝑋 + 𝑏2𝜎2𝑌) (1)

where 𝑎 and 𝑏 are linear coefficients for random variables.
The connecting weights of one network can then be

described by Gaussian PDF. We consider two neural net-
works (echo state network (ESN) [24] and extreme learning
machine (ELM) [25]), whose mapping relationships between
the unknown weights and the outputs are linear. If the
output weights are represented by the Gaussian PDF𝑊𝑜𝑢𝑡𝑖 ∼
N(𝜇𝑊𝑖 , 𝜎2𝑊𝑖), the network outputs can be represented by a
linear combination of several Gaussian PDF. There is no
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doubt that the network outputs should follow a Gaussian
distribution, denoted by 𝑦 ∼N(𝜇𝑦, 𝜎2𝑦), and

𝜇𝑦 = 𝑊∑
𝑖=1

𝐻𝑖𝜇𝑊𝑖 ,

𝜎2𝑦 = 𝑊∑
𝑖=1

𝐻2𝑖 𝜎2𝑊𝑖
(2)

where𝐻𝑖 are some linear coefficients.
In the perspective of information granularity, the Gaus-

sian PDF can be viewed as a form of granularity for gran-
ular NNs construction. Nevertheless, the input and internal
connections are usually unknown for most of the neural
networks, and the mapping relationships of most networks
are unlikely linear all the time. If the network weights are
represented by Gaussian granules, it is hard to guarantee
the output distributions to follow Gaussian distribution.
Fortunately, this problem can be addressed with the help of
Bayesian and Laplace approximate reasoning.

2.2. Gaussian-Granularity Based Approximate Reasoning.
Without loss of generality, one can assume a neural network
with the input u and output t, and the relationship between
input and output can be described as

𝑡 = 𝑦 (w, u) + 𝜀 = ℎ∑
𝑗=1

[𝑤𝑗𝑓( 𝑚∑
𝑖=0

𝑤𝑗𝑖𝑢𝑖)] + 𝜀 (3)

where 𝜀 is the white Gaussian noise with mean zero, denoted
by 𝑝(𝜀) = 𝑔(𝜀; 0, 𝜎2𝜀 ), and m and h are the numbers of the
input and hidden units, respectively.

Since the distribution information of the network weights
w is unknown, the posterior of w needs to be first estimated
by using the training dataset D. Considering the Bayesian
rules, the posterior distribution 𝑝(w | 𝐷) can be formulated
by

𝑝 (w | 𝐷) = [𝑝 (𝐷 | w) 𝑝 (w)]𝑝 (𝐷) (4)

where 𝑝(𝐷) is a normalizing constant, 𝑝(w) is the prior
distribution, and 𝑝(𝐷 | w) is the likelihood function used
to quantify the similar degree between the network outputs
and the observed outputs given the weights w.

𝑝 (𝐷 | w) = 𝑛∏
𝑘=1

𝑝 (𝜀𝑘 | w)

= 1𝑍𝐷 (𝛽) exp(−
𝛽2
𝑛∑
𝑘=1

(𝑦 (w, u𝑘) − 𝑡𝑘)2)
(5)

where 𝑍𝐷(𝛽) = (2𝜋/𝛽)𝑛/2 is a normalizing constant. Here, 𝛽
is a hyperparameter related to the variance of the data noise,
denoted by𝛽 = 1/𝜎2𝜀 , andn is the number of training samples.

When the distribution information of w is unknown,
the prior distribution of w can be assumed as a Gaussian
distribution with zero mean [26]; i.e.,

𝑝 (w | 𝛼) = exp (−𝛼 ⋅ ‖w‖2 /2)
𝑍𝑊 (𝛼) (6)

where 𝛼 is a hyperparameter related to the prior distribution
of w.𝑍𝑊(𝛼) = (2𝜋/𝛼)𝑊/2 is a normalizing constant. W is the
dimension of the weights w.

Substituting the prior and the likelihood into (4), the
posterior distribution of w can be written by using the
Laplace approximation.

𝑝 (w | 𝐷)
= 1𝑍𝑀 exp(−𝛽2

𝑛∑
𝑘=1

[𝑦 (w, u𝑘) − 𝑡𝑘]2 − 𝛼2 ‖w‖2)
(7)

Using the Bayesian rule and the conditional indepen-
dence between t and u, the output distribution can be written
as (8) given a new input u.

𝑝 (𝑡 | u, 𝐷) = ∫𝑝 (𝑡 | u,w) 𝑝 (w | 𝐷) 𝑑w (8)

Now considering the distribution 𝑝(𝑡|u,w), given that the
noise 𝜀 obeys a Gaussian distribution with zero mean, 𝑝(𝑡 |
u,w) can be rewritten as

𝑝 (𝑡 | u,w) = 𝑝 ([𝑡 − 𝑦 (w, u)] | w) = 𝑝 (𝜀 | w) (9)

𝑝 (𝜀 | w) ∝ exp(−𝛽 ⋅ [𝑦 (w, u) − 𝑡]22 ) (10)

Introducing (7) and (9) into (8), the output can also
be approximated by a Gaussian distribution based on the
Laplace approximation.

𝑝 (𝑡 | u, 𝐷) = 1
(2𝜋𝜎𝑡)1/2 exp(−

[𝑡 − 𝑦 (w𝑀𝑃, u)]22𝜎2𝑡 ) (11)

where w𝑀𝑃 is the optimal weights and 𝜎2𝑡 is the prediction
variance. To construct the PIs, it is necessary to estimate the
prediction variance related to the two hyperparameters 𝛼 and𝛽 as well as the optimal weights w𝑀𝑃.

2.3. Distributed GGNNsBased PIs Construction. In this study,
a novel distributed GGNNs ensemble composes of a number
of nonrelated local neural networks is proposed. Its architec-
ture is illustrated in Figure 1. Once the distribution informa-
tion of the local output is obtained, the local network can be
used to construct the local PIs. As such, the performance of
the PIs constructed by the local network can be evaluated, and
the contribution coefficient of each local network can also
be computed. One can then obtain the output distribution
of the distributed networks by reconciling those of the local
networks.
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Figure 1: Architecture of the distributed GGNNs.

Given the numeric input u, if the weights of the bth local
network obey the Gaussian distribution, i.e., 𝑤𝑏𝑖,𝑗 ∼N(0, 𝜎2𝑏 ),
the corresponding output can be approximated by aGaussian
distribution 𝑡𝑏 ∼ N(𝑦𝑏, 𝜎2𝑏,𝑡). The distribution of 𝑡𝑏 can be
written as

𝑝 (𝑡𝑏) = 𝑔 (𝑡𝑏; 𝑦𝑏, 𝜎2𝑏,𝑡) (12)

The distribution information of the output 𝑡𝑏 is obtained,
and 100(1 − 𝛼)% PIs can be constructed.

𝑦−𝑏 = 𝑦𝑏 − 𝑧1−(𝛼/2) ⋅ 𝜎𝑏,𝑡,
𝑦+𝑏 = 𝑦𝑏 + 𝑧1−(𝛼/2) ⋅ 𝜎𝑏,𝑡

(13)

where 𝑧1−(𝛼/2) is the 1 − (𝛼/2)-quantile of a standard normal
distribution function with zero mean and unit variance.
Introducing the contribution coefficient 𝜔𝑏 of the bth local
network, the output PDF of the ensemble can be written as

𝑦− = 𝐵∑
𝑏=1

𝜔𝑏𝑦−𝑏 = 𝐵∑
𝑏=1

(𝜔𝑏𝑦𝑏 − 𝑧1−(𝛼/2) ⋅ 𝜔𝑏 ⋅ 𝜎𝑏,𝑡)

𝑦+ = 𝐵∑
𝑏=1

𝜔𝑏𝑦+𝑏 = 𝐵∑
𝑏=1

(𝜔𝑏𝑦𝑏 + 𝑧1−(𝛼/2) ⋅ 𝜔𝑏 ⋅ 𝜎𝑏,𝑡)
(14)

where 0 < 𝜔𝑏 < 1 and 𝜔1 + 𝜔2 + ⋅ ⋅ ⋅ + 𝜔𝐵 = 1.
The architecture of the distributed GGNNs has the

following advantages. (1) The proposed architecture has a
stronger learning ability than the neural network individ-
ual. Sometimes, the network individual might achieve a
good performance of PIs, yet the performance is not very
stable. However, the contribution of each local network in
the proposed architecture is weighted through evaluating
the individual performances. A more stable model can be
achieved based on the proposed architecture. (2) Unlike
the generic NNs ensemble, the relationship among the local
networks of the proposed architecture is relatively indepen-
dent. Therefore, the proposed architecture is suitable for
distributed computing, and the computational efficiency of
the ensemble can be significantly improved.

3. Parameters Estimation of
the Distributed GGNNs

The parameters estimation process of the proposed NN
ensemble is briefly illustrated in Figure 2. For a training
dataset S with 𝑛𝑜 data samples, this study first adopts a
bootstrapmethod to resample the training dataset S, and then
a bootstrap dataset Sb with 𝑛𝑏 data samples are obtained,
where 𝑛𝑏 ≪ 𝑛𝑜. Meanwhile, a corresponding dataset R𝑏 is
also generated by excluding the bootstrap samples from the
original dataset. Repeating the same process B times, B boot-
strap datasets can be obtained. In this study, the parameters
estimation process of the proposed model consists of two
parts. First, B local GGNNs are trained on the basis of the
B bootstrap datasets, respectively. Second, the contribution
coefficients are estimated by employing the B remaining
datasets.

3.1. Parameters Estimation of Local GGNN. Given that the
optimal weights are used for point-oriented prediction and
the output variance are used for PIs construction, they
have to be estimated for each of local GGNN. Since the
optimal weights can be determined when the maximum of
the posterior PDF occurs, one can optimize (7) to find the
optimal weights of the bth local GGNN. Also, given that𝑍𝑀 is a normalizing constant in (7), the optimal problem is
equivalent to minimize the function𝑀(w𝑏) according to the
feature of the exponential function [10]. Then, we have

𝑀(w𝑏) = 𝛽𝑏𝐸𝐷 + 𝛼𝑏𝐸𝑊
= 𝛽𝑏2

𝑛𝑏∑
𝑘=1

[𝑦 (w𝑏, u𝑏𝑘) − 𝑡𝑘]2 + 𝛼𝑏2 w𝑏2
(15)

Tominimize𝑀(w𝑏), (15) can be linearly approximated by
Taylor expanding with respect to w𝑏𝑀𝑃. That is,

𝑀(w𝑏) = 𝑀(w𝑏𝑀𝑃)
+ 12 (w𝑏 − w𝑏𝑀𝑃)𝑇A𝑏 (w𝑏 − w𝑏𝑀𝑃) (16)

where A𝑏 = 𝛽𝑏∇∇𝐸𝑀𝑃𝐷 + 𝛼𝑏I is the Hessian of𝑀(w𝑏).
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Figure 2: Training process of the proposed distributed networks.

As such, the prediction variance in (11) can be written
as 𝜎2𝑡,𝑏 = 1/𝛽𝑏 + g𝑏𝑇A𝑏−1g𝑏 and g𝑏 = ∇w𝑦 | w𝑀𝑃. Since
the variance is greatly related to 𝛼𝑏 and 𝛽𝑏, it is necessary to
simultaneously optimize the values of the hyperparameters
and the network weights. According to [26], there exist
relationships betweenw𝑏 and the hyperparameters 𝛼𝑏 and 𝛽𝑏,
respectively.

𝛼𝑛𝑒𝑤𝑏 = 𝛾𝑏2𝐸𝑤 ,
𝛽𝑛𝑒𝑤𝑏 = (𝑛 − 𝛾𝑏)2𝐸𝐷

(17)

where 𝛾𝑏 = ∑𝑊𝑖=1 𝜆𝑖/(𝜆𝑖+𝛼𝑏), and 𝜆𝑖 are the eigenvalues of the
Hessian matrix. Particularly, if the Hessian matrix A𝑏 in (16)
is singular, the eigenvalues should be approximated by using
the singular value decomposition (SVD) algorithm. Since the
prior knowledge is introduced for the Bayesian method, the
dominator of 𝛾𝑏 is the sum of 𝜆𝑖 and 𝛼𝑏. Even 𝜆𝑖 might
be equal to zero, the value of 𝛾𝑏 is still effective. Based on
some experiments, the iterative strategy for the update of the
hyperparameters is indeed feasible.

Based on the inference process from (3) to (11), 𝛼𝑏 and𝛽𝑏 are two hyperparameters related to the distributions of
the weights and the output, respectively. To optimize the
cost function of (15), the extended Kalman filter (EKF) [27]
is adopted here to optimize the weights of local networks,
in which 𝛼𝑏 and 𝛽𝑏 can be viewed as the process noise
and the measurement noise, respectively. We summarize
the steps of the weights estimation based on the EKF as
follows.

Step 1. Choose the initial values for 𝛼𝑏 and 𝛽𝑏. Initialize the
weights w𝑏0 and the corresponding variance Pw0 by using the
values drawn from the priorGaussian distribution.Define the
external loop number Nloop.

Step 2. For 𝑘 ∈ {1, 2, ⋅ ⋅ ⋅ ,∞}, the time update equations of
the EKF are

ŵ𝑏𝑘|𝑘−1 = w𝑏𝑘−1|𝑘−1 (18)

P𝑏w𝑘|𝑘−1 = A𝑘−1P
𝑏
w𝑘−1|𝑘−1A

𝑇
𝑘−1 + R𝑏k (19)

where A𝑘−1 is the identity matrix with the same dimension-
ality as the network weights and the variance of the process
noise is defined as (R𝑏k)−1 = (𝛼𝑏/2) ⋅ A𝑘−1.
Step 3. Themeasurement update equations are

K𝑏𝑘 = P𝑏w𝑘|𝑘−1 (H𝑏𝑘)𝑇 (H𝑏𝑘P𝑏w𝑘|𝑘−1 (H𝑏𝑘)𝑇 + R𝑏𝑛) (20)

ŵ𝑏𝑘|𝑘 = ŵ𝑏𝑘|𝑘−1 + K𝑏𝑘 [t𝑘 − y (ŵ𝑏𝑘|𝑘−1, u𝑘)] (21)

P𝑏w𝑘|𝑘 = (I − K𝑏𝑘H
𝑏
𝑘)P𝑏w𝑘|𝑘−1 (22)

where H𝑏𝑘 = 𝜕𝑦(w, u)/𝜕w|ŵ𝑏
𝑘|𝑘
, (R𝑏𝑛)−1 = (𝛽𝑏/2) ⋅ B𝑘, and B𝑘

is the identity matrix with the same dimensionality as the
training samples.

Step 4. Update the hyperparameters 𝛼𝑏 and 𝛽𝑏 by (17).
Step 5. Iterate to Step 2 until the external loop Nloop reaches.

3.2. Coefficient of Local Gaussian-Granular NNs. Consider-
ing one bootstrap dataset 𝑆𝑏 with 𝑛𝑏 data samples, i.e., at
least 𝑛0 − 𝑛𝑏 samples in 𝑅𝑏, 𝑆𝑏 will be used to train the
bth local network, while 𝑅𝑏 will be used to determine its
contribution to the ensemble by evaluating the performance
of PIs constructed by it. Generally, the performance of the PIs
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can be quantified by the PIs coverage probability (PICP) and
the mean PIs width (MPIW).

𝑃𝐼𝐶𝑃 = 𝑁∑
𝑖=1

𝑐𝑖𝑁 (23)

𝑀𝑃𝐼𝑊 = 𝑁∑
𝑖=1

(𝑦+𝑖 − 𝑦−𝑖 )𝑁 (24)

where N is the number of the testing data samples. 𝑐𝑖 is a
binary-state variable. If the inequality 𝑦−𝑖 ≤ 𝑡𝑖 ≤ 𝑦+𝑖 is valid,
then 𝑐𝑖 = 1, else 𝑐𝑖 = 0. Particularly, a coverage width-based
criterion (CWC) for PIs evaluation that is a function of PICP
and NMPIW is proposed in [1]. However, the CWCmay not
be suitable according to some experiments conducted in [17].
A very large value of CWC will be obtained when a not very
large PICP is counted with a relatively low MPIW due to
the amplification effect of the exponential function. On the
contrary, the index CWC cannot achieve a large value, when
the constructed PIs are much wider and the PICP is large.

The evaluation of the quality of the constructed PIs is
a multiple objective optimization problem. It is difficult to
define a universal and effective criterion for all prediction
problems. Even for the same prediction problem, the expec-
tations of PICP, MPIW, and MAE may vary under different
application backgrounds. A more concise and effective eval-
uated strategy is designed as follows:

𝑃𝑃𝐼 = 𝜂 ⋅ 𝑀𝑃𝐼𝑊 + 𝜇 ⋅ 𝑀𝐴𝐸 + 𝛾
⋅ (𝑀𝑃𝐼𝑊 +𝑀𝐴𝐸) (1 − 𝑃𝐼𝐶𝑃)

= [𝜂 + 𝛾 ⋅ (1 − 𝑃𝐼𝐶𝑃)]𝑀𝑃𝐼𝑊
+ [𝜇 + 𝛾 ⋅ (1 − 𝑃𝐼𝐶𝑃)]𝑀𝐴𝐸

(25)

where the constants 𝜂, 𝜇, and 𝛾 are scale factors that subject
to 𝜂 + 𝜇 + 𝛾 = 1. 𝜂, 𝜇, and 𝛾 serve to qualify the amount
of attention paid to MPIW, MAE, and PICP, respectively.
The three parameters can be determined according to the
application requirements. It is noteworthy that the evaluation
index of accuracy namedMean Absolute Error (MAE) is also
considered here since the point-oriented prediction is the
median of the constructed PIs.The definition ofMAE is given
by

𝑀𝐴𝐸 = 𝑁∑
𝑖=1

𝑦𝑖 − 𝑡𝑖𝑁 (26)

where 𝑦𝑖 is the predicted value and 𝑡𝑖 is the observed value.
The detailed analysis of (25) is provided here. First, the

values of theMPIW and theMAE are usually expected to be
small; meanwhile, the PICP is expected to be large. According
to (24) and (26), the measure indices MPIW and MAE with
the same measurement dimension can be merged under the
premise that the practical significance is not considered.

𝑅𝑀𝑃𝐼𝑊 = 𝑀𝑃𝐼𝑊 +𝑀𝐴𝐸
= 𝑁∑
𝑖=1

[(𝑦+𝑖 − 𝑦−𝑖 ) + 𝑦𝑖 − 𝑡𝑖]𝑁
(27)

Second, the PICP is related to MPIW and MAE that is
difficult to be quantified by any learning method. It is true
that there is an inverse function relationship between PICP
and RMPIW. Notably, PICP is in percentage. In order to
establish the link between the two indices, it is only required
to multiply (1-PICP) by RMPIW.

According to section (11), the output distribution of a
trained GGNN can be written as follows given an input u𝑏𝑖
of the remaining dataset 𝑅𝑏:

𝑝 (𝑡𝑏𝑖 | u𝑏𝑖 , 𝑆𝑏) = 1
(2𝜋𝜎2𝑏,𝑡)1/2

exp[
[
− (𝑡𝑏𝑖 − 𝑦𝑏𝑖 )22𝜎2

𝑏,𝑡

]
] (28)

where 𝑦𝑏𝑖 is the network output defined as 𝑦𝑏𝑖 = Ŵ𝑜𝑢𝑡𝑏 (u𝑏𝑖 , x𝑏𝑖 ).
Then, the PIs can be constructed by the network output

and the prediction variance in (28), formulated by

𝑦𝑏−𝑖 = 𝑦𝑏𝑖 − 𝑧1−(𝛼/2)𝜎𝑏,𝑡,
𝑦𝑏+𝑖 = 𝑦𝑏𝑖 + 𝑧1−(𝛼/2)𝜎𝑏,𝑡

(29)

As such, the value of 𝑃𝐼𝐶𝑃𝑏 and 𝑅𝑀𝑃𝐼𝑊𝑏 can be
calculated, and the value of the synthesized index PPIb can
also be obtained. To determine the contribution of each local
network, the performance of the distributed networks can
be presumably defined by the sum performance of the local
networks.

𝑃𝑃𝐼𝑠 = ∑
𝑏∈𝐵

𝑃𝑃𝐼 (𝑅𝑀𝑃𝐼𝑊𝑏, 𝑃𝐼𝐶𝑃𝑏) (30)

where 𝑃𝐼𝐶𝑃𝑏 is the PIs coverage probability of the bth local
network and 𝑅𝑀𝑃𝐼𝑊𝑏 is the sum of the corresponding mean
PIs width and root mean square error.

To make sure the contribution of the optimal local
network can be enlarged and the contribution of the poor one
can beminimized, an intermediate variable𝜆𝑏 = (𝑃𝑃𝐼𝑏/𝑃𝑃𝐼)𝜂
is defined, where 𝜂 is a scale factor. So the contribution of the
bth local network to the distributed networks can be defined
as

𝜔𝑏 = 𝜆𝑏∑𝑏∈𝐵 𝜆𝑏 (31)

Here, 𝜂 can be set from 5 to 20.The value of 𝜂 controls the
amount of attention paid to the optimal local network. The
larger the value of 𝜂 is, the larger the contribution coefficient𝜔 of the optimal network is.

3.3. Map-Reduce Based Distributed Model. The advantage of
the proposed NN ensemble is that its distributed structure
allows an improved learning ability. If the performance of
one local network is poor, that of the ensemble can still be
guaranteed. However, there is a disadvantage of the proposed
model that the computational efficiency is relatively low.
Map-Reduce programming framework provides an efficient
model that can be used to handle large datasets [28]. Map-
Reduce can greatly improve the operation time [30].
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In this section, the proposed model is organized into
a Map-Reduce programming architecture. The Map task is
responsible for three important works, as shown in Figure 3.
First, the local neural network is built and learned in
each Map task based on the bootstrap dataset; second, the
performance of each local network is evaluated based on
the remaining dataset; and third, the prediction of each
network is also completed given the testing input. The input
of Map task is a pair of key-value, where the key labels the
serial number of the local network and the value denotes
the corresponding dataset for the local network including
the training dataset and the testing one. The output of Map
task is also a pair of key-value, where the output value is the
evaluated performance and the predicted output of the local
network.

The Reduce task is responsible for two parts, as illus-
trated in Figure 4. The first one computes the contribution
coefficients. The second one generates the integrated output[𝑦−𝑖 , 𝑦+𝑖 ], 1 ≤ 𝑖 ≤ 𝑁 of the distributed model with [𝑦𝑏−𝑖 , 𝑦𝑏+𝑖 ],1 ≤ 𝑖 ≤ 𝑁𝑏 of each local network.The input of theReduce task
is a pair of key-value from the output of theMap function, and
its output is the final predicted output.

4. Experimental Results and Analysis

To verify the effectiveness of the proposed distributed model,
four prediction tasks are considered. The first two ones
are two classical prediction problems, involving the differ-
ential defined Rossler chaotic time series and the Mackey
Glass chaotic time series. In order to exhibit the ability of

practical application, we also consider two kinds of indus-
trial validation, coming from a traffic time series provided
by the website http://www.neural-forecasting-competition
.com/datasets.htm and a real-world problem that involves
real-time flow prediction for blast furnace gas in steel indus-
try. The experiments are designed as follows that involves
the parameters estimation, the PIs construction, and the
performances evaluation. Since the generic NNs ensemble
will cost a large computational load, the experiments based
onMATLAB tools are carried out by using the ESNs ensemble
whose parameters estimation is relatively efficient. And the
generic NNs ensemble and the ESNs ensemble are employed
to do a set of comparative experiments for a complete
comparative study.

4.1. Rossler Chaotic Time Series. Rossler chaotic system, a
kind of chaos phenomena of the lowest dimension equation,
is proposed by Rossler in 1976 [32], which is described by
three coupled first-order differential equations.

𝑑𝑥𝑑𝑡 = −𝑦 − 𝑧,
𝑑𝑦𝑑𝑡 = 𝑥 + 𝑎𝑦,
𝑑𝑧𝑑𝑡 = 𝑏 + 𝑧 (𝑥 − 𝑐)

(32)

Time series of all variables (x, y, z) are obtained from
solving the above differential equations via 4th-order Runge-
Kutta method. The integral step of 4th-order Runge-Kutta

http://www.neural-forecasting-competition.com/datasets.htm
http://www.neural-forecasting-competition.com/datasets.htm
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Table 1: The validation result of the number of local networks.

B PICP MPIW MAE PPI T(s)
1 0.5667 0.4785 0.3695 0.4131 5.24
2 0.6000 0.4490 0.2338 0.3079 10.33
3 0.8833 0.5074 0.1817 0.1893 15.38
4 0.8500 0.5012 0.1756 0.1986 21.14
5 0.8000 0.5196 0.1807 0.1904 25.63
6 0.8667 0.5145 0.1691 0.1880 30.73
7 0.8667 0.4927 0.1611 0.1855 35.82
8 0.9333 0.4856 0.1385 0.1590 41.05
9 0.9333 0.4981 0.1365 0.1535 46.35
10 0.9333 0.4935 0.1328 0.1528 50.94
11 0.9667 0.5023 0.1356 0.1509 57.44
12 0.9500 0.5284 0.1485 0.1560 62.65
13 0.9667 0.5143 0.1680 0.1533 67.53
14 0.9000 0.4976 0.1516 0.1558 72.88
15 0.9333 0.5061 0.1528 0.1576 79.61
16 0.9167 0.5101 0.1459 0.1660 84.01
17 0.9333 0.4956 0.1576 0.1617 90.44
18 0.9167 0.5064 0.1574 0.1588 94.85
19 0.9000 0.5135 0.1371 0.1524 101.9
20 0.9167 0.5035 0.1405 0.1630 109.1

method is 0.15, the previous 1000-step values are abandoned,
and the following 9000-step values of all variables are adopted
as the sample data where 1-5000 values are used for training
and the remaining 4000-step values are taken to test and
validate the performance of PIs. In this study, [a, b, c] are
set as [0.398, 2, 4], and the initial values of [x, y, z] are set as
[-1, 0, 1].

Take the x-variable for example, and the processes of
constructing PIs for y-variable and z-variable are so similar
that they are not given here.The desired noisy Rossler chaotic
time series is obtained by adding a Gaussian white noise with
the variance 0.01 to the original values of the time series.
This study selects 2000 data samples from the training dataset
by using the bootstrap resampling to build the bth local
networks, whereas 500 data samples are randomly selected
from the training dataset excluding the bootstrap samples to
evaluate the bth local network. 60 data samples are selected
from the testing dataset to verify the proposed model. In this
study, the parameters are set for convenient calculation as
follows. The number of the input units is set as 60 and the
dimension of the dynamic reservoir is set as 200.

Table 1 lists the bootstrap validation results with respect
to the different number of local networks for noisy Rossler
prediction problem. In Table 1, three indices for evaluating
the performance of the model are considered, where PICP,
MPIW, and MAE pay attention to the coverage probability,
the interval width, and the prediction accuracy, respectively.
The penultimate column gives the validation results of a
comprehensive index PPI that consider the PICP, MPIW, and
MAE with weights 2/9, 1/9, and 2/3, respectively. The weights
of PICP, MPIW, and MAE for PPI can be set by using a
trial and error method. From Table 1, when the number of
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Figure 5:The histogram of the contribution coefficient of each local
network.

local networks equals 8, the performance of the ensemble is
obviously better than that of the ensemble with less than 8
local networks. When the number of local networks equals
11, the performance of the ensemble is the best for the noisy
Rossler problem.

Figure 5 shows the contribution coefficients of 11 local
networks, where the scale factor 𝜂 of (31) is set as 20. From
this figure, the performance of each local network is signifi-
cantly good and the contribution to the distributed networks
shows no significant difference. The prediction results for
the noisy Rossler problem based on the proposed distributed
model with 11 local networks are shown in Figure 6. From
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Figure 6: Prediction results for the noisy MSO problem: (a) the constructed PIs; (b) the corresponding predicted error.

Figure 6(a), the constructed PIs cover the observed valuewith
a lower width, and the smaller predicted error in Figure 6(b)
illustrates the prediction accuracy of the proposed model for
the noisy Rossler time series.

4.2. Mackey Glass Chaotic Time Series. Mackey Glass system
[33] is a time-delay differential system formulated as

𝑑𝑥 (𝑡)𝑑𝑡 = 𝑎𝑥 (𝑡 − 𝜏)
1 + 𝑥 (𝑡 − 𝜏)10 − 𝑏𝑥 (𝑡) (33)

where the parameters are typically set as 𝑎 = 0.2, 𝑏 = −0.1,
and 𝜏 = 17. To sample the time series, we numerically
integrate (33) by using the fourth-order Runge-Kutta method
with a sampling period of 2s and an initial condition 𝑥(0) =1.2. The desired noisy Mackey Glass time series is obtained
by adding a Gaussian white noise with the variance 0.01 to
the original Mackey Glass time series. The original dataset
sampled from the noisy time series consists of 2000 data
samples, where 1500 data samples are used for training and
the others for testing. We select 1000 data samples from the
training dataset by using the bootstrap resampling method
to build the bth local network, whereas 500 data samples
are randomly selected from the training dataset excluding
the bootstrap samples to evaluate the bth local network.
60 data samples are selected from the testing dataset to
verify the proposed model. In addition, the parameters of the
local network are estimated based on the training data. The
number of the input units is set as 60 and the dimension of
the dynamic reservoir is set as 200.

Mackey Glass time series is also generated from a chaotic
system, yet the range of values is narrower than that of the
Rossler time series. Compared to Table 1, the forecasting
performance of the proposed ensemble becomesmuchbetter;
especially, the values of PICP are significantly improved. The
penultimate column in Table 2 gives the validation results of

PPI with the consideration of the PICP, MPIW, and MAE
whose weights are 2/9, 1/9, and 2/3, respectively. The weights
of PICP, MPIW, and MAE for PPI can be set by using a
trial and error method. From this table, the values of PPI of
different ensembles are not greatly varied with the increase of
the number of the local networks. However, it is apparently
that when the number of local networks is larger than 9,
the performance of the ensemble is significantly improved.
And when the number of local networks equals 16, the
performance of the distributed ensemble is the best for the
noisy Mackey Glass problem.

Figure 7 shows the contribution coefficients of 8 local
networks where the scale factor 𝜂 of (31) is set as 20. The
prediction results for the noisy Mackey Glass problem based
on the proposed distributed model with 8 local networks are
shown in Figure 8. FromFigure 8(a), the constructed PIswith
the confidence level 95%, in which the noisy value can almost
be covered by the PIs, and the predicted error in Figure 8(b)
illustrate the high accuracy of the proposed ensemble for the
noisy Mackey Glass problem.

4.3. Application to Prediction of Traffic Time Series. In this
subsection, the data are provided by the NNGC1 Forecasting
Competition that can be found on website. The samples are
constructed on the basis of the data of Tournament 1, 1.F.The
original dataset consists of 1500 data samples, where 1000 data
samples are used for training and the others for testing. We
select 500 data samples from the training dataset by using the
bootstrap resampling method to build the bth local network,
whereas 100 data samples are randomly selected from the
training dataset excluding the bootstrap samples to evaluate
the bth local network. 60 data samples are selected from the
testing dataset to verify the proposed model. In addition, the
parameters of the local network are estimated based on the
training data. In this study, the number of the input units is
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Table 2: The validation result of the number of local networks.

B PICP MPIW MAE PPI T(s)
1 0.9167 0.4261 0.1191 0.1338 5.46
2 0.9333 0.4168 0.1093 0.1282 11.34
3 0.9667 0.4164 0.1039 0.1201 15.96
4 0.9500 0.4283 0.1096 0.1248 20.53
5 0.9389 0.4045 0.1059 0.1239 25.19
6 0.9500 0.4180 0.1033 0.1217 33.04
7 0.9333 0.4155 0.1127 0.1291 37.82
8 0.9444 0.4175 0.1154 0.1292 42.37
9 0.9666 0.4325 0.1027 0.1140 47.32
10 0.9667 0.4212 0.1077 0.1173 52.54
11 0.9667 0.4153 0.1060 0.1153 56.25
12 0.9445 0.4174 0.1062 0.1178 61.78
13 0.9555 0.4124 0.1056 0.1141 67.58
14 0.9667 0.4174 0.1010 0.1146 73.41
15 0.9500 0.4229 0.1092 0.1167 79.41
16 0.9722 0.4151 0.1129 0.1116 82.42
17 0.9667 0.4250 0.1008 0.1159 87.53
18 0.9667 0.4098 0.0967 0.1122 92.82
19 0.9722 0.4148 0.1073 0.1131 99.04
20 0.9833 0.4128 0.1056 0.1141 102.8
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Figure 7:The histogram of the contribution coefficient of each local network.

set as 50 and the dimension of the dynamic reservoir is set as
20.

The bootstrap validation results of the number of local
networks are shown in Table 3. First, although the PIs
are the widest when there is only one local network, the
corresponding PICP is not the highest. Due to the increase of
the prediction difficulty, there exists a large difference in the
prediction performance between two networks. Sometimes,
the prediction performance of one local network is bad for
the traffic time series. When the number of local networks
increases, the performance of the proposed distributed net-
works can be improved because the good performance is
amplified and meanwhile the poor performance is punished
in this study.The above inference is verified to a certain extent

in Figure 9. In modeling the distributed networks, there exist
some local neural networks with poor performances as the
1th, 3th, 4th, 5th, 7th, 9th, 10th, and 11th local networks
shown in Figure 9. Only the 2th, 6th, 8th, and 12th local
networks make a great contribution to the output of the
distributed networks, especially the second local network.
Thepenultimate column inTable 3 gives the validation results
of PPI with the consideration of PICP, MPIW, and MAE
whose weights are 1/3, 1/3, and 1/3, respectively. The weights
of PICP, MPIW, and MAE for PPI can be set by using a trial
and error method. From Table 3, when the number of local
networks equals 12, the distributed networks perform best.

The prediction results based on the proposed distributed
model with 12 local networks is shown in Figure 10. From
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Figure 8: Prediction results for noisy Mackey Glass problem: (a) the constructed PIs; (b) the corresponding predicted error.

Table 3: The validation result of the number of local networks.

B PICP MPIW MAE PPI T(s)
1 0.6533 7509.348 4199.105 9627.972 0.53
2 0.7317 3679.751 2496.305 2640.191 0.93
3 0.73 3313.649 2247.185 2402.14 1.12
4 0.77 3569.069 1966.393 2270.854 1.34
5 0.7717 3715.51 2051.193 2343.564 1.69
6 0.7234 3697.235 1892.151 2296.226 1.89
7 0.755 3356.219 2052.896 2257.913 2.21
8 0.8133 4079.909 1988.189 2384.771 2.45
9 0.745 3211.481 2317.851 2427.852 2.69
10 0.7733 3000.334 1799.689 1960.604 2.95
11 0.8317 3579.286 1759.333 2068.051 3.28
12 0.7833 3046.309 1752.181 1943.746 3.54
13 0.8133 3543.992 1815.015 2062.386 3.79
14 0.785 3122.935 1740.262 1961.455 4.08
15 0.8083 3430.32 1906.759 2085.079 4.34
16 0.7866 3024.173 1817.909 1987.508 5.64
17 0.7916 3217.54 1885.096 2084.68 5.75
18 0.8071 3325.56 1746.16 2030.345 5.95
19 0.795 3258.99 1786.836 2039.716 6.32
20 0.8242 3181.69 1850.961 2073.198 6.61

Figure 10(a), the constructed PIs with the confidence level
95%, in which the noisy value can almost be covered by the
PIs, and the predicted error in Figure 10(b) conforms the
accuracy of the proposed model. The prediction results in
Figure 10 are different from those of the first two prediction
problems. The numerical range of the value is large and the
dynamic characteristics of the data are more complex. Since
the uncertainties of the data and model are larger, the PIs are
much wider. Figure 10 illustrates that the proposed model is
effective for constructing the PIs of the traffic time series.

4.4. Application to theConsumption Flow of Blast FurnaceGas.
In this section, we present a real-world industrial application
problem by using the proposed distributed model. Steel
industry is usually accompanied with high energy consump-
tion and environmental pollution, inwhich the byproduct gas
is one of the useful energy resources.There is a need to predict
the gas consumption flow for energy scheduling in a steel
plant. The experimental data, with a sample interval of 1 min,
come from a steel plant in China and cover the consumption
flow of BFG by the #1, #2 Coke Oven in September 2015. The
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Table 4: The validation result of the number of local networks.

B PICP MPIW MAE PPI T (s)
1 0.8333 4.4338 1.8133 1.8809 2.46
2 0.8333 4.4931 1.6129 1.8561 4.19
3 0.8333 4.4535 1.6979 1.8618 5.61
4 0.8333 4.4429 1.5997 1.8365 6.62
5 0.8333 4.4614 1.6273 1.8488 8.06
6 0.8500 4.3609 1.5767 1.7381 10.05
7 0.8500 4.4735 1.6104 1.7814 11.28
8 0.8667 4.4594 1.5856 1.7045 12.68
9 0.8667 4.2224 1.6232 1.7032 14.31
10 0.8500 4.4399 1.6018 1.7688 15.84
11 0.8500 4.4073 1.6018 1.7583 17.54
12 0.8500 4.4396 1.6307 1.7409 19.21
13 0.8500 4.3062 1.6412 1.7340 20.98
14 0.8500 4.3559 1.6400 1.7842 22.57
15 0.8500 4.3597 1.6188 1.7739 24.21
16 0.8500 4.3136 1.6419 1.7366 25.36
17 0.8500 4.4593 1.6439 1.7839 27.40
18 0.8500 4.4745 1.6396 1.7879 29.15
19 0.8500 4.4033 1.6404 1.7651 31.28
20 0.8500 4.4270 1.6377 1.7722 32.13
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Figure 9:The histogram of the contribution coefficient of each local
network.

original dataset consists of 4000 data samples, where 3000
data samples are used for training and the others for testing.
We select 1000 data samples from the training dataset by
using the bootstrap resampling method to build the bth local
network, whereas 100 data samples are randomly selected
from the training dataset excluding the bootstrap samples to
evaluate the bth local network. 60 data samples are selected
from the testing dataset to verify the proposed model. Again,
the number of the input units is set as 50 and the dimension
of the dynamic reservoir is set as 100.

Table 4 shows the bootstrap validation results of the
number of local networks for the consumption flow of BFG.
From Table 4, when the number of local networks equals to

9, the performance of the distributed networks is the best
for the consumption flow. Figure 11 shows the contribution
coefficients of 9 local networks, where the scale factor 𝜂 of
(31) is set as 20. The prediction results for the consumption
flow prediction problem based on the proposed distributed
model with 9 local networks are shown in Figure 12(a). The
constructed PIs with a confidence level of 95%, in which the
observed value can almost be covered by the PIs, and the
predicted error in Figure 12(b) illustrate the high accuracy
of the proposed model for the consumption flow prediction
problem.

4.5. Statistical Analysis and Distributed Computation. To
further evaluate the performance, a series of statistical exper-
imental results are reported in Table 5, where NN-based
conformal prediction [29], the MVE-based NN individual
[1], the Bayesian NN individual [14], and the networks
ensemble in [22] are conducted for comparison. To guarantee
the full indication of the statistical experiments, the PICP,
MPIW,MAE, PPI, and computing time are employed here for
statistics.Themean values of the PICP,MPIW,MAE, PPI, and
computing time for 50 times are given in Table 5. In addition,
to verify the performance of the proposed method, the ESN
individuals-based ensemble and the MLP individuals-based
ensemble that is the generic NNs ensemble are considered for
the comparative experiments.

From Table 5, we observe that the proposed distributed
NNs ensemble shows the best performance with the overall
consideration of PICP, MPIW, and MAE. Although confor-
mal prediction has a stable and good performance for the
coverage probability of PIs, it comes with the tradeoff in
MPIW. Although ESN individual has a lower computational
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Figure 10: Prediction results for the data of Tournament 1: (a) the constructed PIs; (b) the corresponding prediction error.
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Figure 11: The histogram of the contribution coefficient of each local network.

load and a higher accuracy, it is often accompanied with
the instable performance since the coefficient matrix of
unknown parameters might be ambiguous, which makes the
distributed ESNs ensemble do not show the performance as
well as the generic NNs ensemble. To improve the accuracy
of the ESNs ensemble, an effective parameters estimation
strategy is required, but with a large computational load.
By contraries, MLP individual has a stable and excellent
prediction performance but with a higher computational
cost. Thus, the proposed model inhibits a better prediction
performance in total if the computational efficiency can be
improved.

It is well known that the distributed NNs ensemble
implemented in serial mode costs more computing time than
the NN individual. In Table 5, the computational time is
monitored on the MATLAB platform. If the algorithm is
implemented on another platform in series mode, it might

cost a higher computational load. Fortunately, the proposed
method can be implemented in parallel mode in the JAVA
environment with theMap-Reduce programmingmodel that
can effectively improve the computational efficiency. The
experiments are conducted based on the Baidu open cloud
platform. The master node consists of Intel Xeon 2.00-GHz
4 Core, 32-GB memory, and 400G Hard disk, and the slave
nodes are the same as the master one. The experimental
results are shown in Figure 13 and Table 6. From Figures
13(a) and 13(b), when the distributed model consists of more
local networks, the computational efficiency can be improved
with an increase in the number of the local networks. The
measurement unit of the value in Table 6 is minute. The
parameters of the distributed networks are set as the above
statements. FromTable 6, we can see that the computing time
of the distributed model can be greatly reduced with the
increase of the number in the slave nodes. When the number
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Figure 12: Prediction results for the consumption flow of BFG: (a) the constructed PIs; (b) the corresponding prediction error.
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Figure 13: The speedup chart of the Map-Reduce programming model: (a) the ensemble with 8 local NNs; (b) the ensemble with 15 local
NNs.

of the local GGNNs equals 8, the computational efficiency
can be obviously improved when using one master and four
slaves. As for the distributed model with 15 local GGNNs, the
computational efficiency can be improved with one master
and eight slaves. For the two groups of experiments, the
shortest computing time of each experiment only requires 8
minutes.

5. Conclusions

In this paper, a novel distributed GGNNs ensemble is pro-
posed for PIs construction. The distributed model has B
cascaded GGNNs and the output of the distributed model
is the weighted sum of the output of the local neural
networks. The advantages of the proposed method involve
three important respects. (1) The distributed model has a

stronger learning ability than the neural network individual.
(2) The performance of the proposed model is more stable.
The effect due to local network with poor performance can
be reduced when computing the coefficient of the local one
contributed to the distributed model, and on the contrary,
the good performance of the local networks can be amplified.
The proposed distributed model is different from the generic
NNs ensemble by taking the contribution of the network
individual into consideration. (3) The relationship among
the local networks of the proposed architecture is relatively
independent. Therefore, the proposed architecture is suitable
for implementing on a distributed programming platform
named Map-Reduce architecture to improve the computa-
tional efficiency. Four prediction problems are used in our
experiments to illustrate the effectiveness of the proposed
method for PIs construction. Compared to three network
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Table 5: Statistical analysis of the comparative experiments.

Problems Model PICP MPIW MAE PPIM PPISD T(s)

Noisy Rossler
problem

Conformal
prediction in [29] 0.9500 0.5758 0.1742 0.1947 0.0319 0.7623

MVE-based NN
individual 0.8333 0.8917 2.6027 1.4426 0.22 0.5387

Bayesian NN 0.9500 1.0688 0.3243 1.0688 0.1216 0.7615
NNs ensemble in

[22] 0.9833 1.2238 0.1843 1.2238 0.3881 50.48

Distributed ESNs
ensemble 0.9667 0.6723 0.1506 0.1732 0.0077 57.44

Distributed NNs
ensemble 0.9667 0.5023 0.1356 0.1509 0.0067 1474.14

Noisy Mackey
Glass

Conformal
prediction in [29] 0.9500 0.4538 0.1149 0.1162 0.0297 0.7623

MVE-based NN
individual 0.9077 0.6482 0.4811 0.3417 0.1921 0.5387

Bayesian NN 0.9310 0.5084 0.1179 0.1412 0.0385 0.7615
NNs ensemble in

[22]
0.9828 0.5363 0.1178 0.1388 0.0501 50.48

Distributed ESNs
ensemble

0.9527 0.4323 0.1145 0.1211 0.0125 82.42

Distributed NNs
ensemble

0.9722 0.4151 0.1129 0.1116 0.0113 1035.49

Traffic time series

Conformal
prediction in [29] 0.9500 12487.00 4135.78 5394.57 295.1779 0.7623

MVE-based NN
individual 0.9962 21674.00 30325.00 17267.00 1282.2291 0.5387

Bayesian NN 0.8958 12057 4182.77 5789.36 307.6441 0.7615
NNs ensemble in

[22] 0.7615 6525.37 3694.27 4986.57 374.1657 50.48

Distributed ESNs
ensemble 0.7952 4674.72 2705.11 2493.67 168.1368 3.54

Distributed NNs
ensemble 0.7833 3046.309 1752.181 1943.746 129.8434 1108.09

BFG consumption
flow

Conformal
prediction in [29] 0.9500 7.6245 1.6385 1.7123 0.1265 0.7623

MVE-based NN
individual 0.8077 5.2250 1.9899 2.1357 0.2401 0.5387

Bayesian NN 0.9167 5.0133 1.7477 1.7046 0.1073 0.7615
NNs ensemble in

[22] 0.8563 4.5125 1.7989 1.9625 0.1758 50.48

Distributed ESNs
ensemble

0.8500 4.3422 1.7285 1.7039 0.0708 14.31

Distributed NNs
ensemble

0.8667 4.2224 1.6232 1.7032 0.0674 828.01

Table 6: Comparison of the computational efficiency.

B Serial 2 slaves 4 slaves 6 slaves 8 slaves 15 slaves
8 67 21 9 9 8 8
15 132 37 23 14 10 8

individual-basedmethods and the genericNNs ensemble, the
proposed model is shown to have the best performance. In

addition, it shows an improved computational efficiency by
the aid of the Map-Reduce programming framework.

In this study, the contribution of individual to the
ensemble is quantified by evaluating the performance of
the individual with (25) proposed in this paper. However,
to implement the distributed computation of the proposed
ensemble, the cooperation among different individuals is
not given enough attention. The learning process of the
individuals of an ensemble is relatively independent. In the
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future, we will pay more attention to the research on the
cooperative learning of the individuals in an ensemble to
achieve a stronger learning ability. For instance, the fuzzy
integration or some constructive algorithms will be consid-
ered in the future. Meanwhile, we are expected to focus on
the distributed implementation of the cooperative learning
method in the future and obtain some valuable results. In
addition, model-free-based PIs will be considered, which can
be viewed as another future work. If the PIs are applied for
industrial process, the computational load is one significant
index to be solved. For the model-based PIs, especially the
ensemble or modular NNs-based PIs, it costs much more
computational load despite high accuracy, which affects the
application of the PIs.
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