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Nonlinear dynamic modeling and model reduction strategy are studied in this paper for a rotating thin cylindrical shell. The
nonlinear dynamic model is first established in terms of ordinary differential equations, in which the effects of Coriolis and
centrifugal forces are considered, aswell as the initial hoop tension due to rotation.Thismodel describes both the in-plane vibrations
and the flexural vibration and reflects the coupling effects of those deformations. Based on this original model, a novel model
reduction strategy is proposed to reduce the degrees of freedombyneglecting vibrationmodes predominated by in-plane vibrations.
Meanwhile, for the reduced-ordermodel, the in-plane vibrations’ contributions to the rotating shell’s response are still preserved. To
validate the dynamicmodel and themodel reduction strategy, comparisons and simulations are carried out. Subsequently, nonlinear
dynamic behaviors are investigated preliminarily by analyzing the rotating cylindrical shell’s amplitude-frequency responses under
different excitation levels.

1. Introduction

Rotating thin cylindrical shells have been widely used in
engineering applications, such as rotors of aircraft engines,
rotating satellite structures, and high-speed centrifugal sepa-
rators. Their large vibration amplitudes can be easily excited
in engineering. Hence the nonlinear shell theory instead of
linear one should be applied, and it is of practical importance
to carry out nonlinear dynamic studies on thin rotating
cylindrical shells.

Saito et al. [1], Zohar et al. [2], and Huang et al.
[3] conducted the early studies for the rotating cylin-
ders. The travelling-modes phenomenon was reported in
those researches. Also they systematically analyzed the
effects of centrifugal and Coriolis forces. Subsequently, some
researchers proposed several analytical and numerical meth-
ods to study the dynamic characteristics of rotating shells,
such as Fourier series expansion approach [4], wave prop-
agation method [5], discrete singular convolution method
[6, 7], harmonic reproducing kernel particle approach [8],

Rayleigh–Ritz technique [9], and finite element method [10].
In recent years, due to the wide application of composite
materials in lots of engineering fields, the dynamic behaviors
of rotating composite shells are studied in numerous pub-
lished articles [11, 12]. Mehrparvar et al. [13] and Malekzadeh
et al. [14] studied functional graded rotating cylindrical shells’
vibration behaviors. Liu et al. [15] analyzed the dynamic
characteristics of rotating shells with ringers. Song et al. [16]
carried out studies on rotating cross-ply laminated cylindrical
shells. The knowledge of rotating cylindrical shells has been
steadily improved by those researches.

A monograph has been published by Amabili et al. [17]
to investigate both theoretical and experimental aspects of
nonlinear vibrations of cylindrical shells. As summarized in
this monograph, Chu [18] and Evensen [19] conducted early
studies related to the cylindrical shell’s large-amplitude vibra-
tion. After that, many extensive studies have been carried
out which are about the classic thin cylindrical shell’s general
theories. And now the research interests of many scholars are
developing theories and approaches to study the nonlinear
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vibration of laminated cylindrical shells [20–25], nanotube-
reinforced composite material [26], and functionally graded
material [27–33]. Moreover, some studies have been carried
out on modeling and simulation. In particular, Hasrati et
al. [34] developed a numerical solution strategy (variational
differential quadrature, VDQ) to solve nonlinear free and
forced vibration problems of cylindrical shells. They also
systematically studied the nonlinear dynamic characteristics
of FG-CNTRC shells and plates with this method [35–39].
Based on the perturbation procedure and proper orthog-
onal decomposition, Goncalves et al. [40] proposed low-
dimensional modes for the nonlinear vibration analysis of
cylindrical shells.

Recently, the nonlinear vibration of rotating cylindrical
shells has attracted the researchers’ attentions. Wang et al.
[41, 42] studied rotating cylindrical shells’ nonlinear dynamic
characteristics and the nonlinear vibrations of a rotating lam-
inated composite cylindrical shell [43]. Liu et al. [44] analyzed
the influences of damping, excitation, and nonlinearity on
rotating shells’ frequency responses. Han et al. [45] studied
the thin cylinder’s parametric instabilitywhose rotating speed
is periodically time-varying. Nevertheless, researches related
to rotating cylindrical shells’ nonlinear vibrations are still
extremely limited. To the authors’ knowledge, none of the
previous studies have given the nonlinear dynamic model
which could reflect the coupling of flexural vibration and
the vibrations in plane (i.e., the longitudinal and torsional
vibrations). In [46], the authors derived a nonlinear model
containing those three vibrations of a rotating shell and
investigated the nonlinear travelling wave vibrations. How-
ever, this model may have defects in some cases because the
quadratic nonlinear terms are not contained in the dynamic
equations. Moreover, in order to facilitate the investigations
of rotating cylindrical shells’ nonlinearities, most scholars
neglected all inertia terms along in-plane directions to derive
simplified governing equations, which means the contribu-
tions of in-plane vibrations to the dynamic response are
discarded directly. However, it is a question whether the
system described by this simplified governing equations can
retain the characteristics of nonlinear vibration, especially the
low-frequency characteristics.

In this paper, the nonlinear dynamic modeling andmodel
reduction strategy are studied for a rotating cylindrical shell.
Considering the quadratic nonlinear terms neglected in
authors’ previous study [46], the nonlinear dynamic model
for the shell with simply supported conditions is first derived
in terms of ordinary differential equations. This model can
reflect the coupling of three deformation directions and
describe both the flexural and the in-plane vibrations. The
model derived is accurate because no simplification is applied
during the modeling procedure. Then, based on the original
model derived, a novel model reduction strategy is proposed
to reduce the degrees of freedom (DOFs) by neglecting
vibration modes predominated by in-plane vibrations, which
is different from the previous studies neglecting in-plane
vibrations directly. Finally, comparisons and simulations
are conducted to validate the original nonlinear dynamic
model and model reduction strategy, and nonlinear dynamic
behaviors are investigated preliminarily.
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Figure 1: Geometry and coordinates of a thin rotating cylindrical
shell.

2. Nonlinear Dynamic Modeling

Figure 1 shows a simply supported thin cylindrical shell
rotating on its symmetrical and horizontal axis with an
angular velocity Ω. The shell’s thickness, mean radius, and
length are 𝐻, 𝑅, and 𝐿. 𝑢, V, and 𝑤 represent the shell’s
deformations in 𝑥, 𝜃, and 𝑧 directions in the orthogonal
coordinate system (𝑥, 𝜃, 𝑧) fixed on the shell’s middle surface.
The material of this shell is assumed to be isotropic and has
mass density 𝜌, Young’s modulus 𝐸, and Poisson’s ratio 𝜇.
2.1. Energy Equations. The kinetic energy of the rotating
cylindrical shell is expressed as

𝑇 = 𝜌𝐻𝐿2 ∬
𝑆
(V ⋅ V) ⋅ 𝑅 d𝜉 d𝜃, (1)

where 𝜉 = 𝑥/𝐿, and V is the velocity vector of an arbitrary
point of the cylindrical shell that can be expressed as follows:

V = ̇r + (−Ωi × r) . (2)

The position vector r is given by

r = 𝑢i + Vj + 𝑤k, (3)

where i, j, and k are unit vectors in 𝑥, 𝜃, and 𝑧 directions.
Considering (2) and (3), the rotating shell’s kinetic energy can
be expressed as follows:

𝑇 = 𝜌𝐻2 ∫
2𝜋

0
∫1
0
[�̇�2 + V̇2 + �̇�2 + 2Ω (𝑤V̇ − V�̇�)

+ Ω2 (V2 + 𝑤2)] 𝑅𝐿 d𝜉 d𝜃.
(4)

The material of the shell studied in this paper is elastic,
isotropic, and homogeneous. The thickness of this shell is
small. Therefore, Donnell’s nonlinear shell theory which is
suitable for thin shells is selected and used in the paper.
According to Donnell’s nonlinear theory [21], the strain-
displacement relations are given by

{{{{{{{

𝜀𝜉𝜀𝜃𝜀𝜉𝜃
}}}}}}}
= {{{{{{{

𝜀0𝜉𝜀0𝜃
𝜀0𝜉𝜃
}}}}}}}
+ 𝑧{{{{{{{

𝜅0𝜉𝜅0𝜃𝜏0
}}}}}}}
. (5)
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where

{{{{{{{

𝜀0𝜉𝜀0𝜃
𝜀0𝜉𝜃
}}}}}}}
=
{{{{{{{{{{{{{{{

𝜕𝑢𝐿𝜕𝜉 + 12 ( 𝜕𝑤𝐿𝜕𝜉)
2

𝜕V𝑅𝜕𝜃 + 𝑤𝑅 + 12 ( 𝜕𝑤𝑅𝜕𝜃)
2

𝜕𝑢𝑅𝜕𝜃 + 𝜕V𝐿𝜕𝜉 + 𝜕𝑤𝐿𝜕𝜉 𝜕𝑤𝑅𝜕𝜃

}}}}}}}}}}}}}}}
,

{{{{{{{

𝜅0𝜉𝜅0𝜃𝜏0
}}}}}}}
=
{{{{{{{{{{{{{{{

− 𝜕2𝑤𝐿2𝜕𝜉2
− 𝜕2𝑤𝑅2𝜕𝜃2
− 2𝜕2𝑤𝑅𝐿𝜕𝜉𝜕𝜃

}}}}}}}}}}}}}}}
.

(6)

The stress-strain relationship can be expressed as follows:

{{{{{{{

𝜎𝜉𝜎𝜃𝜏𝜉𝜃
}}}}}}}
= [[
[
𝑄11 𝑄12 0𝑄12 𝑄22 00 0 𝐺

]]
]
{{{{{{{

𝜀𝜉𝜀𝜃𝜀𝜉𝜃
}}}}}}}
, (7)

where

𝑄11 = 𝑄22 = 𝐸1 − 𝜇2 ,
𝑄12 = 𝜇𝐸1 − 𝜇2 ,
𝐺 = 𝐸2 (1 + 𝜇) .

(8)

Then the shell’s strain energy due to stretching and bending
can be written as

𝑈𝜀
= 12 ∫

𝐻/2

−𝐻/2
∫2𝜋
0
∫1
0
[𝜎𝜉𝜀0𝜉

+ 𝜎𝜃𝜀0𝜃 + 𝜏𝜉𝜃𝜀0𝜉𝜃 + 𝑧 (𝜎𝜉𝜅0𝜉 + 𝜎𝜃𝜅0𝜃 + 𝜏𝜉𝜃𝜏0)]
⋅ 𝑅𝐿 d𝜉 d𝜃 d𝑧.

(9)

And the potential energy of the rotating cylindrical shell due
to the initial hoop tension induced by rotation is expressed as
follows:

𝑈ℎ = 12 ∫
2𝜋

0
∫1
0
𝑁0𝜃 {( 1𝑅 𝜕𝑢𝜕𝜃)

2 + [ 1𝑅 (𝜕V𝜕𝜃 + 𝑤)]
2

+ [ 1𝑅 (−𝜕𝑤𝜕𝜃 + V)]
2}𝑅𝐿 d𝜉 d𝜃,

(10)

where 𝑁0𝜃 is the initial hoop tension due to the centrifugal
force that can be expressed as follows:

𝑁0𝜃 = 𝜌𝐻Ω2𝑅2. (11)

2.2. Displacement Field. The cylindrical shell is assumed to
be simply supported and corresponding boundary conditions
are

V = 0, at 𝜉 = 0, 1. (12)

𝑤 = 0, at 𝜉 = 0, 1. (13)

𝑁𝜉 = ∫𝐻/2
−𝐻/2

𝜎𝜉 d𝑧 = 0, at 𝜉 = 0, 1. (14)

𝑀𝜉 = ∫𝐻/2
−𝐻/2

𝜎𝜉𝑧 d𝑧, at 𝜉 = 0, 1. (15)

Here, 𝑁𝜉 and 𝑀𝜉 are the boundary force and boundary
moment, respectively.

The displacements 𝑢, V, and 𝑤, satisfying the simply
supported boundary conditions, can be expressed in Fourier
series

𝑢 (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

6∑
𝑖=1

𝐴𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡) cos (𝑛𝜃 + 𝜔𝑚𝑛𝑖𝑡) cos (𝑚𝜋𝜉)
V (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

6∑
𝑖=1

𝐵𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡) sin (𝑛𝜃 + 𝜔𝑚𝑛𝑖𝑡) sin (𝑚𝜋𝜉)
𝑤 (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

6∑
𝑖=1

𝐶𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡) cos (𝑛𝜃 + 𝜔𝑚𝑛𝑖𝑡) sin (𝑚𝜋𝜉) ,

(16)

where 𝑝𝑚𝑛𝑖(𝑡) is the modal participation factor.The displace-
ments (𝑢, V, and 𝑤) are expressed by infinite series of (𝑚, 𝑛)
combinations. Here𝑚 and 𝑛 are numbers of axial half-waves
and circumferential waves, respectively.

Rewrite expression (16) as

𝑢 (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

[( 6∑
𝑖=1

cos𝜔𝑚𝑛𝑖𝑡 ⋅ 𝐴𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)) cos 𝑛𝜃

− ( 6∑
𝑖=1

sin𝜔𝑚𝑛𝑖𝑡 ⋅ 𝐴𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)) sin 𝑛𝜃] cos (𝑚𝜋𝜉)
V (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

[( 6∑
𝑖=1

cos𝜔𝑚𝑛𝑖𝑡 ⋅ 𝐵𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)) sin 𝑛𝜃

+ ( 6∑
𝑖=1

sin𝜔𝑚𝑛𝑖𝑡 ⋅ 𝐵𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)) cos 𝑛𝜃] sin (𝑚𝜋𝜉)
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𝑤 (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

[( 6∑
𝑖=1

cos𝜔𝑚𝑛𝑖𝑡 ⋅ 𝐶𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)) cos 𝑛𝜃

− ( 6∑
𝑖=1

sin𝜔𝑚𝑛𝑖𝑡 ⋅ 𝐶𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)) sin 𝑛𝜃] sin (𝑚𝜋𝜉) .
(17)

Let

{{{{{
𝑢𝑚𝑛1 (𝑡)
V𝑚𝑛1 (𝑡)𝑤𝑚𝑛1 (𝑡)

}}}}}
= 6∑
𝑖=1

(cos𝜔𝑚𝑛𝑖𝑡){{{{{
𝐴𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐵𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐶𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)

}}}}}
,

{{{{{
𝑢𝑚𝑛2 (𝑡)
V𝑚𝑛2 (𝑡)𝑤𝑚𝑛2 (𝑡)

}}}}}
= 6∑
𝑖=1

(sin𝜔𝑚𝑛𝑖𝑡){{{{{
𝐴𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐵𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐶𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)

}}}}}
.

(18)

Then, the displacements 𝑢, V, and 𝑤 expressed in (17) are
rewritten as

𝑢 (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

[𝑢𝑚𝑛1 (𝑡) cos 𝑛𝜃 − 𝑢𝑚𝑛2 (𝑡) sin 𝑛𝜃] cos (𝑚𝜋𝜉)
= U (𝜉, 𝜃) u (𝑡)

V (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

[V𝑚𝑛1 (𝑡) sin 𝑛𝜃 + V𝑚𝑛2 (𝑡) cos 𝑛𝜃] sin (𝑚𝜋𝜉)
= V (𝜉, 𝜃) k (𝑡)
𝑤 (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

[𝑤𝑚𝑛1 (𝑡) cos 𝑛𝜃 − 𝑤𝑚𝑛2 (𝑡) sin 𝑛𝜃] sin (𝑚𝜋𝜉)
=W (𝜉, 𝜃)w (𝑡) .

(19)

where

U (𝜉, 𝜃) = [⋅ ⋅ ⋅ 𝑈𝑚𝑛1 (𝜉, 𝜃) 𝑈𝑚𝑛2 (𝜉, 𝜃) ⋅ ⋅ ⋅] ,
u (𝑡) = {⋅ ⋅ ⋅ 𝑢𝑚𝑛1 (𝑡) 𝑢𝑚𝑛2 (𝑡) ⋅ ⋅ ⋅}T ,

V (𝜉, 𝜃) = [⋅ ⋅ ⋅ 𝑉𝑚𝑛1 (𝜉, 𝜃) 𝑉𝑚𝑛2 (𝜉, 𝜃) ⋅ ⋅ ⋅] ,
k (𝑡) = {⋅ ⋅ ⋅ V𝑚𝑛1 (𝑡) V𝑚𝑛2 (𝑡) ⋅ ⋅ ⋅}T ,

W (𝜉, 𝜃) = [⋅ ⋅ ⋅ 𝑊𝑚𝑛1 (𝜉, 𝜃) 𝑊𝑚𝑛2 (𝜉, 𝜃) ⋅ ⋅ ⋅] ,
w (𝑡) = {⋅ ⋅ ⋅ 𝑤𝑚𝑛1 (𝑡) 𝑤𝑚𝑛2 (𝑡) ⋅ ⋅ ⋅}T .

(20)

and
𝑈𝑚𝑛1 (𝜉, 𝜃) = cos 𝑛𝜃 cos (𝑚𝜋𝜉) ,
𝑈𝑚𝑛2 (𝜉, 𝜃) = − sin 𝑛𝜃 cos (𝑚𝜋𝜉) ,
𝑉𝑚𝑛1 (𝜉, 𝜃) = sin 𝑛𝜃 sin (𝑚𝜋𝜉) ,
𝑉𝑚𝑛2 (𝜉, 𝜃) = cos 𝑛𝜃 sin (𝑚𝜋𝜉) ,
𝑊𝑚𝑛1 (𝜉, 𝜃) = cos 𝑛𝜃 sin (𝑚𝜋𝜉) ,
𝑊𝑚𝑛2 (𝜉, 𝜃) = − sin 𝑛𝜃 sin (𝑚𝜋𝜉) .

(21)

2.3. Governing Equations of Original Model. The viscous-
type damping force is used and expressed with the Rayleigh
dissipation function

𝑃 (𝑡) = 12𝑐∫
2𝜋

0
∫1
0
(�̇�2 + V̇2 + �̇�2)𝑅𝐿 d𝜉 d𝜃, (22)

where the value of 𝑐 is related to the mode expansion terms.
Considering expression (19), expression (22) can be expanded
as follows:

𝑃 (𝑡) = 𝑅𝐿2
⋅ ∞∑
𝑚=1

∞∑
𝑛=0

{𝑐𝑚𝑛𝑢1 ∫2𝜋
0
∫1
0
[𝑈𝑚𝑛1 (𝜉, 𝜃) �̇�𝑚𝑛1 (𝑡)]2 d𝜉 d𝜃

+ 𝑐𝑚𝑛V1 ∫2𝜋
0
∫1
0
[𝑉𝑚𝑛1 (𝜉, 𝜃) V̇𝑚𝑛1 (𝑡)]2 d𝜉 d𝜃

+ 𝑐𝑚𝑛𝑤1 ∫2𝜋
0
∫1
0
[𝑊𝑚𝑛1 (𝜉, 𝜃) �̇�𝑚𝑛1 (𝑡)]2 d𝜉 d𝜃} + 𝑅𝐿2

⋅ ∞∑
𝑚=1

∞∑
𝑛=0

{𝑐𝑚𝑛𝑢2 ∫2𝜋
0
∫1
0
[𝑈𝑚𝑛2 (𝜉, 𝜃) �̇�𝑚𝑛2 (𝑡)]2 d𝜉 d𝜃

+ 𝑐𝑚𝑛V2 ∫2𝜋
0
∫1
0
[𝑉𝑚𝑛2 (𝜉, 𝜃) V̇𝑚𝑛2 (𝑡)]2 d𝜉 d𝜃

+ 𝑐𝑚𝑛𝑤2 ∫2𝜋
0
∫1
0
[𝑊𝑚𝑛2 (𝜉, 𝜃) �̇�𝑚𝑛2 (𝑡)]2 d𝜉 d𝜃} .

(23)

The damping coefficients 𝑐𝑚𝑛𝜆1 and 𝑐𝑚𝑛𝜆2 (𝜆 = 𝑢, V, 𝑤) in this
expression are relevant to themodal damping ratio 𝜁 obtained
from experiments. Simple calculations of 𝑐𝑚𝑛𝜆1 and 𝑐𝑚𝑛𝜆2 are
given by

𝑐𝑚𝑛𝜆1 = 𝑐𝑚𝑛𝜆2 ≜ 𝑐𝑚𝑛𝜆0 = 2𝜁𝜌𝐻𝜔𝑚𝑛𝜆0 (𝜆 = 𝑢, V, 𝑤) . (24)

Here 𝑐𝑚𝑛𝜆0 and 𝜔𝑚𝑛𝜆0 (𝜆 = 𝑢, V, 𝑤) are the stationary cylindrical
shell’s damping coefficient and circular frequencies with
mode (𝑚, 𝑛), respectively.

The transverse excitation imposed on the rotating cylin-
drical shell is written as

𝐹 (𝑡) = 𝐹0 cos (𝜔𝑑𝑡) 𝛿 (𝜉 − 𝜉0) 𝛿 (𝜃 − 𝜃0) , (25)

where 𝐹0, 𝜔𝑑, and (𝜉0, 𝜃0) denote the amplitude, frequency,
and position of the excitation. Symbol 𝛿 represents the Dirac
function.
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Using Lagrange equations, the nonlinear governing equa-
tions of the rotating cylindrical shell are derived and
expressed as

Mq̈ + Cq̇ + Gq̇ + Kq +N (q) = F, (26)

where

M = [[
[
𝜌𝐻𝑅H1 0 0

0 𝜌𝐻𝑅H7 0
0 0 𝜌𝐻𝑅H13

]]
]
,

C = [[
[
𝑅c𝑢H1 0 0

0 𝑅cVH7 0
0 0 𝑅c𝑤H13

]]
]
,

G = [[[
[

0 0 0
0 0 2𝜌𝐻𝑅ΩH9
0 −2𝜌𝐻𝑅ΩHT

9 0

]]]
]
,

(27)

K

=
[[[[[[[[
[

𝑅𝐻𝑄11H2 + (𝑁0𝜃𝑅 + 𝐻𝐺𝑅 )H3 𝐻𝑄12H4 + 𝐻𝐺H5 𝐻𝑄12H6
(𝐻𝑄22𝑅 + 𝑁0𝜃𝑅 )H10 + 𝑅𝐻𝐺H8 (𝐻𝑄22𝑅 + 𝑁0𝜃𝑅 )H11 − 𝑁0𝜃𝑅 H12

𝑠𝑦𝑚. 𝐻𝑄22𝑅 H13 + 𝑅𝐻3𝑄1112 H14 + 𝐻3𝑄1212𝑅 H15 + 𝐻3𝑄2212𝑅3 H16 + 𝐻
3𝐺3𝑅 H17 + 𝑁0𝜃𝑅 H18

]]]]]]]]
]
, (28)

q = {uT (𝑡) kT (𝑡) wT (𝑡)}T ,
N (q) = {NT

𝑢 NT
V NT
𝑤}T ,

F = {0 0 𝐹0cos (𝜔𝑑𝑡)W (𝜉0, 𝜃0)}T .
(29)

Here, the expressions of symbols in (27)-(29) are shown in
Appendixes A and B.

Equation (26) gives the nonlinear dynamic model of
rotating cylindrical shells. The model derived is accurate,
because no simplification is applied during the modeling
procedure and both the quadratic and cubic nonlinear terms
are contained. For every vibration mode (m, n), q is a 6×1
vector. To guarantee good accuracy for the calculation of the
dynamic response, enough vibration modes must be taken
into account, and the scale of DOFs of the overall system
increases dramatically. Therefore, it is necessary to derive a
reduced model which can retain the main characteristics of
the original model.

3. Model Reduction

3.1. Frequencies andModes of the Corresponding Linear Cylin-
drical Shell. The frequencies andmodes of the corresponding
linear cylindrical shell are obtained first for the purpose of
the model reduction in the following formulation. For the
travelling wave vibration mode with number (𝑚, 𝑛, 𝑛 ̸= 0),
the displacement field expressed in (16) can be rewritten in
general form

𝑢 (𝜉, 𝜃, 𝑡) = 𝐴𝑚𝑛 cos (𝑛𝜃 + 𝜔𝑚𝑛𝑡) cos (𝑚𝜋𝜉) ,
V (𝜉, 𝜃, 𝑡) = 𝐵𝑚𝑛 sin (𝑛𝜃 + 𝜔𝑚𝑛𝑡) sin (𝑚𝜋𝜉) ,

𝑤 (𝜉, 𝜃, 𝑡) = 𝐶𝑚𝑛 cos (𝑛𝜃 + 𝜔𝑚𝑛𝑡) sin (𝑚𝜋𝜉) ,
(30)

where 𝐴𝑚𝑛, 𝐵𝑚𝑛, and 𝐶𝑚𝑛 are the displacement amplitudes
in the 𝑥, 𝜃, and 𝑧 directions, respectively. 𝜔𝑚𝑛 represents the
natural frequency.

The energy function R of the rotating cylindrical shell is

R = 𝑇max − (𝑈ℎ + 𝑈𝜀)max . (31)

Substituting (5)-(8) into (9) and (10) (the expressions of strain
energy 𝑈ℎ and 𝑈𝜀), one can express 𝑈ℎ and 𝑈𝜀 with shell
displacements 𝑢, V, and 𝑤. Subsequently, substituting the
displacement expression (30) into the expressions of kinetic
energy (𝑇, Eq. (4)) and strain energy (𝑈ℎ and 𝑈𝜀), the energy
function R can be written as

R = 𝜋𝐸𝐻𝐿(1 − 𝜇2) { 14𝑅 [𝜔2𝑚𝑛 (𝐴2𝑚𝑛 + 𝐵2𝑚𝑛 + 𝐶2𝑚𝑛)
+ 4Ω𝜔𝑚𝑛𝐵𝑚𝑛𝐶𝑚𝑛 + Ω2 (𝐵2𝑚𝑛 + 𝐶2𝑚𝑛)] − 14𝑅
⋅ Ω2 [𝑛2 (𝐴2𝑚𝑛 + 𝐵2𝑚𝑛 + 𝐶2𝑚𝑛) + 𝐵2𝑚𝑛
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+ 𝐶2𝑚𝑛 +4𝑛𝐵𝑚𝑛𝐶𝑚𝑛] − [𝑅𝐴
2
𝑚𝑛𝑚2𝜋24𝐿2

− 𝜇𝐴𝑚𝑛𝑚𝜋2𝐿 (𝑛𝐵𝑚𝑛 + 𝐶𝑚𝑛) + 14𝑅 (𝑛𝐵𝑚𝑛 + 𝐶𝑚𝑛)2

+ (1 − 𝜇)𝑅8 (−𝑛𝐴𝑚𝑛𝑅 + 𝐵𝑚𝑛𝑚𝜋𝐿 )2]
− [𝐻2𝑅𝐶2𝑚𝑛𝑚4𝜋448𝐿4 + 𝜇𝐻2𝑅𝐶2𝑚𝑛𝑚2𝑛2𝜋224𝑅2𝐿2
⋅ +𝐻2𝑅𝐶2𝑚𝑛𝑛448𝑅4 + 𝐻2𝑅 (1 − 𝜇) 𝑐2𝑛2𝑚2𝜋224𝑅2𝐿2 ]} + N.

(32)

Here, N denotes the high order terms of 𝐴𝑚𝑛, 𝐵𝑚𝑛, and𝐶𝑚𝑛, which are related to the nonlinear vibration. 𝜔𝑚𝑛 andΩ represent the dimensionless frequency and the rotating
speed, and they are expressed as

𝜔𝑚𝑛 = 𝛾𝜔𝑚𝑛,
Ω = 𝛾Ω, (33)

where 𝛾 = 𝑅√𝜌(1 − 𝜇2)/𝐸.
To obtain the eigenvalue equation associated with the

cylindrical shell’s linear vibration, high order terms denoted
by N are neglected, and the following expressions can be
derived by Rayleigh–Ritz procedure

𝜕 (R − N)𝜕𝐴𝑚𝑛 = 𝜕 (R − N)𝜕𝐵𝑚𝑛 = 𝜕 (R − N)𝜕𝐶𝑚𝑛 = 0. (34)

Equation (34) leads to

[[[
[

𝜔2𝑚𝑛 + 𝑎1 𝑎2 𝑎3
𝑎2 𝜔2𝑚𝑛 + 𝑎4 𝑎5𝜔𝑚𝑛 + 𝑎6
𝑎3 𝑎5𝜔𝑚𝑛 + 𝑎6 𝜔2𝑚𝑛 + 𝑎7

]]]
]
{{{{{
𝐴𝑚𝑛𝐵𝑚𝑛𝐶𝑚𝑛

}}}}}
= 0. (35)

Here,

𝑎1 = −𝑛2Ω2 − 𝑚2𝜋2𝐿𝑟2 −
(1 − 𝜇) 𝑛22 ,

𝑎2 = 𝜇𝑚𝑛𝜋𝐿𝑟 + (1 − 𝜇)𝑚𝑛𝜋2𝐿𝑟 ,
𝑎3 = 𝜇𝑚𝜋𝐿𝑟 ,
𝑎4 = −𝑛2Ω2 − 𝑛2 − (1 − 𝜇)𝑚2𝜋22𝐿𝑟2 ,
𝑎5 = 2Ω,

𝑎6 = −2𝑛Ω2 − 𝑛,
𝑎7 = −𝑛2Ω2 − 1 − (𝑚4𝜋4𝐻𝑟212𝐿𝑟4 + 𝜇𝑚2𝑛2𝜋2𝐻𝑟26𝐿𝑟2
+ 𝑛4𝐻𝑟212 + (1 − 𝜇)𝑚2𝑛2𝜋2𝐻𝑟26𝐿𝑟2 ) ,

(36)

where 𝐿𝑟 = 𝐿/𝑅 and𝐻𝑟 = 𝐻/𝑅.
According to the nonzero solution identification theorem

of homogeneous linear equations, the nondimensional fre-
quency parameters can be obtained by solving the equation
expressed as



𝜔2𝑚𝑛 + 𝑎1 𝑎2 𝑎3
𝑎2 𝜔2𝑚𝑛 + 𝑎4 𝑎5𝜔𝑚𝑛 + 𝑎6
𝑎3 𝑎5𝜔𝑚𝑛 + 𝑎6 𝜔2𝑚𝑛 + 𝑎7


= 0, (37)

which can be expanded as

𝜔6𝑚𝑛 + 𝑒4𝜔4𝑚𝑛 + 𝑒3𝜔3𝑚𝑛 + 𝑒2𝜔2𝑚𝑛 + 𝑒1𝜔𝑚𝑛 + 𝑒0 = 0, (38)

where

𝑒0 = −𝑎1𝑎62 + 2𝑎2𝑎3𝑎6 − 𝑎22𝑎7 − 𝑎32𝑎4 + 𝑎1𝑎4𝑎7,
𝑒1 = −2𝑎1𝑎5𝑎6 + 2𝑎2𝑎3𝑎5
𝑒2 = −𝑎1𝑎52 + 𝑎1𝑎4 + 𝑎1𝑎7 − 𝑎22 − 𝑎32 + 𝑎4𝑎7 − 𝑎62,
𝑒3 = −2𝑎5𝑎6,
𝑒4 = −𝑎52 + 𝑎1 + 𝑎4 + 𝑎7.

(39)

Six distinct natural frequencies 𝜔𝑚𝑛𝑖 (𝑖 = 1, 2, ⋅ ⋅ ⋅ , 6) can
be obtained from (38) and the corresponding natural modes
are given by

𝛼𝑚𝑛𝑖 = 𝐴𝑚𝑛𝑖𝐶𝑚𝑛𝑖 =
 −𝑎3 𝑎2
−(𝑎5𝜔�푚�푛�푖+𝑎6) 𝜔2�푚�푛�푖+𝑎4  𝜔
2

�푚�푛�푖
+𝑎1 𝑎2
𝑎2 𝜔

2

�푚�푛�푖
+𝑎4


,

𝛽𝑚𝑛𝑖 = 𝐵𝑚𝑛𝑖𝐶𝑚𝑛𝑖 =
 𝜔
2

�푚�푛�푖
+𝑎1 −𝑎3
𝑎2 −(𝑎5𝜔�푚�푛�푖+𝑎6)

 𝜔
2

�푚�푛�푖
+𝑎1 𝑎2
𝑎2 𝜔

2

�푚�푛�푖
+𝑎4


.

(40)

For a stationary cylindrical shell, the lowest frequency is
related to the flexural vibration [17]. When the shell rotates
on its axis, rotation induces Coriolis accelerations. The Cori-
olis acceleration bifurcates the shells’ natural frequencies.
Therefore, there are two frequencies related to the flexural
vibration for a rotating cylindrical shell, and they are the
lowest two which can be identified. Therefore, the lowest two
(i.e., 𝜔𝑚𝑛1 and 𝜔𝑚𝑛2) among those six frequencies 𝜔𝑚𝑛𝑖 (𝑖 =1, 2, ⋅ ⋅ ⋅ , 6) are related to the shell’s flexural vibrations, and the
other four frequencies are associated with in-plane vibrations
(i.e., the longitudinal and torsional vibrations). Moreover,
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both the literature and the author’s validation show that the
displacement amplitude ratios satisfy

𝛼𝑚𝑛1 ≈ 𝛼𝑚𝑛2 ≜ 𝛼𝑚𝑛 = 𝐴𝑚𝑛𝐶𝑚𝑛 ,
𝛽𝑚𝑛1 ≈ 𝛽𝑚𝑛2 ≜ 𝛽𝑚𝑛 = 𝐵𝑚𝑛𝐶𝑚𝑛 .

(41)

For the travelling wave vibration mode (m, n=0), the
displacement field expressed in (16) can be rewritten in
general form

𝑢 (𝜉, 𝜃, 𝑡) = 𝐴𝑚𝑛 cos (𝑚𝜋𝜉) cos (𝜔𝑚𝑛𝑡) ,
V (𝜉, 𝜃, 𝑡) = 𝐵𝑚𝑛 ⋅ 0,
𝑤 (𝜉, 𝜃, 𝑡) = 𝐶𝑚𝑛 sin (𝑚𝜋𝜉) cos (𝜔𝑚𝑛𝑡) ,

(42)

Similar to the formulations for the mode with circum-
ferential wave number 𝑛 (𝑛 ̸= 0), one can obtain the
characteristic equation as

𝜔4𝑚𝑛 + (𝑏1 + 𝑏3) 𝜔2𝑚𝑛 + (𝑏1𝑏3 − 𝑏22) = 0, (43)

where

𝑏1 = −𝑚2𝜋2𝐿𝑟2 ,
𝑏2 = 𝜇𝑚𝜋𝐿𝑟 ,
𝑏3 = −Ω2 − 1 − 𝑚4𝜋4𝐻𝑟212𝐿𝑟4 .

(44)

From (43), four natural frequencies𝜔𝑚𝑛𝑖 (𝑖 = 1, 2, 3, 4) are
derived and the corresponding natural modes are given by

𝛼𝑚𝑛𝑖 = 𝐴𝑚𝑛𝑖𝐶𝑚𝑛𝑖 =
−𝑏2𝜔𝑚𝑛𝑖 + 𝑏1 ,

𝛽𝑚𝑛𝑖 = 𝐵𝑚𝑛𝑖𝐶𝑚𝑛𝑖 = 0.
(45)

Among the four frequencies derived from (43), the lowest
two (i.e., 𝜔𝑚𝑛1 and 𝜔𝑚𝑛2) are relevant to the shell’s flexural
vibrations. It should be noted that 𝜔𝑚𝑛1 equals 𝜔𝑚𝑛2 because
of the axial symmetry of the mode (n=0), which is different
from the modes with circumferential wave number 𝑛 (𝑛 ̸=0). Correspondingly, the displacement amplitude ratios also
satisfy (41).

3.2. Reduced-Order Model. The previous studies of Amabili
[17] found that the flexural vibrations predominate the
dynamic response of cylindrical shells, and, for every mode
(m, n; both 𝑛 = 0 and 𝑛 ̸= 0), the frequencies associated
with the flexural vibrations are much lower than the other
frequencies. This characteristics show us a viable path to
reduce the model by neglecting the contributions of the
vibration mode predominated by in-plane vibrations which

are associated with the higher frequencies. Considering (40),
(41), and (45), expression (18) can be written as

{{{{{
𝑢𝑚𝑛1 (𝑡)
V𝑚𝑛1 (𝑡)𝑤𝑚𝑛1 (𝑡)

}}}}}
= 6∑
𝑖=1

(cos𝜔𝑚𝑛𝑖𝑡){{{{{
𝐴𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐵𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐶𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)

}}}}}
= 2∑
𝑖=1

(cos𝜔𝑚𝑛𝑖𝑡){{{{{
𝐴𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐵𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐶𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)

}}}}}
= 𝜂𝑚𝑛1 (𝑡){{{{{

𝛼𝑚𝑛𝛽𝑚𝑛1
}}}}}
,

{{{{{
𝑢𝑚𝑛2 (𝑡)
V𝑚𝑛2 (𝑡)𝑤𝑚𝑛2 (𝑡)

}}}}}
= 6∑
𝑖=1

(sin𝜔𝑚𝑛𝑖𝑡){{{{{
𝐴𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐵𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐶𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)

}}}}}
= 2∑
𝑖=1

(sin𝜔𝑚𝑛𝑖𝑡){{{{{
𝐴𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐵𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)𝐶𝑚𝑛𝑖𝑝𝑚𝑛𝑖 (𝑡)

}}}}}
= 𝜂𝑚𝑛2 (𝑡){{{{{

𝛼𝑚𝑛𝛽𝑚𝑛1
}}}}}
.

(46)

where

𝐶𝑚𝑛 2∑
𝑖=1

(cos𝜔𝑚𝑛𝑖𝑡) 𝑝𝑚𝑛𝑖 (𝑡) = 𝜂𝑚𝑛1 (𝑡) ,

𝐶𝑚𝑛 2∑
𝑖=1

(sin𝜔𝑚𝑛𝑖𝑡) 𝑝𝑚𝑛𝑖 (𝑡) = 𝜂𝑚𝑛2 (𝑡) .
(47)

Then, the displacements 𝑢, V, and 𝑤 are rewritten as

𝑢 (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

𝛼𝑚𝑛 [𝜂𝑚𝑛1 (𝑡) cos 𝑛𝜃 − 𝜂𝑚𝑛2 (𝑡) sin 𝑛𝜃]
⋅ cos (𝑚𝜋𝜉) = Ũ (𝜉, 𝜃) 𝜂 (𝑡)

V (𝜉, 𝜃, 𝑡)
= ∞∑
𝑚=1

∞∑
𝑛=0

𝛽𝑚𝑛 [𝜂𝑚𝑛1 (𝑡) sin 𝑛𝜃 + 𝜂𝑚𝑛2 (𝑡) cos 𝑛𝜃]
⋅ sin (𝑚𝜋𝜉) = Ṽ (𝜉, 𝜃) 𝜂 (𝑡)

𝑤 (𝜉, 𝜃, 𝑡) = ∞∑
𝑚=1

∞∑
𝑛=0

[𝜂𝑚𝑛1 (𝑡) cos 𝑛𝜃 − 𝜂𝑚𝑛2 (𝑡) sin 𝑛𝜃]
⋅ sin (𝑚𝜋𝜉) =W (𝜉, 𝜃) 𝜂 (𝑡) ,

(48)
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where
Ũ (𝜉, 𝜃) = U (𝜉, 𝜃)𝛼𝑚𝑛,
Ṽ (𝜉, 𝜃) = V (𝜉, 𝜃)𝛽𝑚𝑛, (49)

𝛼𝑚𝑛 =
[[[[[
[

d

𝛼𝑚𝑛 𝛼𝑚𝑛
d

]]]]]
]
,

𝛽𝑚𝑛 =
[[[[[
[

d

𝛽𝑚𝑛 𝛽𝑚𝑛
d

]]]]]
]
.

(50)

Similarly, using Lagrange equations, the nonlinear rotat-
ing cylindrical shell’s reduced model can be obtained as
follows:

M̃�̈� + C̃�̇� + G̃�̇� + K̃𝜂 + Ñ (𝜂) = F̃, (51)

where
M̃ = 𝜌𝐻𝑅(𝛼2𝑚𝑛H1 + 𝛽2𝑚𝑛H7 +H13) ,
C̃ = 𝛼2𝑚𝑛𝑅c𝑢H1 + 𝛽2𝑚𝑛𝑅cVH7 + 𝑅c𝑤H13,
G̃ = 2𝛽𝑚𝑛𝜌𝐻𝑅Ω(H9 −HT

9 ) ,
(52)

K̃ = 𝛼2𝑚𝑛𝑅𝐻𝑄11H2 + 𝛼2𝑚𝑛 (𝑁
0
𝜃𝑅 + 𝐻𝐺𝑅 )H3

+ 2𝛼𝑚𝑛𝛽𝑚𝑛 (𝐻𝑄12H4 + 𝐻𝐺H5)
+ 2𝛼𝑚𝑛𝐻𝑄12H6
+ 𝛽2𝑚𝑛 (𝐻𝑄22𝑅 + 𝑁0𝜃𝑅 )H10

+ 𝛽2𝑚𝑛𝑅𝐻𝐺H8
+ 2𝛽𝑚𝑛 (𝐻𝑄22𝑅 H11 + 𝑁0𝜃𝑅 H11 − 𝑁0𝜃𝑅 H12)
+ 𝐻𝑄22𝑅 H13 + 𝑅𝐻3𝑄1112 H14

+ 𝐻3𝑄1212𝑅 H15 + 𝐻3𝑄2212𝑅3 H16 + 𝐻
3𝐺3𝑅 H17

+ 𝑁0𝜃𝑅 H18,

(53)

𝜂 = {⋅ ⋅ ⋅ 𝜂𝑚𝑛1 (𝑡) 𝜂𝑚𝑛2 (𝑡) ⋅ ⋅ ⋅}T ,
Ñ (𝜂) = Ñ𝑢 + ÑV + Ñ𝑤,

F̃ = 𝐹0 cos (𝜔𝑑𝑡)WT (𝜉0, 𝜃0) .
(54)

Here, symbols in are shown in Appendix C.

From (51), one can obtain the nonlinear reduced model
of the rotating cylindrical shell for vibration mode (𝑚, 𝑛). It
is given by

̈𝜂1 + 𝑐 ̇𝜂1 − 𝑔 ̇𝜂2 + 𝑘𝜂1 + �̃�𝜂1 (𝜂21 + 𝜂22) = 𝑓1,
̈𝜂2 + 𝑐 ̇𝜂2 + 𝑔 ̇𝜂1 + 𝑘𝜂2 + �̃�𝜂2 (𝜂21 + 𝜂22) = 𝑓2. (55)

Here, the subscript 𝑚𝑛 and time variable 𝑡 of 𝜂𝑚𝑛1 (𝑡) and𝜂𝑚𝑛2 (𝑡) are neglected for brevity. And symbols used in (55) are
expressed as

𝑐 = 1𝜌𝐻 (𝛼2𝑚𝑛 + 𝛽2𝑚𝑛 + 1) (𝛼
2
𝑚𝑛𝑐𝑚𝑛𝑢0 + 𝛽2𝑚𝑛𝑐𝑚𝑛V0 + 𝑐𝑚𝑛𝑤0 ) ,

𝑔 = 4Ω𝛽𝑚𝑛𝛼2𝑚𝑛 + 𝛽2𝑚𝑛 + 1 ,
(56)

𝑘 = 1𝛾2 (𝛼2𝑚𝑛 + 𝛽2𝑚𝑛 + 1) {
𝛼2𝑚𝑛𝑚2𝜋2𝐿2𝑟

+ (𝛾2Ω2 + 1 − 𝜇2 )𝛼2𝑚𝑛𝑛2 − 2𝜇𝛼𝑚𝑛𝛽𝑚𝑛𝑛𝜋𝑚𝐿𝑟
− 𝛼𝑚𝑛𝛽𝑚𝑛𝑛𝜋𝑚 (1 − 𝜇)𝐿𝑟 − 2𝜇𝛼𝑚𝑛𝜋𝑚𝐿𝑟 + (1 + 𝛾2Ω2)
⋅ 𝛽2𝑚𝑛𝑛2 + 𝛽

2
𝑚𝑛𝑚2𝜋2 (1 − 𝜇)2𝐿2𝑟 + 2𝛽𝑚𝑛𝑛

+ 4𝛾2Ω2𝛽𝑚𝑛𝑛 + 1 + 𝐻2𝑟𝑚4𝜋412𝐿4𝑟 + 𝐻2𝑟𝜇𝑚2𝜋2𝑛26𝐿2𝑟
+ 𝐻2𝑟𝑛412 + 𝐻2𝑟𝑚2𝜋2𝑛2 (1 − 𝜇)24𝐿2𝑟 + 𝛾2Ω2𝑛2}

(57)

�̃� = 1𝛾2 (𝛼2𝑚𝑛 + 𝛽2𝑚𝑛 + 1) (
9𝑅2𝑚4𝜋432𝐿4 + 9𝑛432𝑅2

+ 𝑛2𝑚2𝜋216𝐿2 ) ,
(58)

𝑓1 = 2𝐹0(𝛼2𝑚𝑛 + 𝛽2𝑚𝑛 + 1) 𝜌𝜋𝐻𝐿𝑅 cos (𝜔𝑑𝑡) cos 𝑛𝜃
⋅ sin (𝑚𝜋𝜉) 𝜉=𝜉0

𝜃=𝜃0

,

𝑓2 = −2𝐹0(𝛼2𝑚𝑛 + 𝛽2𝑚𝑛 + 1) 𝜌𝜋𝐻𝐿𝑅 cos (𝜔𝑑𝑡) sin 𝑛𝜃
⋅ sin (𝑚𝜋𝜉) 𝜉=𝜉0

𝜃=𝜃0

,

(59)

The reduced model given by (55) is actually a 2-DOF
gyroscopic systemwith cubic nonlinearities. The information
related to in-plane vibrations (𝑢 and V) is still included in the
reduced model, because the present model reduction only
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Table 1: Nondimensional frequency parameters of previous and present studies.

Parameters (𝑚, 𝑛) Reference [5] Present results
Forward wave 𝜔𝑚𝑛1 Backward wave 𝜔𝑚𝑛2 Forward wave 𝜔𝑚𝑛1 Backward wave 𝜔𝑚𝑛2

Ω = 0.003𝐿𝑟 = 20𝐻𝑟 = 0.002𝜇 = 0.3

(1,1) 0.0131 0.0191 0.0131 0.0191
(1,2) 0.0045 0.0093 0.0043 0.0091
(1,3) 0.0074 0.0110 0.0073 0.0109
(1,4) 0.0125 0.0153 0.0125 0.0154
(1,5) 0.0185 0.0208 0.0186 0.0209

neglects vibration mode predominated by in-plane vibra-
tions. However, the previous studies in the model simplifica-
tion directly neglect in-plane vibrations (𝑢 and V) to obtain
the 2-DOF system. Equation (55) preserves the rotating
cylindrical shell’s main vibration characteristics which could
reflect the coupling of three deformation directions (𝑢, V, and𝑤). The approximate solution for (55), a gyroscopic system,
can be derived by using some analytical approaches, such
as L-P method, multiple scales method, harmonic balance
method, and averaging method. Then, one can perform
qualitative analysis to find the complex nonlinear dynamic
phenomena on rotating thin cylindrical shell. Moreover,
applying the model reduction procedure, the scale of DOFs
of the overall system reduces to one-third of what it has been.
Thus, the efficiency of numerical calculation for quantitative
analysis can be improved as expected.

4. Numerical Results and Discussions

To validate the nonlinear dynamic model shown in (26), a
comparison is conducted between the frequencies calculated
by the corresponding linear system and those available in
open literature, as shown in Table 1. Between the lowest two
nondimensional frequencies (i.e., 𝜔𝑚𝑛1 and 𝜔𝑚𝑛2), (1) 𝜔𝑚𝑛1
is the lower one and corresponding to the forward wave
frequency and (2) 𝜔𝑚𝑛2 is the higher one and corresponding
to the backward wave frequency, as shown in literature [5]. It
can be seen from Table 1 that good agreement is achieved.

Table 2 shows the simulation parameters for a rotating
cylindrical shell considered in this paper. To validate the
model reduction strategy, the first five nondimensional fre-
quency parameters, computed by using the corresponding
linear system of reduced-order model, are compared with
those obtained from original model, as shown in Tables 3
and 4. Excellent agreement is shown in this comparison for
a wide variety of modes with different rotating speeds. It may
indicate that the model reduction strategy proposed in this
paper is available to some extent.

Figures 2(a) and 2(b) illustrate the variation of the natural
frequencies with respect to 𝑛 with m=1 for different rotating
speeds Ω=0.005 and Ω=0.01. It can be observed that, for
a specific 𝑛, two frequencies exist, i.e., the forward and
backward wave frequencies. For this two rotating speeds,
the fundamental frequencies of them are both corresponding
to the mode (m=1, n=4), which is also shown in Table 3.
However, the second order modes are mode (m=1, n=5)
and mode (m=1, n=3) for Ω=0.005 and Ω=0.01, respectively.

Table 2: Geometric and material parameters of the rotating thin
cylindrical shell.

Parameter Value
Length, 𝐿 5 m
Radius, 𝑅 1 m
Thickness,𝐻 0.002 m
Modulus of elasticity, 𝐸 70 GPa
Density of material, 𝜌 2600 kg/m3

Poisson’s ratio, 𝜇 0.3

Figure 3 shows the variation of the natural frequencies with
respect to nondimensional rotating speed for fundamental
mode (m=1, n=4). It can be observed that there is only one
natural frequency at rotating speed Ω=0. As the rotating
speed increases, this frequency bifurcates.

Without loss of generality, further investigation is carried
out for the rotating speed Ω=0.005 by using Runge-Kutta
method, and the cylindrical shell’s first two modes at this
rotating speed, i.e., mode (m=1, n=4) and mode (m=1, n=5),
are considered.

Figures 4–6 give comparisons of the amplitude-frequency
responses between original model and reduced model, under
different levels of excitation. Here, the excitation is located
at the center of shell, which is (𝜉0 = 0.5, 𝜃0 = 0). The
damping ratio is 𝜁=0.01. The symbol 𝜔0 is used to denote the
corresponding stationary cylindrical shell’s flexural vibration
circular frequency. It can be observed that the low-frequency
responses of original model can be preserved by the reduced
model perfectly. It may indicate that the model reduction
strategy is effective, and the reduced model is available to
investigate the nonlinear dynamic behaviors of thin rotating
cylindrical shells.

The amplitude-frequency responses for modes (m=1,
n=4) and (m=1, n=5) under excitation level 𝐹0=500N are
given by Figures 4 and 5, respectively.The system shows linear
behavior, as depicted in the two figures. In each figure, two
resonance peaks exist and are respectively corresponding to
forward and backward waves.They are all offset upward from
the one corresponding to a stationary shell (𝜔𝑑/𝜔0 = 1).
This phenomenon is induced by the effects of Coriolis and
centrifugal forces, as well as the initial hoop tension due to
rotation. The existing of two resonance peaks is consistent
with the characteristics of rotating cylindrical shells, which
can prove the models’ correctness in some extent. It should
be noted that two resonance peaks do not appear in the
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Figure 2: Natural frequencies versus the circumferential wave number (𝑚 =1): (a) Ω=0.005, (b)Ω=0.01.
Table 3: Nondimensional frequency parameters of original model and reduced model (Ω = 0.005).

Frequency order (𝑚, 𝑛) Original model Reduced model
Forward wave 𝜔𝑚𝑛1 Backward wave 𝜔𝑚𝑛2 Forward wave 𝜔𝑚𝑛1 Backward wave 𝜔𝑚𝑛2

1 (1,4) 0.0274 0.0322 0.0274 0.0322
2 (1,5) 0.0288 0.0327 0.0288 0.0327
3 (1,6) 0.0349 0.0381 0.0349 0.0381
4 (1,3) 0.0371 0.0431 0.0371 0.0431
5 (1,7) 0.0430 0.0459 0.0430 0.0459

Table 4: Nondimensional frequency parameters of original model and reduced model (Ω = 0.01).
Frequency order (𝑚, 𝑛) Original model Reduced model

Forward wave 𝜔𝑚𝑛1 Backward wave 𝜔𝑚𝑛2 Forward wave 𝜔𝑚𝑛1 Backward wave 𝜔𝑚𝑛2
1 (1,4) 0.0380 0.0474 0.0380 0.0474
2 (1,3) 0.0391 0.0512 0.0391 0.0512
3 (1,5) 0.0466 0.0543 0.0466 0.0543
4 (1,6) 0.0580 0.0645 0.0580 0.0645
5 (1,2) 0.0689 0.0849 0.0689 0.0849

amplitude-frequency response curve of 𝜂2 as expected. It may
be led by the special location of excitation. One can see that,
at the position (𝜉0 = 0.5, 𝜃0 = 0) considered in the simulation,
symbol 𝑓2 in (55) equals 0.

As depicted in Figure 6, when the excitation amplitude
increases to 1000N, the jump phenomenon appears, which
is a typical characteristic of nonlinearity system. As depicted
in Figure 7, if the excitation amplitude increases furtherly,
more complex nonlinear behaviors of the rotating shell will
appear, such as the ultraharmonic resonance. Figures 8–11
give the close-up views of amplitude-frequency curves for
the first mode (m=1, n=4) and the second mode (m=1,
n=5) under different excitation levels. The variation of the

amplitude-frequency curves with respect to excitation level
is well illustrated. The jump phenomenon and ultraharmonic
resonance are clearly shown in those figures, especially
in Figures 10 and 11. Further, one can conclude that the
amplitude-frequency responses for the second mode (m=1,
n=5) are more complex than those for the first mode (m=1,
n=4).

5. Conclusions

Nonlinear dynamic modeling and model reduction strategy
are studied in this research for a rotating cylindrical shell.
Using Lagrange equations, the shell’s nonlinear dynamic
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Figure 3: Natural frequencies versus rotating speed (mode: 𝑚 = 1,𝑛 = 4).
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Figure 4: Comparison of the amplitude-frequency response
between original model and reducedmodel (𝑚 = 1, 𝑛 = 4;Ω=0.005;𝐹0 = 500N).

model is derived by considering the effects of Coriolis and
centrifugal forces, as well as the initial hoop tension due to
rotation. This model describes the flexural vibration and the
in-plane vibrations. It can also reflect the coupling effects
of those deformations. During the modeling procedure, no
simplification is applied. Moreover, both the quadratic and
cubic nonlinear terms are contained. So the model derived in
this paper is accurate. Based on this model, a novel model
reduction strategy has been proposed to reduce the DOFs
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Figure 5: Comparison of the amplitude-frequency response
between original model and reducedmodel (𝑚 = 1, 𝑛 = 5;Ω=0.005;𝐹0 = 500N).
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Figure 6: Comparison of the amplitude-frequency response
between original model and reduced model (𝑚 = 1, 𝑛 = 4; Ω =0.005; 𝐹0 = 1000N).
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Figure 7: Comparison of the amplitude-frequency response
between original model and reduced model (𝑚 = 1, 𝑛 = 4; Ω =0.005; 𝐹0 = 2000N).
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Figure 8: Amplitude-frequency curves related to 𝜂1 for different
excitation amplitudes (𝑚 = 1, 𝑛 = 4;Ω = 0.005).

by neglecting vibration modes predominated by in-plane
vibrations.

To validate the original nonlinear dynamic model and
model reduction strategy, comparisons and simulations have
been carried out, which show that the main characteristics
of structural vibrations in all directions are still preserved in
the reduced model. Meanwhile, nonlinear dynamic behav-
iors have been investigated preliminarily by analyzing the
amplitude-frequency responses of rotating cylindrical shell
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Figure 9: Amplitude-frequency curves related to 𝜂2 for different
excitation amplitudes (𝑚 = 1, 𝑛 = 4;Ω = 0.005).
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Figure 10: Amplitude-frequency curves related to 𝜂1 for different
excitation amplitudes.(𝑚 = 1, 𝑛 = 5;Ω = 0.005).

under different excitation levels. Complex nonlinear behav-
iors are observed, such as ultraharmonic resonance and jump
phenomenon.

The investigation in this paper is of great importance to
make it possible and flexible to perform further studies on
nonlinear behaviors of thin rotating cylindrical shells which
have been widely used in practical engineering application.
One can utilize the original model to obtain accuracy numer-
ical results or utilize the reduced model to perform analytical
analysis. It shows us a viable path to study the nonlinear
dynamic characteristics of thin rotating cylindrical shells.
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Appendix

A. Symbols in (26)-(28)

c𝜆 (𝜆 = 𝑢, V, 𝑤) and H𝑗 (𝑗 = 1, 2, ..., 18) in (26)-(28) are

c𝜆 = diag [⋅ ⋅ ⋅ 𝑐𝑚𝑛𝜆0 𝑐𝑚𝑛𝜆0 ⋅ ⋅ ⋅] ,
H1 = 𝐿∫2𝜋

0
∫1
0
UT (𝜉, 𝜃)U (𝜉, 𝜃) d𝜉d𝜃,

H2 = 1𝐿 ∫
2𝜋

0
∫1
0
[𝜕U (𝜉, 𝜃)𝜕𝜉 ]T 𝜕U (𝜉, 𝜃)𝜕𝜉 d𝜉d𝜃,

H3 = 𝐿∫2𝜋
0
∫1
0
[𝜕U (𝜉, 𝜃)𝜕𝜃 ]T 𝜕U (𝜉, 𝜃)𝜕𝜃 d𝜉 d𝜃,

H4 = ∫2𝜋
0
∫1
0
[𝜕U (𝜉, 𝜃)𝜕𝜉 ]T 𝜕V (𝜉, 𝜃)𝜕𝜃 d𝜉 d𝜃,

H5 = ∫2𝜋
0
∫1
0
[𝜕U (𝜉, 𝜃)𝜕𝜃 ]T 𝜕V (𝜉, 𝜃)𝜕𝜉 d𝜉 d𝜃,

H6 = ∫2𝜋
0
∫1
0
[𝜕U (𝜉, 𝜃)𝜕𝜉 ]T W (𝜉, 𝜃) d𝜉 d𝜃,

H7 = 𝐿∫2𝜋
0
∫1
0
VT (𝜉, 𝜃)V (𝜉, 𝜃) d𝜉d𝜃,

H8 = 1𝐿 ∫
2𝜋

0
∫1
0
[𝜕V (𝜉, 𝜃)𝜕𝜉 ]T 𝜕V (𝜉, 𝜃)𝜕𝜉 d𝜉d𝜃,

H9 = 𝐿∫2𝜋
0
∫1
0
VT (𝜉, 𝜃)W (𝜉, 𝜃) d𝜉 d𝜃,

H10 = 𝐿∫2𝜋
0
∫1
0
[𝜕V (𝜉, 𝜃)𝜕𝜃 ]T 𝜕V (𝜉, 𝜃)𝜕𝜃 d𝜉 d𝜃,

H11 = 𝐿∫2𝜋
0
∫1
0
[𝜕V (𝜉, 𝜃)𝜕𝜃 ]TW (𝜉, 𝜃) d𝜉 d𝜃,

H12 = 𝐿∫2𝜋
0
∫1
0
VT (𝜉, 𝜃) 𝜕W (𝜉, 𝜃)𝜕𝜃 d𝜉 d𝜃,

H13 = 𝐿∫2𝜋
0
∫1
0
WT (𝜉, 𝜃)W (𝜉, 𝜃) d𝜉 d𝜃,

H14 = 1𝐿3 ∫
2𝜋

0
∫1
0
[𝜕2W (𝜉, 𝜃)𝜕𝜉2 ]T 𝜕2W (𝜉, 𝜃)𝜕𝜉2 d𝜉 d𝜃,

H15

= 1𝐿 ∫
2𝜋

0
∫1
0
{[𝜕2W (𝜉, 𝜃)𝜕𝜉2 ]T 𝜕2W (𝜉, 𝜃)𝜕𝜃2 + [𝜕2W (𝜉, 𝜃)𝜕𝜃2 ]T 𝜕2W (𝜉, 𝜃)𝜕𝜉2 } d𝜉 d𝜃,

H16 = 𝐿∫2𝜋
0
∫1
0
[𝜕2W (𝜉, 𝜃)𝜕𝜃2 ]T 𝜕2W (𝜉, 𝜃)𝜕𝜃2 d𝜉 d𝜃,

H17 = 1𝐿 ∫
2𝜋

0
∫1
0
[𝜕2W (𝜉, 𝜃)𝜕𝜉𝜕𝜃 ]T 𝜕2W (𝜉, 𝜃)𝜕𝜉𝜕𝜃 d𝜉 d𝜃,

H18 = 𝐿∫2𝜋
0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜃 ]T 𝜕W (𝜉, 𝜃)𝜕𝜃 d𝜉 d𝜃.

(A.1)

B. Symbols in (29)

N𝜆 (𝜆 = 𝑢, V, 𝑤) in (29) are

N𝑢 = 𝑅𝐻2 𝑄11N1 + 𝐻2𝑅𝑄12N2 + 𝐻𝑅 𝐺N3,
NV = 𝐻2 𝑄12N4 + 𝐻2𝑅2𝑄22N5 + 𝐻𝐺N6,
N𝑤 = 𝑅𝐻𝑄112 N7 + 𝐻𝑄222𝑅3 N8 + (𝐻𝑄122𝑅 + 𝐻𝐺𝑅 )N9

+ 𝑅𝐻𝑄11N10 + 𝐻𝑄12N11 + 𝐻𝑄122 N12

+ 𝐻𝑄12N13 + 𝐻𝑄12 1𝑅N14 + 𝐻𝑅2𝑄22N15
+ 𝐻2𝑅2𝑄22N16 + 𝐻𝑅2𝑄22N17 + 𝐻𝑅 𝐺N18
+ 𝐻𝐺N19,

(B.1)

and
N1

= 1𝐿2
⋅ ∫2𝜋
0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜉 w (𝑡)]2 [𝜕U (𝜉, 𝜃)𝜕𝜉 ]T d𝜉d𝜃,

N2 = ∫2𝜋
0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜃 w (𝑡)]2 [𝜕U (𝜉, 𝜃)𝜕𝜉 ]T d𝜉 d𝜃,

N3

= ∫2𝜋
0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜉 w (𝑡)]

⋅ [𝜕W (𝜉, 𝜃)𝜕𝜃 w (𝑡)] [𝜕U (𝜉, 𝜃)𝜕𝜃 ]T d𝜉 d𝜃,
N4

= 1𝐿
⋅ ∫2𝜋
0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜉 w (𝑡)]2 [𝜕V (𝜉, 𝜃)𝜕𝜃 ]T d𝜉 d𝜃,

N5

= 𝐿∫2𝜋
0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜃 w (𝑡)]2 [𝜕V (𝜉, 𝜃)𝜕𝜃 ]T d𝜉 d𝜃,
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N6

= 1𝐿 ∫
2𝜋

0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜉 w (𝑡)]

⋅ [𝜕W (𝜉, 𝜃)𝜕𝜃 w (𝑡)] [𝜕V (𝜉, 𝜃)𝜕𝜉 ]T d𝜉 d𝜃,
N7

= 1𝐿3 ∫
2𝜋

0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜉 w (𝑡)]3

⋅ [ 𝜕W (𝜉, 𝜃)𝜕𝜉 ]T d𝜉 d𝜃,
N8

= 𝐿∫2𝜋
0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜃 w (𝑡)]3

⋅ [ 𝜕W (𝜉, 𝜃)𝜕𝜃 ]T d𝜉d𝜃,
N9

= 1𝐿 ∫
2𝜋

0
∫1
0
{𝜕W (𝜉, 𝜃)𝜕𝜃 w (𝑡) [𝜕W (𝜉, 𝜃)𝜕𝜉 w (𝑡)]2 [𝜕W (𝜉, 𝜃)𝜕𝜃 ]T

+ 𝜕W (𝜉, 𝜃)𝜕𝜉 w (𝑡) [𝜕W (𝜉, 𝜃)𝜕𝜃 w (𝑡)]2

⋅ [ 𝜕W (𝜉, 𝜃)𝜕𝜉 ]T} d𝜉 d𝜃,
N10

= 1𝐿2 ∫
2𝜋

0
∫1
0
[𝜕U (𝜉, 𝜃)𝜕𝜉 u (𝑡)]

⋅ [𝜕W (𝜉, 𝜃)𝜕𝜉 w (𝑡)] [𝜕W (𝜉, 𝜃)𝜕𝜉 ]T d𝜉d𝜃,
N11

= 1
L
∫2𝜋
0
∫1
0
[𝜕V (𝜉, 𝜃)𝜕𝜃 k (𝑡)]

⋅ [𝜕W (𝜉, 𝜃)𝜕𝜉 ]T [𝜕W (𝜉, 𝜃)𝜕𝜉 ]w (𝑡) d𝜉 d𝜃,

N12 = 1𝐿 ∫
2𝜋

0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜉 w (𝑡)]2WT (𝜉, 𝜃) d𝜉 d𝜃,

N13

= 1𝐿 ∫
2𝜋

0
∫1
0
[W (𝜉, 𝜃)

⋅ w (𝑡)] [𝜕W (𝜉, 𝜃)𝜕𝜉 ]T [𝜕W (𝜉, 𝜃)𝜕𝜉 ]
⋅ w (𝑡) d𝜉 d𝜃,

N14

= ∫2𝜋
0
∫1
0
[𝜕U (𝜉, 𝜃)𝜕𝜉 u (𝑡)]

⋅ [𝜕W (𝜉, 𝜃)𝜕𝜃 ]T [𝜕W (𝜉, 𝜃)𝜕𝜃 ]w (𝑡) d𝜉 d𝜃,

N15

= L∫2𝜋
0
∫1
0
[𝜕V (𝜉, 𝜃)𝜕𝜃 k (𝑡)]

⋅ [𝜕W (𝜉, 𝜃)𝜕𝜃 ]T [𝜕W (𝜉, 𝜃)𝜕𝜃 ]w (𝑡) d𝜉 d𝜃,
N16 = L∫2𝜋

0
∫1
0
[𝜕W (𝜉, 𝜃)𝜕𝜃 w (𝑡)]2WT (𝜉, 𝜃) d𝜉 d𝜃,

N17

= L∫2𝜋
0
∫1
0
[W (𝜉, 𝜃)

⋅ w (𝑡)] [𝜕W (𝜉, 𝜃)𝜕𝜃 ]T [𝜕W (𝜉, 𝜃)𝜕𝜃 ]
⋅ w (𝑡) d𝜉 d𝜃,

N18

= ∫2𝜋
0
∫1
0
[𝜕U (𝜉, 𝜃)𝜕𝜃 u (𝑡)] {[𝜕W (𝜉, 𝜃)𝜕𝜃 ]T

⋅ [𝜕W (𝜉, 𝜃)𝜕𝜉 ] + [𝜕W (𝜉, 𝜃)𝜕𝜉 ]T [𝜕W (𝜉, 𝜃)𝜕𝜃 ]}
⋅ w (𝑡) d𝜉 d𝜃,

N19

= 1
L
∫2𝜋
0
∫1
0
[𝜕V (𝜉, 𝜃)𝜕𝜉 k (𝑡)] {[𝜕W (𝜉, 𝜃)𝜕𝜃 ]T

⋅ [𝜕W (𝜉, 𝜃)𝜕𝜉 ] + [𝜕W (𝜉, 𝜃)𝜕𝜉 ]T [𝜕W (𝜉, 𝜃)𝜕𝜃 ]}
⋅ w (𝑡) d𝜉 d𝜃.

(B.2)

C. Symbols in (54)

Ñ𝜆 (𝜆 = 𝑢, V, 𝑤) in (54) are

Ñ𝑢 = 𝑅𝐻2 𝑄11Ñ1 + 𝐻2𝑅𝑄12Ñ2 + 𝐻𝑅 𝐺Ñ3,
ÑV = 𝐻2 𝑄12Ñ4 + 𝐻2𝑅2𝑄22Ñ5 + 𝐻𝐺Ñ6,
Ñ𝑤 = 𝑅𝐻𝑄112 Ñ7 + 𝐻𝑄222𝑅3 Ñ8 + (𝐻𝑄122𝑅 + 𝐻𝐺𝑅 ) Ñ9

+ 𝑅𝐻𝑄11Ñ10 + 𝐻𝑄12Ñ11 + 𝐻𝑄122 Ñ12

+ 𝐻𝑄12Ñ13 + 𝐻𝑄12 1𝑅 Ñ14 + 𝐻𝑅2𝑄22Ñ15
+ 𝐻2𝑅2𝑄22Ñ16 + 𝐻𝑅2𝑄22Ñ17 + 𝐻𝑅 𝐺Ñ18
+ 𝐻𝐺Ñ19,

(C.1)
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and

Ñ1 = 1𝐿2 ∫
2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜉 𝜂 (𝑡)]

2 [𝜕U (𝑥, 𝜃)𝜕𝜉 ]T

⋅ 𝛼𝑚𝑛 d𝜉 d𝜃
Ñ2 = ∫2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜃 𝜂 (𝑡)]

2 [𝜕U (𝑥, 𝜃)𝜕𝜉 ]T

⋅ 𝛼𝑚𝑛 d𝜉 d𝜃
Ñ3 = ∫2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜉 𝜂 (𝑡)] [𝜕W (𝑥, 𝜃)𝜕𝜃 𝜂 (𝑡)]

⋅ [𝜕U (𝑥, 𝜃)𝜕𝜃 ]T 𝛼𝑚𝑛 d𝜉 d𝜃
Ñ4 = 1𝐿 ∫

2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜉 𝜂 (𝑡)]

2 [𝜕V (𝑥, 𝜃)𝜕𝜃 ]T

⋅ 𝛽𝑚𝑛 d𝜉 d𝜃
Ñ5 = 𝐿∫2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜃 𝜂 (𝑡)]

2 [𝜕V (𝑥, 𝜃)𝜕𝜃 ]T

⋅ 𝛽𝑚𝑛 d𝜉 d𝜃
Ñ6 = 1𝐿 ∫

2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜉 𝜂 (𝑡)] [𝜕W (𝑥, 𝜃)𝜕𝜃 𝜂 (𝑡)]

⋅ [𝜕V (𝑥, 𝜃)𝜕𝜉 ]T 𝛽𝑚𝑛 d𝜉 d𝜃
Ñ7 = 1𝐿3 ∫

2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜉 𝜂 (𝑡)]

3

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜉 ]T d𝜉 d𝜃
Ñ8 = 𝐿∫2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜃 𝜂 (𝑡)]

3

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜃 ]T d𝜉 d𝜃
Ñ9 = 1𝐿 ∫

2𝜋

0
∫1
0
{𝜕W (𝑥, 𝜃)𝜕𝜃 𝜂 (𝑡) [𝜕W (𝑥, 𝜃)𝜕𝜉 𝜂 (𝑡)]

2

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜃 ]T + 𝜕W (𝑥, 𝜃)𝜕𝜉 𝜂 (𝑡)
⋅ [𝜕W (𝑥, 𝜃)𝜕𝜃 𝜂 (𝑡)]

2 [𝜕W (𝑥, 𝜃)𝜕𝜉 ]T} d𝜉 d𝜃
Ñ10 = 1𝐿2 ∫

2𝜋

0
∫1
0
[𝜕U (𝑥, 𝜃)𝜕𝜉 𝛼𝑚𝑛𝜂 (𝑡)] [𝜕W (𝑥, 𝜃)𝜕𝜉

⋅ 𝜂 (𝑡)] [𝜕W (𝑥, 𝜃)𝜕𝜉 ]T d𝜉 d𝜃

Ñ11 = 1L ∫
2𝜋

0
∫1
0
[𝜕V (𝑥, 𝜃)𝜕𝜃 𝛽𝑚𝑛𝜂 (𝑡)] [𝜕W (𝑥, 𝜃)𝜕𝜉 ]T

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜉 ]𝜂 (𝑡) d𝜉d𝜃
Ñ12 = 1𝐿 ∫

2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜉 𝜂 (𝑡)]

2

WT (𝑥, 𝜃) d𝜉 d𝜃
Ñ13 = 1𝐿 ∫

2𝜋

0
∫1
0
[W (𝑥, 𝜃) 𝜂 (𝑡)] [𝜕W (𝑥, 𝜃)𝜕𝜉 ]T

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜉 ]𝜂 (𝑡) d𝜉d𝜃
Ñ14 = ∫2𝜋

0
∫1
0
[𝜕U (𝑥, 𝜃)𝜕𝜉 𝛼𝑚𝑛𝜂 (𝑡)] [𝜕W (𝑥, 𝜃)𝜕𝜃 ]T

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜃 ]𝜂 (𝑡) d𝜉d𝜃
Ñ15 = L∫2𝜋

0
∫1
0
[𝜕V (𝑥, 𝜃)𝜕𝜃 𝛽𝑚𝑛𝜂 (𝑡)] [𝜕W (𝑥, 𝜃)𝜕𝜃 ]T

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜃 ]𝜂 (𝑡) d𝜉d𝜃
Ñ16 = L∫2𝜋

0
∫1
0
[𝜕W (𝑥, 𝜃)𝜕𝜃 𝜂 (𝑡)]

2

WT (𝑥, 𝜃) d𝜉d𝜃
Ñ17 = L∫2𝜋

0
∫1
0
[W (𝑥, 𝜃) 𝜂 (𝑡)] [𝜕W (𝑥, 𝜃)𝜕𝜃 ]T

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜃 ]𝜂 (𝑡) d𝜉d𝜃
Ñ18 = ∫2𝜋

0
∫1
0
[𝜕U (𝑥, 𝜃)𝜕𝜃 𝛼𝑚𝑛𝜂 (𝑡)] {[𝜕W (𝑥, 𝜃)𝜕𝜃 ]T

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜉 ] + [𝜕W (𝑥, 𝜃)𝜕𝜉 ]T [𝜕W (𝑥, 𝜃)𝜕𝜃 ]}
⋅ 𝜂 (𝑡) d𝜉 d𝜃

Ñ19 = 1L ∫
2𝜋

0
∫1
0
[𝜕V (𝑥, 𝜃)𝜕𝜉 𝛽𝑚𝑛𝜂 (𝑡)]

⋅ {[𝜕W (𝑥, 𝜃)𝜕𝜃 ]T [𝜕W (𝑥, 𝜃)𝜕𝜉 ] + [𝜕W (𝑥, 𝜃)𝜕𝜉 ]T

⋅ [𝜕W (𝑥, 𝜃)𝜕𝜃 ]} 𝜂 (𝑡) d𝜉 d𝜃
(C.2)
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[40] P. B. Gonçalves, F. M. A. Silva, and Z. J. G. N. Del Prado, “Low-
dimensional models for the nonlinear vibration analysis of
cylindrical shells based on a perturbation procedure and proper
orthogonal decomposition,” Journal of Sound andVibration, vol.
315, no. 3, pp. 641–663, 2008.

[41] Y. Wang, X. Guo, H. Chang, and H. Li, “Nonlinear dynamic
response of rotating circular cylindrical shells with precession
of vibrating shape—Part I: Numerical solution,” International
Journal of Mechanical Sciences, vol. 52, no. 9, pp. 1217–1224, 2010.

[42] Y. Wang, X. Guo, H. Chang, and H. Li, “Nonlinear dynamic
response of rotating circular cylindrical shells with precession
of vibrating shape—Part II: Approximate analytical solution,”
International Journal of Mechanical Sciences, vol. 52, no. 9, pp.
1208–1216, 2010.

[43] Y. Q. Wang, “Nonlinear vibration of a rotating laminated
composite circular cylindrical shell: traveling wave vibration,”
Nonlinear Dynamics, vol. 77, no. 4, pp. 1693–1707, 2014.

[44] Y. Liu and F. Chu, “Nonlinear vibrations of rotating thin circular
cylindrical shell,” Nonlinear Dynamics, vol. 67, no. 2, pp. 1467–
1479, 2012.

[45] Q. Han, Z. Qin, J. Zhao, and F. Chu, “Parametric instability
of cylindrical thin shell with periodic rotating speeds,” Inter-
national Journal of Non-Linear Mechanics, vol. 57, pp. 201–207,
2013.

[46] S. Sun, L. Liu, andD. Cao, “Nonlinear travelling wave vibrations
of a rotating thin cylindrical shell,” Journal of Sound and
Vibration, vol. 431, pp. 122–136, 2018.



Hindawi
www.hindawi.com Volume 2018

Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Problems 
in Engineering

Applied Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Probability and Statistics
Hindawi
www.hindawi.com Volume 2018

Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi
www.hindawi.com Volume 2018

Optimization
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Engineering  
 Mathematics

International Journal of

Hindawi
www.hindawi.com Volume 2018

Operations Research
Advances in

Journal of

Hindawi
www.hindawi.com Volume 2018

Function Spaces
Abstract and 
Applied Analysis
Hindawi
www.hindawi.com Volume 2018

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi
www.hindawi.com Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Hindawi
www.hindawi.com Volume 2018Volume 2018

Numerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical Analysis
Advances inAdvances in Discrete Dynamics in 

Nature and Society
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

Di�erential Equations
International Journal of

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Decision Sciences
Advances in

Hindawi
www.hindawi.com Volume 2018

Analysis
International Journal of

Hindawi
www.hindawi.com Volume 2018

Stochastic Analysis
International Journal of

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

