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Stochastic fractional-order systems or stochastic vibro-impact systems can present rich dynamical behaviors, and lots of studies
dealing with stochastic fractional-order systems or stochastic vibro-impact systems are available now, while the discussion on the
stochastic systems with both vibro-impact factors and fractional derivative element is rare. is paper is concerned with the
stochastic bifurcation of a fractional-order vibro-impact system driven by additive and multiplicative Gaussian white noises.
Firstly, we can remove the discontinuity of the original system with the help of nonsmooth transformation and obtain the
equivalent stochastic system.en, we adopt the stochastic averagingmethod to get the approximately analytical solutions. At last,
an example is discussed in detail to assess the reliability of the developed approach. We also �nd that the coe�cient of restitution
factor, fractional derivative coe�cient, and fractional derivative order can induce the stochastic bifurcation.

1. Introduction

As the fractional-order models can more accurately describe
the complex systems than the integer-order models, the
investigation on the fractional-order systems attracts more
and more attention. Fractional calculus enables us to un-
derstand the inherent complexity of the real world [1, 2] by
a new mathematical tool. Many excellent books [3, 4] and
articles [5–13] about fractional calculus are available. Sto-
chastic perturbations are ubiquitous in the real world, so it is
necessary to study the dynamical behaviors of the fractional-
order stochastic systems. A lot of methods have been put
forward to study the fractional-order stochastic systems,
such as the stochastic averaging method [14–17], multiple
scales method [18–20], Wiener path integral technique [21],
and statistical linearization-based technique [22]. Some
recent articles on this topic are as follows. Yang et al. [23]
investigated the aperiodic stochastic resonance in a bistable
fractional-order system induced by the fractional order and
the noise intensity. Li et al. [24] estimated the reliability of

stochastic dynamical systems under random excitations with
a fractional-order proportional integral derivative control-
ler. Denoël [25] carried out the multiple timescale spectral
analysis of a noisy single-degree-of-freedom system with
a fractional derivative constitutive term. Wang et al. [26]
studied the global dynamics of fractional-order systems with
the help of the short memory principle and generalized cell
mapping method. Di Matteo et al. [27] developed a Galerkin
scheme-based approach to determine the survival proba-
bility and �rst-passage probability of a hysteretic system
endowed with fractional derivative elements under Gaussian
white noise. Li et al. [28] considered the bifurcation control
of a Van der Pol oscillator using the fractional-order PID
controller. However, these studies focused on the dynamical
behaviors of smooth systems instead of nonsmooth systems.

Vibro-impact systems [29] as the typical nonsmooth
systems can present rich dynamical behaviors because of its
strong nonlinearity, so a great deal of attention has been
devoted to this topic. e stochastic average method was
adopted by many authors such as Huang et al. [30], Feng
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et al. [31, 32], and Namachchivaya and Park [33]. By
comparing the stability domains of P-bifurcation and D-
bifurcation, Kumar et al. [34] concluded that these bi-
furcations need not occur in same regimes. Wang et al. [35]
put forward a new procedure based on the generalized
cell mapping (GCM) method to explore the stochastic
response of vibro-impact systems numerically. Based on
Zhuravlev–Ivanov transformation and the iterative method
of weighted residue, Chen et al. [36] proposed a new method
to obtain the closed-form stationary solution of the vibro-
impact system under Gaussian white noise excitation. Al-
though much attention was devoted to the study of vibro-
impact systems, little work focused on the investigation of
vibro-impact systems with the fractional derivative damping
under random excitation. So, in this paper, we will explore
the response of a fractional-order vibro-impact oscillator
driven by additive and multiplicative Gaussian white noises.

,is paper is organized as follows. In Section 2, non-
smooth coordinate transformations are adopted to simplify
the fractional-order vibro-impact oscillator. In Section 3, the
detailed process to get the analytical solutions is presented.
In Section 4.1, an example of fractional-order vibro-impact
systems driven by additive and multiplicative Gaussian
white noises is discussed in detail to assess the reliability of
the developed approach. In Section 4.2, the stochastic bi-
furcations induced by the system parameters are exhibited.
,e conclusions are given in Section 5.

2. System Description and Its Simplification

,e motion equations of a fractional-order vibro-impact
system under additive andmultiplicative random excitations
are of the following form:

€x + εβD
α
x + εf(x, _x) _x + ω2

0x � ε1/2ξ1(t) + ε1/2xξ2(t),

x> 0,

(1a)

_x+ � − r _x− , x � 0, (1b)

where ε> 0 is a small constant; β and ω0 are constant co-
efficients; 0< r≤ 1 is the coefficient of restitution factor; _x−

and _x+ stand for the instant velocities just before and after
collision, respectively; ξ1(t) and ξ2(t) are Gaussian white
noises whose statistical properties are of the following form:

E ξ1(t)  � 0,

E ξ2(t)  � 0,

E ξ1(t)ξ1(t + τ)  � 2D11δ(τ),

E ξ2(t)ξ2(t + τ)  � 2D22δ(τ),

E ξ1(t)ξ2(t + τ)  � E ξ2(t)ξ1(t + τ)  � 0.

(2)

Dαx refers to the fractional derivative element in the
Riemann–Liouville sense:

D
α
x(t) �

1
Γ(1 − α)

d
dt


t

0

x(t − u)

uα du, 0< α< 1, (3)

where α is the fractional derivative order.

In order to remove the discontinuity in equations (1a)
and (1b), the nonsmooth coordinate transformations
[37, 38] are used as follows:

x � x1 � |y| � y sgn(y),

_x � x2 � _y sgn(y),

€x � €y sgn(y),

(4)

where sgn(y) �
1, y> 0,

− 1, y< 0.


Substituting equation (4) into equations (1a) and (1b), we
have

€y + εβ sgn(y)D
α
(|y|) + εf(|y|, _y sgn(y)) _y

+ ω2
0y � ε1/2sgn(y)ξ1(t) + ε1/2yξ2(t), t≠ t∗,

(5a)

_y+ � r _y− , t � t∗. (5b)

Based on the new impact condition (5b), the velocity
jump of the new variable y(t) at impact is proportional to
1 − r.

According to Refs. [32, 37], the following equation is
obtained:
€y + εβ sgn(y)D

α
(|y|) + εf(|y|, _y sgn(y)) _y

+ _y− − _y+( δ t − t∗(  + ω2
0y � ε1/2sgn(y)ξ1(t) + ε1/2yξ2(t).

(6)

According to Refs. [32, 37, 39], we have
( _y− − _y+)δ(t − t∗) ≈ (1 − r) _y| _y|δ(y), and we can get the
following equivalent oscillator without impact term:
€y + εβ sgn(y)D

α
(|y|) + εf(|y|, _y sgn(y)) _y

+(1 − r) _y| _y|δ(y) + ω2
0y � ε1/2sgn(y)ξ1(t) + ε1/2yξ2(t).

(7)

3. Stochastic Averaging Method

As ε> 0 is a small constant, β is a constant coefficient, so the
fractional derivative term εβDαx is also small. ,e lightly
damped oscillator (6) is subjected to weak random excita-
tions; according to the stochastic averaging method [14], we
can assume the solution of equation (6) as

y(t) � A(t)cosΦ(t),

_y(t) � − A(t)ω0 sinΦ(t),

Φ(t) � ω0t + Ψ(t),

(8)

where A(t),Φ(t), and Ψ(t) are random processes.
Substituting equation (8) into equation (7) and according to
Ref. [14], we can obtain the equations for the amplitude A(t)

and the phase angle Ψ(t):
dA

dt
� εM11 + εM12 + ε1/2G11ξ1(t) + ε1/2G12ξ2(t),

dΨ
dt

� εM21 + εM22 + ε1/2G21ξ1(t) + ε1/2G22ξ2(t),

(9)

where
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M11 �
β
ω0

sinΦ sgn(A cosΦ)D
α
(|A cosΦ|),

M12 � − A sin2Φ f |A cosΦ|, − Aω0sinΦ sgn(A cosΦ) 

+ ε− 1
(1 − r) − Aω0sinΦ


δ(A cosΦ),

G11 � −
sinΦ
ω0

sgn(A cosΦ),

G12 � −
A sinΦ cosΦ

ω0
,

M21 �
β

Aω0
cosΦ sgn(A cosΦ)D

α
(|A cosΦ|),

M22 � − sinΦ cosΦ f |A cosΦ|, − Aω0 sinΦ sgn(A cosΦ) 

+ ε− 1
(1 − r) − Aω0sinΦ


δ(A cosΦ),

G21 � −
cosΦ
Aω0

sgn(A cosΦ),

G22 � −
cos2Φ
ω0

.

(10)
,en, the averaged Itô equation for the limited process

A(t) is

dA � m(A)dt + σ(A)dB(t), (11)

in which the averaged drift coefficient and diffusion co-
efficient are given by

m(A) � εM11 + M12 + D11
zG11

zA
G11 + D11

zG11

zΦ
G21

+ D22
zG12

zA
G12 + D22

zG12

zΦ
G22

Φ
,

(12)

σ2(A) � ε2D11G
2
11 + 2D22G

2
12Φ. (13)

,en, the most important step is the calculation of the
first term of equation (12), i.e.,

ε〈M11〉Ψ � ε
β
ω0

sinΦ sgn(A cosΦ)D
α
(|A cosΦ|)

Φ
.

(14)

Substituting equation (3) into equation (14), we have

ε〈M11〉Φ � 
εβA

ω0Γ(1 − α)
sinΦ sgn(A cosΦ)

×
d
dt


t

0

cos Φ − ω0u( 




uα du
Φ

.

(15)

,e Fourier series of the absolute value of the cosine
function is

|cos θ| �
2
π

+ 
∞

n�1
Bn cos(2nθ), (16)

where Bn � (4/π)((− 1)n/(1 − 4n2)).
In order to smooth the solution, substituting equation

(16) into equation (15), we have


t

0

cos Φ − ω0u( 




uλ1
du � 

t

0

2
πuλ1

du + 
∞

n�1
Bn 

t

0

cos 2nΦ − 2nω0u( 

uλ1
du � 

t

0

2
πuλ1

du

+ 
∞

n�1
Bn cos(2nΦ) × 

t

0

cos 2nω0u( 

uλ1
du + sin(2nΦ) × 

t

0

sin 2nω0u( 

uλ1
du .

(17)

According to Refs. [40, 41] and equations (15) and (17),
equation (14) can be simplified as

ε〈M11〉Ψ � ε lim
T⟶∞

1
T


T

0

β
ω0

sinΦ sgn(A cosΦ)D
α
(|A cosΦ|) dt � −

32εβA

π2ω0
sin

απ
2



∞

n�1

n2 2nω0( 
α− 1

1 − 4n2( )
2 . (18)

,e other parts of equation (10) and the averaged dif-
fusion coefficient σ2(A) can be obtained through mathe-
matical calculation.

,e corresponding Fokker–Planck–Kolmogorov equa-
tion associated with equation (11) is given by

zp

zt
� −

z

zA
[m(A)p] +

1
2

z2

zA2 σ2(A)p , (19)

when the boundary conditions of equation (19) are (1) p is
a finite real number at A � 0 and (2) p⟶ 0, zp/zA⟶ 0
as A⟶∞. ,e stationary solution of equation (19)
[42–44] is

p(A) �
C

σ2(A)
exp 

A

0

2m(u)

σ2(u)
du , (20)
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where C is a normalization constant.
According to Ref. [14], the joint stationary probability

density function of the displacement y and velocity _y is as
follows:

pY, _Y(y, _y) �
p(A)

2πω0A

A�
���������

y2+ _y2/ω2
0( )( )

 . (21)

,e stationary PDF of the variables x1 and x2 can be
obtained as

p x1, x2(  � 2pY, _Y x1, x2( , x1 ≥ 0. (22)

,e marginal stationary probability density functions
p(x1) and p(x2) can be achieved as

p x1(  � 
+∞

− ∞
p x1, u( du, (23)

p x2(  � 
+∞

0
p u, x2( du. (24)

4. Example

,e motion equations we consider are expressed as

€x + βD
α
x + c4x

4
− c2x

2
− c0  _x + ω2

0x

� ξ1(t) + xξ2(t), x> 0,

_x+ � − r _x− , x � 0,

(25)

where β, c4, c2, c0, and ω0 are small constant coefficients.
After introducing the nonsmooth coordinate trans-
formations, we have

€y + β sgn(y)D
α
(|y|) + c4y

4
− c2y

2
− c0  _y

+(1 − r) _y| _y|δ(y) + ω2
0y � sgn(y)ξ1(t) + yξ2(t).

(26)

,e averaged drift coefficients and diffusion coefficients
in equation (11) are

m(A) � −
32βA

π2ω0
sin

απ
2



∞

n�1

n2 2nω0( 
α− 1

1 − 4n2( )
2 −

c4

16
A
5

+
c2

8
A
3

+
c0

2
A −

(1 − r)ω0

π
A +

D11

2Aω2
0

+
3AD22

8ω2
0

,

σ2(A) �
D11

ω2
0

+
A2D22

4ω2
0

.

(27)
According to equations (20) and (22)–(24), we can

obtain p(A), p(x1), p(x2), and p(x1, x2).
It is noted that the series 

∞
n�1(n2(2nω0)

α− 1/(1 − 4n2)2)

≈ 
20
n�1(n2(2nω0)

α− 1/(1 − 4n2)2). ,e reason is as follows:
As the series 

∞
n�1(n2(2nω0)

α− 1/(1 − 4n2)2) (ω0 � 1, 0<
α< 1) converges very fast, the following assumption is
reasonable:



∞

n�1

n2 2nω0( 
α− 1

1 − 4n2( )
2 � 

200,000

n�1

n2 2nω0( 
α− 1

1 − 4n2( )
2 . (28)

When ω0 � 1 and α � 0.5,

Un�20 � 

20

n�1

n2 2nω0( 
α− 1

1 − 4n2( )
2 � 0.094658610684682, (29)

Un�200,000 � 
200,000

n�1

n2 2nω0( 
α− 1

1 − 4n2( )
2 � 0.094976080504781.

(30)
,e relative error is
Un�20 − Un�200,000




Un�200,000
� 0.003342629201071 ≈ 0.3343%.

(31)

Comparing equation (29) with equation (30), we can
conclude that keeping more items indeed can improve the
accuracy. From equation (31), when ω0 � 1 and α � 0.5, the
relative error is only 0.3343%. So, it is reasonable to keep the
first 20 terms when dealing with the series.

4.1. Effectiveness of the Method. In this section, the accuracy
of the proposed method will be verified by comparison with
the Monte Carlo simulation results. ,e solid lines are the
analytical numerical results, while the discrete dots are the
numerical results. We can obtain the analytical solution by
substituting m(A) and σ2(A) into equation (20). By using
the fourth-order Runge–Kutta algorithm, we can obtain
numerical results from the original equation (25).

In Figure 1, a comparison between the numerical results
and the analytical results is represented. ,e system pa-
rameter values are listed in Table 1. A very good agreement
can be found. So, the effectiveness of the proposed method is
acceptable.

In order to further assess the effectiveness of the de-
veloped method, another comparison between the nu-
merical results and the analytical results is carried out as
shown in Figure 2. ,e system parameter values are listed
in Table 2. A very good match between the numerical and
the analytical results indicates that the developed pro-
cedure is effective.

4.2. Bifurcation Analysis. In Section 4.1, we demonstrated
the effectiveness of the proposed method. In this section, we
turn our attention to the stochastic P-bifurcation induced by
system parameters. As the investigation on the stochastic P-
bifurcation enabled us to have a more clear understanding
on the dynamical behavior of the system, especially on the
long-run probability distributions, we will conduct the bi-
furcation analysis in this section. In this paper, the stochastic
P-bifurcation or phenomenological bifurcation takes place
when the structure of stationary probability density function
has qualitative changes as parameters are varied.

First, we investigate the influence of the coefficient of
restitution factor r on the stochastic bifurcation. ,e system
parameter values are listed in Table 3. Figure 3 depicts the
joint probability density functions for different r. It can be
concluded that increasing the coefficient of restitution factor

4 Complexity



Table 1: Parameter values used in simulation.

α β c4 c2 c0 ω0 D11 D22 r

0.5 0.01 0.025 0.01 0.01 1.0 0.0001 0.0005 0.98

p(
A)

0.1 0.2 0.3 0.4 0.50
A

0

2

4

6

8

10

(a)

p 
(X

1)

0

5

10

0.1 0.2 0.3 0.4 0.50
X1

(b)

Figure 2: Continued.

p 
(A

)

0.05 0.1 0.15 0.2 0.250
A

0

5

10

15

(a)

p 
(X

1)

0

5

10

15

20

25

0.05 0.1 0.15 0.2 0.250
X1

(b)

p 
(X

2)

0

2

4

6

8

10

12

–0.1 0 0.1 0.2–0.2
X2

(c)

Figure 1: A comparison between the analytical solutions (solid blue lines) and the numerical results (discrete blue dots).
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r from 0.984 to 0.989 gives rise to the occurrence of sto-
chastic P-bifurcation. Specifically, when r � 0.984, the joint
probability density function has one peak, while when
r � 0.989, the joint probability density function presents
a crater-like structure. ,e qualitative transformation of the

probability density function indicates the occurrence of
stochastic P-bifurcation. In order to better understand the
progress of the stochastic P-bifurcation, the corresponding
section graphs of probability density functions when x1 �

0.05 are presented in Figure 4.

p 
(X

2)

0

2

4

6

0 0.5–0.5
X2

(c)

Figure 2: A comparison between the analytical solutions (solid blue lines) and the numerical results (discrete blue dots).

Table 2: Parameter values used in simulation.

α β c4 c2 c0 ω0 D11 D22 r

0.5 0.006 0.01 − 0.1 0.06 1.0 0.00005 0.00005 0.98

Table 3: Parameter values used in simulation.

α β c4 c2 c0 ω0 D11 D22

0.5 0.06 0.01 − 0.10 0.06 1.0 0.00005 0.00005

0
0.5

1

−1
0

1

X1
X2

p 
(X

1, 
X 2

)

0

5

10

(a)

0
0.5

1

−1
0

1

p 
(X

1, 
X 2

)

X1
X2

0

5

(b)

0
0.5

1

−1
0

1

X1
X2

p 
(X

1, 
X 2

)

0

2

4

(c)

Figure 3: ,e joint probability density functions for different r. (a) r � 0.984. (b) r � 0.986. (c) r � 0.989.
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Table 4: Parameter values used in simulation.

α c4 c2 c0 ω0 D11 D22 r

0.5 0.01 − 0.10 0.06 1.0 0.00005 0.00005 0.986

0
0.5

1

−1
0

1

X1
X2

p 
(X

1, 
X 2

)

0

5

10

15

(a)

0
0.5

1

−1

0

1

X1
X2

p 
(X

1, 
X 2

)

0

5

(b)

0
0.5

1

−1
0

1

X1
X2

p 
(X

1, 
X 2

)

0

2

4

(c)

Figure 5: ,e joint probability density function for different β. (a) β � 0.009. (b) β � 0.006. (c) β � 0.003.

p 
(X

2)

r = 0.984

r = 0.986

r = 0.989

–0.5 0 0.5 1–1
X2

0

2

4

6

8

10

Figure 4: Section graphs of joint probability density function s when x1 � 0.05 for different r.

5

p 
(X

2)

β = 0.009

β = 0.003

β = 0.006

–0.5 0 0.5 1–1
X2

0

10

15

Figure 6: Section graphs of probability density function s when x1 � 0.05 for different β.
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Second, we explore the influence of the fractional de-
rivative coefficient β on the stochastic bifurcations. ,e
system parameter values are listed in Table 4. Figure 5
depicts the joint probability density functions for different
β. Figure 6 presents the corresponding section graphs of
joint probability density functions when x1 � 0.05. It can be
observed that decreasing fractional derivative coefficient β
from 0.009 to 0.003 leads to the occurrence of stochastic P-
bifurcation.

,ird, we discuss the influence of the fractional de-
rivative order α on the stochastic bifurcations. ,e system
parameter values are listed in Table 5. Figure 7 depicts the
joint probability density functions for different α. Figure 8

presents the corresponding section graphs of joint proba-
bility density functions when x1 � 0.05. According to similar
analysis, it can be observed that decreasing fractional de-
rivative order α from 0.6 to 0.3 contributes to the occurrence
of stochastic P-bifurcation.

5. Conclusions

We carried out the investigation on the stochastic bi-
furcation of a fractional-order vibro-impact system under
additive and multiplicative Gaussian white noise excitations.
,ere are two challenges to study the stationary response of
the fractional vibro-impact systems under Gaussian white

Table 5: Parameter values used in simulation.

β c4 c2 c0 ω0 D11 D22 r

0.006 0.01 − 0.10 0.06 1.0 0.00005 0.00005 0.986

0
0.5

1

−1
0

1

X1
X2

p 
(X

1, 
X 2

)

0

5

10

(a)

0
0.5

1

−1
0

1

X1
X2

p 
(X

1, 
X 2

)

0

5

(b)

0
0.5

1

−1
0

1

X1
X2

p 
(X

1, 
X 2

)

0

2

4

(c)

Figure 7: ,e joint probability density functions for different α. (a) α � 0.6. (b) α � 0.5. (c) α � 0.3.

p 
(X

2)

α = 0.3

α = 0.5

α = 0.6

0

2

4

6

8

10

–0.5 0 0.5 1–1
X2

Figure 8: Section graphs of probability density functions when x1 � 0.05 for different α.
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noises. ,e first one is how to deal with the discontinuity of
the original system.,e second one is how to get the explicit
expression of the averaged drift coefficient when we utilize
the stochastic averaging method. ,ese two challenges have
been solved in this paper by the nonsmooth transformations
and stochastic averaging method. An example is discussed in
detail to assess the reliability of the developed approach. ,e
results showed that the proposed method has a satisfactory
accuracy. We also found that the coefficient of restitution
factor, fractional derivative coefficient, and fractional de-
rivative order can be treated as bifurcation parameters.

Data Availability

No data were used to support this study.

Conflicts of Interest

,e authors declare that they have no conflicts of interest.

Acknowledgments

,is work was supported by the National Natural Science
Foundation of China (nos. 11902081, 11532011, 11672232,
and 11702213).

References

[1] B. J. West, Fractional Calculus View of Complexity: Tomor-
row’s Science, CRC Press, Boca Raton, FL, USA, 2016.

[2] J. T. Machado, “And I say to myself: “what a fractional
world!”,” Fractional Calculus and Applied Analysis, vol. 14,
pp. 635–654, 2011.

[3] I. Podlubny, Fractional Differential Equations, Academic
Press, Cambridge, MA, USA, 1998.

[4] C. Li and F. Zeng, Numerical Methods for Fractional Calculus,
CRC Press, Boca Raton, FL, USA, 2015.

[5] Y. Chen, I. Petras, and D. Xue, “Fractional order control-A
tutorial,” in Proceedings of the American Control Conference
ACC’09: IEEE, pp. 1397–1411, St. Louis, MO, USA, July 2009.

[6] Z. Li, L. Liu, S. Dehghan, Y. Chen, and D. Xue, “A review and
evaluation of numerical tools for fractional calculus and
fractional order controls,” International Journal of Control,
vol. 90, no. 6, pp. 1165–1181, 2017.

[7] Y. A. Rossikhin and M. V. Shitikova, “Applications of frac-
tional calculus to dynamic problems of linear and nonlinear
hereditary mechanics of solids,” Applied Mechanics Reviews,
vol. 50, no. 1, pp. 15–67, 1997.

[8] Y. A. Rossikhin and M. V. Shitikova, “Application of frac-
tional calculus for dynamic problems of solid mechanics:
novel trends and recent results,” Applied Mechanics Reviews,
vol. 63, p. 10801, 2010.

[9] L. Chen, F. Hu, and W. Zhu, “Stochastic dynamics and
fractional optimal control of quasi integrable Hamiltonian
systems with fractional derivative damping,” Fractional
Calculus and Applied Analysis, vol. 16, no. 1, pp. 189–225,
2013.

[10] B. J. West, “,oughts on modeling complexity,” Complexity,
vol. 11, no. 3, pp. 33–43, 2006.

[11] S. Marir, M. Chadli, and D. Bouagada, “A novel approach of
admissibility for singular linear continuous-time fractional-
order systems,” International Journal of Control, Automation
and Systems, vol. 15, no. 2, pp. 959–964, 2017.

[12] S. Marir, M. Chadli, and D. Bouagada, “New admissibility
conditions for singular linear continuous-time fractional-
order systems,” Journal of the Franklin Institute, vol. 354,
no. 2, pp. 752–766, 2017.

[13] M. A. Ghezzar, D. Bouagada, and M. Chadli, “Influence of
discretization step on positivity of a certain class of two-di-
mensional continuous-discrete fractional linear systems,”
IMA Journal of Mathematical Control and Information,
vol. 35, no. 3, pp. 845–860, 2017.

[14] Z. L. Huang and X. L. Jin, “Response and stability of a SDOF
strongly nonlinear stochastic system with light damping
modeled by a fractional derivative,” Journal of Sound and
Vibration, vol. 319, no. 3–5, pp. 1121–1135, 2009.

[15] L. Chen, T. Zhao, W. Li, and J. Zhao, “Bifurcation control of
bounded noise excited Duffing oscillator by a weakly frac-
tional-order PIλ Dμ feedback controller,”Nonlinear Dynamics,
vol. 83, no. 1-2, pp. 529–539, 2016.

[16] Y. Yang, W. Xu, W. Jia, and Q. Han, “Stationary response of
nonlinear system with Caputo-type fractional derivative
damping under Gaussian white noise excitation,” Nonlinear
Dynamics, vol. 79, no. 1, pp. 139–146, 2014.

[17] L. Chen, X. Liang, W. Zhu, and Y. Zhao, “Stochastic averaging
technique for SDOF strongly nonlinear systems with delayed
feedback fractional-order PD controller,” Science China
Technological Sciences, vol. 62, no. 2, pp. 287–297, 2019.

[18] D. Liu, J. Li, and Y. Xu, “Principal resonance responses of
SDOF systems with small fractional derivative damping under
narrow-band random parametric excitation,” Communica-
tions in Nonlinear Science and Numerical Simulation, vol. 19,
no. 10, pp. 3642–3652, 2014.

[19] Y. Xu, Y. Li, and D. Liu, “A method to stochastic dynamical
systems with strong nonlinearity and fractional damping,”
Nonlinear Dynamics, vol. 83, no. 4, pp. 2311–2321, 2016.

[20] D. Huang, S. Zhou, and G. Litak, “,eoretical analysis of
multi-stable energy harvesters with high-order stiffness
terms,” Communications in Nonlinear Science and Numerical
Simulation, vol. 69, pp. 270–286, 2019.

[21] A. Di Matteo, I. A. Kougioumtzoglou, A. Pirrotta,
P. D. Spanos, and M. Di Paola, “Stochastic response de-
termination of nonlinear oscillators with fractional derivatives
elements via the Wiener path integral,” Probabilistic Engi-
neering Mechanics, vol. 38, pp. 127–135, 2014.

[22] G. Malara and P. D. Spanos, “Nonlinear random vibrations of
plates endowed with fractional derivative elements,” Proba-
bilistic Engineering Mechanics, vol. 54, pp. 2–8, 2018.

[23] C. Wu, S. Lv, J. Long, J. Yang, and M. A. F. Sanjuán, “Self-
similarity and adaptive aperiodic stochastic resonance in
a fractional-order system,”Nonlinear Dynamics, vol. 91, no. 3,
pp. 1697–1711, 2018.

[24] W. Li, L. Chen, J. Zhao, and N. Trisovic, “Reliability esti-
mation of stochastic dynamical systems with fractional order
PID controller,” International Journal of Structural Stability
and Dynamics, vol. 18, no. 6, Article ID 1850083, 2018.
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