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Rubinstein bargaining game is extended to incorporate loss aversion, where the initial reference points are not zero. Under the
assumption that the highest rejected proposal of the opponent last periods is regarded as the associated reference point, we
investigate the effect of loss aversion and initial reference points on subgame perfect equilibrium. Firstly, a subgame perfect
equilibrium is constructed. And its uniqueness is shown. Furthermore, we analyze this equilibrium with respect to initial reference
points, loss aversion coefficients, and discount factor. It is shown that one benefits from his opponent’s loss aversion coefficient and
his own initial reference point and is hurt by loss aversion coefficient of himself and the opponents initial reference point. Moreover,
it is found that, for a player who has a higher level of loss aversion than the other, although this player has a higher initial reference
point than the opponent, this player can(not) obtain a high share of the pie if the level of loss aversion of this player is sufficiently
low (high). Finally, a relation with asymmetric Nash bargaining is established, where player’s bargaining power is negatively related
to his own loss aversion and the initial reference point of the other and positively related to loss aversion of the opponent and his

own initial reference point.

1. Introduction

A large number of experimental literature pieces on bar-
gaining explore the nature of agreements and disagreements
and the dynamics of bargaining. There are two critical
conclusions: firstly, in real bargaining problem, bargaining is
a gradual process and the agreements can be reached after
many periods. Secondly, there is a strictly positive probability
of disagreement. For the classical bargaining problem of
dividing a pie, whose size is one unit, between two bargainers,
Rubinstein [1] assumed that preferences of bargainers are
time dependent. In many bargaining situations, however, the
assumption may be violated and the share finally obtained by
a bargainer may depend on the history of alternating offers
made so far. In particular, the phenomenon of loss aversion
in bargaining problems is pointed out by Driesen et al. [2] as
follows: a share of x% is evaluated less if a share of y% with
y > x has been within reach at an earlier stage of the game.
Kahneman and Tversky [3] first proposed loss aver-
sion. As the most striking result of the investigation of

reference-dependent utility functions, loss aversion is applied
to lots of applications with fixed reference point [4, 5]. For
the situation of loss aversion where the reference points are
fixed, we can regard it as a special case of risk aversion.
Roth [6] investigated the impact of risk aversion on the
classical Rubinstein alternating offers bargaining model in the
context of full rationality of bargainers. However, in many
applications, it is likely that a loss depends on history of the
bargaining. That is, the reference points are endogenous [7].
Shalev [8] considered objective discount and loss aversion
and obtained the unique subgame perfect equilibrium (SPE)
of the Rubinstein bargaining with the transformed discount
factors. Compte and Jehiel [9] assumed that a new bargaining
phase begins at a fixed cost if a breakdown of the bargaining
occurs. In each new bargaining phase, the reference points
can be adjusted and the highest offer received over the process
of bargaining and the first mover is chosen from the two
agents at random with probability 1/2. Li [10] assumed that
a player would rather reject any share that is less than the
highest offer in the past and found a unique subgame perfect
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equilibrium. Schwartz and Wen [11] assumed that a proposal
of a bargainer made to the other cannot be less than a
proposal made to that player. Hyndman [12] assumed that
a bargainer with reference dependent preferences prefers his
current reference point to impasse to consuming below their
current reference points. Closer to this paper is Driesen et
al. [2]; they investigated the impact of loss aversion on the
Rubinstein bargaining game based on the assumption that the
initial reference points are zero and one’s reference point in
the process of bargaining is regarded as the highest rejected
offer of his opponent last rounds of bargaining. Although it
is reasonable that the reference points at the beginning of
bargaining are zero in a lot of instances, it may be essential
that the reference points at the beginning of bargaining
are not zero in others. For example, a player may transfer
his expectations derived from previous opponents when he
enters into a new bargaining situation with another player.
Thus, how to investigate the impact of loss aversion and the
initial reference points on the classical Rubinstein bargaining
game is a valuable topic and also the objective of this paper.
We adopt the model of loss aversion proposed by Shalev
(13]. In Shalev’s model, a player’s preference is modeled by
the following elements: basic utility function of decision-
maker, loss aversion coeflicient, and reference point. The
outcomes that are less than some reference point are regarded
as losses. And the corresponding values of utilities are scaled
down by loss aversion parameter. A number of applications
are consistent with Shalev’s model of loss version. The basic
assumption of Shalev’s model is that the loss aversion coef-
ficient is regarded as a constant parameter, which makes the
model be easily used. The loss aversion coeflicient is constant
in the following two different aspects: first, for the utility of
an outcome that is less than the reference outcome, it can
be obtained from the basic utility by subtracting a disutility,
which is obtained from the size of the loss multiplied by a
parameter — loss aversion coeflicient. Second, the parameter
is constant across different reference points; that is, the loss
aversion coefficient does not depend on reference point [14].
In this paper, we extend the analysis of the Rubinstein
bargaining game to incorporate loss aversion and reference
dependence, where the initial reference points are not zero.
We assume that a bargainer’s reference point in the bargaining
process is equal to the highest rejected offer of his opponent
that is higher than his own initial reference point, since it can
be regarded as the share that could have been obtained so far.
A simple modification of the Rubinstein bargaining game can
be transformed into a new bargaining game with loss aversion
and reference dependence through changed reference points,
which depends on the history of bargaining. In our model,
subgames depend not only on the initial reference points,
but also on the impact the history of bargaining has on
preferences, which leads to much more complications to
analyzing the characterization of SPE. On the other hand, for
Rubinstein bargaining game with loss aversion and reference
dependence, where the initial reference points are not zero
and the discount factor is regarded as the probability of
entering a new phase of bargaining after rejecting a proposal
of a player, we construct the unique subgame perfect equi-
librium (SPE), and its features are shown. Finally, we analyze
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the impact of loss aversion coeflicients and the discounting
factor (or the probability of continuation) on subgame perfect
equilibrium.

The remainder of the present paper is organized as fol-
lows. After preliminaries in Section 2, we define the SPE in the
Rubinstein bargaining model with loss aversion, construct
a SPE, and concern uniqueness of the SPE in Section 3. In
Section 4, we discuss convergence of the subgame perfect
equilibrium for the probability of continuation. In Section 5,
conclusion is given.

2. Preliminaries

2.1. Rubinstein Bargaining Model. Player 1 and player 2 have
to reach an agreement on how to divide one unit of a pie. The
set of all possible partitions is denoted by

Z = {(zl,zz) ER |z +2,=1, 2,2, > 0}. (1)

Bargaining occurs at times t € T' = {1,2,...}. For simplicity,
the set of odd moments is denoted by T, == {1,3,...... }and
the set of even moments is denoted by T,,,,, = {2,4,...... 1.
At odd moments, player 1 offers (z,, z,) € Z and this proposal
is accepted (Y) or rejected (N) by player 2. At even moments,
for players 1 and 2, their roles are reversed. We assume that
the history of bargaining is common knowledge; that is, one
knows all previous offers at any moment ¢ € T, including
his own and those of his opponent. If players accept the
proposal (z;,z,), then player i (i = 1,2) obtains z; and the
bargaining ends. If a proposal offered by player i is rejected by
his opponent, then the bargaining continues to a new phase
with probability 0 < § < 1 and ends in probability 1 — J.
For the latter case, it means that the bargaining game ends in
disagreement; that is, players obtain the shares (1), rJ), where
7 and rJ represent the initial reference points of players.

For each odd moment, a strategy f played by player 1
specifies a proposal in Z that depends on the history of the
bargaining so far; on the other hand, for each even moment, a
decision Y or N is made, where this decision not only depends
on the proposal at the current phase but also on the history
of bargaining. Similarly, player 2 plays a strategy g, with the
roles for moments t € T, 44 and t € T, are reversed.

At time t € T, the history of the bargaining is denoted
by h', which is defined as a vector of proposals of bargainers.
Specifically, i = (z',27%...,2"), where z° € Z forall s < t.
Furthermore, at time t € T, all possible histories 4’ are
denoted by H' in the bargaining game. That is, H' = [[._, Z,
let H” := (h°), where K is an empty history.

Let F be strategy set of player 1, denoted by sequences of
functions (f'),c; where fort = 1: f* € Z, fort > 1 and
t €Ty fH' — Zandfort € T,,,: f': H — {Y,N},
and let G be strategies of player 2, denoted by sequences of
functions (g'),c; where for t € T,,;: g H — {Y,N}
and for t € T,,,: g": H' — Z. An agreement path is
denoted by (h',a), which is a history h* € H' ending in
agreement at time . All time ¢ agreement paths are denoted
by A" = {(h',a) | h' € H'}. The set A := |J,.; A contains
all histories that end in agreement. Similarly, a disagreement
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path is denoted as (h', d), which means that a history W eH'
ends in disagreement at time t. D' = {(W,d) | i e H}
contains all time ¢ disagreement paths. D = | J,.; D' contains
all histories ending in disagreement. All objects of (', c)
are denoted by the set C'; that is, histories do not end at
moment . On the other hand, we define H® = {(z',2%,...) |
z' € Zforallt € T}. The elements of H*™ are defined as
infinite paths. Therefore, the set that contains all paths of the
bargaining game can be denoted by H := H* U A U D. Note
that a set of paths in H is determined by a strategy profile
(f,9) € F x G. In particular, if an agreement at time ¢ is
reached when players play (f, g), the set of paths associated
with (f, g) not only contains t — 1 paths in the set D but also
contains one in the set A. If an agreement is never reached
when (f, g) is played, then the set only contains paths in D.

The function&; .= H\H® — [r?, 1] is introduced, which
is used to specify the share that player i (i = 1,2) obtains
for each finite path in H. Specifically, for all h' € H', h =
(z',2%,...,2"), we have that &(h', a) = 2} and &, (H',d) = 17,
where r? is the initial reference point of player i.

2.2. Loss Aversion. Kahneman and Tversky [3] first proposed
loss aversion; its central assumption is that gains are smaller
than losses. For instance, the decrease in utility of loss of
10 dollars if one has 100 dollars is larger than the increase
in utility of gain of 10 dollars if one has 90 dollars. Shalev
[13] proposed another model of loss aversion to measure this.
In Shalev’s model, loss aversion of each player i (i = 1,2)
is characterized by loss aversion coefficient A;, where A; is
nonnegative. And let 7; be a reference point of player i. The
utility function is given by the following transformation:

zZ; ifz.>r;
w; (2 Ap17) = l f o )
zi-M(ri-z) ifz <

or, equivalently,
w; (z;, A1) = (1+ ;) z; — A; max {r;, z;} 3)

If the outcomes that are less than reference point are regarded
as losses, then the values of utilities are scaled down by A,. If
the values of the payoffs are higher than that of the reference
point, then the payoffs are left unchanged.

In a number of applications, the reference points are
usually given exogenously, which sidesteps the important
question of the significance of the reference points. Thus,
the fact that players’ reference points are endogenous is the
motivation for this paper.

3. Equilibrium in the Rubinstein Bargaining
Game with Loss Aversion

At time t, all the proposals made to a player by his opponent
so far, possibly including the proposal at time t, specify all the
shares that this player could have obtained up to the current
time . Thus, the maximum of those shares can be regarded as
the reference point of this player, since the maximum of those
shares represents what this player could have obtained: shares

below this reference point represent losses and their utilities
are evaluated by (3).

For real bargaining problems, a player may transfer
his expectations derived from previous opponents when he
enters into a new bargaining situation with another player.
For such situations, it is more appropriate that the initial
reference points of players are not equal to zero. However, if
player i starts the bargaining by offering an equal split (1/2,
1/2) to his opponent, there is a risk that — if breakdown
occurs and a new bargaining phrase starts — the reference
point of his opponent switches to a new value that it is larger
than the initial value 1/2 [9]. Thus, let r(l) and rg be the initial
reference points of players 1 and 2, where r(l), rg € (0,1/2).
At any moment t > 1, the reference point of player 1 is

ri = max{r?,zi | s = 2,4,...... < t} and the reference
point of player 2 is r{ = max{rd,z5 | s = 1,3,...... <
t}, if z,2%,...,2" € Z are the offers made up to time t.

Thus, the Rubinstein bargaining game that is extended to
incorporate loss aversion and reference dependence is not
history independent anymore.

For player i, the utility functions for agreement
paths and disagreement paths are defined as
ui(ht,a) = wi(fi(h‘,a), ri(h‘),Ai,r?) and ui(ht,d) =
w; (&0, d),r,(h), A;, 7)), respectively. In H®, the utility
evaluation of player i is defined as u; = —A; forallh € H®,
which means that the utility of perpetual disagreement is
-A;

LetU; : F x G — R be the expected utility function
and the strategy profile (f,g) € F x G be played from the
moment ¢ € T, where t is the moment up until the history is
known. Then (f | W, gl K is played at moment ¢ + 1 and
U,(f | K, g | h') is defined as the expected utility of player i
at time t if (f, g) € F x G is played.

Definition 1. The strategy profile (f, g) is called a SPE if, for
everyt € T and every i’ € H', it satisfies the following two
conditions:

Uy (fIH,gIH)2U (FIK,gIK) Vf (4

and

U,(fIH,gIB)2U,(fIKH,G1H) Vg )

3.1. Constructing Equilibrium. In this subsection, we con-
struct a SPE for the Rubinstein bargaining game with loss
aversion and reference dependence, where the initial refer-
ence points are not zero. Players’ strategies in the SPE are
stationary Markov strategies: both proposals and decisions of
acceptance or rejection depend only on the initial reference
points and the current reference points. The SPE in this paper
still satisfy the following two characteristics that share with
SPE in the classical bargaining game proposed by Rubinstein:
(i) every proposal in equilibrium is immediately accepted;
and (ii) for the decision of acceptance or rejection, players
are always indifferent in equilibrium. In our model, a SPE is
constructed based on the assumption that a player’s proposal
should make the other one indifferent between this proposal
and his own proposal in the next phrase.



Att € T,,,, player 1 offers x € Z. We assume that player 2
offers y € Z at momentt+1 and this proposal will be accepted
by his opponent if the proposal x is rejected. Let rJ be the
initial reference point of player 2 and let r, be a reference point
of player 2 at time ¢ — 1. If x is accepted by player 2, then we
have

(1+21,) (x2 - rg) -\, max {r2 —rg,x2 - rg}
> 8((1 +A,) (y2 —rg)

—/\zmax{yz—rg,max{rz —rg,xz—rg}}) -a

(6)

0 0
—6) A, max {r2 — 1y X, — rz}

which means that player 2 should estimate the proposal x at
moment ¢ at least as high as the proposal of himself y at the
time ¢ + 1 after rejecting x. Similarly, we can give another
inequality at even moments as follows:

(1+4)) (J’1 - ”(1)) A max{rl - r?’)ﬁ - ”(1)}
>0 ((1 +1) (x1 - ”(1))

— A, max {x1 - r?,max {r1 - r?,yl - r?}}) -1

7)

—-8) A, max {rl - r?,y1 - ’"(1)}

The equilibrium can be constructed by assuming the
inequalities (6) and (7) to be equalities. Let y; = 1+ A; (1 -6)

4 Complexity
T, A
Xii.
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0 0 7
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F1GURE 1: The partition X ,...... » X511 X4» where X, represents the set of the initial reference points.

fori = 1, 2. It follows from (6) with equality that we can obtain
the following three cases:

Dy >y, >x,:8(yy —19) = (x, — ).

(D) yy 21y > x5 : 8(y,—19) = (1+A,) (3, —10) =8N, (1, —
rg ).

() y, > x, 215 : 8(y, = 19) = py (x5 — 7).

Similarly, we can obtain the following three cases from (7)
with equality

W)y > x> 800, —19) = (3, — 1)),

@) x; 21, > ;200 —1)) = (1+A)(y; =10 =X, (r, -
rf).

(3) x; >y =1y 280, —19) = py (yy — 1),

For reference points of players, we can obtain a partition
of [r),1] (i = 1,2) of all possible pairs (r;,r,) into nine sets
by combining these equations (see Figure 1). In Figure 1, these
sets are denoted by X, ,..., X; 1, X, where X, represents
the set of the initial reference points.

Therefore, the nine sets are formally described. All asso-
ciated equilibrium proposals are given as follows.

® Region 1,1

0 1 61’0
Xl,I = {(rl,rz),r,» € [Ti’l] | ry > m + 1+18

(8)

rg . 1 rf 61"2)
,T - +
14827148 1+6 146
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The equilibrium proposals in X ; are shown as follows:

LI

x
_ 1+8r?_rg 8_8r?+r3'
1+ 148 1+81+8 146 1+8)°
%)
1
Y
_ 6+r?_8r3 1_r?+6r2
1+ 148 1+81+8 1+6 1+86
@ Region 1, I1I
1+A
Xim = {(71)7’2)”’1' € [”?> 1] | r > m
0 0
or) (1+A,)r, (10)

1+A,+06 1+/\2+8’r2_ 1+, +8

~ or) +(1+/\2)r3
1+A,+8 1+A,+6

The equilibrium proposals in X j;; are shown as follows:

REL 1+1, + or
1+A,+8 1+A,+0

(1+2A,)7) ) or)
1+A, +8 1+A,+8 1+A,+6

+(1+}t2)r§)

>

1+A,+0
. (11)
LII _ 5(1+Az)+ taly
144, +8 1+A,+6
_8(1+A2)r3 1+4,(1-9) par)
1+, +8 7 1+A,+8  1+1,+8
+8(1+A2)r3
1+A,+8
® Region 3,1
X5 = (r,r),re[rp,l]lr S—6
3,1 112 i i 1 1+A1+8
. (1+Ay)7) - 8r) 1+4, 1)

1+A, +6 1+)\1+8’r2> 1+A, +6

(1+A)r or)
1+A,+9 " 1+A,+9

5
The equilibrium proposals in X ; are shown as follows:
A 1+/\1(1-5)+6(1+/\1)r$
- 1+A,+8 1+A,+8
(1+A,(1-8)r) 6(1+A) 8(1+A)r
1+A, +8 "1+A,+8 1+A,+8
+(1+A1(1—5))r§ '
1+A, +6 ’
(13)
31 _ g +(1+)‘1)r?
4 1+A,+8 1+A,+6
0 1+, (1+Apr
1+A, +8 1+A,+8 1+A, +6
60
+ "
1+A1+6)
® Region 3, I11
S (4 = 9)
Xsm = ‘l(rl’rz))ri € [’"?’ 1] lr < m
+‘u2r?(‘u1—8)_8r§(y2—6) S (p - 9) (14)

thphy, — 67 thphy — 67 2T thhy — 67

O =9) s (- 9) }
thphy — 67 i, — 67

The equilibrium proposals in X j; are shown as follows:

PN (M (1, - 0) + 8”? (- 6)
ik — 82 Wik — 82

Cwny (e =98) S -9) or(m -9)

iy =0 iy =8y — 8
, 2 (1= 9) )
thph — 8*
o (15)
ys,m _ (5(.‘42 -9) + 28! (1, - 9)
tpy — 6 thhy — 67

_ ory (= 8) ty (41 —9) B wory (1 = 9)
it =8y =82 iy — 8
+ 81’(2) (1~ 8))
thphy — 62




(® Region 1, I

Xin = {(”1)”2)»"1‘ € [rio’l] |7y

L =0)+80,(1-1r) 8(1-9n
1+, -8 1+, -8
(16)
(X)) -9r s o
1+A,-8% " 14+A,+8 1+A,+6
(1+A,)7) cr < 1 r . 8r) .
1+A,+9 1+6 146 1+90

The equilibrium proposals in X j; are shown as follows:

s5(1-8)r°
1+A,-6°

R (= 8) +0A, (1 -13)
1+A,-6°

(14 A)(1-8)1) §(1-0)+8M,r,

1+A,-8% ° 1+A,-82
8(1—6)r?+(1+12)(1—8)r§) ‘
1+, - &2 1+, - &2 ’
yl,Hz (4, = 0) +6°2,(1-1,) (17)
1+, 6%
+(1+A2)(1—8)rf
1+A, -8
S(1+A,)(1-8)r) (up—8) +8*A,1,
1+, -6 1+, -8
_(1+A2)(1—8)r‘f+6(1+/\2)(1—6)r§
1+, -8% 1+, 6%
(® Region 3, I1
Xan = {(7’1»”2)”'1' € [r?, 1] |1y
S =8+ 1,8(1-1,))  (1+4,) (-8}
w(1+1y) -8 m(1+2;) - ¢
S -8)ry 8(w-9) or)(w-9) (18)
pr(L+2;) =82 i, - 8° iy — 6°
(T 1+ A,)r)
+!41"z(!42 ) < 1+ (1+A)r)

2

fy py — 62 1+A,+8 1+4,+0

(Srg
+ — .
1+A,+6
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The equilibrium proposals in X j; are shown as follows:

JENI O th (1 =8+ 1,8 (1 -13))
w (1+1,) -8

5(!41 _8) 7(1]
t (1+4,) -6

t (4, — 8) 7’3 O (uy — 6+ Ayryuy)
i (L+2;) =8 py (1+1,) -8

) L A (L
p(L+2;) =8 p(1+2,)-8°
(19)
30 _ 8(u-0+1,0(1-1))
g p (1+21,) -6
(L+4) (- 8)ry
p (1+21,) -8
_ S(up=8)ry  (L+Ay) (4 —8) + 1,8°r,
p (1+2,) =6 w (1+21,) -8
)-8 S -8)ry
w (1+21,) -6 i (1+1,) -6
@ Region 2, I
)
0
XZ,I = {(rl,rz),ri € [ri,l] | m
0 0 0
(L+A)r  on cr < L or)
1+A, 46 1+A,+6 1+ 146
. (20)
2, >(.“1_5)+5/\1(1_’"1)
1+62 1+, - 62

(1=-8)Q+A)r) s1-8)r
1+, — &2 1+A, =682
The equilibrium proposals in X, ; are shown as follows:

L (1 =8)+8Ar, S(1=-8)(1+A;)r)
S G > 1+, -0

(1+1,)( —5)”3 3 (4 - 9) +82/\1 (1-r)

1+, -6 1+, - &2
S(1-8(1+A)ry (1+1)(1-8)r\
T VT R R R > )
(21)
(-8 +8Nr, (1-8)(1+A)r
_( 1+, -8 1+A, -8

SA-8)r) (u-8)+8A (1-r)
1+, -6 1+, - &2

8(1—8)1‘3
1+A,-6%)°

(1=8)(1+A,)r)
1+A; —62
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Region 2, IIT

8 (1, - 9)
X, o= 1), 7 0 g 222~
2,111 {(71 1)1 € [”z ] | pthy —
+!42”? (n —25)_6”3 ) <r < 1+4,
Hipy =96 thip — 67 1+A,+6
or? - (1+)L2)rg’r2 (22)
1+A,+8 14,46

< S(m-0+A1,0(1-1)) B & (i = 8)r)
i (1+2,) -8 o (1+4,) -6

+ (142_5)(1*'/\1)7’3]>
i (1+1,)-82

The equilibrium proposals in X, j;; are shown as follows:

K2 (= 0)(1+1,)+ 82)L1r1
ty (1+2,) -6

8 (i _5)"?
py (1+A4,)-82

(m,—-0)(1 +/\1)”g 8y —8+21,6(1-1))
o (1+1,) -6 o (1+1,) -8

_ Om-9)r (-8 (1+A)n
w(1+1)=8  p(1+1,)-8

210 _ O (py — 6+ Ayrypy)
t (1+1,) -8

; (23)

0

ty (1, = 9) 5t
t (1+1,) -8

py (4 =0+ 1,8 (1—-1y))
t (1+1,) -6

5(.“2_8)”3
(1 +/\1)_82,

Y R L I (P L
(1+1)=8% w(1+1,)-82

® Region 2, II

For the set X,y;, its boundaries are described by the
neighboring sets’ boundaries. The equilibrium proposals in
X, 1 are shown as follows:

eI (L+A) (g =0+, (1-1,)) + 52A1r1
(1+1))(1+2,) -8

S1-8)(1+A,)r
U)o

(1-8)(1+A,)(1+A,)rd
(1+2,)(1+A,)-82 "~

S —0+28(1—-r)+A, (1+A))r,)
(1+A))(1+21,) -8

SA-8)(1+A,)r
C(1+A)(1+A,) -8

(1—5)(1+A1)(1+/\2)r3)
(T+24))(1+21,)-62

>

210 _ O(py =0+ A,8(1—1) + A (1+A,)r))
4 (1+A,)(1+A,) -0

(1-8)(1+A,)(1+A,)r?
(T+A,)(1+2,)-8?

- 8(1-8)(1+A,)r)
(1+A;)(1+A,) -6

(L+2,) (=8 + 2,8 (1=71)) +8°Ayry
(1+A))(1+2,)-8?

(1=8)(1+A)(1+A,)r?
O (1+A)(1+1,) -8

S(1-8)(1+A,)r) )
T A) A, -0 )
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In the set X |, the equilibrium proposals are independent
of loss aversion coefficients. If r{ = rJ = 0, we can obtain
the classical Rubinstein equilibrium proposals x = (1/(1 +
0),8/(1 +6)); y = (6/(1 +9),1/(1 + J)). Moreover, ifr? =
7 = 0, we can obtain the equilibrium proposals of Driesen et
al. [2] in the sets X , ..., X3y, respectively.

The equilibrium proposals in the sets X, ;;, X3, and
Xy depend on the initial reference points but not on r,
and r,. The equilibrium proposals in the sets X, ;; and X3y
depend on the initial reference points and the referent points
r, but not on the referent points r,. In the sets X,; and
X, 111> the associated equilibrium proposals depend on the
initial reference points and player I’s referent points r; but
not on player 2’ referent points r,. In the set X,y the
associated equilibrium proposals not only depend on the
initial reference points but also the referent points r, and .

3.2. Subgame Perfect Equilibrium and Its Uniqueness. To find

a SPE, the strategies f and g, which are the strategies of
players 1 and 2, are defined according to the sets X, and
the proposals x” and y“, where w € {1,1,...,3,III}. At any
time t € T4, for player 1, take the (unique) X, containing
reference point (r,, r,) for any (r,, r,) with r; > r?, r, > rg :
then the corresponding proposal x“ is made by player 1. At
any time t € T,,,, and for any (r,,r,) with r; > r?, ry, =13,
take again the relevant set X : then a proposal z is accepted
by player 1if and only if z; > y{’. Similarly, the strategy g for

player 2 can be defined.



Theorem 2. The strategy profile (f, §) is a SPE; the outcome
of the game is

301 (P‘l (142 - 5) 5”? (//‘1 - 6)
X - 2 2
iy =6 iy =6
R -98) 8 =8 -9
ity =8, — 82 iy — 8
/4172 (4, - 8) )
+ 0.
i — 0
Proof. See Appendix A. O

Obviously, the outcome in Theorem 2 depends on the
initial reference points of players but not on the reference
points r; and r,. It is interesting to note that it is a SPE
introduced by Driesen et al. [2] if r) = 7§ = 0; i.e., (y (s —
O)/(pypy — &%), Sy, —0)/(pypy — 8%)) is the SPE in Driesen et
al’s [2] result, which is independent of the reference points.

For the situation where players have the same level of
loss aversion, ie, A == A; = A, > 0, another interesting
observation is that there exist the following cases.

(i) The initial reference points are equal but not zero, i.e.,

r= ”(1) = r‘z) > 0. In this case, the outcome is

((M—(M—‘S)T) (5+(#—6)r)>
(u+0) 7~ (w+d) )

where y =y, = u,.

Sincepp =& = (1 + A)(1 = &) > 0, we have §/(u + 8) +
(u=0)r/(u+68)>3/(u+9),and §/(u + 8) is player 2’s share
in Driesen et al’s [2] outcome. Thus, player 2 (the player who
does not start proposing) benefits from the initial reference
points.

Similarly, since u/(p+68)—(u—8)r/(u+0) < p/(u+95),and
p/(u + 0) is payoff of player 1 in Driesen et al’s [2] outcome,
player 1suffers loss because of existing initial reference points.

(ii) The initial reference points of players are not equal;
there exist the following three different cases.

If 8r) = ur), then the outcome of the game is (u/(p +
0),8/(u + 8)), which is the outcome of Driesen et al’s [2]
game. This implies that players do not benefit from the initial
reference points compared to Driesen et al’s [2] case.

If 61'(1) < yrg, then the outcome is ((¢ + 87’? - yrg)/(y +
9),(6- Sr(l) + ‘urg)/(y +0)), which means that p/(p+6) > (u+
Sr?—ptrg)/((ﬁ(s); (8—8r?+yr§)/(;¢+8) > §/(u+6). Compared
to Driesen et al’s [2] case, player 1, who starts proposing, has
a disadvantage and player 2, who does not start proposing,
has an advantage. In other words, player 2 (the player who
does not start proposing) benefits from the initial reference
points and player 1, who starts proposing, suffers loss because
of existing initial reference points.

If Sr? > yrg, then pu/(u +6) < (u+ 51’(1) - ptrg)/(y + 9)
and (6 — 6r? + yrg)/(y +6) < &/(u + 0). Player 1, who starts
proposing, has an advantage and player 2, who does not start
proposing, has a disadvantage compared to Driesen et al’s [2]
case. In other words, player 1, who starts proposing, benefits

(26)
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from his own initial reference points and player 2 (the player
who does not start proposing) suffers loss because of existing
initial reference points.

Finally, it is important to note that proposals can never
be below the reference points on the equilibrium path. For
example, if a proposal of player 1 would be below his own
reference points, then player 1 has made a higher proposal
last phases and so he would improve his payoff by accepting
the higher proposal.

Now, we show that the subgame perfect equilibrium is
unique. For the strategy profile (f, g), it satisfies the following
three conditions:

(I) The strategies f and g are stationary Markov strategies.
At each time t € T, the proposal prescribed by f does not
depend on time but on the reference points at time ¢ and the
initial reference point, and at each time t € T,,,,, the Y/N
decision prescribed by f depends on the proposal of player 2,
the reference points at time t, and the initial reference point.
Similarly, the strategy g for player 2 can be described.

(II) Immediate acceptance: According to f, player 1
makes any proposal that is accepted by his opponent accord-
ing to g, and conversely.

(IIT) Indifference between acceptance and rejection: For
a proposal made by player 1, his opponent is indifferent
between accepting this proposal or rejecting it according to
the strategy profile ( f, g), and conversely.

An interesting observation is that above three conditions
are satisfied by the SPE in the Rubinstein bargaining.

Theorem 3. The pair of strategy (f, ) is the unique SPE,
which satisfies the conditions: (I), (1I), and (III).

Proof. See Appendix B. O

The condition (I) implies that the equilibrium strategies
are history-dependent despite the impact this play has on
reference points of the two players. Nevertheless, it does
not mean that bargainers are limited to stationary Markov
strategies. In fact, the condition (II) must be satisfied by
any SPE in some subgames; i.e., the reference points in
these subgames are higher than the (equilibrium) payoft.
Condition (III) requires for a proposal made by a player that
his opponent is indifferent between accepting or rejecting this
proposal.

4. Analysis of the Equilibrium

Here, we discuss the impact of loss aversion coefficients on
the SPE (£, §) and investigate the SPE (£, §) with respect
to the discount factor (or the probability of continuation
of game) §. Then, we analyze what happens when & tends
to 1 and discuss what happens for different continuation
probabilities. Finally, we investigate what happens when the
time lapse between proposals goes to zero.

Since the set X 1y is the relevant set at the beginning of
bargaining game, we focus on this set. In fact, the comparative
statics results are similar in subgames. For the strategy profile
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PN (.“1 (1, - 9) + 8"(1) (1, - 6)
ik — 6 ik — §?
i (=90) (i -9) or (i -9)
ththy =8 7y =82 iy — 8
+ .”1”2 (1~ 5))
ik — 6?

we restrict ourselves to the analysis of player 1, since what
player 1 gains is what his opponent losses. By differentiating
with respect to A, and A,, we have

dx?’m 82(1—8)2(1+Az)(1—r?—rg)

(27)

= <0,
di, (!"1!42 - 82)2
(28)
dxf’m - Sy, (1 - ) (1+1y) (1 - r(l) - rg) o
d, (.“1!42 - 52)2

Thus, a player is hurt by loss aversion of himself and
benefits from his opponent’s at given initial reference points.

Example 4. Consider that players 1 and 2 with loss aversion
bargain over a pie, whose size is one. The outcomes of the
bargaining are shown in Theorem 1. Let § = 0.6, r) = 0.1,
and rJ = 0.2. Figures2and 3 show player I's equilibrium
payoff with respect to loss aversion coefficients A, and A,,
respectively.

From Figure 2, it follows that player I's equilibrium share
is decreasing as A,. That is, player 1 is hurt by his own
loss aversion. In Figure 3, player 1's equilibrium share is
increasing as A,; i.e., player 1 benefits from player 2’s loss
aversion.

By differentiating with respect to 7 and 3, we have

axil 6 -9)
dr} py =6’

11 (29)
3,
dx;

drg thphy — 67

_ K )

Thus, a player benefits from his initial reference point and
is hurt by the reference point of the opponent.

4.1. Convergence of the Subgame Perfect Equilibrium for
Continuation Probability. We investigate convergence of the
subgame perfect equilibrium in the following two different
aspects:

(1) Convergence of the subgame perfect equilibrium for a
common ¢

In this subsection, we analyze what happens to the SPE
when § goes to 1.

o T _ (1+4) (1-r)+ (1 +A,)r
6—1" ! 2+A + A, ’
(30)
i (1+4)(1=r) +(1+1,) rg'
6—1" 2 2+ A + A,

0.70 4

0.68
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FIGURE 2: The changes of equilibrium share of player 1as A,.
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FIGURE 3: The changes of equilibrium share of player 1as A,.

An interesting observation is that the limit equilibrium
proposals for § tending to 1 are equal to the limit equilibrium
proposals in the result obtained by Driesen et al. [2] if the
initial reference points are equal to zero.

We can repeat this for all subgames. In the limit for §
tending to 1, the nine sets of Figure 1 and the limit equilibrium
proposals are shown in Figures 4,5, 6,and 7 for the case
where A, > A,.

In Figure 4, the nine sets of Figure 1 and the limit
equilibrium proposals are shown in the limit for § tending
to 1, for the case where A, > A, and r = ) = 7). If
r = 0, all of regions in Figure 4 are consistent with that of
Figure 3 obtained in Driesen et al. [2]. Moreover, the limit
outcome is (0.5, 0.5) in X;; when § — L. Ifr # 0, the
limit outcomes of player 2 in some sets are higher than that
of player 2 in Driesen et al’s [2] outcomes. In X ;, the limit
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FIGURE 5: The equilibrium partitions for § — 1, with A, > A, and 7} > 3.

outcome is an equal share (0.5, 0.5) when 6 — 1. The limit
equilibrium outcome in X, ;; and X5y is (1 — r,,7,), while
it is (r, 1 — r) in X,y and X, yy;, which are also the limit
equilibrium outcome in Driesen et al’s [2] outcomes. The
limit equilibrium outcome is ((1 + A;7)/(2 + A,), (1 + A, —
Ar)/(2 + Ay)) in X;; and the limit equilibrium outcome is
((T+ A, = A1) /(2 + Ay), (1 +A,r)/(2+ A,)) in X 1y The set
X, 11 becomes the line 7, +r, = 1 wherer; € ((1+A,7)/(2+
A (L+ A, = A,r) /(2 + Ay)).

In Figure 5, the nine sets of Figure 1 and the limit
equilibrium proposals are shown in the limit for § tending to
1, for the case where A, > A, and r) > . In the set of X, ;, the
limit equilibrium partition is ((1 + r? - rg)/Z, (1- r? + rg)/2).
Since r! > rJ, player 1 benefits from the reference points
compared to player I's share in Driesen et al’s [2] outcomes.

The limit equilibrium proposal is (1 —r,,7,) in X, ;; and Xy,
while the limit equilibrium outcome is (r,1 — ) in X,
and X, 1y, which are also the limit equilibrium partition in
Driesen et al’s [2] outcomes. The limit equilibrium proposal
in Xypis (1+ Ary) =)/ +A), M+ A = (L+A)r) +
rg )/(2 + Ay)), where player 1 benefits from his own initial
reference point compared to player I's share in Driesen et al’s
[2] outcomes. And in X ppp, itis ((1+2A, +r? -1 +)L2)rg)/(2 +
Ay, (1- r‘f +(1 +A2)rg)/(2+A2)), where player 1 benefits from
his own initial reference point compared to player 1’s share
in Driesen et al’s [2] outcome if r? > (1+ Az)rg , and player
2 benefits from his own initial reference point compared to
player 2’s share in Driesen et al’s [2] outcome if r? < (1+/\2)rg .
The set X, ; becomes the line r; +r, = 1, where r; € ((1 +

M) =)/ 2+A), (L+ A, +7) = (1+A,)r) /(2 +4,)). In X5,
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FIGURE 7: The equilibrium partitions for § — 1, with r(l) < rg and A, (1 - Zr?) + 2(r(2) - r?)/(l - 2r3) <A,

the limit equilibrium partition is (1 + A, + (1 + Al)r? -1+
)N Q4A+A,), (T4 —(14+A )P +(144,)r0) (244, +4,)),
where player 1 benefits from the initial reference point r
compared to player I’s share in Driesen et al’s [2] outcome.
In Figure 6, the nine sets of Figure 1 and the limit
equilibrium proposals are shown in the limit for § tending
to 1, for the case where ) < 13 and A, < 1, < A,(1 - 2r?) +
2(r) =) /(1 = 2r9). In X |, the limit equilibrium partition is
(1 +r? —rg)/Z, (1 —r? + rg)/Z). Since r? < rg, player 2 benefits
from the reference points compared to player 2’s share in
Driesen et al’s [2] outcome. The limit equilibrium outcome
in X,y and Xjy; is (1 — 1y, 7,), while itis (1,1 — 7)) in X,

and X, 11, which are also the limit equilibrium outcome in
Driesen et al’s outcomes [2]. The limit equilibrium partition
in X, is (1 + A0 =)/ + A, (1+ Ay — (1+ A)r2 +
rg )/(2 + A,)), where player 1 benefits from his own initial
reference point compared to player I's share in Driesen et
al’s [2] outcomes if r{ < ry < Ayr). And in X, it is
(L4, +7] = (1+2,)r3)/2+4,), (1=17+ (14 A)r)) /(2 +A,)),
where the share of player 1 is lower than that of player 1 in

Driesen et al’s [2] outcomes, because 7 < 3. The set X,

becomes theliner, +r, = 1 wherer, € ((1+/\1r?—r3)/(2+)\1),
(1+A2+rf—(1+A2)rg)/(2+/\2)). In X3 1y, the limit equilibrium
partition is (1 + A, + (1 +A)r? = (1 +A,)r)/(2 + A, + A,),
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(L+ A = (L +A)r + (1 + A,)r)/(2 + A, + Ay)). Since
AL <A, <A (1- Zr?) + 2(1’3 - rf)/(l - 21’2), player 2’s share
assigned by the limit equilibrium partition is higher than that
of player 1. That is, although player 2 has a higher loss aversion
coeflicient than that of player 1, player 2 can obtain a high
share of the pie since this player has a high initial reference
point.

In Figure7, the nine sets of Figure 1 and the limit
equilibrium proposals are shown in the limit for § tending to
1, for the case where ”(1) < rg and A, (1 - Zr?) + 2(1’3 - r(l))/(l -
2rd) < A,.In X3 111> the limit equilibrium outcome is

(142, +(1+4) ) = (1+24,)1r3)
( C+ A+ )

>

(31)

(1+)L1—(1+A1)r(1)+(1+)t2)r3)
2+, +1,) >

Since A,(1 - Zr?) + 2(r3 - r?)/(l - 2rg) < Ay, player 2’s
share assigned by the limit equilibrium partition is lower than
that of player 1. That is, although player 2 has a higher initial
reference point than that of player 1, player 2 cannot obtain
a high share of the pie because of higher loss aversion level
of himself. The analysis of the limit equilibrium partition in
other sets is similar to that of the limit equilibrium partition
in Figure 6.

4.2. Convergence of the Subgame Perfect Equilibrium for §, +
0,. Consider the situation where each player i has his own
continuation probability §; (i = 1,2). §; is interpreted as the
probability of the bargaining occurs at time ¢ + 1 if player
i rejected his opponent’s proposal at time ¢. It follows from
inequalities (6) and (7) that

(1+1,) (x2 - rg) - A, max {r2 - r3,x2 - rg}

> 6, [(1 +A) ()/2 - rg)

(32)
-1, max{y2 — 7, max {r2 X, - r(z)}}] -(1
-8, A, max{r2 —rg,x2 —rg}
and
(1+4)) (J’l - ”?) — A max {"1 - T?’J’l - ”(1)}
>0 [(1 +1) (x1 - ”(1))
(33)

_Al max {xl — r?,max {1’1 —r(l),yl - 1"?}}] - (1
—51)A1 max{rl —T?’)ﬁ _Tf}

In particular, we can obtain the unique SPE by assuming
the inequalities (32) and (33) are equalities, which satisfies
conditions (I), (II), and (III).

We further generalize the SPE if there exists a time lapse
A between proposals. Moreover, after the last proposal was

Complexity

rejected by player i,i = 1,2, the waiting time for break-
down of the game is a probability distribution function. We
assume that the waiting time is exponentially distributed with
parameter f3;, which is the survival rate. After a proposal was
rejected by player 7, the probability that the bargaining game
continues is denoted by 87, where 8; = exp(~1/3;). Since the
reference points in X 1y are the relevant at the beginning of
bargaining game, we restrict ourselves to analyzing this case.
The outcomes are

PR (t“l (MZ B (SZA) +

82A”(1) (#1 - 81A)
Wity — 51AazA

b, — 61A‘32A

B !41”3 (.“2 _52A) ‘SzA (141 _51A) B 55”? (.“1 ‘61A)

, (34)
Wt — 61AézA b, — SlA‘SzA Mt — 51A52A
!41”3 (P‘z - 52A)
+ ASA
Pty — 070,
and
30T _ <81A (.”2 B 82A) oy (.”1 - 81A)
Wity — 51A52A Wy — 61A82A
B 51A7'g (.“2 - 52A) U (141 - 61A) B P‘z"? (!"1 - 81A) (35)

ity — 51A52A ’ it — 51A82A Ut — 51A82A

51A"g (.‘"2 - 82A)
T i - 0358 )
thiy =070,
where p; = 1+ A,(1 - &%) for i = 1,2. For A tending to 0, we
can derive

. 3,111
lim x
A—0

(1+4) (1-79)In&, + 7] (1+1,)Ing,
N (1+1,)Ind, +(1+1,)Iné,

>

(36)

(1+1,)(1=7)Ind, +75 (1+1,)Ind,
(1+1,)Iné; + (1 +1,)Iné,

L3I
= lim y>.
A—0

Note that this is an asymmetric Nash bargaining solution,
as shown by Harsanyi and Selten (1972) and Kalai (1977). That
is, this is the solution to the following optimization problem

max 2z, " (37)
where « is defined as bargaining power of player 1 and @ =
(T+ )1 =N Ind, +rI(1+A)Ind)/((1+A,)Ind, +(1+
A,)1Iné,).

It is easy to check that « is negatively related to A, and
positively related to A,. Obviously, « depends on the initial
reference points of players, where « is increasing as 7, and
decreasing as 7.
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5. Conclusions

A player may transfer his expectations derived from previous
opponents when he enters into a new bargaining situation
with another player. That is, the initial reference points in
bargaining problems are not zero. In this paper, we investigate
the impact of loss aversion and the initial reference points in
the classical Rubinstein bargaining problem, by constructing
a SPE in Rubinstein bargaining model with loss aversion
and reference dependence and making a sensitivity analysis
about the SPE with respect to loss aversion coefficients of
bargainers. It is found that the equilibrium share of a player
is negatively related to his own loss aversion and the initial
reference point of the other and positively related to the
opponent’s loss aversion and his own initial reference point.
It is further found that the outcome converges to asymmetric
Nash bargaining if the probability of breakdown tends to
zero, where higher loss aversion of a player results in a
higher bargaining power of the opponent and a player who
has a higher initial reference point has a higher bargaining
power.

We introduce the unique SPE based on the follow-
ing three features: stationary Markov strategies, immediate
acceptance, and indifference between acceptance and rejec-
tion. It is still an open question whether the three features are
necessary conditions for uniqueness of the subgame perfect
equilibrium.

Appendix
A. Proof of Theorem 2

The one-deviation property is used to prove Theorem 2.
According to this property, the sufficient condition that a
strategy profile (f, g) € F x G is a SPE is no one can improve
his own payoffs by deviating unilaterally only once.

The one-deviation property, as Hendon et al. [15] pointed
out, holds in infinite-horizon extensive-form games. These
games are continuous at infinity. In order to define the
continuity at infinity, we have the following: For any & > 0,
there exists a number ¢ € T such that if, for (£, g), (f',g') €
F x G, we have (f%,g°) = (f*,g") for all s < ¢, then
U(f.9) - Ui(F gDl < e

Lemma A.l. The bargaining game, where bargainers are
loss averse and their initial reference points are not zero, is
continuous at infinity.

Proof. Lete > 0,and let the strategy profiles (£, g), (f"*, g*) €
F x G satisfy (f*,g°) = (f",g") for all s < t, where t >
max;_, , logs &/(1+A;). For two such strategy profiles, if player
i obtains the whole pie from a strategy profile at time ¢ + 1,
while the other one results in perpetual disagreement, we
have the following.

For the former, player i would obtain U; = & + (1 -
o) 22:1 8" 'u,(W, d). For the latter he would obtain U, =>1-
8) ¥, 8wy (h*, d). Tt follows from w;(h',d) > —A; that for
allteT

13
t
U, =(1-8)) 8 "y (h,d)
s=1
+(1-8) Y 8w (I, d)
s=t+1
. (A1)
! 8" (1)
>(1-8)( )6y (h.d ’
> ( )(Zl u (1) + -5
t
=-0'A;+ (1-8) ) 8 ', (W', d).
s=1
It follows from this equality and U; — U, > 0 that
|Ui (fi9)-U; (f”gl)| <U, - OF
t
<8 +(1-08) Y8y (h,d) + 8,
( )Zl (h',d) (A2)
t
—(1-8) Y8 (1, d) =8"(1+4;) <&
s=1
Thus, the game is continuous at infinity. O

By Lemma A 1, the one-deviation property can be used.
We define Q = {1,1,,...... ,3,111.}.

Proof of Theorem 2. The sufficient condition that the strategy
profile (f, §) is a SPE is that no one can improve his share by
deviating unilaterally at one point in time. The utility of share
that player 1 obtains according to the following strategy f is
denoted by ;.

Let H'' e CY; that is, h'™! is a history continuing to
time t. We assume that ' satisfies (ry (K'Y, rz(ht'l)) € X,
withw € Q,and h' = (W ,z) withz € Z. Ift € T,y
(Teyen)> then the proposal z is made by player 1 (6). If z is
rejected, then the bargaining continues with probability & or
ends in disagreement with probability 1 —&. If the bargaining
continues to moment ¢ + 1, it ends in accepting the proposal
att + 1, since the strategy profile (f, §) is prevalent.

To present that the strategy f is the best response to the
strategy g, we distinguish the following two cases: t € T,
and t € T,,,. For each case, the following three subcases
are considered: (r,,7,) is in the set X, where we have the
following.

Casel.w € {1,1, L,II, 1,1II},thenr, > x7 > y{ andy‘l"—r? =
O(x} - ).

Case 2. w € {2,1, 2,11, 2,1IT}, then x > r; > y{ and (1 +
ADOY =19 =8 =19 + A, (ry = 1)),

(f)ase 3.we {3,01, 3,11, 3,101}, then x{ > yy > ry and p, (y; -
r) = 8(xy —r)).
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Ift € T,y  for Case 1, we distinguish the following cases:
(i) z; = x{: In the case player 1 plays f and player 2
accepts it, we have
uy =u, (ht,a)
=(1+1)) (x‘l" - r?) - A, max {rl - r?,x‘f - rf} (A.3)
=(1+4) (20 =r)) = Ay (r - 1Y)

(ii) z; < x7: Then z, > x7. Thus, player 2 accepts it. The
payoft of player 1 is given as follows:

u (ht,a) =(1+1,) (z1 - r?)

0 0
—Almax{rl -1,2 _”1}~

(A4)

If r, > x{ > z, then we have u,(h,a) = (1+A))(z, - r?) -
Ay (ry, = 7)). Since z, < x¥, we have u, (h',a) < u}. Thus, z is
not optimal.

(iii) z;, > x{: Then z, < x3. Thus, player 2 rejects
the proposal and proposes y* when the bargaining game
continues. The payoff of player 1 is given as follows:

Suy (W a)+ (1= uy (W, d)
=6((1+A1)(y§°—r?)
—Almax{y‘l‘)—r?,rl—7’(1)})—(1—5)/\1(”1
=) =81+ A) (31 =) =84 (n =) -1
—8)/\1("1_7’1) 5(1"'/\)( _rl) /\1(1’1

0
_rl)

Since x] > 82x‘1" = Jy;, we have Su, (W, a) + (1 -
8)u,(h',d) < u;. Thus, z is not optimal.

Ift e T,;; for Case 2, the following three cases are
distinguished:

(i) z, = x{: In the case player 1 plays f and player 2
accepts it, we have

(A5)

uy =u, (h a)
=(1+A, )(x1 —rl) A max{rl—rf,x‘l"—r(l)} (A.6)
0

— w_
=X —n

(ii) z; < x7: Then z, > x3. Thus, player 2 accepts it. The
payoft of player 1 is given as follows:

u (ht,a) =(1+21,) (z1 - r‘f)

0 0
—}tlmax{r1 —1,2 —rl}.

(A7)

It follows from (1 + A,)(z; — r(l)) -
z, — 1) < x{ =Y = u that z is not optimal.

Ay maxir, -1,z — )} <

Complexity

(iii) z; > x{: Then z, < x3. Thus, player 2 rejects
the proposal and proposes y“ when the bargaining game
continues. The payoff of player 1 is given as follows:

Suy (h*,a) + (1= uy (K, d)

=8(1+A,) (y 1))

- 6\, max {y‘l" —r,r - r?} (A.8)

-(1-9)Ar, (7’1 —r?)
=d8(1 +/\1)(J’;‘J_r?)_/\1 (”1 _”f)

It follows from (1 + A;)(y; — r?) =0(x] - r?) + 0N (r; — r?)
that 8(x} — r?) =(1+A)0 - r(l)) = 0A (1, - r(l’). Therefore,
u = x=r = L+ A)AOL - ) = A (=1 > (1 +
A =r)) = A, (ry —7}), which means that z is not optimal.

Ift € T,y for Case 3, the following three cases are
distinguished:

(i) z, = x¥: In the case player 1 plays f and player 2
accepts it, we have

uy =u (h a)
=(1 +A1)(x‘1"—

_ Lo 0
=X —n

) - Ay max{r, —r,x{ - rl} (A9)

(ii) z; < x{: Then z, > x7. Thus, player 2 accepts it. The
payoft of player 1 is given as follows:

u (ht,a) =(1+1)) (z1 - rf)

0 0
—/\lmax{rl - 1,2 _”1}~

(A.10)

It follows from (1 + A,)(z; — r(l)) — A, max{r, — r‘f,z1 - r(l)} <
z; — 1) < x¢ =Y = u that z is not optimal.

(iii) z, > x{: Then z, < xJ. Thus, player 2 rejects
the proposal and proposes y” when the bargaining game
continues. The payoff of player 1 is given as follows:

duy (H*,a) + (1= ) u, (K',d)
=8(1+Ay) (y-1))
- oA max {y{ —rl,r -1}
~(1=-8)A, (r,— 1))
=0()-r)-A=8A (r, - 1))

>0 = > 00 =) > 80 — 1) -
rY), z is not optimal.

Ift € T,,, for Case 1, we assume that player 2 makes

some proposal z € Z. If the proposal is accepted by player

1, player I's payoff is given by u,(h,a) = (1 +A))(z, - ”1)

A, max{r, —r}, z, — rl}. If the proposal is rejected by player 1

(A.11)

Since u; = x{ —

A (1= 8)(r, -
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and the bargaining game continues, the reference point r, (h")
is max{r, — rV,z, — r}}. Player 1 proposes x* and player 2
accepts the proposal. Since r; > x* and y — ¥ = §(x¥ — 1)),
we have

duy (K, a) + (1= 8)u, (W, d)
=8(1+1,) (x‘l" - r?)

— 8\, max {x‘l" — 7}, max {rl -1,z - r?}} (A.12)

-(1-6)A, max {rl - r(l),z1 - r?}

= (1) (3% = ) = Ay maxfr, =10z, - )

Therefore, it is optimal to accept z if z; > Y, or it
is optimal to reject it. In other words, it is optimal to play

strategy f.
Ift €T,

even
proposal z € Z with z; < x7 , where w e {1,1, 1,II, 1,II}.
If player 1 accepts the proposal, player I's payoff can obtain

u (ht,a) =(1+1,) (z1 - r?)

0 0
—/\lmax{r1 -1,2; _”1}

for Case 2, we assume that player 2 makes some

(A13)

If player 1 rejects and the bargaining game continues, the
reference point r, (k') is max{r, — r?, z, -1V} Attimet+1, we
play a new game where (max{r, — rf, z, — r?}, r, — rg ) is the
reference point pair at t + 1. Since (max{r, — r?, z, - r?}, ry —
rg) € w, where w € {2,1, 2,11, 2,1II}, we have x} - r? >
max{r, — 10,2, =V} > y¢ — 17, where (y¥ - 1Y) = 8((x{ -
r(l)) + A, max{r, - r?,z1 - r?})/(l +Ay).

At time ¢ + 1, player 1 makes a proposal x} and player 2
accepts it; z is rejected, which yields

duy (H*,a) + (1= &) uy (W, d)
=51+ (x7 - r})
-0y max {x{ -, max{r, - rl,z, - r{}}  (A14)
~(1-8) A max{r, -1,z -}
= (14 A) (0 = 17) = Ay max{r, - r,zy - 17}
If player 2 proposes z € Z with z, > x?, then player 1

accepts it, which yields y, (i, a) = z; — ¥ and player 1 rejects
the proposal, which yields

duy (h*,a) +(1-8)uy (H',d)
=o(1+A,) (5 -17)
= ohy max {x — ) max fry -1,z - }} (A15)
~ (1= 8) A, max{r, - r{,z, - r{}

=(1+4,) (J"f}, - ”(1)> - (Zl - r?)

15

Since z; > x‘f’ > y‘f”, we have u,(h',a) > du, (K", a) +
(1-38)u,(H,d).

In general, accepting z is optimal if z; > y{, or it is
optimal to reject it. In other words, it is optimal to follow f.

Ift € T,,,, for Case 3, we assume that player 2 makes some
proposal z € Z with z; < y;’. Note that r; < x7’. Hence, if the
proposal is rejected, the payoft of player 1 is given by

Suy (K, a) + (1= 8)u, (K, d)
=4(1 +)L1)(x‘1"—r$)
— 6Ay max {x{ - r{, max {r, -1}, 2, - }}
(A.16)
—(1-0)A; max {rl - r(l),z1 - r?}
=6 (x‘l" - r?)

-1-6)\ max{r1 - r?,z1 - r?}

If the proposal is accepted, player Is payoffis u, (h',a) = (1 +
Az, = 1Y) = Ay max{r, — ),z — r}}. Since p, (y¢ — 1)) =
8(x¥ — 1Y), we have

u (ht,a) =(1+1)) (zl - ’"(1))
—)leax{r1 —r(l),z1 —r?}
=(1+1)) (Zl _”?)
—(S)tlmax{r1 -1,z —r?}
-(1-0)A max{r1 - r(l),z1 - r?}
<(1+A) (o -1)
— 8\, max {rl - rf,y;" - rf}

(A17)
-(1-0)A max{r1 - r(l),zl - r?}

=(1+41,) (y(IU - "?) -0, ()"10 - r(l))

~ (1= 8) Ay max{r, - 1{,z, —r}}
=u (0 - 1)

- (1-8) A max fr, =1z, - 1}
=0(x' - 1))

~(1-8) A, max {r, - r{,z, - r{}

Hence, it is optimal to reject z. On the other hand, if player 2
makes a proposal z € Z with z; > y{’, then accepting yields
w (W) = (1+A,)(z, =) = A max{r, -0, z, =)} = z,.
Let z; < y‘l",, where o' € {1,1, 1,II, 1,III}. If player 1
rejects it and the bargaining game continues, then r, (h') = z,,
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and (z,,1y) € W', where 0" € {2,1, 2,11, 2,1II}. Note that
then y <z, <x{ . Thus, we have
Suy (H*,a) + (1= ) u, (H',d)
=51+ (" -
- 0A max{x{ -1,z — r?}
-(1-6)\ (z1 - r?)

=(1+1,) ()’iu” - "?) -\ (Zl - r?).
(A.18)

Since y‘l"” <zpalsoz; > (1+ Al)y‘l"” - A, z,. If player 2
makes a proposal z € Z with x{’ < z, that is rejected, then
we have

duy (W*,a) + (1 -8 u, (K',d)

)

— 8\, max {x‘l‘” — 7}, max {rl -1,z - r?}} (A.19)

:8(1+A1)(x‘1” -7

—(1-6)A, max {rl - r?,zl B r?}

=5(1+1,) (x‘l", —r?) -\ (zl - r?)

(5 -5y, (ri,r;”) +(1-96) rg

(8 (1 + /\ng'l) -8y, (ri, rit

)

Complexity

Since x‘l", < z,, we have 6x‘1", < z,. Thus, we have that z, >
(I+ Al)éx‘l", — A,z ie, it is optimal to accept z.

Thus, when player 2 plays strategy g, player 1 cannot
improve his payoff by unilaterally deviating from f at any
single time . Similarly, if player 1 plays f, we can prove that
player 2 cannot improve his share by deviating unilaterally
from the strategy g at any single time t. Lemma A.1 implies

that (£, g) is an SPE. O
B. Proof of Theorem 3
We assume that conditions (I)-(III) in Section 3.2 are

satisfied, which is used throughout this section.

B.1. Preliminary Lemmas. A proposal is made by player 1
and a counterproposal is made by player 2, which is defined
as a bargaining round. Bargaining rounds are indexed with
i€{0,1,2,...... }. We define (ri,r;) as the reference point
pair at the beginning of round i. By (I), we have the following
definition:

i+l i i i+l
ryE=Emaxagr, Yi\r N
(B.1)
i+l i i i
ry = max gy, X, (1,1,

Lemma B.1. When x(r},}) is player I’ SPE proposal and

y(rh, i) player 2’5 counterproposal, we have

.y il i
ifry >y, ("1)”2 ) > Xy (”vrz)

1= iy (rnnt) 2> x ()

X, (ri,r;) = 4 (1+21,) (%)
s Oy (rl, it -8)(1+A,)r) P P i
E_ 1({:2 2 )+((/‘2 )[(42-" 2)1’2 ifyz(r’l,r’;l)>x2(r'1,r'2)21"2
and
(6 - Ox, (r’i”,r;”) +(1-8)r) if r} > x, (f’iﬂﬂ’;ﬂ) >N (ri”';ﬂ)
S(1+ A7) = 8x, (rih, it o . o
oy { RIS o (o)
i+1 i+l 0
o SalihAl) (a0 P (10 07) > 30 (o) 2
| 1 1 1

Proof. According to the two conditions (II) and (III), and the

definition of the bargainers’ utility functions, we can prove
(*) and (==). O

For each w € Q, the following sets P, and Q, are
introduced:
i
)7

i+1

PN i i
P = {("p”z) Iy >y, (7’1,?2
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> X, (r’f'1 r;“)}

Py ={(riry) 175> 3, (rny™) oy (715
>rl >y, (rl,r;“)}

Py = {(roms) 175> 3 (P )y (r ™) 2 i}

i it i
Py = {(1’1,1’2) | ¥, (rl”’z ) > rz > X (”1”’2) L1

(i il i
Pyy= {("1)"2) | 7, (rv”z ) 27,

i+1 i+l i+1
’xl(rl 1y )>r1>y1(r1,r2 )}

Py = ("1’72) | x, ("i’rz) 271
N x1 (T’iﬂ,}’;ﬂ)}

Py = {(”p"z) | x, ("1”’2) 2 "2”‘1 (riﬂ’réﬂ) 2 ri
>N (”i’r?l)}

Py = {("lprz) | x, ("p"z) > 91 (ri, ) 2 rl}

Q o i z+1 | N i+l i+l i+1
L1 = U "1 X\ -1y )51
i+l i+2

E2) (”1 ) )}
-

i i+l | i
[SERS) r

i+1 i+l i+1
s X\ » T, > T,
Q . i i+l | i+1 i+l > i
b1 = T’l,l’z X1 7‘1 ,1"2 = 7’1
i i+l i+1 i+l i+2
>N ("1’7'2 ) > Y2 (”1 p) )}
. i i+1 i+l > i
Q= ’"1”‘2 lx ()2

i i+l i+1 42 > i+1
rery )Y\ > )21

( i 1+1) | ( i+l i+1) o i
1 xXi\n »n )2n

i i+l i+1 i+l i+1
>y ))xz(”l 1 )2”2 }

i i+l | > i+1
1 N rv”z rv”z

17
i+1 42
> )2 ("1 b )}
— i i+l | i > i+l i+2
Qs = {rp1, N rl”’z rp)’z o1
i+1 +1 i+l
7, > x, (r’l , T )}
- i i+l i i+1 i+l
Qu=1{lrpry ) I n r1>”2 = r1>x2 ot
> r;H}
(B.2)

In these sets, we can derive the following lemmas for
reference point pairs.

Lemma B.2. For all (ri,r;) € P,, we have xz(ri,r;) =
i+l i+l ’*1) €

Xy ) &= xz(rl,rz) < x3. Similarly, for all (rl,
Q,, we haveyl(rl,r2 > yl(r’+1,r’2+2) = yl(rl,r2 DEST

Proof. Let w = 1,1 and (ri,r;) € P,. It follows from the

definition of P, ; that 7y > y,(r},rs") and vl > x,(r}"", ri™).
It follows from Lemma B.1 that

% (romy) =8 =8y, (i) + (1= )73
=0-8(0-0x, (1", r") +(1-0) 1Y)
+(1-8)r; (B.3)
=8-8 +8x, () -8 -8
+(1-8)r)

If xz(r’”, r’2+1) > xz(ri, r;), then according to (B.3), we
have

xz(ri,r;) 8- 82+62x2('+1,r;+1)—8(1—6)r?
+(1-0)r
o (B.4)
28-8"+08"x,(r,r) -6 (1-8)r)
+(1-8)r),

which means that xz(ri,r;) >6/(1+6) —81'(1)/(1 +9) +r3/(1 +
8) = x" I oy (P, 75™1) < 2, (v}, 1), then by (B.3)

xz(ri,r;) S - 82+82x2(’+1,r;+1)—8(1_5)r?

+(1-0)r)
o (B.5)
<8-8"+8x,(r,ry) -6 (1 -1

+(1-8)r),

which means that xz(ri,r;) <d6/(1 +8)—6r(1)/(1 +8)+r3/(1 +

8) = x!. Thus, xz(r’“,r;“) < xz(ri,ré) = xz(ri,r;) <

1l
x2 .
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Similarly, let w = = 1,Tand (rl, ’“) € Q,- By definition
of Q,; we have } > x, (i, ri" ) and 5™ > y, (K, 15 1t

follows from Lemma B.1 that

y(rl,r’;l) 5 8x2(”1 ”1)+(1—6)rl

=9
(6 8)/1( i+1 t+2)+(1_6)7‘2)
(B.6)
+(1-8)r)
=5-8+8%y, (1. r"?)
—0(1=8)r +(1-9)r,
which implies y,(r}, 73" 2 1 (1", 75) &= 3,1, 13" <

LI
el
Similarly, we can prove the cases forw € Q, w # 1,1. [

Lemma B.3. If(rl,rz) € P, forallk > i, then xz(rl,rz) =x5.
Similarly, zf(rf, r;‘“) € Q, forallk > i, then y,(ri,ri™") = y*.

Lemma B.3 shows that if the reference point pair is in P,

at the current time and all future time ¢ € T 44, then player 1
must make the proposal x“. The result for Q,, is similar.

Proof. If (rl,rz) € P, for all k > i, then it follows
from Lemma B.1 that either x,(r}, r}) is independent of the
reference point pair (ri,r;) or no proposal is ever made,
which adjusts reference point pair. Thus, we can obtain
x,(r!, 7)) as the sum of a geometric series. Let (¥, 75) € P
for all k > i. It follows from Lemma B.1 that

X, (ri,r;) 5 - &? +62x2( '“,r;“) -8(1 _5)#1)
+(1-8)ry=0-8"+8"(6-0
+8%, (1 A7) 0 (1= 0) ) + (1-0) 1))
—8(1=8)r) +(1-8)ry =5(1-08)(1+06 +6*

to)=01=0)(1+8+8 . )+ (1 (BY)

2 o4 0 1

o) (1487 +8 +. )72 =8(1-8)

1 R

-5(1-9) 82r§’+(1 6)1_82r3—1+8
B or) m _ Ul
1486 1+6 72

The proof for w € Q, w # 1,1 is analogous. O

Complexity

Lemma B.4. If(ri,r;) € Py, then (”1’ ’”) ¢ Q. lf
(ry,75) € Py, then (ri,rith) ¢ Q-

If(rp l+1) € Q3p then (rl+l,r;+l) ¢ P1,1~ If(rla l+1) €
Q3 1 then ( H-I)T’IZH) ¢ PI,II'

Lemma B.4 shows some restrictions about how reference
points change through the sets P and Q.

Proof. Let (ri,r}) € P, 1y and assume (ri,rith) ¢ Q, ;- Then it
follows from the definitions of P, ;; and Q ; that y, (v}, 75"") >
xz(ri,r;) 1’2,1’1 > xl(r’“ ’“) > yl(rl, '“) and r'“ >
yz(r”l, rgrz) > xz(r‘“, r;“) Since ”1 >y (rl, Y and r‘“

x,(rit, rith), we have ! = ! and ri"? = ’“ by (B.1). It
ity = yz(rl”,ré”) Furthermore,
1+1 ThuS

whrch is

follows from (I) that Y2 (7’1 >
r3, (B.1) 1mphes xz(rp?’z)
=y, 1) > xy (), y) = 15,

since xz(rl, r2)

1+1 i+2 1

> ¥, ( r_l+1 , 1’2

a contradlctlon

Similarly, we can show the proofs of the other statements.
O

B.2. Proof of Theorem 3. Now, some lemmas are proved which
are used to prove Theorem 3.

Lemma B.5. Let w € (1,1, 1,11, 2,1, 2,1I}. Then for all
(ry,r;) € P, we have x(ri,r;) = x". Similarly, for all
(rl, i) € Q,, we have y(r}, i) =

Proof. Let (ri,r}) € P, where w € {1,1, 1,1, 2,1, 2,TI}.
Thenry > y (], it and r;, > x,(r}, r3). By (B.1) this implies
it = 7l and r’+1 =7 By (), x,(rh, rh) = x,(r}*1, 75, By
Lemma B.2 x,(r}, 7)) = x¥. The case for Q, is similar. O

Lemma B.6. If (i, r}'") e Qs 1, we have the following two
cases: (i) yl(rl,r’“) > )’1 ; (ii) yl(rl, '+1) < yf’l. Thus, we
have y,(r},r5") =y,

Proof of Lemma B.6, Parti. Let(ri,ry"') € Q, it follows from
the definition of Q; that

i+1 i+l i i+l i
X1 (1’1 Ty )>y1 (rl,rz )21’1,

+1 +1 +2 +1 i+l
r >y2(r'1 r )>x2(r'1 T )

(B.8)

We assume that yl(rl, '“) < yf’l; it follows from
l+2)

Lemma B2 that y (i > (i, Since
y (it = 7l by (gB 1), we have ri™' =y, (r}, 75"
i+

>y (r’+1, 5 *). We have two possibilities:

Hence, rl
(a) r,H—l > xl(TH—Z,T;—Z) > yl(r1+1 1+2) le (rl+l’r;+l) €

P ;.

(b) xl(rl+2,r;+2) > ri—fl S yl(r1+1,r;+2) le (r1+l,r;+1) €
P,;.

It follows from Lemma B.4 that case (a) is ruled out.
Hence, (ri*!, i) € P,

By Lemma B.5, x,(r]
Lemma B.1 implies

1+1 1+1

1
- ) € Q3,I)

) = xZI Since ("1’
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_o (") (m-9)r

31 G G
_ L 5xy! N (i —8)r) (B.9)
“ M M
S (x> =10
o)
“

B (B.1), we have r’Jrl = yl(rl, ’“) Note that x Iis a function

of r'"! and therefore of y, (v}, ri™"). That s,

i 6
N (”prz“) = E x (

L 3a-9 (A

(4, - 0) + 52)‘1"i+1
1+A, -6

(1—6)(1+A1)r§

1+A; —62 L+A;, —62
-8)+6%A r,r ”1
—1"? +1"? _ ﬁ % (ku ) 1)’1( 1 ) (BIO)
t 1+, -8
0 8- +A) (m-9)r &
t 1+A, -8 t “
(1—6)(1+A)
1+A; —62

Thus, we have yl(rl, ”1) = 8/(1 +A,+8)+(1+A )r(l)/(l +
AL +8) = 8rY/(1+ Ay +68) =yl Thus, y,(rl, 7l =
contradicting y, (7}, 7 '+1) < y : D

Before we prove Part ii, we have to show a similar
argument for Qs j;.

Lemma B.7. If (},)"") € Qs 11> then we have the following
two cases: (i) yl(rl,r;”) > 2 (i) y, (P < yP Thus,

we have y, (ri, rith) = y>!!

Proof of Lemma B.7, Part i. Let (r},ri'") € Q; 5 it follows

i+1 i+l

from the definition of Q;y; that we have x,(r]",7;") >
yl(rl’ ) > rl and yz(rl+1 1+1) > r1+1 > xz(rl+1 1+1)'
We assume that y (it < yP By Lemma B2,

b LI .
y(r, iy >y (T e, Since yy (ri, rit) = ri, we have
from (B 1) that i = y,(rl,75™"). Hence, 7} Jirt >y (rt ).
We have two p0551b111t1es

(a) i+1 > xl(rzl+2,r;+2) S ,V1( z+1)r12+2) 1e (r1+1,r;+1) €
Py .

(b) xl(rl+2 1+2) > ri-f—l S yl(rl+l 1+2) le (r1+l,r;+l) €
Py

It follows from Lemma B.4 that case (a) is ruled out.
Hence, (r'“,r;“) € P,y By Lemma B.5, x,(ri, i) = x3'

Since (rl, ry 1) e Q311> by Lemma B.1, we have
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i il 5 0% (riﬂ’ réﬂ) (1, - 9) r?
)’1(”1”‘2 ):__ +
t “ “
2,11 0

_ 5 8x; . (py = 0) 1) (B.11)

t “ “
= 2 (oY s?

t

We have ri™' = y,(r},74"") by (B.1). Note that x>" is a
function of r’“ That is,

i §
N (”1”’;1) = Z

§ < (2= 8) (1+ 1)) +8A, (1= 75") + 824,

(T+A)(1+1,)-682

+ 8(1-8)(1+A)r _ (L+2,) (s, -0) 75 _0
(T+A)(1+4,) =82 (1+A)(1+A,)-8> !

tr=— (B.12)

. (= 8) (1 +A,) + 84, (1= i) + 82Xy, (1, r5")
(T+2A)(1+2,)-62

(M) -8)ry >
(T+2A)(1+A,) -

0040 (4 -0
p ((T+2,) (1 +4,) - 6%)

'Ihus,wehaveyl(rl, ‘”) 8(‘142 8+ A,8(1 - ’+1))/(y1(1+

A,) - 82) +(1+ Az)({/ll - O)r /(.‘"1(1 +A,) - 8 ) - ( -
O /(u (1 +4,) 8% =yl
This contradicts y, (7'1> '“) <yl O

This result can be used to prove Part ii of Lemma B.6.

Proof of Lemma B.6, Part ii. Let (rl,ri"") € Q;; it follows
from the definition of Qs that

i+1 i+l i+1 i
X1 (1’1 1y )>y1 (7‘1,1’2 )21’1,

(B.13)
z+1 i+l i+2 i+1 i+l
>y, (] sry ) > x () sy ).
1+1 3,1
We assume yl(rl, >  y. By Lemma B2,
i+l it+2 1+1

1) > 1, we have

() > )’1(7"1> ). S1nce yl(rl,r |
from (B.1) that "' = y,(r}, 75""). Hence, y, (ri*", ri%) > #{*1,
which implies (r'+1 i) € Q. Then from Lemma B,

y (i = P and y, (75 152) >y, (), 75T, we have
X, (riﬂ,riﬂ) 8 -8y, ( 'H,r?z) +(1-9) rg
<6-08y, (rl, ’“) +(1-96) rz
(B.14)
<8-8 v (1-8)1r)

=8(y" -

31
)+r2 x5,
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which means that x, ("', 72™") > x,(ri*, r1"?) by Lemma B.2.

Observe that, by (B.1), 75" > x,(ri*!, #i!) implies ri*! = ri*2.
Thus, i = 74 > xz(rl”,r;”) > x,(ri™, ri™). This leaves
two poss1bilities
(@) 15 > y,(r!
Qs
(b) yz(rz+2 1+3) > r;+2 S xz(rz+2 1+2) 1e (1’”1,1’?2) €

Q3 1I-

1+2 1+3 1+2 1+2 i+1 z+2)

) > x,(r] ), e, (r] €

Take case (b). Then yz(r’+2 i3y > r;'z = r;“ >
¥, (i1, #47%), which implies yl(r’+2,r’2+3) < y (it ety By

i+2 31 which contradicts

Lemma B.2 we have y, (ri",ri"?) < y?
Partiof Lemma B.7. Thus, case (a) must hold; i.e., (r”l, r;rz) €

Qs 1. Note that x, (1%, r5%) < x,(#}"1, 75"1) < x2'. Then

i+l i+2 0 0 i+2i+2
y(r] 7 =— - —x,(r "
1(1 2)M1 M12(1 2)
PR
+ (!41 )"1
“
(B.15)
>£ 8 a1, (m-0)r
M 2 H
I (.“1—8)”1 _ Bl
“ ! “ !

If(rl, l+1) € Q5 andyl(rl’ z+l) S y ! then (rz+l 1+2) c

Qs and y, (", 75) > Pl Thus, for all k >

(r, 751y € Q. Then it follows from Lemma B.3 that

yi(rh, 75y = 1, which contradicts y, (], 74"") > y>. O

i we have

Proof of Lemma B.7, Part ii. Let (ri,ri™") € Q;y1- From the

definition of Qsyy we have x,(r"\, ") > y,(,1y") =

7} and yz(r’“,r’;z) > it o> xz(r’“,r’zﬂ) We assume
i 3,11 1 i+2
y (i > g ByLemmaBZ (it <y (L ).
Since yl(rl, 1Y > 7, by (B.1), we have r’+1 =y (.
Hence, ' < yl(r’”,r;”) which implies (r’”,r’zﬂ) € Qs

1 2 1
H < )’1(”1Jr ”'lz+) ;Vl(”l’ H) >
e have

z+2)x2(r1+1 1+1)} _ r_1+1

From Lemma B.1, y, (rl,

y2! and that 5" = max{r

S (1 + /\21’;'2) 8y, ( ’”,r;”)

i+l i+l _
X\ -1 )=

1+A,
+(1-8)r)
. 8(1+/\2r;+2) Sy, (rl, ’“)
1+A,
+(1—8)r§

8(1+2,r57) = oy
1-8)1)
< 1+, * )72

Complexity

81 At ) -yt

1-8)r)
1+, * )2

3,11
_xz N

(B.16)
i+1 i+l

which means that x, ("', 7"") > x,(ri", r1"?) by Lemma B.2.

Since r;'z = r’;l > x2(rl+1 ’”) thus, we have r;’z >

xz(r”z, r’2+2). Then there are two possibilities:

(a) ;+2 N yz(rzl+2)r12+3) > xz(r’l+2,r’2+2) 1e (rz+1,r;+2) €

Q-
(b) yz(rl+2,r12+3) > r12+2 > xz(rl+2)r12+2) le (rl+l)r12+2) €

Q3 1I-

Take case (a); ie, (ri"',ri"?) € Q5. Observe that

)’2(7’1“ i+2 > r12+1 — 1’;+2 > yz(T”Z’ r;+3) and thus
(i, r;”) < yl(r”z, 7). Lemma B.2 now implies
y (i, 5?) > 2! which contradicts Part i of Lemma B.6.
Thus, case (b) must hold, which means that (r’“, r;” ) € Qs
Slnce xz(rl+1 1+1) > X3H and xz(r1+2 1+2) > xz(r1+l 1+1)

we have from Lemma B.l

o S 6 .
i+l i+2 i+2i+2
y(r] oy )=———x,(r] "7
1( 1 01 ) w 2( 101 )
-
+ (Cllst (B.17)
“
6 0 3n (1 - 9) "? _ L3I
Xy =)
b “
Thus, (r},75™") € Qs and y(r},75™") >y implies

(1, r52) € Qs and y, (17, ri?) > yP!. Then, for all k > i

we have (r¥!, 15*2) € Q, ; that implies y,(r, ") = y> by
Lemma B.3, which contradicts y, (r},7}"") > y> O

Similar results can be obtained in P, y;; and P, ;.

Lemma B.8. If(rl,rz) € Py y, then xz(rl,rz) ”H.

Lemma B.9. If (1}, 7)) € Py y;, then x,(r}, r3) = x5

The proofs of the two lemmas are similar to that of
Lemmas B.6 and B.7, respectively.

Lemma B.10. If(ri,r;) € Pyyy, then we have the following

two cases: (i) xz(rl,rz) > x3 ML i) xz(rl,rz) < x3 M Thus, we
e

xz(rl, rz) = .

Proof of Lemma B.10, Parti. Let(r}, r}) € Py . It follows from
the definition of Py yj; that y,(rj, 75" > x,(r,75) >
1 it 1 i+l '
X (LY > (T 1) 21
We assume x,(r,7;) < xgm Lemma B.2 implies
x,y(rh,rh) > xz(r’”, rit1). Since xz(rl, ry) > 15, we have from
(B.1) that x,(r}, 7)) = 5. Hence, ri™" > x,(ri*!, ri™). Then
there are two possibihtles
(a) r1+1 > ¥ (r1+1 i+2
2

Q3‘1'

i
ry and

) > xz(rl+1 l+1) le (rl) 1+1) €



Complexity
(b) yz(ri“,r;*z) > r;“ > xz(ri”,r;”), ie., (rl,
Qs -
Take case (a) ie., (rl, ’”) € Q. From Lemma B.6 we
have y, (r},ri") =

l+l) €

I . It follows from Lemma B.1 that

i 6 6 i it
xz(rl”'z)_z_#_)ﬁ( B 21>
(1-9)(1+1,;) ,
+—,
Hy
£_£y3,1+(1—8)(1+/\2)’"(2)
Hy P‘zl Ha

_ ﬁyﬁ“ (1—8)(1+/\2)r3.

th )
s L+A (1+A)7 . 8r)
72 1+ A48 1+A 48 141,40
o (1+4)(1-9)
S (1+4,+6)(1-9)

(B.18)

(1+2,)(1=-8)r
(1+A,+8)(1-9)

s(1-0)ry
T A, +0)(1-0)

1-8+,(1-9)

C1+1,(1-6)-

(1-8+A,(1-8)r
144, (1-8)-&2

6(1—8)1’2
1+A (1-96)-
(Fl 5)_@X(.‘41_6)r?
//‘2 =06 py - 67
0
+& 5(1 o)r,
H - &

P‘z (1 - 6) ) (1, - 9) ”?
iy — 6 ity — 67

8 (uy —8)r0
+ (4 )’"2 3

i — 82 :

(B.19)

Thus x,(r}, 75) > (8/uy) y2™ + (1 = 8)(1 + X))y = 2™,
which contradicts the initial X, (rl, rz) < x3 1L

Take case (b), that is, (ri,rs"') € Q. By Lemma B.l,
X(r,my) = (8/w)y" + (1 = 8)(1 + A,)/uy)rs. By (B.)

1 300, 1
x,(r},75) = rit!, and y2" is a function of .

21
i 0 s (1-8)(1+1,;) ,
X, (1y,75) = — +—r
2(1 2) ‘uz)’z " 2
9 ((1+/\)(;41—6)+/\ ,0%riH
Ha .”1(1 )
_(1+A2)(M1_6)"? d(u-0)r;
 (1+21,) -8 w (1+21,) -6
(1-8)(1+1,) ,
t————n (B.20)

Hy

8 ((1 + ;) (1 = 8) + A,6°x, (ri,r;)
Hy p (1+1,)-82

)@ =8 S -9)r
m(1+2;)=8%  py (1+2,) -6

1-8)(1+1,) ,
+—r,
Hy
Solvingforxz(ri,ré) yields xz(ri,ré) =08(u, =8)/(puy— 8-

Oy — 8)/(uypy — 8%) + !41”2((42 O/, — 8%) = 2™,
which contradicts xz(f’l, 7’2) <x 301 .

In order to complete above proof, we need a similar result
for Qs pyy.

Lemma B.1L If (v}, ri") € Qs 11> then we have the following
two cases: (i) yl(rl,rl“) > y3 M (i) y, (i) < yPM Thus,
we have y, (r}, i) = y>!!

Proof of Lemma B.II, Part i. It is similar to the proof of
Lemma B.10 Part i. O]

We can continue the proof of Part ii of Lemma B.10.

Proof of Lemma B.10, Part ii. Let (ri,ri™") € Py ;- By the

definition of Py y;; we have yz(rl, Y > () >
i+1 i+l 1+1
x,(r, 15 )>y1(r1, )>r1
u X, (1}, 17 X .2 impli
We assume x,(r}, 7)) > SIH Lemma B.2 implies

x,(rh, 1)) < xz(r’1+1, rit1). Since x,(r},7}) > 7}, we have from

(B.1) that xz(rl, i) = i Hence, ri"' < x,(ri™, 7i™") which
implies (1}, 75" € Qs 111~ By the first part of Lemma B.11 this
implies that y, (r},75™") > y>™. Then by Lemma B.1 and the
3,11

ry and

construction of x” ', we have

i i g 9 i i
Xy (1"1,7’2) = — - ‘u_zyl (1"1,7'2+1)

t
1-8)(1+1y) o
+—,
Ha (B.21)
- 6 4 I (1-9)(1 +A2)r§
ta &)
3,111
= x2 N
which contradicts x,(r}, ) > xJM. O]
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Proof of Lemma B.11, Part ii. It is similar to the proof of
Lemma B.10, Part ii. O

We can obtain the proposals made in the sets P; ; and P 1.

Lemma B.12. If(rl, r2) € Py, then xz(rl, r2) = x3 L

Proof. Let (rl,r}) € P; 1. It follows from the definition of P;;
that

i i i+l i
>y, (rl,r2 ) > X, (rl,rz),
(B.22)
i+1 i+l i i+l i
X (rl , Ty ) >y (rl,r2 ) >
Assuming xz(ri,r;) + x;’l, we have the following three
exhaustive cases, which are mutually exclusive.
@) (r}, r”l) € Q3 : Since (rl, rz) € P;1, Lemma B.1 implies

X, (ri,r;) =48 -0y, (rl, ’+1) +(1-9) r2

=0y, (rl, l“) +(1-9) r2

(B.23)

Then it follows from Lemma B.6 and the construction of x>
that xz(rl,rz) = 8yt + (1 - 8)r) = x2', which contradicts
xz(rl,rz) + x2 .

(ii) (rl, ’”) € Qyyp: Since (rl,rz) € P;;and (rl, ’“) €
Q311> we have
i+l i+2 i+1 i i i
¥, (r1 T ) >r," = max {1’2,x2 (rl,rz)} =1,
(B.24)

i i+l
>y, (rrs™).

However by Lemma B.7 y,(rl,7"™") = y>'" and this implies

Y, (rh, 75y = (1 7i) by Lemma B.2.

ThlS contradicts the above.

(iii) (r}, rit!) € Q3 i By Lemmas B.1 and B.11, inequality
(B.19), and the construction of x*!, we have xz(ri, r;) =6-
6y1(rl, i)+ (1=0)r) = 8y +(1-8)r) < 8y +(1-8)r; =

By Lemma B.2 this implies xz(rl,rz) > x (it it

Smce ri > x,(ri, r}) we have by (B.1) that v, = 5™, implying
> xz(r’“,r’z“) This implies (r},75"") ¢ Qj;, which

contradicts (r}, r5"™") € Qs pyy. =

It follows that xz(rl, r2) = x> I.

Lemma B.13. If (r},7}) € P; 1y, then x,y(rh, rh) = M

Proof. Let (ri, r;) € Py ;. Then it follows from the definition
of Py, that

i i+l i i i
V) (1’1,1’2 ) > T, > X, (1’1,1’2),

i+1
X1\

, (B.25)
'“) > (rl,r’;l) >

Assuming x,(r}, 7)) # xJ', we have the following three
exhaustive cases, which are mutually exclusive.
(i) (rl, ’”) € Qy: Since r} > xz(rl,rz) we have from

(B1) that = 7I''. Hence y,(r}, i) = ) = ' >

Complexity

yz(rl”, r5'1). However, by Lemma B.6 we have PG

l+1)

y2 , which by Lemma B.2 implies )’2(”1) r2 D= yz(r’“ 2y,
This contradlcts the above.
(i) (], 73" € Qs 1p: By Lemma B.7 we have )’1 (rl, I

yf’H. By Lemma B.1 and the construction of x> we have
X, (ry,73) = (SA+A,r Y =8y, (rh, 75 ) [(1+4,) + (1-8)r) =

(B(1+A,r5 =8y (144,) + (1-8)r) = 8(y3 " +A,r5™) /(14
A+ (1 - 8)1’2 = x3 I which contradicts xz(rl, r2) + x3 1

(111111) (ri, r;“) € Qs : By Lemma B.11 and the deﬁmtlon
3

of y>™ this implies y, (i, ri"") = yp™ = 8/u - (& up)x™ +
(4 — 8)r?/u;. By Lemma B.1 we have y,(ri,ri™") = y>! =
8/uy - (5/141)962(”;“”;“) + (g - 5)71 /141

Hence xz(r”l,r’z”) = x 3 Since r2 > xz(rl,rz) we have
from (B.1) that r, = ri*'. Thus, x,(ri,r) < rho= i<
xz(r’+1,r’2+1) By Lemma B.2 this implies xy(rh, ) = M

_ i+l i+1 3II
Since x,(rl,r}) < vy and v\ = ri'! this implies 5" > %'

Thatis, 75" > 8(py — 8+ Aprs ™ uy )/ (uy (1 + 4,) = 8%) — 8y —
6)1’1/(/41(1 +A,) = &%) + py (py — ) [y (1 + 4,) = 7).
This is equivalent to 5™ > 8, &)/ (uy ptp —6%) =1 (u, —

)/t = &%) + 13y = 8)/ iy iy — 52> = x;"!!. Hence,

> x, (riT, ri), which implies (rl, ") ¢ Qs Thisis a
contradiction. It follows that x, (rl , rz) = x3 1 ]

We can obtain similar results for Q, ;;; and Q yyy.

Lemma B.14. If (r},75™") € Q, yyp, then y,(r}, 15™") = yp™.

Lemma B.15. If (r},7,") € Q. then y, (v}, r5™) = yP™.

The proofs of the two Lemma are similar to that of
Lemmas B.12 and B.13.

Proof of Theorem 3. Let (r},r}) Py ;. According to the
definition, we have r; > yz(ri, r;) and ri > xl(r’i, r;); From
Lemma B.5, we have r;, > y%’l and r] > x}’l. Thus, (r],13) €
X, 1, whichleads to P;; € X |.

Similarly, it follows from Lemmas B.5, B.8-B.10, B.12, and
B.13 that (ri,r;) € P, implies (ri,r;) € X, foreachw € Q.
Thus, we have P, € X, foreach w € Q. For mutually exclusive
and exhaustive sets P, we have P, = X for each w € Q.
Thus, for times t € T,,;, the unique SPE strategy of player 1
is to make the proposal x* if (r,7) € X,. In other words,

the unique SPE strategy of player 1 is to follow strategy f.
Similarly, we have Q, = X, for each w € Q. Thus, for times
t € T,,,, the unique SPE strategy of player 2 is to make the
proposal y* if (r},7}) € X,; that is, the unique SPE strategy
of player 2 is to follow strategy g.

By Part II of the proof of Theorem 2, the unique optimal
strategy of player 1at momentst € T,,,, is to accept offers that

are at least SPE proposal of player 2 and to turn down those

that are not. In other words, at time t € T,,,,, the unique

SPE strategy of player 1 is f. Similarly, at time ¢ € T, the
unique optimal strategy of player 2 is to accept and turn down
proposals by the strategy g. O
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