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�is paper investigates the problem of stabilization for semi-Markov chaotic systems with fuzzy sampled-data controllers, in
which the semi-Markov jump has generally uncertain transition rates.�e exponential stability condition is �rstly obtained by the
following two main techniques: To make full use of the information about the actual sampling pattern, a novel augmented input-
delay-dependent Lyapunov–Krasovskii functional (LKF) is �rstly introduced. Meanwhile, a new zero-value equation is estab-
lished to increase the combinations of component vectors of the resulting vector. �e corresponding fuzzy sampled-data
controllers are designed based on the stability condition. Finally, the validity and merits of the developed theories are shown by
two numerical examples.

1. Introduction

As we all know, Takagi–Sugeno fuzzy model (T-SFM) [1] is
an applicable and e�ective way for us to approximate
complex nonlinear systems. It is often used for handling
some practical nonlinear systems in many controlling en-
gineering areas because the T-SFM could show topical linear
input-output relations of a nonlinear system. For example,
some famous nonlinear systems can be accurately expressed
by the T-SFM, such as Chua’s system [2], Lorenz system [3],
and Rösler system [4]. �ese systems are called chaotic
systems. Consequently, T-S fuzzy control has a signi�cant
role in chaotic systems, and plenty of meaningful results on
T-S fuzzy chaotic systems have been proposed based on
various kinds of approaches [5–9].

Because of the fast development of microelectronics
technology and communication networks, sampled-data
control enjoys great popularity owing to its maintenance
with low cost, better reliability, and e¢ciency [10–16]. In
general, in the realization of sampled-data control systems,
only the sampling information is sent to the controller at

discrete time instants, which would greatly decrease the
amount of information while increasing the e¢ciency of
bandwidth usage. �us, to investigate the sampled-data
control for fuzzy chaotic systems has considerable realistic
signi�cance. Up to now, three methods are mainly used,
namely, impulsive control approach [13, 14], discrete-time
technique [15], and input delay method [12, 17], to deal with
the sampled-data control systems, in which the most favorite
way is the input delay method. Combining the input delay
method with the zero-order holder (ZOH), the sampled-data
control system can be transformed as a continuous-time
system with time-varying delayed control input. In recent
years, according to the input delay method, lots of important
stabilization results on chaotic systems with fuzzy sampled-
data control were presented [18–27]. In [18, 23, 24], by
designing fuzzy sampled-data control, the stabilization
conditions for chaotic systems have been obtained. In
[19, 20], by constructing input-delay-dependent LKFs, less
conservative criteria for chaotic system have been studied.
Very recently, by utilizing the fuzzy input-delay-dependent
LKF approach, fewer constraint conditions for chaotic
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systems have been established in [25, 26]. Most recently, by
constructing a new input-delay-dependent LKF, improved
results have been established for chaotic systems in [21, 27].
It is well known that the input-delay-dependent Lyapunov
method is very effective for reducing conservatism because it
can fully capture the information about the actual sampling
pattern. However, in the most existing works, input-delay-
dependent Lyapunov terms are mainly constructed based on
linear function of input delay. Input-delay-dependent
Lyapunov terms with high-order function of input delay are
difficultly contained because their derivation may be non-
linear input delay. .en, the convex combination technique
cannot be directly utilized. .us, it is still a challenging issue
to construct input-delay-dependent LKFs with high-order
function of input delay to further improve the existing re-
sults for fuzzy sampled-data chaotic systems, which is the
first motivation of this paper.

Moreover, it should be pointed out that the existing
works [18–27] considered how to obtain less conservative
stabilization conditions, while they ignored calculation load.
Actually, during the application of LMI-based criteria to
large-scale physical systems, the computational complexity
is a very significant problem [28]. An LMI-based condition
with too much complexity may be limited in many practical
applications. Hence, it is important to establish stabilization
criteria discussing both the conservatism and calculation
complexity for fuzzy sampled-data chaotic systems, which is
the second motivation of this paper.

On the contrary, in the real world, the Markov jump
usually exists in chaotic systems since the abrupt changes in
their structure and parameters. So, the study on chaotic
systems with Markov jump parameters is of great im-
portance [29–31]. It is noted that the transition rates in the
aforementioned works are always supposed to be totally
known. .e transition rates are usually difficult to accu-
rately appraise in general; thus, the Markov jump systems
with generally uncertain transition rates were considered in
[32–34] and the references therein. Reference [27] studied
the problem of stability and stabilization for fuzzy chaotic
systems with fuzzy sampled data and Markov jump of
generally uncertain transition rates. Some studied Markov
jump has native limitations since the Markov chain is
assumed to be exponentially distributed and the transition
rates are considered to be constants. As a consequence, the
obtained results are conservative to some extent. In order
to avoid this situation, semi-Markov jump systems were
discussed in [35–39] by supposing the transition rates to be
time varying instead of constant ones. Meanwhile, one can
easily see that the obtained results for the Markov jump
systems are special cases of those for semi-Markov jump
systems. Clearly, semi-Markov jump systems are more
general than Markov jump systems in applications.
.erefore, it is necessary to consider semi-Markov chaotic
systems with fuzzy sampled-data control. However, to the
best of our knowledge, the issues have not been considered
yet. On the basis of this fact, the previous stability and
stabilization criteria will no longer be applicable. Hence,
the second motivation of this study becomes more and
more important.

Based on the above discussions, the aim of this paper is
to further investigate the problem of stabilization for fuzzy
chaotic systems with sampled-data control and semi-Mar-
kov jump of generally uncertain transition rates. .e re-
mainder of this article is given as follows: Many useful
notations are given and the main problems are described in
Section 2. .e stability and stabilization conditions are
provided in Section 3. In Section 4, two numerical examples
are presented to show the feasibility and superiority of our
results. Section 5 gives a conclusion. .e advantages of this
paper are summarized as follows:

(i) .is discussion for chaotic systems with both fuzzy
sampled-data control and semi-Markov jump of
generally uncertain transition rates is for the first
time to be proposed. .e obtained results in
practical situation are more applicable than the
previous results in [18, 20–27].

(ii) To make more cross terms of vector components in
the resulting vector, a novel zero equality is
established.

(iii) To take full advantage of the available information
with regard to the practical sampling mode, a new
augmented time-dependent LKF V3(x(t), rt) is
constructed, which is firstly presented for the fuzzy
sampled-data semi-Markov chaotic systems.

(iv) Compared with the existing stabilization conditions
in [21, 24–26], our results are not only less com-
putationally complex but also less conservative.

2. Problem Statement and Preliminaries

To be clear, the following symbols are firstly explained in a
simple way:

T: transpose of a matrix or a vector
Rn: n-dimensional Euclidean space
Rn×m: set of all n × m real matrices
P> 0: matrix P is symmetric and positive definite
∗: symmetric terms in a symmetric matrix
In: identity matrix
0n×m: zero matrices
diag · · ·{ }: a block-diagonal matrix
sym X{ }: X + XT

λmax(G) (λmin(G)): the largest (smallest) eigenvalue of
G
‖ · ‖: Euclidean norm for a given vector
(Ω,F,P): complete probability space with a natural
filtration Ft t≥ 0 satisfying the usual conditions (i.e.,
the natural filtration contains all P-null sets and is
right continuous)
E ·{ }: expectation function in regard to the given
probability measure P

Consider the semi-Markov chaotic system expressed by
the following differential equation:
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_x(t) � g x(t), u t, rt( , rt( , (1)

where x(t) ∈Rn denotes the state vector, u(t, rt) ∈R
m

denotes the control input vector, and g(·) denotes a known
nonlinear continuous function and satisfies g(0, 0, rt) � 0.
rt, t≥ 0  denotes the right-continuous semi-Markov pro-
cess on the probability space (Ω,F,P) and takes values in a
finite state set S � (1, 2, . . . , s) with the transition rate
matrix Π(h) � (πpq(h))s×s given by

Pr rt+h � q rt

 � p  �
πpq(h)h + o(h), p≠ q,

1 + πpp(h)h + o(h), p � q,

⎧⎨

⎩

(2)

where h> 0 and limh⟶0o(h)/h � 0; the transition rates
πpq(h) are positive, if p≠ q, while πpp(h) � − 

s
q�1,q≠pπpq(h)

for each mode p ∈ S.
Actually, not all the transition rates πpq(h) are easy to

accurately estimate in the jumping process; most of them
always contain the following two assumptions: (1) πpq(h) is
totally uncharted and (2) πpq(h) is not exactly known, but
upper and lower bounded. Based on the second condition,
we can further define πpq(h) ∈ [πpq, πpq], in which πpq and
πpq are known real constants to represent the lower and
upper bounds of πpq(h), respectively. Furthermore, we can
denote that πpq(h) ≜ πpq + Δπpq(h), in which πpq � (1/2)

(πpq + πpq) and |Δπpq(h)|≤ λpq with λpq � (1/2) (πpq− πpq).
.us, the time-varying transition rate matrix Π(h) with s
jumping modes may be described as

Π(h) �

π11 + Δπ11(h) ∇ ∇ · · · π1s + Δπ1s(h)

∇ ∇ π23 + Δπ23(h) · · · π2s + Δπ2s(h)

⋮ ⋮ ⋮ ⋱ ⋮

∇ πs2 + Δπs2(h) ∇ · · · ∇

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3)

where ∇ is unknown time-varying transition rates. For
convenience, ∀p ∈ S, the set Gp denotes Gp,k ∪Gp,uk with

Gp,k ≜ q : πpq can be determined for q ∈ S ,

Gp,uk ≜ q : πpq is unknown for q ∈ S .
(4)

Moreover, if Gp,k ≠∅ and Gp,uk ≠∅, we can obtain the
following:

Gp,k ≜ kp,1, kp,2, . . . , kp,v , 1≤ v< s. (5)

By using the following IF-THEN rules, system (1) can be
developed into the following systems: Plant rule i: IF θ1(t) is
αi,rt

1 and . . . and θl(t) is αi,rt

l , THEN
_x(t) � Ai,rt

x(t) + Bi,rt
u t, rt( , (6)

where i ∈ Θ � 1, 2, . . . , w{ }, θ1(t), . . . , θl(t) represent premise
variables, αi,rt

1 , . . . , αi,rt

l represent the fuzzy sets, Ai,rt
∈Rn×n

and Bi,rt
∈Rn×m represent the known constant matrices with

suitable dimensions, and w shows the number of fuzzy rules.
By using the fuzzy blending, the fuzzy semi-Markov

jump system (6) can be rewritten as follows:

_x(t) � 
w

i�1
ωi,rt

(θ(t)) Ai,rt
x(t) + Bi,rt

u t, rt(  , (7)

where θ(t) � [θ1(t), . . . , θl(t)]T and ωi,rt
(θ(t)) is the

membership function satisfying

ωi,rt
(θ(t)) �


l
j�1 α

i,rt

j θj(t) 


w
n�1

l
j�1 α

n,rt

j θj(t) ,
(8)

in which αi,rt

j (θj(t)) stands for the grade of membership of
θj(t) in αi,rt

j . For all t> 0, we have ωi,rt
(θ(t))≥ 0 and


w
i�1ωi,rt

(θ(t)) � 1.

.roughout this paper, the control signal is supposed to
be generated by using a ZOH function with a series of
holding moments 0 � t0 < t1 < · · · < tk < · · ·. Accordingly,
the fuzzy sampled-data controllers can be easily given as
follows.

Controller rule j: IF θ1(t) is αi,rt

1 and . . . and θl(t) is αi,rt

l ,
THEN

u t, rt(  � Kj,rt
x(t − τ(t)), tk ≤ t< tk+1, (9)

with j � 1, 2, . . . , w, τ(t) � t − tk, and Kj,rt
(j ∈ Θ) denotes

the controller gain matrices to be computed. .e sampling
interval τk meets the condition 0≤ τ(t)≤ τk � tk+1 − tk ≤ τ,
where τ is the upper bound of the sampling periods.

Hence, the entire fuzzy sampled-data controller can be
represented as follows:

u t, rt(  � 
w

j�1
ωj,rt

θ tk( ( Kj,rt
x(t − τ(t)). (10)

For the sake of convenience, rt is noted as rt � p(p ∈ S)

hereinafter. Introducing (10) into (7), the fuzzy system (7) is
further developed into

_x(t) � 
w

i�1


w

j�1
ωi,p(θ(t))ωj,p θ tk( ( 

· Ai,px(t) + Bi,pKj,px(t − τ(t)) , tk ≤ t< tk+1.

(11)

To clearly give the main results, we firstly provide the
following definition and lemmas.

Definition 1. System (11) is exponentially stable if scalars
β> 0 and δ > 0 satisfy
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E‖x(t)‖≤ δe
− βt sup

− τ≤ψ≤0
E ‖x(ψ)‖, ‖ _x(ψ)‖ , (12)

where β and δ are defined as the decay rate and decay
coefficient, respectively.

Lemma 1. 9e system (11) holds the following conclusion:

‖x(t)‖
2 ≤ ε x tk( 

����
����
2
, tk ≤ t< tk+1, (13)

with ε1 � maxi∈Θ,p∈S(‖Bi,p‖), ε2 � maxj∈Θ,p∈S(‖Kj,p‖),
ε3 � maxi∈Θ,p∈S(‖Ai,p‖), and ε � 3(1 + τ2ε1ε2)e3τ

2ε3 .

Proof. One can obtain for ∀t ∈ [tk, tk+1) from (11) that

‖x(t)‖≤ x tk( 
����

���� + 
t

tk



w

i�1
ωi,p(θ(ϵ))Ai,px(ϵ)dϵ

���������

���������

+ 
t

tk



w

i�1


w

j�1
ωi,p(θ(ϵ))ωj,p θ tk( ( Bi,pKj,px tk( dϵ

����������

����������
.

(14)

Using the Cauchy–Schwarz inequality, we can get from
(14) that

‖x(t)‖
2 ≤ 3 x tk( 

����
����
2

+ 3 
t

tk



w

i�1
ωi,p(θ(ϵ))Ai,px(ϵ)dϵ

���������

���������

2

+ 3 
t

tk



w

i�1


w

j�1
ωi,p(θ(ϵ))ωj,p θ tk( ( Bi,pKj,px tk( dϵ

����������

����������

2

≤ 3 x tk( 
����

����
2

+ 3τ 
t

tk



w

i�1
ωi,p(θ(ϵ))Ai,px(ϵ)

���������

���������

2

dϵ + 3τ 
t

tk



w

i�1


w

j�1
ωi,p(θ(ϵ))ωj,p θ tk( ( Bi,pKj,px tk( 

����������

����������

2

dϵ

≤ 3 x tk( 
����

����
2

+ 3τε3 
t

tk

‖x(ε)‖2dϵ + 3τε1ε2 
t

tk

x tk( 
����

����
2dϵ

≤ 3 1 + τ2ε1ε2  x tk( 
����

����
2

+ 3τε3 
t

tk

‖x(ε)‖2dϵ.

(15)

Utilizing the Gronwall–Bellman inequality, it is easy to
see from (15) that (13) concludes. .is proves Lemma 1. □

Lemma 2 (Park et al. [40]). For a given matrix V> 0, any
differentiable function x : [c, d]⟶Rn satisfies the fol-
lowing inequality:


d

c
_x
T
(s)V _x(s)ds ≥

ΥT
1VΥ1 + 3ΥT

2VΥ2
d − c

, (16)

with

Υ1 � x(d) − x(c),

Υ2 � x(d) + x(c) −
2

d − c


d

c
x(s)ds.

(17)

3. Main Results

Two important results will be established in this section:
First, the exponential stability condition of the fuzzy semi-
Markov jump system (11) is given for known control gain
matrices Kj,p. Second, by designing the control gain
matricesKj,p, the exponential stabilization criterion of the
fuzzy semi-Markov jump system (11) is obtained. For
clarity, we need to define the following matrices and
vectors:

z1(t) � τ(t)x(t),

z2(t) � τ(t) _x(t),

z3(t) � τ(t) 
t

tk

x(s)ds,

v(t) �
1

t − tk


t

tk

x(s)ds,

ξ(t) � x
T
(t), _x

T
(t), x

T
tk( , x

T
(t − τ), v

T
(t),

1
τ − t + tk


tk

t− τ
x

T
(s)ds, z

T
1 (t), z

T
2 (t), z

T
3 (t)

T
,

η(t) � x
T
(t) − x

T
tk( , z

T
1 (t), z

T
3 (t) 

T
,

ei � 0n×(i− 1)n In 0n×(9− i)n ,

Ψ � eT
1 , eT

2 , eT
3 , eT

4 , eT
5 , eT

6 , eT
7 , eT

8 , eT
9 

T
.

(18)

Theorem 1. Given scalars τ and β, the fuzzy system (11) with
control gain matrices Kj,p is exponentially stable; if there
exist positive definite matricesPp, Q,R,Tpq, andZpq, any
matrices S11, S12, S22, H, X, Y, and Fm(m � 1, 2) with
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appropriate dimensions, such that the following conditions
hold for all i, j ∈Θ, and p ∈ S.

Case 1. p ∈ Gp,k, ∀l ∈ Gp,uk, Gp,k ≜ kp,1, kp,2, . . . , kp,v1 ,

R �

R 0 S11 S12
∗ 3R ST

12 S22
∗ ∗ R 0
∗ ∗ ∗ 3R

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≥ 0, (19)


(1)

1 Γ
(1)

∗ − Λ(1)

⎡⎢⎢⎣ ⎤⎥⎥⎦< 0, (20)


(1)

2 Γ
(1)

∗ − Λ(1)

⎡⎢⎢⎣ ⎤⎥⎥⎦< 0, (21)

where


(1)

1 � Φ(τ(t) � 0) + eT
1 Tpqe1,


(1)

2 � Φ(τ(t) � τ) + eT
1 Tpqe1,

Γ(1)
� eT

1 Pkp,1
− Pl , eT

1 Pkp,2
− Pl , . . . , eT

1 Pkp,v1
− Pl  ,

Λ(1)
� diag Tp,kp,1

,Tp,kp,2
, . . . ,Tp,kp,v1

 ,

Tpq � 
q∈Gp,k

λpq 
2

4
Tpq + πpq Pq − Pl ⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

(22)

with

Φ(τ(t)) � Φ0(τ(t)) +Φ1(τ(t)),

Φ0(τ(t)) � sym ΨT
X

τ(t)e1 − e7
τ(t)e2 − e8
τ2(t)e5 − e9

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

+ sym eT
1F

T
1 + eT

2F
T
2  Ai,pe1 + Bi,pKj,pe3 − e2  ,

Φ1(τ(t)) � sym eT
1Ppe2  + 2βeT

1Ppe1 + eT
1Qe1 − e

− 2βτeT
4Qe4 + τ2eT

2Re2 − e
− 2βτΠT

1RΠ1

− sym ΠT
2HΠ2  +(τ − τ(t))sym 2βΠT

2HΠ2  +(τ − τ(t))sym

e2
e1 + e8

τ(t)e5 + e7

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

HΠ2

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

+ 2β(τ − τ(t))τ(t)eT
5Ye5 +(τ − 2τ(t))eT

5Ye5 + sym (τ − τ(t))eT
5Y e1 − e5(  ,

Π1 �

e1 − e3
e1 + e3 − 2e5

e3 − e4
e3 + e4 − 2e6

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Π2 �

e1 − e3
e7
e9

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(23)

Case 2. p ∈ Gp,uk, ∀l ∈ Gp,uk, Gp,k ≜ kp,1, kp,2, . . . , kp,v2 ,
l≠p,

R �

R 0 S11 S12
∗ 3R ST

12 S22
∗ ∗ R 0
∗ ∗ ∗ 3R

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≥ 0, (24)

Pp − Pl ≥ 0, (25)


(2)

1 Γ
(2)

∗ − Λ(2)

⎡⎢⎢⎣ ⎤⎥⎥⎦< 0, (26)


(2)

2 Γ
(2)

∗ − Λ(2)

⎡⎢⎢⎣ ⎤⎥⎥⎦< 0, (27)

where
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(2)

1 � Φ(τ(t) � 0) + eT
1 Zpqe1,


(2)

2 � Φ(τ(t) � τ) + eT
1 Zpqe1,

Γ(2)
� eT

1 Pkp,1
− Pl , eT

1 Pkp,2
− Pl , . . . , eT

1 Pkp,v2
− Pl  ,

Λ(2)
� diag Zp,kp,1

,Zp,kp,2
, . . . ,Zp,kp,v2

 ,

Zpq � 
q∈Gp,k

λpq 
2

4
Zpq + πpq Pq − Pl ⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦.

(28)

Proof. Noticing the fact that τ(t)x(t) − z1(t) � 0,
τ(t) _x(t) − z2(t) � 0, and τ(t) 

t

tk
x(s)ds − z3(t) � 0, for any

matrix X with suitable dimensions, the following zero
equality holds:

2e
2βt

τ(t)x(t) − z1(t)

τ(t) _x(t) − z2(t)

τ(t) 
t

tk

x(s)ds − z3(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

X
Tξ(t) � 0. (29)

Consider an LKF candidate as

V x(t), rt(  � 
4

m�1
Vm x(t), rt( , t ∈ tk, tk+1 , (30)

with

V1 x(t), rt(  � e
2βt

x
T
(t)P rt( x(t),

V2 x(t), rt(  � 
t

t− τ
e
2βs

x
T
(s)Qx(s)ds

+ τ 
t

t− τ


t

θ
e
2βs

_x
T
(s)R _x(s)ds dθ,

V3 x(t), rt(  � 2e
2βt

(τ − τ(t))ηT
(t)Hη(t),

V4 x(t), rt(  � e
2βt

(τ − τ(t))τ(t)v
T
(t)Yv(t).

(31)

Let L be the weak infinitesimal operator for the semi-
Markov process acting on V(x(t), rt) as follows:

LV x(t), rt(  � lim
ι⟶0

E V x(t + ι), rt+ι(  | x(t), rt  − V x(t), rt( 

ι
,

(32)

where ι> 0 is a scalar. .en, similar to the computation in
[35, 36], we have

LV1 x(t), rt(  � e
2βt 2βx

T
(t)Ppx(t) + 2x

T
(t)Pp _x(t) + x

T
(t) 

s

q�1
πpq(h)Pqx(t)

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
, (33)

LV2 x(t), rt( ≤ e
2βt

x
T
(t)Qx(t) − e

− 2βτ
x

T
(t − τ)Qx(t − τ) + τ2 _x

T
(t)R _x(t) − τe

− 2βτ


t

t− τ
_x
T
(s)R _x(s)ds , (34)

LV3 x(t), rt(  � e
2βt 4β(τ − τ(t))ηT

(t)Hη(t) − 2ηT
(t)Hη(t) + 2(τ − τ(t))

_x(t)

x(t) + z2(t)


t

tk

x(s)ds + z1(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

Hη(t)

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, (35)

LV4 x(t), rt(  � e
2βt 2β(τ − τ(t))τ(t)v

T
(t)Yv(t) + 2(τ − τ(t))(x(t) − v(t))

T
Yv(t) +(τ − 2τ(t))v

T
(t)Yv(t) . (36)

Since R> 0, by Lemma 2 and the reciprocally convex
approach in [41], we have

− τe
− 2βτ


t

t− τ
_x
T
(s)R _x(s)ds ≤ − e

− 2βτξT
(t)ΠT

1RΠ1ξ(t).

(37)

According to the fuzzy system (11), for any appropriate
dimensional matrices Fm(m � 1, 2), the following zero
equality holds:

0 � 2e
2βt



w

i�1


w

j�1
ωi,p(θ(t))ωj,p θ tk( ( Υ(t) − _x(t) + Ai,px(t) + Bi,pKj,px(t − τ(t)) , (38)

with Υ(t) � xT(t)FT
1 + _xT(t)FT

2 .
Merging (29) and (33)–(38), we have for tk ≤ t< tk+1 that

ELV x(t), rt( ≤Ee
2βt
W(t), (39)
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where W(t) � 
w
i�1

w
j�1ωi,p(θ(t))ωj,p(θ(tk))ξT

(t)Ξ(τ(t))

ξ(t) and Ξ(τ(t)) � Φ(τ(t)) + eT
1 

s
q�1πpq(h)Pqe1.

On the contrary, since πpq(h) is generally uncertain
transition rates in this paper, the proof needs further
derivation by the following two cases (i.e., p ∈ Gp,k and
p ∈ Gp,uk).

When p ∈ Gp,k, let λp,k ≜q∈Gp,k
πpq(h). According to

Gp,uk ≠[, we have λp,k < 0. .en, the formula


s
q�1πpq(h)Pq can be represented as



s

q�1
πpq(h)Pq � 

q∈Gp,k

πpq(h)Pq + 
q∈Gp,uk

πpq(h)Pq

� 
q∈Gp,k

πpq(h)Pq − λp,k 
q∈Gp,uk

πpq(h)

− λp,k

Pq.

(40)

It is clear that 0≤ (πpq(h)/(− λp,k))≤ 1(q ∈ Gp,uk) and
q∈Gp,uk

πpq(h)/(− λp,k) � 1. .us, for ∀l ∈ Gp,uk, one can
obtain

Ξ(τ(t)) � 
q∈Gp,uk

πpq(h)

− λp,k

Φ(τ(t)) + eT
1 

q∈Gp,k

πpq(h) Pq − Pl e1
⎡⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎦.

(41)

Accordingly, for 0≤ πpq(h)≤ − λp,k, Ξ(τ(t))< 0 is
equivalent to

Φ(τ(t)) + eT
1 

q∈Gp,k

πpq(h) Pq − Pl e1 < 0.
(42)

.en, we can find from the above inequality (42) that


q∈Gp,k

πpq(h) Pq − Pl  � 
q∈Gp,k

πpq Pq − Pl 

+ 
q∈Gp,k

Δπpq(h) Pq − Pl .

(43)

From the inequality c(M + MT)≤ c2S + MS− 1MT [42],
for any Tpq > 0, we have


q∈Gp,k

Δπpq(h) Pq − Pl  � 
q∈Gp,k

1
2
Δπpq(h) Pq − Pl  + Pq − Pl   

≤ 
q∈Gp,k

λpq

2
 

2

Tpq + Pq − Pl T
− 1
pq Pq − Pl ⎡⎣ ⎤⎦.

(44)

Combining (40)–(44) and using Schur complement, it
can be concluded (19)–(21) guarantee Ξ(τ(t))< 0 for all
p ∈ Gp,k.

When p ∈ Gp,uk, define λp,k ≜q∈Gp,k
πpq(h). Because

Gp,k ≠[, we have λp,k > 0. So, the expression


s
q�1πpq(h)Pq can be rewritten as



s

q�1
πpq(h)Pq � 

q∈Gp,k

πpq(h)Pq + πpp(h)Pp

+ 
q∈Gp,uk,q≠p

πpq(h)Pq

� 
q∈Gp,k

πpq(h)Pq + πpp(h)Pp

− πpp(h) + λp,k  
q∈Gp,uk,q≠p

πpq(h)Pq

− πpp(h) − λp,k

.

(45)

It is obvious that 0≤ (πpq(h)/(− πpp(h) − λp,k))≤
1(q ∈ Gp,uk) and q∈Gp,uk,q≠pπpq(h)/(− πpp(h) − λp,k) � 1.
Consequently, for ∀l ∈ Gp,uk, l≠p, we get

Ξ(τ(t)) � 
q∈Gp,uk,q≠p

πpq(h)

− πpp(h) − λp,k

⎡⎣Φ(τ(t))

+ eT
1 πpp(h) Pp − Pl e1 + eT

1 
q∈Gp,k

πpq(h) Pq − Pl e1⎤⎦.

(46)

.erefore, for 0≤ πpq(h)≤ − πpp(h) − λp,k, the equiva-
lent form of Ξ(τ(t))< 0 can be described as follows:
Φ(τ(t)) + eT

1πpp(h) Pp − Pl e1 + eT
1 

q∈Gp,k

πpq(h) Pq − Pl e1 < 0.

(47)
Since πpp(h)< 0, the inequality (47) holds if we have

Pp − Pl ≥ 0,

Φ(τ(t)) + eT
1 

q∈Gp,k

πpq(h) Pq − Pl e1 < 0.

⎧⎪⎪⎨

⎪⎪⎩
(48)

In addition, similar to (43) and (44), for any Zpq > 0, we
obtain


q∈Gp,k

πpq(h) Pq − Pl ≤ 
q∈Gp,k

πpq Pq − Pl  + 
q∈Gp,k

·
λpq

2
 

2

Zpq + Pq − Pl Z
− 1
pq Pq − Pl ⎡⎣ ⎤⎦.

(49)
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From (45)–(49), by Schur complement and inequalities
(24)–(27), it is known that Ξ(τ(t))< 0 for all p ∈ Gp,uk. In
summary, based on the above discussions, one can obtain

ELV x(t), rt( ≤ 0, t ∈ tk, tk+1 . (50)

Following this, we illustrate V(x(t), rt) is continuous at
sampling times. By (30), we can obtain

lim
t⟶tk

Vm x(t), rt(  � Vm x tk( , rtk
 ≥ 0, m � 1, 2, (51)

lim
t⟶t−

k

Vn x(t), rt(  � lim
t⟶t+

k

Vn x(t), rt( 

� Vn x tk( , rtk
  � 0, n � 3, 4.

(52)

From (51) and (52), one can get

lim
t⟶tk

V x(t), rt(  � V x tk( , rtk
 ≥ 0. (53)

Hence, V(x(t), rt) is continuous at sampling times.
Besides, from (50)–(53), since ξ(t)≠ 0, we have for
t ∈ [tk, tk+1) that

V x(t), rt( >V x tk+1( , rtk+1
 > 0, (54)

which implies that V(x(t), rt)> 0 at the sampling times.
Combining Dynkin’s formula with (50), we have

EV x(t), rt( ≤EV x(0), r0( . (55)

Moreover, it is followed from (30) that

EV x(0), r0(  � 
4

m�1
EVm x(0), r0( 

≤ max
p∈S

λmax Pp  E‖x(0)‖
2

+
1 − e− 2βτ

2β
λmax(Q) sup

− τ≤ψ≤0
E ‖x(ψ)‖

2
 

+
τ e− 2βτ + 2βτ − 1( 

4β2
λmax(R) sup

− τ≤ψ≤0
E ‖ _x(ψ)‖

2
 

≤ME sup
− τ≤ψ≤0

‖x(ψ)‖, ‖ _x(ψ)‖ 
⎧⎨

⎩

⎫⎬

⎭

2

,

(56)

where

M � max
p∈S

λmax Pp   +
1 − e− 2βτ

2β
λmax(Q)

+
τ e− 2βτ + 2βτ − 1( 

4β2
λmax(R).

(57)

On the contrary, on the basis of Lemma 1 and (55), for
∀t ∈ [tk, tk+1), one can derive

E‖x(t)‖
2 ≤ εE x tk( 

����
����
2

�
εe2βtk

minp∈S λmin Pp  e2βtk

min
p∈S

λmin Pp  E x tk( 
����

����
2

≤
ε

minp∈S λmin Pp  e2βtk

E e
2βtk x

T
tk( P rtk

 x tk(  

�
ε

minp∈S λmin Pp  e2βtk

EV1 x tk( , rtk
 

≤
ε

minp∈S λmin Pp  e2βtk

EV x tk( , rtk
 

≤
ε

minp∈S λmin Pp  
e

− 2βtkEV x(0), r0( 

�
ε

minp∈S λmin Pp  
e

− 2βt
e
2β t− tk( )EV x(0), r0( 

≤
εe2βτ

minp∈S λmin Pp  
e

− 2βt
EV x(0), r0( ,

(58)

which implies that

E‖x(t)‖
2 ≤

εe2βτMe− 2βt

minp∈S λmin Pp  
E sup

− τ≤ψ≤0
‖x(ψ)‖, ‖ _x(ψ)‖ 

⎧⎨

⎩

⎫⎬

⎭

2

.

(59)

.erefore, we have

E‖x(t)‖≤Ue
− βt sup

− τ≤ψ≤0
E ‖x(ψ)‖, ‖ _x(ψ)‖ , (60)

with U �
����������������������
εe2βτM/minp∈S λmin(Pp) 


.

.us, the semi-Markov chaotic system (11) is expo-
nentially stable with exponential convergence rate β
according to Definition 1. .is proves .eorem 1. □

Remark 1. Noting that the aforementioned system has
been studied in [27], the modeling and method in han-
dling uncertain transition rates are completely dissimilar
to those in this paper. Firstly, we investigated a more
common subject on fuzzy sampled-data chaotic systems
with semi-Markov jump. Secondly, reference [27] pro-
vided lots of conservative stipulations in modeling these
uncertain transition rates, for example, the upper and
lower bounds of uncertain transition rates are often as-
sumed to be the same when the absolute values are taken
but, however, different from the study in [27], where a
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more general approach takes the average of the upper and
lower bounds of jumping time-dependent transition
rates. .irdly, from the perspective of dealing with un-
certain transition rates which also are not alike for the
proof, our approach is more universal than that in [27]
and also can be used to deal with the case of uncertain
transition rates with constant numbers. Nevertheless, the
approach presented in [27] is very particular, and many
assumptions in coping with uncertain transition rates are
much conservative, which are not applicable in this
paper.

Remark 2. Recently, the input-delay-dependent LKF
approach has been widely used in some reported works
(e.g., see [21, 24, 25]). However, we find that the con-
structed LKFs are simple and not easy to involve the
high-order function of the sampling delay τ(t). .us, in
order to further solve this difficulty, we take τ(t)x(t),
τ(t) _x(t), and τ(t) 

t

tk
x(s)ds into the intermediate vector

ξ(t) such that the cubic function of τ(t) is successfully
presented in the novel additional term V3(x(t), rt).
Meanwhile, the equality (29) is used to increase the
combination among the vectors of x(t), _x(t), x(tk),
(1/t − tk) 

t

tk
x(s)ds, τ(t)x(t), τ(t) _x(t), and τ(t) 

t

tk
x(s)ds.

It is also worth noting that Ξ(τ(t)) in .eorem 1 is
nonlinear matrix inequalities since it contains the qua-
dratic function of the sampling input delay τ(t). So, it
cannot be directly solved by using Matlab LMI Toolbox.
Fortunately, by applying Lemma 7 in [43], the nonlinear
matrix inequalities can be further transformed as general
LMIs. Moreover, in comparison with the mentioned
results in [21, 24, 25], our less conservative condition is
built, which will be verified by examples in Numerical
Simulation.

Theorem 2. Given scalars τ, β, and μ, the system (11) can be
exponentially stabilized; if there exist positive definite ma-
trices Pp, Q, R, Tpq, and Zpq, any matrices S11, S12, S22,
H, X, Y, F, and Kj,p with appropriate dimensions, such
that the following predonditions hold for all i, j ∈Θ, p ∈ S.

Case 1. p ∈ Gp,k, ∀l ∈ Gp,uk, Gp,k ≜ kp,1, kp,2, . . . , kp,v1 ,

R �

diag R, 3 R  S

∗ diag R, 3 R 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦≥ 0, (61)

Σ(1)

1
Γ(1)

∗ − Λ(1)

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦< 0, (62)

Σ(1)

2
Γ(1)

∗ − Λ(1)

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦< 0, (63)

with

S �

S11
S12

∗ S22

⎡⎢⎢⎣ ⎤⎥⎥⎦,

Σ(1)

1 � Φ(τ(t) � 0) + eT
1

Tpqe1,

Σ(1)

2 � Φ(τ(t) � τ) + eT
1

Tpqe1,

Γ(1)
� ⎡⎣eT

1
Pkp,1

− Pl , eT
1

Pkp,2
− Pl , . . . , eT

1

· Pkp,v1
− Pl ⎤⎦,

Λ(1)
� diag Tp,kp,1

, Tp,kp,2
, . . . , Tp,kp,v1

 ,

Tpq � 
q∈Gp,k

λpq 
2

4
Tpq + πpq

Pq − Pl ⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

Φ(τ(t)) � Φ0(τ(t)) + Φ1(τ(t)),

Φ0(τ(t)) � sym ΨT X

τ(t)e1 − e7

τ(t)e2 − e8

τ2(t)e5 − e9

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

+ sym μeT
1 + eT

2  Ai,pFe1 + Bi,p
Kj,pe3 − Fe2  ,

Φ1(τ(t)) � sym eT
1

Ppe2  + 2βeT
1

Ppe1 + eT
1

Qe1

− e
− 2βτeT

4
Qe4 + τ2eT

2
Re2 − e

− 2βτΠT
1

RΠ1

+ 2β(τ − τ(t))τ(t)eT
5

Ye5

+(τ − 2τ(t))eT
5

Ye5 + sym (τ − τ(t))eT
5

Y e1 − e5(  

− sym ΠT
2

HΠ2  +(τ − τ(t))sym 2βΠT
2

HΠ2 

+(τ − τ(t))sym

e2

e1 + e8

τ(t)e5 + e7

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

HΠ2

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

,

Π1 �

e1 − e3

e1 + e3 − 2e5

e3 − e4

e3 + e4 − 2e6

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Π2 �

e1 − e3

e7

e9

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(64)

Case 2. p ∈ Gp,uk, ∀l ∈ Gp,uk, Gp,k ≜ kp,1, kp,2, . . . , kp,v2 ,
l≠p,

Complexity 9



R �
diag R, 3 R  S

∗ diag R, 3 R 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦≥ 0, (65)

Pp − Pl ≥ 0, (66)

Σ(2)

1
Γ(2)

∗ − Λ(2)

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦< 0, (67)

Σ(2)

2
Γ(2)

∗ − Λ(2)

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦< 0, (68)

with
Σ(2)

1 � Φ(τ(t) � 0) + eT
1

Zpqe1,

Σ(2)

2 � Φ(τ(t) � τ) + eT
1

Zpqe1,

Γ(2)
� eT

1
Pkp,1

− Pl , eT
1

Pkp,2
− Pl , . . . , eT

1
Pkp,v2

− Pl  ,

Λ(2)
� diag Zp,kp,1

, Zp,kp,2
, . . . , Zp,kp,v2

 ,

Zpq � 
q∈Gp,k

λpq 
2

4
Zpq + πpq

Pq − Pl ⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦.

(69)

Moreover, the controller gain matrices in (10) are
designed as

Kj,p � Kj,pF
− 1

. (70)

Proof. Define F2 � F− 1, F1 � μF− 1, Kj,p � Kj,pF,

Jn � diag F,F, . . . ,F√√√√√√√√√√
n

⎧⎨

⎩

⎫⎬

⎭, Pp � FTPpF, Q � FTQF,

R � FTRF, Tpq � FTTpqF, Zpq � FTZpqF,
X � JT

9XJ3, H � JT
3HJ3, Y � FTQF, S11 � FTS11F,

S12 � FTS12F, and S22 � FTS22F. By pre- and post-
multiplying JT

4 and J4 with (19) and (24), the inequalities
(61) and (65) are easily obtained. By pre- and post-
multiplying JT

v1+9 and Jv1+9 with (20) and (21), the in-
equalities (62) and (63) hold. By pre- and postmultiplying
JT

1 and J1 with (25), the inequality (66) can be easily
obtained. By pre- and postmultiplyingJT

v2+9 andJv2+9 with
(26) and (27), the inequalities (67) and (68) hold..is proves
.eorem 2.

Specially, when there are no semi-Markov jump pa-
rameters considered, the semi-Markov process rt, t≥ 0 

only takes account of S � 1{ }, and the fuzzy sampled-data
controller (10) and the system (11) are rewritten as

u(t) � 
w

j�1
ωj θ tk( ( Kjx(t − τ(t)), t ∈ tk, tk+1 , (71)

_x(t) � 
w

i�1


w

j�1
ωi(θ(t))ωj θ tk( (  Aix(t) + BiKjx(t − τ(t)) , t ∈ tk, tk+1 , (72)

which have been extensively discussed in [18–27]. Choosing
P(rt) � P in (30), one can obtain the following corollary
from .eorem 2. □

Corollary 1. For given scalars τ, β, and μ, the chaotic system
(72) is exponentially stabilized; if there exist P> 0, Q> 0, and
R> 0, any matrices S11, S12, S22, H, X, Y,F, and Kj with
appropriate dimensions, such that the following conditions
hold for all i, j ∈Θ.


R �

diag R, 3 R  S

∗ diag R, 3 R 
⎡⎢⎣ ⎤⎥⎦≥ 0, (73)

Φ(τ(t) � 0)< 0, (74)

Φ(τ(t) � τ)< 0, (75)

where

Φ(τ(t)) � Φ0(τ(t)) + Φ1(τ(t)),

Φ0(τ(t)) � sym ΨT X

τ(t)e1 − e7
τ(t)e2 − e8
τ2(t)e5 − e9

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
+ sym

· μeT
1 + eT

2  AiFe1 + Bi
Kje3 − Fe2  .

(76)

The controller gain matrices in (71) are provided as
Kj � KjF

− 1.

Remark 3. It should be pointed out that .eorem 2 and
Corollary 1 involve the regulation parameter μ. Accord-
ingly, to find a suitable value of this parameter is a very
importance issue. Taking .eorem 2 as an example, in line
with the grid search algorithm [22, 44], we can look for the
optimal tuning parameter μ in .eorem 2. Similarly, this
algorithm can also be used for Corollary 1 to find an
optimal value of parameter μ.
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4. Numerical Simulation

In this section, wewill give two conventionalmodels to show the
merits and effectiveness of our results obtained in this paper.

Example 1. Inspect the dynamic model of the Lorenz system
[21, 24, 27] as follows:

_x1(t) � − a1x1(t) + a1x2(t) + u1(t),

_x2(t) � a3x1(t) − x2(t) − x1(t)x3(t),

_x3(t) � x1(t)x2(t) − a2x3(t).

⎧⎪⎪⎨

⎪⎪⎩
(77)

Assuming that x1(t) ∈ [− a4, a4], the system (77) can be
expressed as the fuzzy system (11) with

A1,p �

− a1 a1 0
a3 − 1 − a4
0 a4 − a2

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦,

A2,p �

− a1 a1 0
a3 − 1 a4
0 a4 − a2

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦,

B1,p � B2,p � 1 0 0 
T
,

(78)

and the membership functions are

ω1,p x1(t)(  �
a4 + x1(t)

2a4
,

ω2,p x1(t)(  � 1 − ω1,p x1(t)( .

(79)

a1, a2, a3, and a4 follow three jumping modes with the
values provided in Table 1, and the generally uncertain
transition rate matrix for unlike modes is given as follows:

Π(h) �

− 1.5 + Δπ11(h) ∇ ∇

∇ ∇ 0.8 + Δπ23(h)

0.5 + Δπ31(h) ∇ − 1 + Δπ33(h)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (80)

with Δπpq(h)≤ λpq �
⟵

|0.1∗ πpq|.

Now, we start to check the effectiveness and advantages
of .eorem 2 from three aspects. At first, if Kj,p � 0, the
initial conditions are set as x(0) � [12, 15, − 13]T regarding
mode 1, x(0) � [2, − 6, − 2]T regarding mode 2, and x(0) �

[− 3, 6, 9]T regarding mode 3, and the relevant chaotic ac-
tions of (77) are shown in Figures 1–3, respectively.

.en, if Kj,p ≠ 0, choosing the adjustable parameters
μ � 90 and β � 0 and resolving the LMIs (61)–(68) in
.eorem 2 by Matlab LMI Control Toolbox, the maximum
value of the sampling interval τ � 0.0537 can be obtained.
Simultaneously, we can obtain the following state feed-
back gain matrices:

K1,1 � − 29.5405 − 17.3695 8.2551 ,

K2,1 � − 30.1036 − 17.2315 − 8.1225 ,

K1,2 � − 28.5657 − 17.1105 8.1691 ,

K2,2 � − 29.9845 − 17.1972 − 8.1155 ,

K1,3 � − 29.5317 − 17.2559 8.2034 ,

K2,3 � − 30.0220 − 17.1328 − 8.0798 .

(81)
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Figure 3: Trajectory of (77) with x(0) � [− 3, 6, 9]T for mode 3.
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Figure 2: Curve of (77) with x(0) � [2, − 6, − 2]T for mode 2.
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Figure 1: Behavior of (77) with x(0) � [12, 15, − 13]T for mode 1.

Table 1: Values of a1, a2, a3, and a4 for different modes in example 1.

Mode p a1 a2 a3 a4

1 10 8/3 28 25
2 10.1 2.7 28.1 25.2
3 9.9 2.6 27.8 24.8
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With the above controller gain matrices and the initial
conditions x(0) � [− 3, 6, 9]T and r0 � 1, we have the rele-
vant numerical simulation, as shown in Figures 4–6. .e
semi-Markov jump process is illustrated in Figure 4. Figure 5
demonstrates the state response of the fuzzy semi-Markov
jump chaotic system (11). Figure 6 shows the fuzzy sampled-
data control input. It is easily seen from Figure 5 that the
system (11) can be stabilized by the presented fuzzy con-
troller (10), which verifies the feasibility of .eorem 2.

.ird, when rt � 1{ }, taking a1 � 10, a2 � 8/3, a3 � 28,
a4 � 25, μ � 90, and β � 0, and by utilizing Matlab LMI
Control Toolbox to calculate the LMIs (73)–(75), we can get
the largest value τ � 0.0729. Actually, in [21, 24, 25, 27], the
largest sampling intervals are 0.0347, 0.0412, 0.0438, and
0.0450, respectively. And those results are listed in Table 2. It
is clearly seen that our proposed approach gives importantly
better results than those obtained in [21, 24, 25, 27]. Ad-
ditionally, in comparison with the number of variables in
[21, 24], the number of variables in our presented approach
in Corollary 1 is much smaller. Hence, it is easy to see that
our proposed method gives a less conservative and less
computationally complex result than those obtained in
[21, 24], which checks the availability of Remark 2 discussed.

When the largest sampling period τ reaches 0.0729, the
relevant controller gains are computed as

K1 � − 21.8910 − 17.5823 4.7085 ,

K2 � − 21.8910 − 17.5823 − 4.7085 .
(82)

Based on the above fuzzy sampled-data control gain
matrices, the simulations are provided in Figures 7 and 8
with the initial condition x(0) � [− 1.5, − 1, 2]T. Figure 7
depicts the state trajectory of the system (72). Figure 8
shows the fuzzy sampled-data control input variables.
From Figure 7, it is clearly seen that system (72) is expo-
nentially stabilized, which shows the usefulness of our
method provided in this paper.

Example 2. Consider the system (72) with the following
parameters [24–26]:

A1 �

− 10 10 0

28 − 1 − 25

0 25
− 8
3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

A2 �

− 10 10 0

28 − 1 25

0 25
− 8
3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

B1 � B2 �

0 0

1 0

0 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(83)

and the fuzzy membership functions are

ω1 x1(t)(  �
1
2

1 +
x1(t)

25
 ,

ω2 x1(t)(  � 1 − ω1 x1(t)( .

(84)

In this example, similar to that in [24–26], we choose the
same tuning parameter μ � 1 and take β � 0; the comparisons
on the allowable maximum sampling period by different
methods are shown in Table 3. From Table 3, we can observe
that a larger sampling period has been obtained by our ap-
proach. Moreover, to verify the effectiveness of Remark 3
discussed, by specifying the range μ ∈ [0, 10] and increments
Δμ � 1 for μ and Δτ � 0.0001 for τ and then by applying a
similar algorithm in [26], we can find the optimal tuning
parameter μ � 8, and the corresponding allowable sampling
period τ is 0.0689, which improves the former one 20.5%. As a

50 10 15
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Figure 4: Semi-Markov jump signal.
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Figure 5: State response of the fuzzy semi-Markov chaotic system
(11) with control input.
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result, finding an optimal tuning parameter is very important
for us to obtain the maximum value of the sampling period τ.
On the contrary, choosing τ � 0.0572, and by utilizingMatlab
LMI Control Toolbox to solve the conditions (73)–(75), the
related controller gain matrices are obtained as follows:

K1 �
− 17.7941 − 9.3902 24.1495

− 0.9946 − 23.2460 − 3.5656
 ,

K2 �
− 17.7941 − 9.3902 − 24.1495

0.9946 23.2460 − 3.5656
 .

(85)
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Figure 9: State path of the fuzzy chaotic system (72) with control
input.
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Figure 6: Fuzzy sampled-data control input u(t).

Table 2: Largest sampling interval τ with different approaches.

Approach τ Number of variables
[25] 0.0347 24n2 + 3n+ 2mn
[24] 0.0412 513.5n2 + 111.5n+ 2mn
[21] 0.0438 48.5n2 + 8.5n+ 2mn
[27] 0.0450 19.5n2 + 1.5n+ 2mn
Corollary 1 0.0729 40.5n2 + 1.5n+ 2mn
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Figure 7: State trajectory of the fuzzy chaotic system (72) with
control input.
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Figure 8: Fuzzy sampled-data controller u(t).

Table 3: Maximum value of the sampling period τ.

Method τ Degree of improvement (%)
Corollary 1 0.0572
[25] 0.0016 3475
[24] 0.0022 2500
[26] 0.0253 126.1
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Under the controller (68) with above gain matrices,
taking the initial condition x(0) � [7, − 4, − 5]T, the state
path of system (72) is shown in Figure 9. .e simulation
result shows that the designed fuzzy sampled-data controller
achieves exponential stabilization successfully with a larger
sampling period than that in [24–26].

5. Conclusion

.e issue of stabilization for semi-Markov jump chaotic
systems based on fuzzy sampled-data control has been
considered in this paper. .e semi-Markov jump has gen-
erally uncertain transition rates. A new augmented LKF with
the cubic function of the sampling input delay τ(t) has been
constructed in which the available information with regard
to the practical sampling mode is fully used. At the same
time, we have also constructed a novel zero equality to make
more cross terms of vector components in the resulting
vector. In view of this, less conservative criteria with reduced
computational complexity have been established to guar-
antee the stability and stabilization of the fuzzy sampled-data
semi-Markov chaotic systems. Furthermore, according to
the results obtained, the desired fuzzy sampled-data con-
troller gain matrices have been given during larger sampling
periods compared to the existing results. Finally, the validity
and practicality of the derived results have been demon-
strated by two interesting numerical examples. In the future,
the employed results andmethods can be extended to several
cases including those studied extensively in the literature
studies such as event-triggered sampling control [45, 46],
quantized sampled-data control [47, 48], and asynchronous
control [49, 50].
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