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Dust plasma is a new field of physics which has developed rapidly in recent decades. The study of dust plasma has received much
attention due to its importance in the environment of space and the Earth. Dust acoustic waves are generated because of the inertia
of dust mass while the restoring force is provided by the thermal pressure of electrons and ions. Since dust acoustic waves were first
reported theoretically in unmagnetized dust plasma by Rao et al., they have become a research hot spot. In this paper, the excitation
of dust acoustic waves by a gravity field in a dust plasma is analyzed. According to the control equations of dust plasma motion and
employing multiscale analysis and perturbation method, we have obtained a (3+1)-dimensional ZK model. Because of the space
property of dust plasma, (3+1)-dimensional ZK equation is more suitable than KdV equation and (2+1)-dimensional ZK equation
to describe the real dust acoustic waves. Then, the (3+1)-dimensional time-space fractional ZK (TSF-ZK) equation describing the
fractal process of nonlinear dust acoustic waves is given for the first time. To further explore how dust acoustic waves change energy
as they travel, we discuss the conservation laws of the newmodel. Moreover, we study the exact solution of (3+1)-dimensional TSF-
ZK equation by using extended Kudryashov method. Finally, based on the exact solution, we further investigate the effect of the
parameter 𝑘, the charge properties of dust particle 𝑍𝑑0, the fractional order values 𝛼, 𝛽, 𝛾, and 𝜃, the temperature𝑇𝑑, the gravity 𝑔,
and the collision frequency 𝛽0 and 𝛽1 on the properties of dust acoustic waves by a gravity field in dust plasma.

1. Introduction

Plasma is a macroscopic system composed of a large number
of charged particles, and it is the fourth state in which
matter exists. The characteristics of motion of plasma are
more complex than those of other substances. In many cases,
the production and maintenance of plasma are difficult.
Therefore, plasma physics is a branch with research value,
which is closely related to the generation of new technology.
In recent years, plasma physics has become an important
basis for human understanding of the universe and an
important guarantee for understanding and controlling the
changes of the Earth’s environment. It is hoped that mankind
will finally solve the energy problem in the future. As a result,
plasmas are getting more attention.

In recent years, the study of nonlinear structures in
various kinds of plasmas has been the emphasis of the
researchers [1, 2]. Dust plasma is a new field of physics

research which has developed rapidly in recent decades. In
addition to electrons, ions, and neutral gases, dust plasma
also contains dust particles of any shape and size ranging
from tens of nm to a few microns. Charged dust grains exist
widely in space, plasma equipment in laboratory as well as
plasma processing. It is widely believed that dust plasma plays
a very important role in the formation of galaxies, such as
planetary rings, cometary surroundings, interstellar clouds,
and the Earth’s ionosphere. Dust plasma is also important in
the laboratory. And themain reason is that dust plasmamode
is formed due to the existence of mixtures, which greatly
affects the state or behavior of plasma. The dust acoustic
waves are generated due to the inertia of dust mass while
the restoring force is provided by the thermal pressure of
electrons and ions. Low frequency dust acoustic waves were
first predicted by Rao [3] in a dust plasma in 1990. Later, in
1992, Shukla-Silin [4] obtained the high frequency dust ion-
acoustic waves.Merlino [5] has experimentally confirmed the
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existence of dust acoustic waves and dust ion-acoustic waves
in 1998. Since then, more and more attention has been paid
to the study of dust acoustic waves.

At the beginning of the investigations, the (1+1)-
dimensional model was used to study the dust acoustic
waves. Using the reductive perturbation method, a KdV
equation has been derived by Bharuthram [6] to study the
large amplitude ion-acoustic solitons in a dust plasma, and
Duan [7] got a KdV equation to describe the effect of
dust size distribution for two ion temperature dusty plasma.
Later, Kadomstev and Petviashvili [8] made an attempt
to describe the solitons in (2+1)-dimensional systems by
applying Kadomstev-Petviashvili (KP) equation. Singh and
Honzawa [9] studied the effects of ion temperature and
relativistic factor on the width and amplitude of ion-acoustic
solitons in an unmagnetized two-dimensional weakly rela-
tivistic collisionless plasma with finite ion temperature by
using the KP equation. Lin [10] derived the KP equation
which is considered as two-dimensional extension of KdV
equation to study dust acoustic waves in hot dusty plasma.
Employing multiscale analysis and perturbation method, a
KP equation was obtained for the stability of dust acoustic
waves for host dust plasma by Duan [11]. Gill [12] proved the
existence of compressive and rarefactive dust acoustic soli-
tons under the solution of KP equation in two-dimensional
dusty plasma with two-temperature ions. However, in the
real environment, dust plasma moves in space, so we must
study the higher dimensions of dust acoustic waves. Thus,
in this paper, we will be working on the (3+1)-dimensional
model.

For a long time, people have been committed to the study
of integral calculus. Therefore, researchers conduct scientific
research based on integer order models [13–18]. However,
with the continuous development of calculus theory, the
appearance and development of fractional order have become
amajor trend of integral science [19–21]. As we know, Leibniz
was the first to study the theory of fractional derivatives.
So far, the development of fractional derivatives has been
very mature, and fractional calculus and the corresponding
fractional partial differential equations have attracted wide
attention in many subjects [22–28]. Compared with integer
order models, fractional models can better explain nonlinear
physical processes and propagation characteristics in real
environment [29–33].However, fractionalmodelswere rarely
used to study the dust plasma in the past. Therefore, it is of
great research value to construct the (3+1)-dimensional TSF-
ZK equation to discuss the influence of fractional order for
the dust acoustic waves in gravity field for dust plasma.

The solution of the nonlinear partial differential equa-
tion is an important research topic in nonlinear physical
phenomena. Similarly, the solutions of fractional differential
equations have attracted the attention of researchers in many
fields. Thus, many methods have been proposed one after
another, such as the first integral method [34, 35], (G’/G)-
expansion method [36, 37], the Hirota method [38, 39], the
trial functionmethod [40], the subequation method [41], and
others [42–46]. In this paper, using extended Kudryashov
method [47], the exact solution of (3+1)-dimensional TSF-ZK
equation is obtained.

The rest of the paper is organized as follows. In
Section 2, based on the control equations of motion, a (3+1)-
dimensional integer order ZK equation is derived by employ-
ing multiscale analysis and perturbation method [48, 49].
Applying the semi-inverse method and the fractional varia-
tional principle [50], the integer order ZK equation is trans-
formed into a time-space fractional ZK (TSF-ZK) equation.
Next, we study the exact solution of (3+1)-dimensional TSF-
ZK equation by using extended Kudryashov method. Then,
the conservation law of (3+1)-dimensional TSF-ZK equation
is got by applying Lie symmetry analysis method. In the
end, on the basis of the exact solution of (3+1)-dimensional
TSF-ZK equation, we further investigate the property of dust
acoustic waves. The influence of the parameter 𝑘, the charge
properties of dust particle 𝑍𝑑0, fractional order values 𝛼, 𝛽,𝛾, 𝜃, temperature 𝑇𝑑, gravity 𝑔, and collision frequency 𝛽0, 𝛽1
on the properties of dust acoustic waves by a gravity field in
dust plasma are studied.

2. Derivation of the (3+1)-Dimensional
ZK Equation

For low frequency dust acoustic wave, the control equations
are composed of mass conservation equation, momentum
conservation equation, and Poisson equation [51, 52] follow-
ing

𝜕𝑛𝑑𝜕𝑡 + ∇ (𝑛𝑑→𝑢𝑑) = 0,
𝑛𝑑𝑚𝑑 𝜕→𝑢𝑑𝜕𝑡 + 𝑛𝑑𝑚𝑑→𝑢𝑑 ⋅ ∇→𝑢𝑑 + 𝑇𝑑∇→𝑢𝑑 − 𝑛𝑑𝑒𝑍𝑑∇𝜙
= −𝛽𝑛𝑑𝑚𝑑→𝑢𝑑 + 𝑛𝑑𝑚𝑑→𝑔,

Δ𝜙 = 4𝜋𝑒 (𝑍𝑑𝑛𝑑 + 𝑛𝑒 − 𝑛𝑖) ,

(1)

whereΔ = ∇2 = 𝜕2/𝜕𝑥2+𝜕2/𝜕𝑦2+𝜕2/𝜕𝑧2 is three-dimensional
Laplace operator, →𝑢𝑑 is the velocity of dust particles, 𝜙 is the
electrostatic potential, 𝑛𝑑, 𝑛𝑒, and 𝑛𝑖 are the number densities
of the dust particles, electrons, and ions in the dusty plasma,
respectively, 𝑇𝑑 is the temperature of dust particles, 𝑍𝑑 is the
basic unit electric quantity of dust particles, and its positive
and negative represent the electrical properties of dust parti-
cles. →𝑢𝑑 is expressed by →𝑢𝑑 = 𝑢𝑑→𝑖 + V𝑑

→𝑗 + 𝑤𝑑→𝑘 , where →𝑖 ,→𝑗 , and →𝑘 are the unit vectors in the 𝑥, 𝑦, and 𝑧 directions,
respectively. 𝑛𝑒 = ]𝑒𝑠𝛿𝜙 and 𝑛𝑖 = 𝜇𝑒−𝑠𝜙, where 𝑠 = 1/(𝜇 + ]𝛿),𝛿 = 𝑇𝑒/𝑇𝑖,𝑇𝑒𝑓𝑓 = 𝑇𝑒𝑇𝑖/(𝜇𝑇𝑒+]𝑇𝑖) is the effective temperature,
where 𝑇𝑒 and 𝑇𝑖 are the temperatures of electrons and ions,
respectively, 𝜇 = 𝑛𝑖0/𝑛𝑑0𝑍𝑑0, and ] = 𝑛𝑖0/𝑛𝑑0𝑍𝑑0. In a
state of complete constant temperature, the ions and electrons
will obey the Boltzmann condition. The equilibrium state
satisfies the neutral condition 𝑛𝑖0 = 𝑍𝑑0𝑛𝑑0 + 𝑛𝑒0, where 𝑛𝑑0,𝑛𝑖0, 𝑛𝑒0, and 𝑍𝑑0 are the unperturbed number densities of
dust particles, ions, electrons, and the numbers of electrons
residing on the dust particles, respectively. 𝑛𝑑 is normalized
by 𝑛𝑑0, and 𝑍𝑑 is normalized by 𝑍𝑑0. The space coordinates(𝑥, 𝑦, 𝑧), time 𝑡, velocity (𝑢𝑑, V𝑑, 𝑤𝑑), electrostatic potential𝜙, collision frequency 𝛽, and gravity 𝑔 are normalized by
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Debye length 𝜆𝐷𝑑 = (𝑇𝑒𝑓𝑓/4𝜋𝑍𝑑0𝑛𝑑0𝑒2)1/2, the characteristic
dust period 𝜔−1𝑝𝑑 = (𝑚𝑑/4𝜋𝑍𝑑0𝑛𝑑0𝑒2)1/2, the dust acoustic
speed 𝐶𝑑 = (𝑍𝑑0𝑇𝑒𝑓𝑓/𝑚𝑑)1/2, and 𝑇𝑒𝑓𝑓/𝑒, respectively, and
the collision frequency 𝛽 refers to the number of collisions
between one plasma and another over a period of time. The
detailed description is given in [45].

We assume that the charge of dust particles is constant;
that is, 𝑍𝑑 = 𝑍𝑑0, 𝑍𝑑0 is constant. Then the dimensionless
forms of the control equations are as follows:

𝜕𝑛𝑑𝜕𝑡 + 𝜕𝜕𝑥 (𝑛𝑑𝑢𝑑) + 𝜕𝜕𝑦 (𝑛𝑑V𝑑) + 𝜕𝜕𝑧 (𝑛𝑑𝑤𝑑) = 0,
𝜕𝑢𝑑𝜕𝑡 + 𝑢𝑑 𝜕𝑢𝑑𝜕𝑥 + V𝑑

𝜕𝑢𝑑𝜕𝑦 + 𝑤𝑑 𝜕𝑢𝑑𝜕𝑧 + 𝑇𝑑𝑍𝑑
1𝑛𝑑
𝜕𝑛𝑑𝜕𝑥 − 𝜕𝜙𝜕𝑥

= −𝛽𝑥𝑢𝑑 + 𝑔,
𝜕V𝑑𝜕𝑡 + 𝑢𝑑 𝜕V𝑑𝜕𝑥 + V𝑑

𝜕V𝑑𝜕𝑦 + 𝑤𝑑 𝜕V𝑑𝜕𝑧 + 𝑇𝑑𝑍𝑑
1𝑛𝑑
𝜕𝑛𝑑𝜕𝑦 − 𝜕𝜙𝜕𝑦

= −𝛽𝑦V𝑑,
𝜕𝑤𝑑𝜕𝑡 + 𝑢𝑑 𝜕𝑤𝑑𝜕𝑥 + V𝑑

𝜕𝑤𝑑𝜕𝑦 + 𝑤𝑑 𝜕𝑤𝑑𝜕𝑧 + 𝑇𝑑𝑍𝑑
1𝑛𝑑
𝜕𝑛𝑑𝜕𝑧 − 𝜕𝜙𝜕𝑧

= −𝛽𝑧𝑤𝑑,
𝜕2𝜙𝜕𝑥2 + 𝜕

2𝜙𝜕𝑦2 + 𝜕
2𝜙𝜕𝑧2 = 𝑛𝑑 + 𝑛𝑒 − 𝑛𝑖.

(2)

We introduce the following slow space-time variables:

𝜉 = 𝜖1/2 (𝑥 − V0𝑡) ,
𝜂 = 𝜖1/2𝑦,
𝜁 = 𝜖1/2𝑧,
𝜏 = 𝜖3/2𝑡.

(3)

Then we have

𝜕𝜕𝑡 = 𝜖3/2 𝜕𝜕𝜏 − 𝜖1/2V0 𝜕𝜕𝜉 ,
𝜕𝜕𝑥 = 𝜖1/2 𝜕𝜕𝜉 ,
𝜕𝜕𝑦 = 𝜖1/2 𝜕𝜕𝜂 ,
𝜕𝜕𝑧 = 𝜖1/2 𝜕𝜕𝜁 .

(4)

The dependent variables 𝑛𝑑, 𝑢𝑑, V𝑑, 𝑤𝑑, and 𝜙 are expanded
as follows:

𝑛𝑑 = 1 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3 + ⋅ ⋅ ⋅ ,
𝑢𝑑 = 𝑢𝑑0 + 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3 + ⋅ ⋅ ⋅ ,

V𝑑 = 𝜖3/2V𝑑1 + 𝜖5/2V𝑑2 + 𝜖7/2V𝑑3 + ⋅ ⋅ ⋅ ,
𝑤𝑑 = 𝜖3/2𝑤𝑑1 + 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3 + ⋅ ⋅ ⋅ ,
𝜙 = 𝜖𝜙1 + 𝜖2𝜙2 + 𝜖3𝜙3 + ⋅ ⋅ ⋅ ,
𝛽𝑥 = 𝛽0 + 𝜖𝛽1,
𝛽𝑦 = 𝜖𝛽1,
𝛽𝑧 = 𝜖𝛽1.

(5)

Substituting (4) and (5) into (3), the following equations can
be got:

(𝜖3/2 𝜕𝜕𝜏 − 𝜖1/2V0 𝜕𝜕𝜉) (1 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3)
+ (𝜖1/2 𝜕𝜕𝜉) [(1 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3)
⋅ (𝑢𝑑0 + 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3)] + (𝜖1/2 𝜕𝜕𝜂)
⋅ [(1 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3)
⋅ (𝜖3/2V𝑑1 + 𝜖5/2V𝑑2 + 𝜖7/2V𝑑3)] + (𝜖1/2 𝜕𝜕𝜁)
⋅ [(1 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3)
⋅ (𝜖3/2𝑤𝑑1 + 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3)] = 0,

(𝜖3/2 𝜕𝜕𝜏 − 𝜖1/2V0 𝜕𝜕𝜉) (𝑢𝑑0 + 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3)
+ (𝑢𝑑0 + 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3) ⋅ (𝜖1/2 𝜕𝜕𝜉) (𝑢𝑑0
+ 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3) + (𝜖3/2V𝑑1 + 𝜖5/2V𝑑2
+ 𝜖7/2V𝑑3) (𝜖1/2 𝜕𝜕𝜂) (𝑢𝑑0 + 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3)
+ (𝜖3/2𝑤𝑑1 + 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3) (𝜖1/2 𝜕𝜕𝜁) (𝑢𝑑0
+ 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3) + 𝑇𝑑𝑍𝑑0
⋅ 11 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3 (𝜖1/2

𝜕𝜕𝜉) (1 + 𝜖𝑛𝑑1
+ 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3) − (𝜖1/2 𝜕𝜕𝜉) (𝜖𝜙1 + 𝜖2𝜙2 + 𝜖3𝜙3)
= − (𝛽0 + 𝜖𝛽1) (𝑢𝑑0 + 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3) + 𝑔,

(𝜖3/2 𝜕𝜕𝜏 − 𝜖1/2V0 𝜕𝜕𝜉) (𝜖3/2V𝑑1 + 𝜖5/2V𝑑2 + 𝜖7/2V𝑑3)
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+ (𝑢𝑑0 + 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3) (𝜖1/2 𝜕𝜕𝜉) ⋅ (𝜖3/2V𝑑1
+ 𝜖5/2V𝑑2 + 𝜖7/2V𝑑3) + (𝜖3/2V𝑑1 + 𝜖5/2V𝑑2 + 𝜖7/2V𝑑3)
⋅ (𝜖1/2 𝜕𝜕𝜂) (𝜖3/2V𝑑1 + 𝜖5/2V𝑑2 + 𝜖7/2V𝑑3) + (𝜖3/2𝑤𝑑1
+ 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3) (𝜖1/2 𝜕𝜕𝜁) (𝜖3/2V𝑑1 + 𝜖5/2V𝑑2
+ 𝜖7/2V𝑑3) + 𝑇𝑑𝑍𝑑0
⋅ 11 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3 (𝜖1/2

𝜕𝜕𝜂) (1 + 𝜖𝑛𝑑1
+ 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3) − (𝜖1/2 𝜕𝜕𝜂) (𝜖𝜙1 + 𝜖2𝜙2 + 𝜖3𝜙3)
= − (𝜖𝛽1) (𝜖3/2V𝑑1 + 𝜖5/2V𝑑2 + 𝜖7/2V𝑑3) ,

(𝜖3/2 𝜕𝜕𝜏 − 𝜖1/2V0 𝜕𝜕𝜉) (𝜖3/2𝑤𝑑1 + 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3)
+ (𝑢𝑑0 + 𝜖𝑢𝑑1 + 𝜖2𝑢𝑑2 + 𝜖3𝑢𝑑3) (𝜖1/2 𝜕𝜕𝜉) ⋅ (𝜖3/2𝑤𝑑1
+ 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3) + (𝜖3/2V𝑑1 + 𝜖5/2V𝑑2
+ 𝜖7/2V𝑑3) (𝜖1/2 𝜕𝜕𝜂) (𝜖3/2𝑤𝑑1 + 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3)
+ (𝜖3/2𝑤𝑑1 + 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3) (𝜖1/2 𝜕𝜕𝜁) (𝜖3/2𝑤𝑑1
+ 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3) + 𝑇𝑑𝑍𝑑0
⋅ 11 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3 (𝜖1/2

𝜕𝜕𝜁) (1 + 𝜖𝑛𝑑1
+ 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3) − (𝜖1/2 𝜕𝜕𝜁) (𝜖𝜙1 + 𝜖2𝜙2 + 𝜖3𝜙3)
= − (𝜖𝛽1) (𝜖3/2𝑤𝑑1 + 𝜖5/2𝑤𝑑2 + 𝜖7/2𝑤𝑑3) ,

(𝜖 𝜕2𝜕𝜉2)(𝜖𝜙1 + 𝜖2𝜙2 + 𝜖3𝜙3) + (𝜖 𝜕
2

𝜕𝜂2)(𝜖𝜙1 + 𝜖2𝜙2
+ 𝜖3𝜙3) + (𝜖 𝜕2𝜕𝜁2)(𝜖𝜙1 + 𝜖2𝜙2 + 𝜖3𝜙3) = (1 + 𝜖𝑛𝑑1
+ 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3) + (𝜖𝜙1 + 𝜖2𝜙2 + 𝜖3𝜙3) .

(6)

In (6), letting

𝑇 = 𝑇𝑑𝑍𝑑0
11 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3 (𝜖1/2

𝜕𝜕𝜉)

⋅ (1 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3) = 𝑇𝑑𝑍𝑑0 (𝜖1/2
𝜕𝜕𝜉)

⋅ [ln (1 + 𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3)] ,
(7)

and using the Taylor’s series, 𝑇 can be approximately rewrit-
ten as

𝑇 = 𝑇𝑑𝑍𝑑0 (𝜖1/2
𝜕𝜕𝜉) (𝜖𝑛𝑑1 + 𝜖2𝑛𝑑2 + 𝜖3𝑛𝑑3 + ⋅ ⋅ ⋅) . (8)

A series of approximate equations for 𝜖 in the following form
can be obtained

𝜖0 : −𝛽0𝑢𝑑0 = 𝑔; (9)

𝜖1 : 𝛽1𝑢𝑑0 + 𝛽0𝑢𝑑1 = 0; (10)

𝜖3/2 :
{{{{{{{{{
(𝑢𝑑0 − V0) 𝜕𝑛𝑑1𝜕𝜉 + 𝜕𝑢𝑑1𝜕𝜉 = 0,
(𝑢𝑑0 − V0) 𝜕𝑢𝑑1𝜕𝜉 + 𝑇𝑑𝑍𝑑

𝜕𝑛𝑑1𝜕𝜉 − 𝜕𝜙1𝜕𝜉 = 0; (11)

𝜖2 : {{{{{
𝛽0𝑢𝑑2 + 𝛽1𝑢𝑑1 = 0,
𝜕2𝜙1𝜕𝜉2 + 𝜕

2𝜙1𝜕𝜂2 + 𝜕
2𝜙1𝜕𝜁2 = 𝑛𝑑2 + 𝜙2;

(12)

𝜖5/2 :
{{{{{{{{{
(𝑢𝑑0 − V0) 𝜕𝑛𝑑2𝜕𝜉 + 𝜕𝑢𝑑2𝜕𝜉 = −𝜕𝑛𝑑1𝜕𝜏 − 𝑛𝑑1 𝜕𝑢𝑑1𝜕𝜉 − 𝑢𝑑1 𝜕𝑛𝑑1𝜕𝜉 ,
(𝑢𝑑0 − V0) 𝜕𝑢𝑑2𝜕𝜉 − 𝜕𝜙2𝜕𝜉 + 𝑇𝑑𝑍𝑑

𝜕𝑛𝑑2𝜕𝜉 = −𝜕𝑢𝑑1𝜕𝜏 − 𝑢𝑑1 𝜕𝑢𝑑1𝜕𝜉 .
(13)

Based on (9) and (10), we get the following relations

𝛽0 = 𝑔𝑢𝑑0 ,
𝛽1 = −𝛽0 (𝑢𝑑0 − V0)𝑢𝑑0 𝜙1 = −𝛽20 (𝑢𝑑0 − V0) 𝜙1𝑔 𝜙1.

(14)

According to (11), the following relationship can be given as

[(𝑢𝑑0 − V0)2 − 𝑇𝑑𝑍𝑑 ]
𝜕𝑛𝑑1𝜕𝜉 + 𝜕𝜙𝑑1𝜕𝜉 = 0. (15)

Assuming that

𝑛𝑑1 = −𝜙1, (16)

we get

𝑢𝑑1 = (𝑢𝑑0 − V0) 𝜙1,
𝑍𝑑0𝑍𝑑0 (𝑢𝑑0 − V0)2 − 𝑇𝑑 = 1.

(17)

Combining (12), (13), (16), and (17) and letting 𝜙1 = 𝜙, we
can obtain the following model:

𝜕𝜙𝜕𝜏 + 𝑎1𝜙𝜕𝜙𝜕𝜉 + 𝑎2 𝜕
3𝜙𝜕𝜉3 + 𝑎3 𝜕

3𝜙𝜕𝜉𝜕𝜂2 + 𝑎4 𝜕
3𝜙𝜕𝜉𝜕𝜁2 = 0, (18)
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where

𝑎1 = 3 (𝑔 − 𝛽0V0)2𝛽0 = 32√𝑍𝑑0 + 𝑇𝑑𝑍𝑑0 ,
𝑎2 = 𝑎3 = 𝑎4 = − 𝛽02 (𝑔 − 𝛽0V0) = −

12√ 𝑍𝑑0𝑍𝑑0 + 𝑇𝑑 .
(19)

When𝑎3 = 𝑎4 = 0, (18) is theKdVequation.When 𝑎4 = 0,
(18) is the ZK equation. On the basis of 𝑎3(𝜕3𝜙/𝜕𝜉𝜕𝜂2) and𝑎4(𝜕3𝜙/𝜕𝜉𝜕𝜁2), (18) is a (3+1)-dimensional ZK equation. It is
well known that the KdV equation reflects the propagation
of dust acoustic waves along a line, and the ZK equation
can describe the propagation of dust acoustic waves on one
surface. Dust acoustic waves in dust plasma move around in
space.Therefore, the (3+1)-dimensional ZK equation is more

suitable to describe the dust acoustic waves in the real dust
plasma.

3. Derivation of the (3+1)-Dimensional
Time-Space Fractional
ZK (TSF-ZK) Equation

Based on the above section, we get a (3+1)-dimensional
ZK equation. In this section, the (3+1)-dimensional TSF-ZK
equation is obtained by using the semi-inverse method and
the fractional variational principle.

Firstly, let us introduce some basic fractional definitions.

Definition 1 (see [50]). The Riemann-Liouville fractional
derivative operator is defined as

𝐷𝛼𝑡 𝑢 =
{{{{{{{

𝜕𝑚𝑢𝜕𝑡𝑚 , 𝛼 = 𝑚 ∈ 𝑁,
1Γ (𝑚 − 𝛼) 𝜕𝑚𝜕𝑡𝑚 ∫

𝑡

0

𝑢 (𝜏, 𝑥)(𝑡 − 𝜏)𝛼+1−𝑚𝑑𝜏, 𝑚 − 1 < 𝛼 < 𝑚, 𝑚 ∈ 𝑁. (20)

Definition 2 (see [50]). The modified Riemann-Liouville
fractional derivative operator is defined as

𝐷𝛼𝑡 𝑓 (𝑡) = 1Γ (1 − 𝛼) 𝑑𝑑𝑡 [∫
𝑡

𝑎

𝑓 (𝜏) − 𝑓 (𝑎)(𝑡 − 𝜏)𝛼 𝑑𝜏] ,
0 ≤ 𝛼 < 1.

(21)

Letting 𝜙 = 𝑄𝜉, where𝑄(𝜏, 𝜉, 𝜂, 𝜁) is a potential function,
then the (18) can be written as

𝑄𝜉𝜏 + 𝑎1𝑄𝜉𝑄𝜉𝜉 + 𝑎2𝑄𝜉𝜉𝜉𝜉 + 𝑎3𝑄𝜉𝜉𝜂𝜂 + 𝑎4𝑄𝜉𝜉𝜁𝜁 = 0. (22)

The functional of the above potential equation can be given
as

𝐽 (𝑄) = ∫
𝑅
𝑑𝜉 ∫

𝑅
𝑑𝜂∫

𝑅
𝑑𝜁∫

𝑇
𝑑𝜏 [𝑄 (𝜏, 𝜉, 𝜂, 𝜁) (𝑏1𝑄𝜉𝜏 + 𝑏2𝑎1𝑄𝜉𝑄𝜉𝜉 + 𝑏3𝑎2𝑄𝜉𝜉𝜉𝜉 + 𝑏4𝑎3𝑄𝜉𝜉𝜂𝜂 + 𝑏5𝑎4𝑄𝜉𝜉𝜁𝜁)] , (23)

where 𝑑𝑖 (𝑖 = 1, 2, 3, 4, 5) are Lagrangian multipliers, which
can be obtained later, and 𝜉 ∈ 𝑅. Integrating (23) by parts
and letting 𝑄𝜏|𝑇 = 𝑄𝜉|𝑅 = 𝑄𝜂|𝑅 = 𝑄𝜁|𝑅 = 𝑄𝜉|𝑇 = 𝑄𝜉𝜉𝜉|𝑅 =𝑄𝜉𝜂𝜂|𝑅 = 𝑄𝜉𝜁𝜁|𝑅 = 0, we can get

𝐽 (𝑄) =∭
𝑉
𝑑𝜉𝑑𝜂𝑑𝜁∫

𝑅
(−𝑏1𝑄𝜏𝑄𝜉 − 12𝑏2𝑎1𝑞3𝜉

+ 𝑏3𝑎2𝑄2𝜉𝜉 + 𝑏4𝑎3𝑄2𝜉𝜂 + +𝑏5𝑎4𝑄2𝜉𝜁)𝑑𝜏,
(24)

where 𝑉 = [𝑅 × 𝑅 × 𝑅]. Using the variation of (24) and
integrating each term by parts, we get

𝐹 (𝜏, 𝜉, 𝜂, 𝜁, 𝑄,𝑄𝜏, 𝑄𝜉, 𝑄𝜉𝜉, 𝑄𝜉𝜂, 𝑄𝜉𝜁)
= − 𝜕𝜕𝜏 ( 𝜕𝐹𝜕𝑄𝜏) −

𝜕𝜕𝜉 ( 𝜕𝐹𝜕𝑄𝜉) +
𝜕2𝜕𝜉2 ( 𝜕𝐹𝜕𝑄𝜉𝜉)

+ 𝜕2𝜕𝜉𝜂 ( 𝜕𝐹𝜕𝑄𝜉𝜂) +
𝜕2𝜕𝜉𝜁 ( 𝜕𝐹𝜕𝑄𝜉𝜁)

= 𝑏1𝑄𝜉𝜏 + 3𝑏2𝑎1𝑄𝜉𝑄𝜉𝜉 + 2𝑏3𝑎2𝑄𝜉𝜉𝜉𝜉 + 2𝑏4𝑎3𝑄𝜉𝜉𝜂𝜂
+ 2𝑏5𝑎4𝑄𝜉𝜉𝜁𝜁.

(25)

Thus, the following comparison expression is given as

𝑏1𝑄𝜉𝜏 + 3𝑏2𝑎1𝑄𝜉𝑄𝜉𝜉 + 2𝑏3𝑎2𝑄𝜉𝜉𝜉𝜉 + 2𝑏4𝑎3𝑄𝜉𝜉𝜂𝜂
+ 2𝑏5𝑎4𝑄𝜉𝜉𝜁𝜁 = 0. (26)

At this point, (26) is equivalent to (22), so the Lagrangian
multipliers are as follows:

𝑏1 = 12 ,
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𝑏2 = 13 ,
𝑏3 = 𝑏4 = 𝑏5 = 12 .

(27)

The Lagrangian form of the (3+1)-dimensional ZK equation
can be written as follows:

𝐿 (𝑄𝜏, 𝑄𝜉, 𝑄𝜉𝜉, 𝑄𝜉𝜂, 𝑄𝜉𝜁)
= −12𝑄𝜏𝑄𝜉 − 16𝑎1𝑄3𝜉 + 12𝑄2𝜉𝜉 + 12𝑄2𝜉𝜂 + 12𝑄2𝜉𝜂.

(28)

Similarly, the following Lagrangian form of the (3+1)-
dimensional TSF-ZK equation can be obtained

𝐹 (𝐷𝛼𝜏𝑄,𝐷𝛽𝜉𝑄,𝐷𝛽𝛽𝜉𝜉 𝑄,𝐷𝛽𝜉𝐷𝛾𝜂𝑄,𝐷𝛽𝜉𝐷𝜃𝜁𝑄)
= −12𝐷𝛼𝜏𝑄𝐷𝛽𝜉𝑄 − 16𝑎1 (𝐷𝛽𝜉𝑄)3 + 12 (𝐷𝛽𝛽𝜉𝜉 𝑄)3
+ 12 (𝐷𝛽𝜉𝐷𝛾𝜂𝑄)2 + 12𝐷𝛽𝜉𝐷𝜃𝜁𝑄,

(29)

where 𝛼, 𝛽, 𝛽, and 𝜃 are fractional order values. Thereby the
functional of (3+1)-dimensional TSF-ZK equation is given as
follows:

𝐽𝐹 (𝑄) =∭
𝑉
(𝑑𝜉)𝛽 (𝑑𝜂)𝛾 (𝑑𝜂)𝜂

⋅ ∫
𝑇
𝐹 (𝐷𝛼𝜏𝑄,𝐷𝛽𝜉𝑄,𝐷𝛽𝛽𝜉𝜉 𝑄,𝐷𝛽𝜉𝐷𝛾𝜂𝑄,𝐷𝛽𝜉𝐷𝜃𝜁𝑄)

⋅ (𝑑𝜏)𝛼 ,
(30)

where

∫𝑡
𝑎
𝑓 (𝜏) (𝑑𝜏)𝛼 = 𝛼∫𝑡

𝑎
𝑓 (𝜏) (𝑡 − 𝜏)𝛼 𝑑𝜏. (31)

Using the fractional integration by parts

∫𝑏
𝑎
𝑓 (𝑡)𝐷𝛼𝑡 𝑔 (𝑡) (𝑑𝜏)𝛼
= Γ (1 + 𝛼) [𝑔 (𝑡) 𝑓 (𝑡)𝑏𝑎 − ∫𝑏

𝑎
𝑔 (𝑡) 𝐷𝛼𝑡 𝑓 (𝑡) (𝑑𝜏)𝛼] ,
𝑓 (𝑡) , 𝑔 (𝑡) ∈ [𝑎, 𝑏] ,

(32)

optimizing the above functional (30), and letting 𝛿𝐽𝐹(𝑄) = 0,
we can get the following Euler-Lagrange equation of (3+1)-
dimensional TSF-ZK equation

− 𝐷𝛼𝜏 ( 𝜕𝐹𝜕𝐷𝛼𝜏𝑄) − 𝐷𝛽𝜉 (
𝜕𝐹
𝜕𝐷𝛽
𝜉
𝑄) + 𝐷𝛽𝛽𝜉 (

𝜕𝐹
𝜕𝐷𝛽𝛽
𝜉
𝑄)

+ 𝐷𝛽
𝜉
𝐷𝛾𝜂( 𝜕𝐹

𝜕𝐷𝛽
𝜉
𝐷𝛾𝜂𝑄) + 𝐷

𝛽

𝜉
𝐷𝜃𝜁 ( 𝜕𝐹

𝜕𝐷𝛽
𝜉
𝐷𝜃
𝜁
𝑄)

= 0.

(33)

According to (29), (33) can be rewritten as

𝐷𝛼𝜏 (𝐷𝛽𝜉𝑄) + 𝑎1𝐷𝛽𝜉𝑄𝐷𝛽𝛽𝜉 𝑄 + 𝑎2𝐷𝛽𝛽𝛽𝛽𝜉
𝑄

+ 𝑎3𝐷𝛽𝛽𝜉 𝐷𝛾𝛾𝜂 𝑄 + 𝑎4𝐷𝛽𝛽𝜉 𝐷𝜃𝜃𝜂 𝑄 = 0.
(34)

Letting 𝐷𝛽
𝜉
𝑄 = 𝜙(𝜉, 𝜂, 𝜁, 𝜏), we get

𝐷𝛼𝜏𝜙 + 𝑎1𝜙𝐷𝛽𝜉𝜙 + 𝑎2𝐷𝛽𝛽𝛽𝜉 𝜙 + 𝑎3𝐷𝛽𝜉𝐷𝛾𝛾𝜂 𝜙 + 𝑎4𝐷𝛽𝜉𝐷𝜃𝜃𝜂 𝜙
= 0. (35)

Equation (35) is a new model, namely, the (3+1)-
dimensional TSF-ZK equation. When 𝛼 = 𝛽 = 𝛾 = 𝜃 =1, (35) is the integer order (3+1)-dimensional ZK equation.
This shows that the integer order model is the special type
of fractional model. The fractional derivatives of the (3+1)-
dimensional TSF-ZK equation are related to the dust acoustic
waves propagation with fractal properties. Equation (35) can
describe fractal processes of the dust acoustic waves. The
fractional order model could simulate various real plasma
environments more adequately than the integer order model
and provide an excellent tool for the description of dynamical
processes. Therefore, (3+1)-dimensional TSF-ZK equation
can better describe the dust acoustic waves in the real dust
plasma.

4. Conservation Law of the (3+1)-Dimensional
TSF-ZK Equation

In the last section, we extend the integral order equations
describing dust acoustic waves to the fractional order of time-
space and obtain some new properties of dust acoustic waves
propagation. In this section, in order to research the energy
changes during the propagation of dust acoustic waves, we
use the Lie symmetrymethod to obtainmultiple conservation
law of the (3+1)-dimensional TSF-ZK equation.

Considering that, under one-parameter Lie group of
point transformations, (35) is invariant with the dependent
and independent variables, the transformations are given by

𝜉 → 𝜉 + 𝜀𝜄 (𝜉, 𝜂, 𝜁, 𝜏) + 𝑂 (𝜀2) ,
𝜂 → 𝜂 + 𝜀𝜅 (𝜉, 𝜂, 𝜁, 𝜏) + 𝑂 (𝜀2) ,
𝜁 → 𝜁 + 𝜀𝜐 (𝜉, 𝜂, 𝜁, 𝜏) + 𝑂 (𝜀2) ,
𝜏 → 𝜏 + 𝜀𝜎 (𝜉, 𝜂, 𝜁, 𝜏) + 𝑂 (𝜀2) ,
𝜙 → 𝜙 + 𝜀Φ (𝜉, 𝜂, 𝜁, 𝜏) + 𝑂 (𝜀2) ,
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𝐷𝛼𝜏𝜙 → 𝐷𝛼𝜏𝜙 + 𝜀Φ𝜏𝛼 + 𝑂 (𝜀2) ,
𝐷𝛽
𝜉
𝜙 → 𝐷𝛽

𝜉
𝜙 + 𝜀Φ𝜉𝛽 + 𝑂(𝜀2) ,

𝐷𝛽𝛽𝛽
𝜉
𝜙 → 𝐷𝛽𝛽𝛽

𝜉
𝜙 + 𝜀Φ𝜉𝜉𝜉𝛽 + 𝑂(𝜀2) ,

𝐷𝛼𝜏𝐷𝛽𝛽𝜉 𝜙 → 𝐷𝛼𝜏𝐷𝛽𝛽𝜉 𝜙 + 𝜀Φ𝜏𝜉𝜉𝛼,𝛽 + 𝑂 (𝜀2) ,
𝐷𝛼𝜏𝐷𝜃𝜃𝜁 𝜙 → 𝐷𝛼𝜏𝐷𝜃𝜃𝜁 𝜙 + 𝜀Φ𝜏𝜃𝜃𝛼,𝜁 + 𝑂 (𝜀2) ,

(36)

where 𝜄, 𝜅, 𝜐, 𝜎 are infinitesimal function of the transforma-
tions, 𝜀 << 1 is the group parameter, and Φ𝜏𝛼, Φ𝜉𝛽, Φ𝜉𝜉𝜉𝛽 ,Φ𝜏𝜉𝜉𝛼,𝛽, Φ𝜏𝜃𝜃𝛼,𝜁 are extended infinitesimal functions in the follow-
ing explicit expression:

Φ𝜏𝛼 = 𝐷𝛼𝜏 (Φ) + 𝜄𝐷𝛼𝜏 (𝜙𝜉) − 𝐷𝛼𝜏 (𝜄𝜙𝜉) + 𝜅𝐷𝛼𝜏 (𝜙𝜂)
− 𝐷𝛼𝜏 (𝜅𝜙𝜂) + 𝜐𝐷𝛼𝜏 (𝜙𝜁) − 𝐷𝛼𝜏 (𝜐𝜙𝜁)
+ 𝐷𝛼𝜏 (𝐷𝜏 (𝜎) 𝜙) − 𝐷𝛼+1𝜏 (𝜎𝜙)
+ 𝜎𝐷𝛼+1𝜏 (𝜙) ,

Φ𝜉𝛽 = 𝐷𝛽𝜉 (Φ) + 𝐷𝛽𝜉 (𝜙)𝐷𝜉 (𝜄) − 𝐷𝛾𝜂 (𝜙)𝐷𝜉 (𝜅)
− 𝐷𝜃𝜁 (𝜙)𝐷𝜉 (𝜐) ,

Φ𝜉𝜉𝜉𝛽 = 𝐷𝛽
𝜉
(Φ𝜉𝜉𝛽 ) − 𝜙𝜉𝜉𝜉𝐷𝛽𝜉 (𝜄) − 𝜙𝜉𝜉𝜂𝐷𝛽𝜉 (𝜅)

− 𝜙𝜉𝜉𝜁𝐷𝛽𝜉 (𝜐) − 𝜙𝜉𝜉𝜏𝐷𝛽𝜉 (𝜎) ,
Φ𝜏𝜉𝜉𝛼,𝛽 = 𝐷𝛽𝜉 (Φ𝜂𝜂𝛽 ) − 𝜙𝜉𝜂𝜉𝐷𝛽𝜉 (𝜄) − 𝜙𝜉𝜂𝜂𝐷𝛽𝜉 (𝜅)

− 𝜙𝜉𝜂𝜁𝐷𝛽𝜉 (𝜐) − 𝜙𝜉𝜂𝜏𝐷𝛽𝜉 (𝜎) ,
Φ𝜏𝜃𝜃𝛼,𝜁 = 𝐷𝛽𝜉 (Φ𝜁𝜁𝛽 ) − 𝜙𝜉𝜁𝜉𝐷𝛽𝜉 (𝜄) − 𝜙𝜉𝜁𝜂𝐷𝛽𝜉 (𝜅)

− 𝜙𝜉𝜁𝜁𝐷𝛽𝜉 (𝜐) − 𝜙𝜉𝜁𝜏𝐷𝛽𝜉 (𝜎) ,
(37)

where𝐷𝜏 and𝐷𝜉 are the total derivative operators as follows:
𝐷𝜏 = 𝜕𝜕𝜏 + 𝜙𝜏 𝜕𝜕𝜏 + 𝜙𝜏𝜏 𝜕𝜕𝜙𝜏 + 𝜙𝜉𝜏

𝜕𝜕𝜙𝜉 + 𝜙𝜂𝜏
𝜕𝜕𝜙𝜂

+ 𝜙𝜁𝜏 𝜕𝜕𝜙𝜁 + ⋅ ⋅ ⋅ ,
𝐷𝜉 = 𝜕𝜕𝜉 + 𝜙𝜉 𝜕𝜕𝜉 + 𝜙𝜉𝜉 𝜕𝜕𝜙𝜉 + 𝜙𝜏𝜉

𝜕𝜕𝜙𝜏 + 𝜙𝜂𝜉
𝜕𝜕𝜙𝜂

+ 𝜙𝜁𝜉 𝜕𝜕𝜙𝜁 + ⋅ ⋅ ⋅ .

(38)

Applying the generalized Leibnitz rule and the chain rule,
the extended symmetry operator Φ can be introduced in the
following form:

Φ𝜏𝛼 = 𝜕𝛼Φ𝜕𝜏𝛼 + (Φ𝜙 − 𝛼𝐷𝜎𝜏) 𝜕
𝛼𝜙𝜕𝜏𝛼 − 𝜙

𝜕𝛼Φ𝜙𝜕𝜏𝛼
+ ∞∑
𝑛=1

[( 𝛼𝑛 )
𝜕𝛼Φ𝜙𝜕𝜏𝛼 − ( 𝛼

𝑛 + 1)𝐷𝑛+1𝜏 (𝜎)]𝐷𝛼−𝑛𝜏
− ∞∑
𝑛=1

( 𝛼𝑛 ) [𝐷𝑛𝜏 (𝜄) 𝐷𝛼−𝑛𝜏 (𝜙𝜉) + 𝐷𝑛𝜏 (𝜅)𝐷𝛼−𝑛𝜏 (𝜙𝜂)
+ 𝐷𝑛𝜏 (𝜐)𝐷𝛼−𝑛𝜏 (𝜙𝜁)] + 𝑅𝜏,

(39)

where

𝑅𝜏 = ∞∑
𝑛=2

𝑛∑
𝑚=2

𝑚∑
𝑘=2

𝑘−1∑
𝑟=0

[(𝛼𝑛)(
𝑛
𝑚)(

𝑘
𝑟) 1𝑘! 𝜏𝑛−𝛼Γ (𝑛 + 1 − 𝛼) (−𝜙)𝑟 𝜕

𝜙

𝜕𝜏𝜙 (𝜙)𝑘−𝑟 𝜕
𝑛−𝑚+𝑘Φ𝜕𝜏𝑛−𝑚𝜕𝜙𝑘 ] . (40)

Similarly, we also have the following equation:

Φ𝜉𝛽 = 𝜕𝛽Φ𝜕𝜉𝛽 + (Φ𝜙 − 𝛽𝐷𝜄𝜉) 𝜕
𝛽𝜙𝜕𝜉𝛽 − 𝜙

𝜕𝛽Φ𝜙𝜕𝜉𝛽
+ ∞∑
𝑛=1

[(𝛽𝑛)
𝜕𝛽Φ𝜙𝜕𝜉𝛽 − ( 𝛽

𝑛 + 1)𝐷𝑛+1𝜉 (𝜄)]𝐷𝛽−𝑛𝜉

− ∞∑
𝑛=1

(𝛽𝑛) [𝐷𝑛𝜉 (𝜎)𝐷𝛽−𝑛𝜉 (𝜙𝜏) + 𝐷𝑛𝜉 (𝜅)𝐷𝛽−𝑛𝜉 (𝜙𝜂)
+ 𝐷𝑛𝜉 (𝜐)𝐷𝛽−𝑛𝜉 (𝜙𝜁)] + 𝑅𝜉,

(41)

where

𝑅𝜉 = ∞∑
𝑛=2

𝑛∑
𝑚=2

𝑚∑
𝑘=2

𝑘−1∑
𝑟=0

[(𝛽𝑛)(
𝑛
𝑚)(

𝑘
𝑟) 1𝑘! 𝜉𝑛−𝛽Γ (𝑛 + 1 − 𝛽) (−𝜙)𝑟 𝜕

𝜙

𝜕𝜉𝜙 (𝜙)𝑘−𝑟 𝜕
𝑛−𝑚+𝑘Φ𝜕𝜉𝑛−𝑚𝜕𝜙𝑘 ] . (42)
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Introducing the Lie algebra 𝑁 associated with (35) is
composed of the following infinitesimal generator

𝑁 = 𝜄 𝜕𝜕𝜉 + 𝜅 𝜕𝜕𝜂 + 𝜐 𝜕𝜕𝜁 + Φ 𝜕𝜕𝜙. (43)

Applying the infinitesimal transformations, the (35) is
invariable that results in the invariance conditions given as

𝑃𝑟(𝛼,𝛽,𝛾,𝜃,4)𝑁(Δ)Δ=0 = 0, (44)

where Δ represents the (3+1)-dimensional TSF-ZK equation.
We get following symmetry determining equation by

using the third prolongation to (35)

Φ𝜏𝛼 + 𝑎1Φ𝐷𝛽𝜉𝜙 + 𝑎1Φ𝜉𝛽 + 𝑎2Φ𝜉𝜉𝜉𝛽 + 𝑎3Φ𝜉𝜂𝜂𝛽,𝛾 + 𝑎4Φ𝜉𝜁𝜁𝛽,𝜃
= 0. (45)

Substituting (37), (38), (39), and (41) into this equation,
letting the same coefficients of derivatives to zero, and then
solving the series of determining equations, we can obtain the
following infinitesimal functions

𝜎 = 𝑏1𝜏𝛼 + 𝑏2,
𝜄 = 𝑏1𝜉𝛽 + 𝑏3,
𝜅 = 𝑏1𝜂2𝛾 + 𝑏4,
𝜐 = 𝑏1𝜁2𝜃 + 𝑏5,
Φ = 𝑏1 (3 − 𝛽 − 𝛼𝛽 + 𝛼 )𝜙,

(46)

where 𝑏𝑖, 𝑖 = 1 ⋅ ⋅ ⋅ 5, are arbitrary constants, since the
corresponding infinitesimal generators can be expressed as

𝑁1 = 𝜕𝜕𝜉 ,
𝑁2 = 𝜕𝜕𝜂 ,
𝑁3 = 𝜕𝜕𝜁 ,
𝑁4 = 𝜕𝜕𝜏 ,
𝑁5 = 𝜏𝛼 𝜕𝜕𝜏 + 𝜉𝛽 𝜕𝜕𝜉 + 𝜂2𝛾 𝜕𝜕𝜂 + 𝜁2𝜃 𝜕𝜕𝜁

+ (3 − 𝛽 − 𝛼𝛽 + 𝛼 )𝜙 𝜕𝜕𝜙 .

(47)

The conserved vector of (35) is𝐶 = (𝐶𝜏, 𝐶𝜉, 𝐶𝜂, 𝐶𝜁)which
satisfies the conservation equation

𝐷𝜏 (𝐶𝜏) + 𝐷𝜉 (𝐶𝜉) + 𝐷𝜂 (𝐶𝜂) + 𝐷𝜁 (𝐶𝜁) = 0. (48)

A formal Lagrangian for the (3+1)-dimensional TSF-ZK
equation is given as

𝐿𝑎 = 𝜌 (𝜉, 𝜂, 𝜁, 𝜏) (𝐷𝛼𝜏𝜙 + 𝑎1𝜙𝐷𝛽𝜉𝜙 + 𝑎2𝐷𝛽𝛽𝛽𝜉 𝜙
+ 𝑎3𝐷𝛽𝜉𝐷𝛾𝛾𝜂 𝜙 + 𝑎4𝐷𝛽𝜉𝐷𝜃𝜃𝜂 𝜙) ,

(49)

where 𝜌(𝜉, 𝜂, 𝜁, 𝜏) is the new dependent variable.
In the considered linear case, the adjoint equation to (35)

as the Euler-Lagrange equation is represented as

𝐹∗ = 𝛿𝐿𝑎𝛿𝜙 = 0. (50)

Here 𝛿/𝛿𝜙 is the Euler-Lagrange operator which is defined as
𝛿𝛿𝜙 = 𝜕𝜕𝜙 + (𝐷𝛼𝜏)∗ 𝜕𝜕𝐷𝛼𝜏 + (𝐷𝛽𝜉 )

∗ 𝜕
𝜕𝐷𝛽
𝜉
𝜙

− (𝐷𝛽𝛽𝛽
𝜉
)∗ 𝜕
𝜕𝐷𝛽𝛽𝛽
𝜉
𝜙 − (𝐷𝛽𝜉𝐷𝛾𝛾𝜂 )

∗ 𝜕
𝜕𝐷𝛽
𝜉
𝐷𝛾𝛾𝜂 𝜙

− (𝐷𝛽
𝜉
𝐷𝜃𝜃𝜁 )∗ 𝜕

𝜕𝐷𝛽
𝜉
𝐷𝜃𝜃
𝜁
𝜙 ,

(51)

where (𝐷𝛼𝜏)∗, (𝐷𝛽𝛽𝛽𝜉 )∗, (𝐷𝛽
𝜉
𝐷𝛾𝛾𝜂 )∗, and (𝐷𝛽

𝜉
𝐷𝜃𝜃𝜁 )∗ are the

adjoint operators.
Hence, the adjoint equation (50) can be rewritten as

𝐹∗ = (𝐷𝛼𝜏)∗ 𝜌 + 𝑎1𝜙 (𝐷𝛽𝜉 )∗ 𝜌 − 𝑎2 (𝐷𝛽𝛽𝛽𝜉 )∗ 𝜌
− 𝑎3 (𝐷𝛽𝜉𝐷𝛾𝛾𝜂 )∗ 𝜌 − 𝑎4 (𝐷𝛽𝜉𝐷𝜃𝜃𝜂 )∗ 𝜌 = 0.

(52)

We introduce the Lie characteristic function 𝑊 for
generator𝑁 as follows:

𝑊 = Φ − 𝜄𝜙𝜉 − 𝜅𝜙𝜂 − 𝜐𝜙𝜁 − 𝜎𝜙𝜏. (53)

The fractional Noether operator for the variables 𝜏, 𝜉, 𝜂, and𝜁 are given by

𝐶𝜏 = 𝑛−1∑
𝑘=0

(−1)𝑘𝐷𝛼−1−𝑘𝜏 (𝑊)𝐷𝑘𝜏 ( 𝜕𝐿𝑎𝜕 (𝐷𝛼𝜏𝜙)) − (−1)𝑛

⋅ 𝐽 (𝑊,𝐷𝑛𝜏 ( 𝜕𝐿𝑎𝜕 (𝐷𝛼𝜏𝜙))) ,
𝐶𝜉 = 𝑚−1∑

𝑘=0

(−1)𝑘𝐷𝛽−1−𝑘𝜉 (𝑊)𝐷𝑘𝜉 ( 𝜕𝐿𝑎𝜕𝐷𝛽
𝜉
𝜙 + 𝐷𝛽𝛽𝜉

𝜕𝐿𝑎𝜕𝐷𝛽𝛽𝛽
𝜉
𝜙

+ 𝐷𝛾𝛾𝜂 𝜕𝐿𝑎𝜕𝐷𝛽
𝜉
𝐷𝛾𝛾𝜂 𝜙 + 𝐷

𝜃𝜃
𝜁

𝜕𝐿𝑎𝜕𝐷𝛽
𝜉
𝐷𝜃𝜃
𝜁
𝜙) − (−1)𝑚
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⋅ 𝐽(𝑊,𝐷𝑚𝜉 ( 𝜕𝐿𝑎𝜕𝐷𝛽
𝜉
𝜙 + 𝐷𝛽𝛽𝜉

𝜕𝐿𝑎𝜕𝐷𝛽𝛽𝛽
𝜉
𝜙

+ 𝐷𝛾𝛾𝜂 𝜕𝐿𝑎𝜕𝐷𝛽
𝜉
𝐷𝛾𝛾𝜂 𝜙 + 𝐷

𝜃𝜃
𝜁

𝜕𝐿𝑎𝜕𝐷𝛽
𝜉
𝐷𝜃𝜃
𝜁
𝜙)) ,

𝐶𝜂 = 𝑙−1∑
𝑘=0

(−1)𝑘𝐷𝛾−1−𝑘𝜂 (𝑊)𝐷𝑘𝜂 (𝐷𝛽𝜉 𝜕𝐿𝑎𝜕𝐷𝛾𝛾𝜂 𝜙) − (−1)𝑙

⋅ 𝐽 (𝑊,𝐷𝑙𝜂 (𝐷𝛽𝜉 𝜕𝐿𝑎𝜕𝐷𝛾𝛾𝜂 𝜙)) ,
𝐶𝜁 = 𝑠−1∑

𝑘=0

(−1)𝑘𝐷𝜃−1−𝑘𝜁 (𝑊)𝐷𝑘𝜁 (𝐷𝛽𝜉 𝜕𝐿𝑎𝜕𝐷𝜃𝜃
𝜁
𝜙) − (−1)𝑠

⋅ 𝐽 (𝑊,𝐷𝑙𝜁(𝐷𝛽𝜉 𝜕𝐿𝑎𝜕𝐷𝜃𝜃
𝜁
𝜙)) ,

(54)

where

𝑛 = [𝛼] + 1,
𝑚 = [𝛽] + 1,
𝑙 = [𝛾] + 1,
𝑠 = [𝜃] + 1,

(55)

and 𝐽 is an integral equation.
Consequently, the conservation law of the (3+1)-

dimensional TSF-ZK equation is obtained. This indicates
that the dust acoustic wave described by this new model is
conserved in energy during its propagation, no matter in the
fractal process or in the interaction.

5. The Solution of the (3+1)-Dimensional
TSF-ZK Equation

In this section, we seek the exact solution of (3+1)-
dimensional TSF-ZK equation by using the extended
Kudryashov method. Firstly, for a given nonlinear partial
differential equation

𝐹 (𝜙, 𝜙𝜏, 𝜙𝜉, 𝜙𝜂, 𝜙𝜁, . . . , 𝐷𝛼𝜏𝜙,𝐷𝛽𝜉𝜙,𝐷𝛾𝜂𝜙,𝐷𝜃𝜁𝜙, . . .)
= 0, (56)

we present the main solving process by using the extended
Kudryashov method [47].

Step 1. We introduce the traveling wave solutions of the
given nonlinear partial differential equation by making the
following transformations:

𝜙 (𝜉, 𝜂, 𝜁, . . . , 𝜏) = 𝜙 (𝐸) ,
𝐸 = 𝑘1𝜏𝛼Γ (1 + 𝛼) + 𝑘2𝜉𝛽Γ (1 + 𝛽) + 𝑘3𝜂𝛾Γ (1 + 𝛾) + 𝑘4𝜁𝜃Γ (1 + 𝜃) + ⋅ ⋅ ⋅ ,

(57)

where 𝑘𝑖 (𝑖 = 1, 2, 3, ⋅ ⋅ ⋅ ) are arbitrary constants. Thus, the
nonlinear partial differential equation reduces to a nonlinear
ordinary differential equation as follows:

𝐺 (𝜙, 𝜙𝐸, 𝜙𝐸𝐸, 𝜙𝐸𝐸𝐸, ⋅ ⋅ ⋅) = 0. (58)

Step 2. We let the new nonlinear ordinary differential equa-
tion have the following solution:

𝜙 (𝐸) = 𝑁∑
𝑖=0

𝑐𝑖𝑃𝑖 (𝐸) , 𝑐𝑁 ̸= 0, (59)

where 𝜙(𝐸) = ±1/√1 ± 𝑒2𝐸 and the function 𝑃 satisfies the
following equation:

𝑃𝐸 (𝐸) = 𝑃3 (𝐸) − 𝑃 (𝐸) . (60)

Step 3. We assume that the solution of (58) can be given in
the following form:

𝜙 = 𝑐𝑁𝑃𝑁 + 𝑐𝑁−1𝑃𝑁−1 + ⋅ ⋅ ⋅ . (61)

In order to determine the value of the pole order 𝑁, we
balance the highest order nonlinear terms 𝜙𝑙(𝐸)𝜙(𝑠)(𝐸) and
the highest order linear terms (𝜙(𝑝)(𝐸))𝑟 analogously. In the
traditional method [53], we assume that the value of the pole
order of 𝜙(𝐸) is 𝑜(𝜙(𝐸)) = 𝑁, so the values of the pole order
of the other terms are as follows:

𝑜 (𝜙𝑙 (𝐸) 𝜙(𝑠) (𝐸)) = (𝑙 + 1)𝑁 + 𝑠,
𝑜 ((𝜙(𝑝) (𝐸))𝑟) = (𝑁 + 𝑝) 𝑟. (62)

Letting 𝑜(𝜙𝑙(𝐸)𝜙(𝑠)(𝐸)) = 𝑜(𝜙(𝑝)(𝐸)), we get 𝑁. However,
there are some differences in the extended Kudryashov
method. The value of the pole order𝑁 is defined as

𝑁 = 2 (𝑠 − 𝑟𝑝)𝑟 − 𝑙 − 1 . (63)

Step 4. Substituting (59), (60), (61), and (63) into (58) and
equating the coefficients of 𝑃𝑖 to zero, we can get a series of
algebraic equations. The exact solution of (56) can be gained
by solving those algebraic equations.

For the (3+1)-dimensional TSF-ZK equation, we intro-
duce the traveling wave solutions by making the following
transformations

𝜙 (𝜉, 𝜂, 𝜁, 𝜏) = 𝜙 (𝐸) ,
𝐸 = 𝑘1𝜏𝛼Γ (1 + 𝛼) + 𝑘2𝜉𝛽Γ (1 + 𝛽) + 𝑘3𝜂𝛾Γ (1 + 𝛾) + 𝑘4𝜁𝜃Γ (1 + 𝜃) ,

(64)

where 𝑘𝑖 (𝑖 = 1, 2, 3, 4) are arbitrary constants. Thus, the
(3+1)-dimensional TSF-ZK equation reduces to a nonlinear
ordinary differential equation as follows:

𝑘1𝜙𝜉 + 𝑎1𝑘2𝜙𝜙𝜉 + (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) 𝜙𝜉𝜉𝜉 = 0. (65)
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Next, 𝜙(𝐸) is expanded to the following power series of the
Jacobian elliptic function:

𝜙 (𝐸) = 𝑐0 + 𝑐1𝑃 + ⋅ ⋅ ⋅ + 𝑐𝑁−1𝑃𝑁−1 + 𝑐𝑁𝑃𝑁, 𝑐𝑁 ̸= 0, (66)

where 𝜙(𝐸) = ±1/√1 ± 𝑒2𝐸 and the function 𝑃 is the solution
of 𝑃𝐸(𝐸) = 𝑃3(𝐸) − 𝑃(𝐸). In (65), balancing the highest order
nonlinear terms 𝜙(𝐸)𝜙𝜉(𝐸) and the highest order linear terms𝜙𝜉𝜉𝜉(𝐸), we acquire𝑁 = 4.Thus, the 𝜙𝜉𝜉𝜉(𝐸) can be expanded
as follows:

𝜙 (𝐸) = 𝑐0 + 𝑐1𝑃 + 𝑐2𝑃2 + 𝑐3𝑃3 + 𝑐4𝑃4, 𝑐4 ̸= 0. (67)

Based on (67), we obtain

𝜙𝜉 = 4𝑐4𝑃6 + 3𝑐3𝑃5 + (2𝑐2 − 4𝑐4) 𝑃4 + (𝑐1 − 3𝑐3) 𝑃3
− 2𝑐2𝑃2 − 𝑐1𝑃,

𝜙𝜉𝜉 = 24𝑐4𝑃8 + 15𝑐3𝑃7 + (8𝑐2 − 40𝑐4) 𝑃6
+ (3𝑐1 − 24𝑐3) 𝑃5 + (16𝑐4 − 12𝑐2) 𝑃4
+ (9𝑐3 − 4𝑐1) 𝑃3 + 4𝑐2𝑃2 + 𝑐1𝑃,

𝜙𝜉𝜉𝜉 = 192𝑐4𝑃10 + 105𝑐3𝑃9 + (48𝑐2 − 432𝑐4) 𝑃8
+ (15𝑐1 − 225𝑐3) 𝑃7 + (304𝑐4 − 96𝑐2) 𝑃6
+ (147𝑐3 − 27𝑐1) 𝑃5 + (56𝑐2 − 64𝑐4) 𝑃4
+ (13𝑐1 − 27𝑐3) 𝑃3 − 8𝑐2𝑃2 − 𝑐1𝑃.

(68)

Substituting (67) and (68) into (65) and collecting the
coefficient of each power of 𝑃𝑖 (𝑖 = 12, 3, ⋅ ⋅ ⋅ ), we can present
a system of algebraic equations in the following form:

𝑃10 : 4𝑎1𝑘2𝑐24 + 192𝑐4 (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) = 0,
𝑃9 : 7𝑎1𝑘2𝑐3𝑐4 + 105𝑐3 (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) = 0,
𝑃8 : 𝑎1𝑘2 (6𝑐2𝑐4 + 3𝑐23 − 4𝑐24)
+ (48𝑐2 − 432𝑐4) (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) ,

𝑃7 : 𝑎1𝑘2 (5𝑐1𝑐4 + 4𝑐2𝑐3 − 4𝑐3𝑐4)
+ (15𝑐1 − 225𝑐3) (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) = 0,

𝑃6 : 4𝑘1𝑐4 + 𝑎1𝑘2 (4𝑐0𝑐4 + 4𝑐1𝑐3 + 2𝑐22 − 6𝑐2𝑐4 + 3𝑐23)
+ (304𝑐4 − 96𝑐2) (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) = 0,

𝑃5 : 3𝑐3𝑘1 + 𝑎1𝑘2 (3𝑐0𝑐3 + 3𝑐1𝑐2 − 5𝑐1𝑐4 − 5𝑐2𝑐3)
+ (147𝑐3 − 27𝑐1) (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) = 0,

𝑃4 : (2𝑐2 − 4𝑐4) 𝑘1
+ 𝑎1𝑘2 (2𝑐0𝑐2 − 4𝑐0𝑐4 + 𝑐21 − 4𝑐1𝑐3 − 2𝑐22)
+ (56𝑐2 − 64𝑐4) (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) = 0,

𝑃3 : (𝑐1 − 3𝑐3) 𝑘1 + 𝑎1𝑘2 (𝑐0𝑐1 − 3𝑐0𝑐3 − 3𝑐1𝑐2)
+ (13𝑐1 − 27𝑐3) (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) = 0,

𝑃2 : −2𝑐2𝑘1 − 𝑎1𝑘2 (𝑐0𝑐2 + 𝑐21)
− 8𝑐2 (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) = 0,

𝑃 : −𝑐1𝑘1 − 𝑎1𝑘2𝑐0𝑐1
− 𝑐1 (𝑎2𝑘32 + 𝑎3𝑘2𝑘23 + 𝑎4𝑘2𝑘24) = 0.

(69)

Solving the above algebraic equations, the coefficients can be
written as

𝑐0 = 2𝑎1 𝑘 ( 3√12𝑎2 − √12𝑎2) ,
𝑐1 = 𝑐3 = 0,
𝑐2 = 12𝑘√12𝑎2𝑎1 ,
𝑐4 = −12𝑘√12𝑎2𝑎1 ,
𝑘1 = 𝑘,
𝑘2 = 𝑘3 = 𝑘4 = − 3√ 𝑘12𝑎2 .

(70)

Thus, we get the solution of (3+1)-dimensional TSF-ZK
equation in the following form:

𝜙 = 2𝑎1 𝑘 ( 3√12𝑎2 − √12𝑎2) +
3𝑘√12𝑎2𝑎1

⋅ sech2 [2 3√ 𝑘12𝑎2 (
𝜉𝛽Γ (1 + 𝛽) + 𝜂𝛾Γ (1 + 𝛾)

+ 𝜂𝜃Γ (1 + 𝜃)) − 2𝑘 𝜏𝛼Γ (1 + 𝛼)] .
(71)

6. The Property of the Dust Acoustic Waves by
a Gravity Field in Collisional Dust Plasma

According to the above section, we can obtain the exact
solution of (3+1)-dimensional TSF-ZK equation. Assuming
that 𝛼 = 𝛽 = 𝛾 = 𝜃, (71) can be rewritten as

𝜙 = 2𝑎1 𝑘 ( 3√12𝑎2 − √12𝑎2) +
3𝑘√12𝑎2𝑎1
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⋅ sech2 [ 2Γ (1 + 𝛼)
⋅ 3√ 𝑘12𝑎2 (𝜉𝛽 + 𝜂𝛾 + 𝜂𝜃 − 𝑘 3√

12𝑎2𝑘 𝜏𝛼)] .
(72)

Letting 𝜙𝑚 and 𝜔 be amplitude and width of solitary waves,
respectively, we gain the following definitions:

𝜙𝑚 = 3𝑘√12𝑎2𝑎1 ,
𝜔 = Γ (1 + 𝛼)2 3√12𝑎2𝑘 .

(73)

When 𝛼 = 𝛽 = 𝛾 = 𝜃 = 1, the motion velocity of the solitary
wave is

V = 𝑘√3 3√12𝑎2𝑘 . (74)

Furthermore, according to (17), the phase velocity of solitary
waves is in the following form:

V0 = 𝑔𝛽0 ± √1 +
𝑇𝑑𝑍𝑑 . (75)

6.1. Study of the Charge Properties of Dust Particle𝑍𝑑0 in Dust
Acoustic Waves. According to 𝜙𝑚, we know that when 𝑎1𝑎2 >0, the TSF-ZK equation has the bright soliton solution, and
when 𝑎1𝑎2 < 0, the (3+1)-dimensional TSF-ZK equation has
the dark soliton solution.

Case 1. We assume that the dust particles are negatively
charged; that is, 𝑍𝑑0 > 0. Based on the coefficient equation
(19) of (3+1)-dimensional TSF-ZK equation, we know that 𝑎1
and 𝑎2 are real numbers and 𝑎1𝑎2 < 0. Therefore, in a dust
plasma system, the solution (72) of an solitary wave in the
case of negative dust charge is a dark soliton. These results
are consistent with those obtained by the Sagdeev potential
method used by Ma [54].

Case 2. We assume that the dust particles are positively
charged; that is, 𝑍𝑑0 < 0. Based on (19), when 𝑇𝑑 < −𝑍𝑑0,
we also get that 𝑎1 and 𝑎2 are real numbers and 𝑎1𝑎2 < 0. At
this time, the solution (72) is dark soliton in the dust plasma
system. When 𝑇𝑑 > −𝑍𝑑0, 𝑎1 and 𝑎2 are complex numbers;
that is, solitary waves show a trend of decay, so there are no
solitary waves in dust plasma system.

6.2. Study of the Parameter 𝑘 in Dust Acoustic Waves. Based
on the extended Kudryashov method, the exact solution
(72) of (3+1)-dimensional TSF-ZK equation is obtained. For
the (3+1)-dimensional TSF-ZK equation and its solution, we
know that the positive and negative of 𝑘 are the same as
the positive and negative of 𝑎2, indicating the direction of
propagation of dust acoustic waves. 𝑎2 > 0 represents the

right traveling waves, and 𝑎2 < 0 represents the left traveling
waves. As long as there are dust acoustic waves in the system,
where 𝑎1 and 𝑎2 are real numbers, there is always 𝑎2 < 0. This
indicates that the left traveling waves exist in the dust plasma
system.

Furthermore, we know that polynomial coefficients and
parameters are in the same equivalence classwith the solution
which is obtained by using classical method. However,
according to the solution by using extended Kudryashov
method, as the value of 𝑘 changes, the amplitude, wave-
length, and velocity of the dust acoustic waves could change
accordingly. From Figure 1, we find that when 𝑘 increases,
so do the amplitude and wavelength of the solitary waves.
When 𝑘 → ∞, the amplitude, wavelength, and velocity
of the dust acoustic waves reach their maximum values. At
a physical level, dust acoustic waves are driven by electron
thermal pressure and the ion pressure 𝑇𝑖. The increase of 𝑘
can be regarded as the increase of electron thermal pressure,
which increases the amplitude, wavelength, and velocity of
the solitary waves with small amplitude.

6.3. Study of the Fractional Order Values 𝛼, 𝛽, 𝛾, and 𝜃 in
Dust Acoustic Waves. In this section, we study the effect
of the variation of fractional order values 𝛼, 𝛽, 𝛾, and 𝜃
in the dust acoustic waves. Based on the soliton solution
(74), we obtain Figure 2. Figure 2(a) shows that the time
fractional order value 𝛼 of differentiation has a small effect
only on the position of the wave peak. It does not change
the amplitude and wavelength of dust acoustic waves. As
the value of 𝛼 increases, the wave peak moves to the left.
Figure 2(b) shows that the space fractional order values 𝛽, 𝛾,
and 𝜃of differentiationhave a small effect only on the position
of the wave peak. They also do not change the amplitude and
wavelength of dust acoustic waves. And as the values of 𝛽, 𝛾,
and 𝜃 increase, the wave peak moves to the left.

6.4. Study of the Temperature 𝑇𝑑 in Dust Acoustic Waves. At
this point, the effect of dust temperature on dust acoustic
waveforms is considered. When the dust ion temperature
increases, the nonlinear term coefficient 𝑎1 and disper-
sion coefficient 𝑎2 of (3+1)-dimensional TSF-ZK equation
both decrease. According to the exact solution of (3+1)-
dimensional TSF-ZK equation, we obtain three pictures of
the dust acoustic waves. Based on Figure 3, we know that
the dust acoustic waveforms are constantly changing with
the temperature of dust ions. Furthermore, with the increase
in temperature, the motion velocity and the phase velocity
of the dust acoustic waves also increase. In [55], the effect
of temperature ratio between ions and electrons 𝜎 = 𝑇𝑖/𝑇𝑒
on classical solitons is studied. The amplitude of the classical
isolator increases and the characteristic width decreases with
the decrease of 𝜎, which is consistent with the waveform
change of the dust acoustic waves in Figure 3.

6.5. Study of the Gravity 𝑔 and the Collision Frequency 𝛽0, 𝛽1
in Dust Acoustic Waves. According to the (3+1)-dimensional
TSF-ZK equation and its exact solution, we can study the
effect of gravity 𝑔 and collision frequency 𝛽0 on the dust
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Figure 1: Plots for the evolution of the exact solution of dust acoustic solitary waves with (a) 𝑘 = 0.5, 𝑡 = 2, 𝑎1 = 1.67, 𝑎2 = 𝑎3 = 𝑎4 = 1.29,𝛼 = 0.5, 𝛽 = 𝛾 = 𝜃 = 1, and 𝑘2 = 𝑘3 = 𝑘4 = 0.26; (b) 𝑘 = 1, 𝑡 = 2, 𝑎1 = 1.67, 𝑎2 = 𝑎3 = 𝑎4 = 1.29, 𝛼 = 0.5, 𝛽 = 𝛾 = 𝜃 = 1, and𝑘2 = 𝑘3 = 𝑘4 = 0.26; (c) 𝑘 = 1.5, 𝑡 = 2, 𝑎1 = 1.67, 𝑎2 = 𝑎3 = 𝑎4 = 1.29, 𝛼 = 0.5, 𝛽 = 𝛾 = 𝜃 = 1, and 𝑘2 = 𝑘3 = 𝑘4 = 0.26.
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Figure 2: The dust acoustic waves with position at different values of (a) 𝛼 for 𝑘 = 2, 𝑡 = 2, 𝑎2 = 𝑎3 = 𝑎4 = 1.29, 𝛽 = 𝛾 = 𝜃 = 1, and𝑘2 = 𝑘3 = 𝑘4 = 0.38; (b) 𝛽, 𝛾, 𝜃 for 𝑘 = 2, 𝑡 = 2, 𝑎2 = 𝑎3 = 𝑎4 = 1.29, 𝛼 = 0.5, and 𝑘2 = 𝑘3 = 𝑘4 = 0.38.

acoustic waves. Assuming that there are no collisions and
no gravity in the neutral gas and using the same reduced
perturbation method, we can get the following coefficients
and phase velocity

𝑎1 = −3V02 ,
𝑎2 = 12V0 ,

V0 = ±√1 + 𝑇𝑑𝑍𝑑0 .
(76)

The result shows that, in the presence of gravity and
collision frequency, that is, taking 𝑔 and 𝛽0 into account,
the phase velocity of the dust acoustic waves is increasing.
Because 𝑔 > 0 and 𝛽0 > 0, their ratio 𝑔/𝛽0 is always positive.
There is no significant influence on the amplitude of the
dust acoustic waves. However, using reduction perturbation
analysis, we find that the collision disturbance 𝛽1 of neutral
gas contributes to the nonlinear term; thus the soliton
solution appears in the colliding plasma. In [52], we can know
that if there are unstable dust acoustic waves, that is, there is
an imaginary part in the dispersion relationship, the solitary
wave will not exist. The difference between our study and
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Figure 3: Plots for the evolution of the exact solution (72) of dust acoustic solitary waves with (a)𝑇 = 2, 𝑡 = 2, 𝑎1 = 1.67, 𝑎2 = 𝑎3 = 𝑎4 = 1.29,𝛼 = 0.5, 𝛽 = 𝛾 = 𝜃 = 1, and 𝑘2 = 𝑘3 = 𝑘4 = 0.38; (b) 𝑇 = 3, 𝑡 = 2, 𝑎1 = 1.67, 𝑎2 = 𝑎3 = 𝑎4 = 1.29, 𝛼 = 0.5, 𝛽 = 𝛾 = 𝜃 = 1, and𝑘2 = 𝑘3 = 𝑘4 = 0.38; (c) 𝑇 = 4, 𝑡 = 2, 𝑎1 = 1.67, 𝑎2 = 𝑎3 = 𝑎4 = 1.29, 𝛼 = 0.5, 𝛽 = 𝛾 = 𝜃 = 1, and 𝑘2 = 𝑘3 = 𝑘4 = 0.38.

[52] is that we consider the collision of neutral gases as the
perturbation term. From the actual physical background, this
view is more reasonable.

7. Conclusion

In this paper, according to the control equations of motion,
we obtain a (3+1)-dimensional ZK equation describing the
propagation of nonlinear dust acoustic waves in space. Then,
we extend this equation to the fractional order for the first
time and have a completely new model which is the (3+1)-
dimensional TSF-ZK equation. The fractional equation that
can describe fractal processes of the dust acoustic waves is
related to the dust acoustic waves propagation with fractal
properties. In the following, we study the conservation law
of the (3+1)-dimensional TSF-ZK equation. This indicates
that the dust acoustic wave described by this new model is
conserved in energy during its propagation, no matter in the
fractal process or in the interaction. In addition, according to
the extended Kudryashov method, we get the exact solution
of (3+1)-dimensional TSF-ZK equation. Then we draw on
the exact solution to study the effect of the parameter 𝑘, the
charge properties of dust particle 𝑍𝑑0, the fractional order
values𝛼,𝛽, 𝛾, and 𝜃, the temperature𝑇𝑑 , the gravity𝑔, and the
collision frequency 𝛽0 and 𝛽1 on the properties of nonlinear
dust acoustic waves by a gravity field in dust plasma.
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