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Associated credit risk is a kind of credit risk among the associated credit entities formed by credit-related entities. Focusing on this
hot topic of associated credit risk and the relevant contagion and considering the latent entities and their incubatory period, this
paper builds an infectious dynamic model to describe the associated credit risk contagion of associated credit entities based on the
mean-field theory of complex networks. Firstly, this paper analyzes the stable state of the associated credit risk contagion in the
associated entity network, considering the latent entities and their incubatory period. Secondly, from the perspective of complex
network and considering the incubatory period, a SHIS model is built to reveal how the incubatory period influences associated
credit risk contagion. Finally, the sensitivity of some parameters is analyzed in the Barabási–Albert (BA) scale-free network. )e
results show the following: (i) the contagion threshold of associated credit risk is related to the incubatory period of latent entities,
the recovery rate and infectivity of infected entities, and the newborn rate of credit entities; (ii) the infectious rate of infected
entities, the mortality rate of credit entities, and the important factors stated in (i) are all significantly correlated with the density of
infected entities.

1. Introduction

At present, the concept of credit risk has not formed a
unified definition [1]. )e conventional view is that credit
risk refers to the risk that the counterparty or borrower is
unable or unwilling to perform the contract; that is, the
possibility that the default caused by the debtor’s failure to
repay the debts in the contract on time will bring losses to the
creditors [1]. Nowadays, the world economic development
has entered a new stage, and the credit relationship among
enterprises, banks, insurance companies, and other credit
entities is becoming increasingly closer and more extensive,

thus forming associated credit entities. If the default of some
credit entities increases the defaults or the default probability
of the other credit entities that are associated with them, this
credit risk is then called the associated credit risk among the
associated credit entities [2]. It can be seen that the asso-
ciated credit risk is a special kind of credit risk.

)e U.S. subprime mortgage crisis spread rapidly to
many countries around the world and eventually led to the
bankruptcy or reorganization of several well-known in-
vestment banks, commercial banks, and insurance compa-
nies, resulting in turmoil in the entire financial market in
2008. )e phenomenon appears that some subprime
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borrowers have failed to repay their loans on time in the
early spring of 2006, and this subprimemortgage crisis swept
through major financial markets in the world, such as the
United States and the European Union in August 2007. So
the incubatory period of associated credit risk is noticeable.
Affected by above subprime crisis, Greece’s sovereign credit
was downgraded, causing the European debt crisis to erupt
and spread rapidly throughout the euro area at the end of
2009. It lasts for a long time from subprime crisis to Eu-
ropean debt crisis, and these two big finance crises both
cause significant fluctuations and losses of the global
economy, which are both called systemic risk according to
the literature [3]. )e core of systemic risk concern is
contagious [4]. Credit risk is a kind of nonsystemic risk, the
core of credit risk concern is the credit entities’ default, and
the credit risk is also contagious [4]. If an entity does not pay
enough attention to the incubatory period of associated
credit risk and do not guard against credit risk in the in-
cubatory period, it is likely that systemic financial risk will be
caused by credit risk contagion, and just like above subprime
crisis and European debt crisis mentioned, the regional
economy and even the global economy will be severely
damaged. )erefore, when identifying the associated credit
risk and exploring the evolutionary law of associated credit
risk contagion, the incubatory period of the associated entity
should be considered.

For the evolutionary mechanism of the associated
credit risk contagion, the above studies may be more
reasonable if considering the latent entities and incuba-
tory period. In fact, in the early stage of the contagion and
evolution of associated credit risk, some credit entities
have high credit levels including strong operational ca-
pability, highly profitable and liquidity, and reasonable
governance structures. )ese credit entities have a specific
resistance to the associated credit risk, which may have
been infected, but the symptoms of the credit risk have not
been shown, or they are unwilling to disclose or even
intentionally hide their own credit risk for themselves.
)is period of hiding credit risk is called the incubatory
period. However, with the increase in the ability of the
associated credit risk to infect the associated entities and
the change in the internal and external environment of the
credit entities, the risk incubatory period of the latent
entities may come to an end, and they may become in-
fected entities with high credit risk. After effective control
and management, such as rescue or immunization, the
infected entities decrease their own credit risk, which may
become susceptible entities again. Credit risk evolves in
the associated entity network.

To summarize, in this paper, based on the classical SIS
epidemiological model, a SHIS derived model is constructed
to study associated credit risk contagion in an associated
entity network to reveal the influence of incubatory period
and relevant parameters on credit risk contagion. )e
highlights of this paper are to make use of the SHIS in-
fectious dynamics model and introduce latent entities and
the incubatory period to characterize the evolutionary
contagion mechanism of associated credit risk in the as-
sociated entity network.

)e remainder of this paper is organized as follows:
Section 2 is an analysis of epidemiological model applied to
associated credit risk contagion; Section 3 is a literature
overview; Section 4 is a description of the basic epidemio-
logical model; Section 5 includes assumptions, derived ep-
idemiological model construction, and theoretical analysis;
and Section 6 presents our simulation analysis of the derived
epidemiological model. By using simulation software, we
analyze the influence of different factors on associated credit
risk contagion, including incubatory period. Section 7 is the
conclusion of this paper and the prospects for future work.

2. Feasibility Analysis of EpidemiologicalModel
Applied to Associated Credit Risk Contagion

May et al. find that financial risk contagion is similar to the
epidemic spread, so the epidemiological model is used to
describe the contagion of financial risk [5]. Luo et al. and Xu
et al. also pointed out that risk contagion in the guarantee
network is similar to the virus spread and briefly described
similarity characteristic between them [6, 7]. Based on the
previous research results, combined with the infectious
evolution characteristics of the associated credit risk, we find
that the infectious evolution of the associated credit risk in
the associated entity network has many similarities with the
spreading of the epidemic virus in the social network. For
example, there is being infectious source, infectivity, im-
munity, and reversibility of circulation.

)e evolution process of epidemic virus is similar to that
of associated credit risk, which shows two kinds of char-
acteristics: one is the similarity of infectious structure, and
the other is the similarity of infectious mode. )e infectious
structure includes diffusion channels and infection targets,
and the infectious mode includes infectious radiation and
infectious process. )e details are listed as follows.

)e infectious structure is similar. )e epidemic virus
spreads in the social group network composed of individ-
uals, the spreading channel is the path of the social group
network which is the mutual relationship between indi-
viduals, and the spreading goal of the epidemic virus is the
individual node of the social group network. However, the
contagion of associated credit risk is spreading in the as-
sociated entity network, the spreading channel is the direct
or indirect relationship between the associated entities, and
the spreading goal of the associated credit risk is the node of
associated entity network. Furthermore, due to the differ-
ence in individual autoimmunity in the social group net-
work, the ability of resisting virus invasion is different.
However, due to the difference in governance level (in-
cluding operation, financing, profitability, and solvency) of
associated entities in the associated entity network, the
ability of resisting associated credit risk is also different.
)erefore, in terms of infection structure, associated credit
risk and epidemic virus are similar.

)e infectious mode is similar. )e spread of epidemic
virus in the social group network takes the shape of radi-
ation, while the associated entities with credit risk have
radiation negative effects on other associated entities in the
associated entity network. In addition, the virus generally
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spreads through contacts in the contagion process of epi-
demic, while in the contagion process of associated credit
risk, a node entity with credit risk is also preferred to have
negative effects on the associated entity that has direct re-
lationship with the infected node entity. )erefore, in terms
of infectious mode, associated credit risk and epidemic virus
are similar.

3. Literature Overview

)is paper is closely related to three strands of the existing
literature. First, our paper is linked to work on financial
network and contagion. Second, our analysis is closely re-
lated to work on epidemiological model and credit risk
contagion.)e third strand of relevant literature investigates
the associated credit risk contagion and relevant delayed
effects.

First, this paper is linked to existing work on financial
network and contagion. Elliott et al. studied the financial
contagions and cascades of failures affected by integration
and diversification in a network of financial interdepen-
dencies [8]. Based on susceptible-infected-recovered (SIR)
model, Fisher established the financial network contagion
model and found that shocks in this financial market exhibit
complex evolutionary dynamics that either tend to in-
creasingly fragile states or the elimination of a high number
of competitors, detrimental to a more decentralized market
order [9]. Unlike Fisher, Eboli represented a financial system
as a flow network and model the process of direct balance-
sheet contagion as a flow of losses crossing such a network
and focused most of the analysis on the effects that the
connectivity and centralization of a financial network have
on its exposure to default contagion and then found that
both the complete and the star networks show a robust yet
fragile response to shocks [10]. Gencay et al. discussed that
network uncertainty gives rise to an endogenous core-pe-
riphery structure which is optimal in mitigating financial
contagion yet concentrates systemic risk at the core of big
banks [11]. Dastkhan and Gharneh introduced a simulation
model to analyze the contagion in financial markets based on
the cross shareholding network of firms and the probability
and the extent of contagion [12]. Bucci et al. developed an
epidemiological approach to analyze the mutual influence
between financial contagion and economic activity and
showed that financial contagion in some specific regions
may propagate quickly also in regions far away from those in
which the contagion initially occurs, highlighting the role of
regional policy coordination to avoid interregional conta-
gion [13]. Hu and Li put epidemiological model into scale-
free financial network and discuss the influence of infection
rate on financial risk contagion [14].

In order to prevent financial and economic crisis,
Dastkhan applied the forward-looking conditional value at
risk (COVaR) as a market-based systemic risk measure to
analyze the systemic risk in an emerging market and predict
financial crisis [15]. However, Sarlin evaluated the perfor-
mance of biologically inspired early warning systems for
systemic financial crises based on a logit model, a standard
back-propagation neural network, and a neurogenetic model

[16]. Giudici et al. applied correlation network models that
tap into themultivariate network structure, as a viable means
to assess common exposures and complement direct link-
ages, and found that common exposures indeed are channels
of contagion and should be accounted for when measuring
systemic risk [17]. Apergis et al. found contagion occurred
during the recent global financial crisis across European and
US financial markets through the channels of higher order
moments [18].

Second, this paper is closely related to work on epide-
miological model and credit risk contagion. Chakrabarty
and Zhang examined the negative consequences of the
contagion effect using variables, such as the number of
transactions, the size of transactions, and the volume of
transactions [19]. Jorion et al. found that affiliated trans-
actions lead to credit risk contagion among enterprises, and
counterparty default is the potential cause of credit risk
contagion [20]. )rough numerical simulation, the conta-
gion mechanism caused by the business relationships among
enterprises in bank loan portfolios was studied [21]. Based
on the epidemiological model, a network model is built with
consideration of investor behavior and information dis-
closure strategy, and the mechanism of counterparty credit
risk contagion is analyzed [22]. A counterparty credit risk
contagion network evolution model SIRS is developed to
study counterparty credit risk contagion in the CRTmarket
and its influencing factors [23]. Chen et al. studied the
causes, mechanisms, and control strategies of credit risk
contagion among CDS counterparties and found that in-
formation asymmetry and innovation diffusion could cause
credit risk contagion among CDS counterparties [24]. Later,
Chen et al. introduced an evolving network model of credit
risk contagion in the credit risk transfer (CRT) market and
described the influence and active mechanism of the spill-
over effects of infected investors, behaviors of investors and
regulators, emotional disturbance of investors, market noise,
and CRT network structure on credit risk contagion [25].
However, Li et al. studied the credit risk with an affiliated
guarantee relationship and found that the contagion in-
tensity of credit risk was positively correlated with the
proportion of equity [26]. Yang and Hu studied the risk
contagion model of China's interbank market, characterized
the interbank network structure by using a core-edge net-
work, and found that the ability of Chinese banks to
withstand risks has improved in recent years [27]. Wu et al.
found that changes in bank credit ratings can cause risk
contagion within the bank network that is composed of
interbank lending relationships [28]. Based on the SIR
model, Wang et al. built a network model with the con-
sideration of investor behavior and information disclosure
strategy and analyzed the mechanism of counterparty credit
risk contagion [29]. Jiang et al. proposed two credit risk
contagion models separately considering asymmetric in-
formation association and sentiment contagion and further
analyzed the influence of network structure, information
association, individual risk attitude, financial market su-
pervision intensity, and individual risk resisting ability on
individual risk contagion [23, 30]. It can be seen that the
above-mentioned counterparty risk, correlation,
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information asymmetry, authenticity, sentiment, and net-
work structure trigger the credit risk contagion. Besides,
Giusy et al. investigated the relationship between exposure to
climate change and firm credit risk and indicated that the
exposure to climate risks affects the creditworthiness of
loans and bonds issued by corporates [31].

A lot of literature has emerged on sovereign credit de-
fault contagion. De Bruyckere et al. investigated contagion
between bank and sovereign default risk in Europe over the
period 2007–2012, and empirical certified that three con-
tagion channels are at work: a guarantee channel, an asset
holdings channel, and a collateral channel [32]. Breck-
enfelder and Schwaab studied spillovers from bank to
sovereign risk in the euro area and surprisingly found that
bank risk in stressed countries was not absorbed by their
sovereigns but spilled over to nonstressed euro area sov-
ereigns [33]. Greenwoodnimmo et al. developed an em-
pirical network model to study credit risk spillovers among a
group of eighteen sovereigns and their financial sectors from
2006 to 2015 [34]. Srivastava et al. applied an error cor-
rection model to document strong evidence of Granger
causality in mean from the S&P option market to the
sovereign CDS market in 98% of the 56 sovereigns [35].
Bostanci and Yilmaz studied the network structure of the
volatility of the sovereign credit default swaps spreads and
found that both trade and capital flows are important de-
terminants of pairwise connectedness across countries [36].

Finally, this work is closely related to literature on as-
sociated credit risk contagion and relevant delay effect. Xu
et al. combined an epidemic model and complex network
theory and explored the impacts of risk information and
individual responses on associated credit risk [37]. Based on
the improved epidemiological model, Qian et al. studied the
stable state characteristics of the associated credit risk
contagion in immunization scenarios [38]. Based on the
theory of infectious diseases, Li et al. established a stochastic
dynamic model of credit risk contagion in enterprise groups
and analyzed the stable condition of the model and the
arrival time of default peaks [39]. Qian et al. constructed a
dual-layer network and found that entrepreneurs’ spreading
willingness and the authenticity of information will affect the
associated credit risk contagion [40]. )e above literature
research lays the theoretical foundation for this paper to use
an epidemiological model and complex network theory to
study the associated credit risk contagion.

About the delayed effects in complex networks, many
studies related to viruses or infectious diseases are often
presented. )ese literatures consider delay or incubatory
period and study the propagation dynamics properties of
virus including threshold, global stability, and immune
strategy [41–45], which inspires us to study the credit risk
contagion with incubatory period. Viviana and Lucia pro-
posed a particular time-delay susceptible-infected-recovered
model to investigate and describe the credit risk contagion in
the market and studied the steady states according to dif-
ferent values of time delay and different bank support
policies [46]. Li et al. studied the delayed effect of the
contagion of associated credit risk in scale-free and small-
world networks and further explored the impact of immune

failure and immune invalidity on the contagion of the as-
sociated credit risk under incomplete immunization
[2, 47, 48]. Based on above literatures, we consider the
incubation period to study the associated credit risk con-
tagion in the associated entity network.

4. Basic Epidemiological Model

Many social, biological, and communication systems can be
properly described by complex networks whose nodes
represent individuals or organizations and links mimic the
interactions among them [49, 50]. )e following main
approaches were borrowed from biological epidemiology.
)e standard model used in the study of computer virus
infections is the susceptible-infected-susceptible (SIS) ep-
idemiological model [51]. In this SIS model, each node of
the network represents an individual and each link is a
connection along which the infection can spread, and
individuals exist only two discrete states: “healthy” or
“infected.” At each time step, each susceptible (healthy)
node is infected at rate ] if it is connected to one or more
infected nodes. Infected nodes are cured and become again
susceptible at rate δ, defining an effective spreading rate
λ � ]/δ. Without loss of generality, we can set δ � 1. )is
SIS model does not take into account immunization, and
individuals run stochastically through the cycle
susceptible⟶ infected⟶ susceptible. )us, based on
the SIS epidemiological model and literature [51], the
dynamical mean field equation (1) is established as

dSk(t)

dt
� Ik(t) − λk 1 − Ik(t) Θ Ik(t)( ,

dIk(t)

dt
� − Ik(t) + λk 1 − Ik(t) Θ Ik(t)( ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(1)

where density Ik(t) of infected nodes with given con-
nectivity k, i.e., the probability that a node with k links, is
infected [51]. )e first formula of equation (1) considers
infected nodes becoming healthy with probability δ � 1.
)e second formula of equation (1) represents the density
of newly generated infected nodes that is to the infection
rate λ and the probability that a node with k links is
healthy [1 − Ik(t)] and obtains the infection via a con-
nected node [38].Θ(Ik(t)) with any given link points to an
infected node, which can be written as

Θ Ik(t)(  �
1

〈k〉

k

kP〈k〉Ik(t). (2)

)rough solving equations (1) and (2) in the stationary
state [dIk(t)/dt � 0], the below self-consistency (3) is ob-
tained [38] as

Θ Ik(t)(  �
1

〈k〉

k

kP〈k〉
λkΘ Ik(t)( 

1 + λkΘ Ik(t)( 
, (3)

where Θ(Ik(t)) is a function of λ. )e self-consistency
equation (3) allows the condition λ〈k2〉/〈k〉≥ 1 only if
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Θ(Ik(t))≠ 0 and Ik(t)≠ 0, so the epidemic threshold is
defined as

λc �
〈k〉

〈k2〉
, (4)

where 〈k2〉 is the second moment of degree distribution. If λ
is above the threshold, i.e.,λ≥ λc, the infection spreads and
becomes possible. Otherwise, λ≤ λc, and the infection dies
out exponentially [51].

5. Derived Epidemiological Model

5.1. Assumptions. For the convenience of the research, this
paper proposes the following assumptions based on the
characteristics of the contagion evolution of associated
credit risk.

Assumption 1: In the network composed of N associated
entities, the associated entities exist only in three discrete
states, “susceptible,” “latent,” or “infected,” which are di-
vided into three categories: susceptible entities, latent en-
tities, and infected entities.

(1) Susceptible entity S: in the associated entity network,
the susceptible entity refers to the entity with a lower
credit risk that is vulnerable to be infected by the
high credit risk entity associated with it, thus in-
creasing the possibility of becoming a high credit risk
entity.)is kind of credit entity's own credit risk is at
a low level, but it is easy to be infected by the high
credit risk entity, and it is easier to be infected by the
high credit risk entity closely related to it. For ex-
ample, those enterprises and financial institutions
with excessive financial leverage, high asset-liability
ratio, and temporary shortage of cash flow are
vulnerable to be infected by the credit risk because
their ability to resist credit risk is weakened. )ere
are a large number of them in the network of as-
sociated entities. Once infected, some susceptible
entities need self-protection and operation and are
unwilling to disclose or even intentionally hide their
real credit risk. )is period of hiding their own real
credit risk is called incubatory period. )ese sus-
ceptible entities in incubatory period are trans-
formed into latent entities.

(2) Latent entity H: in the associated entity network,
the latent entity refers to the entity which has been
infectious, and its credit risk is at a little high level
but cannot infect other associated entities. )at is,
this kind of credit entity cannot enlarge the credit
risk of other credit entities through the relationship
between them. For example, those enterprises and
financial institutions with profit margin remained
at a high level, high accounts receivable, and high
debt ratio, which have weak linkages with other
susceptible entities. Under the influence of own
internal factors and external macroenvironment,
after some time τ (τ ≥ 0, incubatory period), such

entities with high credit risk are transformed into
infected entities.

(3) Infected entity I: in the associated entity network, the
infected entity refers to the entity which has been
infectious, and its credit risk is at an extremely high
level and can infect the associated entities. )at is,
this kind of credit entity can magnify the credit risk
of other credit entities through the relationship
between them. )e change in the proportion in the
network indicates the contagion effect of associated
credit risk. For example, those enterprises and fi-
nancial institutions have suffered from severe op-
erational problems such as long-term losses,
insolvency, and serious shortage of cash flow.

Assumption 2: A susceptible entity can be changed into a
latent entity at an invariant probability λ through the cor-
relation with an infected entity. In this network, before a
susceptible entity can be changed into an infected entity, it
must undergo an incubatory period, and the latent entity can
only be changed into an infected entity. Here, λ is the
contagion probability (0< λ≤ 1) of associated credit risk,
which expresses the speed of contagion and diffusion of the
associated credit risk in the network of associated entities.
Infected entities are not immune and become susceptible
entities after being cured or recovered. At this moment, if the
susceptible entities contact an infected entity because of the
relationship, they will be infected with a certain probability
λ.

Assumption 3: An infected entity will be cured at a rate of δ
and become susceptible entity, where δ is the recovery rate
(0< δ ≤ 1).

An associated entity network that is composed of as-
sociated entities is always dynamically changing. )ere are
usually credit entities entering the network, and there will
also be credit entities that naturally disappear or leave the
network. In general, there is the following assumption.

Assumption 4. A credit entity that enters the network anew
is called a newborn, and the new rate is M. Assume this
newborn entity is susceptible. A credit entity that naturally
disappears or withdraws from the network is dead, and the
death rate is m. Suppose this dead entity is infected entity.
)e associated entity network is in the process of continuous
development and expansion and so 0<m≤M< 1.

5.2. Derived Model Construction. In a complex network of
associated entities that is composed of N associated credit
entities, the credit entities are nodes in the network, and the
relationships among the nodes are the edges of the network.
)e degree ki of node entity i is defined as the number of
edges that are connected to the entity. )e average of the
degree ki of all nodes in the network is called the network
average, and it is denoted as 〈k〉. Denote P(ki) as the
probability of randomly selecting a node i with degree ki and
so 〈k〉 � 

n
i�1 kiP(ki). )e densities of susceptible entities,
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latent entities, and infected entities at time t and degree k are
expressed as Sk(t), Hk(t), and Ik(t), respectively, and here,
the density is the proportion. )erefore,

Sk(t) + Hk(t) + Ik(t) � 1. (5)

P(t) denotes the probability that a credit entity is still in
the incubatory state within period t after it enters the in-
cubatory state (without considering death), and therefore,
limt⟶∞P(t) � 0, limt⟶0P(t) � 1, and 

∞
0 P(v)dv is a finite

positive number.
Considering the actual situation of enterprise type,

nature, strength, and operation management, there are
two typical situations. )e first is that there are suscep-
tible entities (S), latent entities (H), and infected entities
(I) in the associated entity network. )e second is that
there are susceptible entities (S), latent entities (H), in-
fected entities (I), and recovery entities (R) in the as-
sociated entity network. )e first typical situation is
studied in this paper, in which situation, S, H, and I are
defined in Section 5.1.

It is assumed that there are only susceptible entities (S) in
the associated entity network at the beginning. With the
change in external objective macroenvironment and internal
subjective factors, some susceptible entities with highly
profitable and liquid and reasonable governance structures
may be infected, but these credit entities have some specific
resistance to the associated credit risk, and the symptoms of
the credit risk have not been shown, which are called hidden
entities (H). However, with the increase in infectious ca-
pacity of associated credit risk and the change in the internal
and external environments of the credit entities, hidden
entities may become infected entities (I). After effective
control and management, such as rescue or immunization,
the infected entities may get out of trouble and decrease their
own credit risk, which may become susceptible entities (S)
again. Credit risk evolves in the associated entity network.
)erefore, the epidemiological model describing this kind of
station is the susceptible⟶ incubatory⟶ infected⟶
susceptible (SHIS) model.

According to the above basic epidemiological model,
hypothesis, and using dynamic mean-field theory, the first
equation of the SHIS model can be described as

dSk(t)

dt
� M − λkSk(t)Θ(t) − mSk(t) + δIk(t), (6)

whereM is described in Assumption 4, λkSk(t)Θ(t) denotes
the decrease of susceptible entities due to infection, mSk(t)

denotes the decrease of susceptible entities due to death, and
δIk(t) denotes the increase of susceptible entities that come
from infected entities due to treatment.

)e second equation of SHIS model can be described as

Hk(t) � 
t

0
λkSk(η)Θ(η)e

− M(t− η)
P(t − η)dη, (7)

where Hk(t) denotes the number of susceptible entities
entering into latent entities due to infection and e− zt denotes
the probability that a credit entity is still in the incubatory
state within period t after it enters the incubatory state

(without considering death). Θ(t) denotes that any given
link points to an infected node at time t, and the degree-
independent network is considered in this paper. )erefore,
Θ(t) can be written as

Θ(t) �
1

〈k〉


n

i�1
φ(i)P(i)Ii(t), (8)

where φ(k) is the infectivity function of the nodes with
degree k.

Equation (7) is the Riemann–Stieltjes integral, and so
dHk(t)

dt
� λkSk(t)Θ(t)

+ 
t

0
λkSk(η)Θ(η)e

− M(t− η)
MtP(t − η)dη − MHk(t).

(9)

)e third equation (9) of SHIS model can be described as
dIk(t)

dt
� 

t

0
λkSk(η)Θ(η)e

− M(t− η)
MtP(t − η)dη − (δ + M)Ik(t).

(10)

Simplifying equation (10), we get
dIk(t)

dt
� λke

− Mτ
Sk(t − τ)Θ(t − τ) − (δ + M)Ik(t), (11)

where λke− MτSk(t − τ)Θ(t − τ) denotes the number of la-
tent entities entering into infected entities due to infection,
δIk(t) denotes the decrease of infected entities due to
treatment, and MIk(t) denotes the decrease due to the
newborn.

)e SHIS model is complex and challenging to study.
)erefore, only the probability function P(t) is taken as the
following state function:

P(t) �
1, t ∈ [0, τ],

0, t> τ,
 (12)

where t> τ, obtained from equation (9) as
dHk(t)

dt
� λkSk(t)Θ(t) − λke

− Mτ
Sk(t − τ)Θ(t − τ) − MHk(t),

(13)

where 0≤ t≤ τ, obtained from equation (9) as
dHk(t)

dt
� λkSk(t)Θ(t) − MHk(t). (14)

5.3. >eoretical Analysis. Equations (6), (7), and (10) depict
the transformation relationship among the susceptible en-
tities, latent entities, and infected entities. After a period of
contagious evolution, if the contagion of the associated
credit risk in the associated entity network is in a long-term
disordered and uncertain state, the associated entity network
is considered to be in an unstable state. Conversely, if the
contagion of the associated credit risk tends to be stable, that
is, the densities of the three types of entities in the associated
entity network tend to be stable, the associated entity
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network is considered to be in a stable state. )is paper
focuses on this stable state, that is, the stable risk state.
Furthermore, in this stable risk state, the density of infec-
tious agents in the associated entity network tends to be
constant.

)erefore, in order to conduct the research conveniently,
when t> τ, this paper only discusses the following equation:

dIk(t)

dt
� λke

− Mτ
Sk(t − τ)Θ(t − τ) − (δ + M)Ik(t). (15)

)e analytic solution of equation (15) is not easy to find,
and the solution under a stable risk state is considered in-
stead. )e densities of the susceptible entities and infected
entities with a degree k in the stable state are S∗k and I∗k ,
respectively; S∗ and I∗ are the densities of susceptible entities
and infected entities in the whole associated entity network
in stable state, respectively.)e probability of a random edge
being connected to an infected entity in a stable state is Θ∗.

Definition 1. When the contagion probability λ of the as-
sociated credit risk is less than a specific probability value λc,
the associated credit risk is no longer contagious in the
associated entity network, where λc is called the contagion
threshold of the associated credit risk in the associated entity
network.

Proposition 1. >e contagion threshold of the associated
credit risk considering the incubatory period is
λc � (δ + M)〈k〉eMτ/〈φ(k)〉. When λ< λc, the associated
credit risk is no longer contagious in the associated entity
network, and equations (6), (7), and (10) converged to the
equilibrium point (M/m, 0); when λ> λc, equations (6), (7),
and (10) converged to the equilibrium point (S∗, I∗).

Proof. In the stable state, dSk(t)/dt � 0 and dIk(t)/dt � 0,
and the solution of equations (6) and (11) in the stable state is
obtained as

S∗k �
M + δI∗k
λkΘ∗ + m

,

I∗k �
λkMΘ∗e− Mτ

(δ + M) λkΘ∗ + m( ) − λkδe− MτΘ∗
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(16)

where Θ∗ � (1/〈k〉) 
n
i�1 φ(i)P(i)I ∗i .

)e following formula of equation (16) is put into
equation (8), where Θ∗ satisfies the self-consistency con-
dition, obtained as

Θ∗ �
1

〈k〉


n

i�1
φ(i)P(i)

λiMΘ∗e− Mτ

(δ + M) λiΘ∗ + m( ) − λiδe− MτΘ∗
� f(Θ).

(17)

Θ∗ � 0 is a trivial solution of equation (11). Besides,
f(Θ) is continuously differentiable, obtained as

f′(Θ) � 
n

i�1
φ(i)P(i)

M2eMτ

〈k〉λi(δ + M)δ2Θ2(λiΘ + m)2
> 0.

(18)

f(Θ) increases with Θ. When f′(Θ)|Θ�0 > 1, namely,
λe− Mτ〈φ(k)〉/(δ + M)〈k〉> 1, and there is a nontrivial so-
lution to equation (17) within 0<Θ∗ < 1, and the contagion
threshold is obtained as λc � (δ + M)〈k〉eMτ/〈φ(k)〉. When
this nontrivial solution Θ∗ is put into (16), S∗k and I∗k are
both obtained. Because S∗ � kP(k)S ∗k and I∗ � kP(k)I ∗k ,
the equilibrium point (S∗, I∗) exists.

From the expression of λc, it is found that the contagion
threshold of associated credit risk is not only related to the
topological structure of the network but also related to the
recovery rate of the infected entity, the newborn rate of the
credit entity, the incubatory period of the latent entity, and
the contagion ability function of the infected entity. As the
recovery rate increases, the contagion threshold of the
associated credit risk increases. As the freshness of the
credit entity increases, the contagion threshold of the as-
sociated credit risk increases. As the incubatory period of
the possible entity increases, the contagion threshold of
associated credit risk increases. Finally, as the contagion
ability of the infected entity increases, the contagion
threshold of associated credit risk decreases. In next sec-
tion, more detailed discussion will be studied by simulation
analysis under some assumptions.

6. Simulation Analysis

In this section, the simulations are analyzed in BA scale-free
network. )e associated entity network is a complex system
of multientities, multilinks, multitasks, self-organization,
and self-learning. In recent years, with the evolution of the
macroenvironment, such as market and microindividual
factors, the associated entity network has presented complex
network characteristics. In the associated entity network,
there are a few entities that are connected with more related
entities; there are also situations in which most entities are
only connected with other minority entities, that is, pref-
erential connectivity; and most of the real-world network
scale is expanding, that is, growth. )erefore, the network
presents scale-free characteristics. )e existing literature
shows that scale-free networks can accurately depict the
characteristics of interbank overnight lending networks,
intercountry banking networks, and different stock market
networks [5–7] that can be used to study the contagious
characteristics of associated credit risks [26, 27, 52]. In view
of this, this paper chooses the BA scale-free network to
analyze the contagious evolutionary law of the credit risk of
associated entities. In the BA scale-free network, if k is
continuous, the network’s average degree is
〈k〉 � 

+∞
w

kP(k)dk � 2w, and the node degree distribution
is P(k) � 2w2k− 3, where w is the smallest degree of credit
entity in the network.

Concerning the contagion ability function φ(k), in order
to get close to the real risk contagion network and better
study the infectious characteristics of associated credit risk,
the assumption of piecewise linear infectivity is adopted to
describe φ(k) in this paper [18], namely, φ(k) � min(αk, A).
When the degree k of an entity node is small, its contagion
capacity is proportional to k, which is φ(k) � αk. When k is
overwhelmingly large and over one constant A/α, its
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contagion capacity is A, namely, φ(k) � A. Here, A> 0 is a
constant parameter where 0< α≤ 1.

In BA scale-free networks, when φ(k) � αk, the conta-
gion threshold of associated credit risk is as

λc �
(δ + M)〈k〉eMτ

〈φ(k)〉
�

(δ + M)eMτ

α
, (19)

where φ(k) � A. )e contagion threshold of associated
credit risk is as

λc �
(δ + M)〈k〉eMτ

〈φ(k)〉
�
2(δ + M)weMτ

AP(A)
, (20)

where P(A)> 0 is a constant and AP(A)> 0 is also a
constant. To simplify the research, the network in the real
world is limited, so φ(k) � αk.

From the expression λc of equations (19) and (20), it is
found that the contagion threshold of associated credit risk is
related to contagion ability function, the recovery rate of the
infected entity, the new rate, and the incubatory period of
the latent entity.

)e node distribution P(k) and average degree 〈k〉 of
the BA scale-free networks are both put into (17), and the
following is obtained:

2w (δ + M) λiΘ∗ + m(  − λiδe
− MτΘ∗  � λiMe

− Mτ


n

1

2αw2

i2
di.

(21)

Inserting equation (20) into equation (21), the analytical
solution is obtained:

Θ∗ �
λαMwie− Mτ − m(δ + M)

λi δ + M − δe− Mτ( )
. (22)

Inserting equation (22) into equation (16), we can get

I
∗
k �

(δ + M)λm

Mwα δ + M − δe− Mτ( )k
+

M

eMτ(δ + M) − δ
. (23)

)erefore,

I
∗

� 
k

P(k)I
∗
k �

2w(δ + M)λm

3Mα δ + M − δe− Mτ( )
+

Mw2

eMτ(δ + M) − δ
.

(24)

Obviously, in BA scale-free networks, in addition to the
network structure, the density of the infected entities in the
whole network is also related to the new rate, mortality rate,
incubatory period of the latent entities, recovery rate of the
immune entities, infection rate, and infection coefficient of
the infected entities. Moreover, when λ< λc, the associated
credit risk is not contagious. When λ> λc, the associated
credit risk is contagious. )erefore, the contagion effect of
associated credit risk exists in associated entity networks.

6.1. Comparative Analysis without considering the Incubatory
Period. Without considering the incubatory period, that is
τ � 0, the contagion threshold of associated credit risk is
λ0c � (δ + M)/α, and the overall density of infected entities in
the stable state is I∗

0
� (2w(δ + M)λm/3M2α) + w2.

Considering the incubatory period, that is, τ > 0, the
contagion threshold of associated credit risk is
λc � (δ + M)eMτ/α, and the overall density of infected en-
tities in the stable state is I∗ � 

k

P(k)I∗k � (2w(δ +

M)λm/3Mα(δ + M − δe− Mτ)) + (Mw2 /eMτ(δ + M) − δ).
Comparatively, λc > λ

0
c , which means that the contagion

threshold of associated credit risk will be underestimated
without considering the incubatory period, and I∗ < I∗

0 ,
which means that the density of infected entities in the stable
state may be overestimated without considering the incu-
batory period. Refer to the parameters value of literature
[37, 38, 40, 47, 52], parameter values are given in the below
numerical simulation.

Figure 1 shows that the interaction of the infected en-
tities density I∗, the incubatory period τ, and the infection
probability λ in the stable state when α � 0.1, w � 2,
M � 0.05, m � 0.01, and δ � 0.5. )e density of infected
entities without considering the incubatory period always
outweighs the density of infected entities when considering
the incubatory period, that is, I∗0 > I∗.

6.2. Numerical Simulation and Analysis of the Density of
Infected Entities. )e interaction between the density of
infected entities I, the incubatory period of latent entities τ,
the infection probability λ, the infectivity coefficient α, the
recovery rate of infected entities δ, the new rate of credit
entities M, and the mortality rate of credit entities m in the
BA scale-free network can be calculated.

It can be seen from Figure 2 that the changing rela-
tionship between the density of infected entities I and the
incubatory period τ of latent entities considering different
infection probabilities of infected entities λ1 � 0.1,

λ2 � 0.3, and λ3 � 0.5 when α � 0.1, w � 2, M � 0.05,

m � 0.01, and δ � 0.5. As can be seen from Figure 2, (i)
when the infection probability of infected entities remains
unchanged, as the incubatory period of latent entities in-
creases, the infectivity of the associated credit risk in the
network decreases, and increasingly fewer associated entities
are infected, which is consistent with the reality. (ii) When
the incubatory period is unchanged, as the infection
probability increases, the contagion effect of the associated
credit risk in the network increases, and so the density of
infected entities in the network will increase. )at is, the
number of infected entities in the network will increase as
the contagion of the associated credit risk increases, which is
consistent with reality. It can be seen that the incubatory
period of latent entities and the infection probability of
infected entities are important factors affecting the density of
infected entities.

Figure 3 shows the changing relationship between the
density of infected entities I and the incubatory period τ of
latent entities considering different recovery rates of infected
entities δ1 � 0.4, δ2 � 0.6, and δ3 � 0.8 when α � 0.1, w � 2,
M � 0.05, m � 0.01, and λ � 0.1. )e following can be seen
from Figure 3: (i) when the recovery rate of infected entities
remains unchanged, as the incubatory period of latent en-
tities increases, the infectivity of the associated credit risk in
the network decreases, and increasingly fewer associated
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entities are infected, which is consistent with reality. (ii)
When the incubatory period is unchanged, before 1.5 units
of time, as the recovery rate increases, the number of infected
entities abnormally increases. )is observation may be the
reason why there is an increase in the number of infected
entities who do not receive timely assistance and have
weakened resistance, even though the recovery rate in-
creases, which causes the overall density of infected entities
to increase in a short time. When the incubatory period is
unchanged, at 1.5 units of time, the change in the recovery
rate will not affect the overall density of infected entities, and
the density of infected entities is constant at this moment.
When the incubatory period is unchanged, after 1.5 units of
time, the density of infected entities decreases as the recovery
rate increases. )erefore, when the incubatory period re-
mains unchanged, the overall change in the density of

infected entities is in line with the actual situation. It is
concluded that the recovery rate of the infected entities and
the incubatory period of the latent entities are important
factors affecting the density of the infected entities.

Figure 4 shows that the relationship between the density
of infected entities I and the incubatory period τ of latent
entities considering different newborn rates of credit entities
M1 � 0.01, M2 � 0.05, andM3 � 0.08 when α � 0.1, w � 2,
M � 0.05, m � 0.01, and λ � 0.1. To more clearly explore the
contagion of associated credit risk, the new rate here tem-
porarily represents the initial value of the associated entities
network, and so the change in the new rate represents the
change in the initial value of the network. )e following can
be seen from Figure 4: (i) when the new rate remains un-
changed, as the incubatory period of latent entities increases,
the infectivity of the associated credit risk in the network
decreases, and increasingly fewer associated entities are
infected, which is consistent with reality. (ii) When the
incubatory period remains unchanged, the marginal density
of infected entities will increase as the new rate increases.
)at is, the higher the new rate is, the faster the density of
infected entities will decrease. (iii) When the incubatory
period remains unchanged, the higher the new rate is, the
smaller the density of infected entities is. )is observation
may be due to the greater number of new entities, the in-
crease in the network nodes, and the dilution of the density
of infected entities. )erefore, the newborn rate of credit
entities and the incubatory period of latent entities are
important factors affecting the density of infected entities.

Figure 5 shows that the changing relationship between
the density of infected entities I and the incubatory period τ
of latent entities considering different mortality rates of
credit entities m1 � 0.001, m2 � 0.01, andm3 � 0.1 when
α � 0.1, w � 2, c � 0.5, M � 0.01, and λ � 0.1.)e following
can be found: (i) with the increase in the incubatory period
of latent entities, the infectivity of the associated credit risk
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in the network decreases, and increasingly, fewer associated
entities are infected. )at is, the density of infected entities
tends to decrease, which is consistent with reality. (ii) When
the incubatory period and other conditions remain un-
changed, with the increase in the mortality rate, the density
of infected entities will increase. )at is, the density of in-
fected entities will increase as the mortality rate increases.
)is observation may be because most of the dead entities
are susceptible entities and new entities. Meanwhile, the
infected entities have a lower mortality rate because of their
enhanced resistance and self-healing consciousness, and so
the density of infected entities will increase. )erefore, the

mortality rate of credit entities and the incubatory period of
latent entities are important factors affecting the density of
infected entities.

7. Conclusions and Discussion

With economic globalization and the further develop-
ment of market economies, the relationships among
various credit entities, such as enterprises, banks, in-
surance companies, and guarantee companies, are be-
coming increasingly closer and more complex, and the
credit transactions among various associated entities are
increasingly frequent; therefore, the associated credit
risks are widespread. )e change in the associated credit
risk not only has a chained effect but also has an incu-
batory period. Once the credit risk breaks out, it will
quickly spread to other associated entities, thus harming
the network of associated entities, even the financial
system and the whole social economy, and even leading to
the outbreak of systemic financial risk. )erefore, it is of
great theoretical significance and practical value to ex-
plore the hidden contagious evolutionary mechanism of
associated credit risk and to identify, prevent, and control
associated credit risk. However, in practical economic
development and business operations, the incubatory
period of associated credit risk is not well understood,
which leads to missed opportunities for risk control,
credit crises, and even the outbreak of global financial
crises. )e main contribution of this paper is to use the
SIS infectious dynamics model and introduce latent
entities and the incubatory period to characterize the
infectious evolutionary mechanism of associated credit
risk in the network of associated entities. Furthermore, in
the BA scale-free network, the numerical simulation
analysis shows the following: (i) the contagion threshold
of associated credit risk is related to the network struc-
ture, and it changes in the same direction as the incu-
batory period of latent entities, the recovery rate of
infected entities, and the new rate of credit entities.
Meanwhile, the contagion threshold changes in the op-
posite direction as the infective ability of infected entities.
(ii) )e longer the incubatory period of the latent entities
is, the higher the recovery rate of infected entities is, the
higher the mortality rate is, and the smaller the density of
the infected entities is. (iii) )e higher the probability of
infected entities is, the greater the density of infected
entities is, the higher the new rate of credit entities is, and
the faster the density of infected entities will decrease. )e
above conclusions are consistent with the crisis phe-
nomena in the real network of associated entities. Fur-
thermore, this paper provides a new perspective for
enterprises, banks, guarantee companies, and other credit
entities to control associated credit risk. Our future re-
search will apply the data of listed companies in Shanghai
and Shenzhen stock exchanges of China to conduct an in-
depth empirical study on the incubatory period and
evolutionary mechanism of the associated credit risk
contagion.
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