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)e conjugate gradient projection method is one of the most effective methods for solving large-scale monotone nonlinear
equations with convex constraints. In this paper, a new conjugate parameter is designed to generate the search direction, and an
adaptive line search strategy is improved to yield the step size, and then, a new conjugate gradient projection method is proposed
for large-scale monotone nonlinear equations with convex constraints. Under mild conditions, the proposed method is proved to
be globally convergent. A large number of numerical experiments for the presented method and its comparisons are executed,
which indicates that the presented method is very promising. Finally, the proposed method is applied to deal with the recovery of
sparse signals.

1. Introduction

Solving a system of nonlinear equations can be transformed
as an optimization problem, which is widely applied in many
fields of sciences and engineering, for instance, the economic
equilibrium problem [1], the neural networks problem [2],
the financial problem [3, 4], the chemical equilibrium system
[5], and the compressed sensing problem [6, 7].

In this paper, the following system of constrained
monotone nonlinear equations is considered:

F(x) � 0, s.t. x ∈ C, (1)

where C is a nonempty closed convex set of Rn and
F: Rn⟶ Rn is a monotone mapping, namely,

(F(x) − F(y))
T
(x − y)≥ 0, ∀x, y ∈ Rn

. (2)

It follows from (2) that the solution set of system (1) is
convex [8]. )roughout this paper, the symbol ‖ · ‖ stands
for the Euclidean norm. Denote Fk ≔ F(xk) for xk ∈ Rn,
PC[x] � argmin ‖y − x‖ | y ∈ C,∀x, y ∈ Rn .

Many algorithms have been proposed to deal with (1)
during the past few decades (see, e.g., [9–16]), such as the
projected Newton method [9], the projected quasi-Newton
method [10–13], the Levenberg–Marquardt method [14], the
trust region method [15], and the Lagrangian global method
[16]. As we know, these methods converge rapidly if the
sufficiently good initial points are chosen. However, they are
not well-suited for solving large-scale constrained nonlinear
equations due to the computation of the Jacobian matrix or
its approximation at each iteration.)erefore, in the past few
years, the projected derivative-free method (PDFM) has
become more and more popular, i.e., the spectral gradient
projection method [17–19], the multivariate spectral gra-
dient-type projection method [20, 21], and the conjugate
gradient projection method (CGPM) [22–31], and more
other PDFM can be seen in references [32, 33].

In this work, we concentrate on studying CGPM for
large-scale nonlinear equations with convex constraints. We
aim to establish a more efficient CGPM by improving the
search direction and the line search rule and use the pro-
posed CGPM to deal with the problem of sparse signals
recovery.
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)e contributions of this article are listed as follows:

(i) To guarantee the search direction satisfying the
sufficient descent condition and trust region
property independent of any line searches, a new
conjugate parameter is proposed;

(ii) Based on classic line searches for nonlinear equa-
tions, an adaptive line search is improved to seek
suitable step size easily;

(iii) Under general assumptions, the convergence
analysis of the proposed algorithm is proved;

(iv) )e reported numerical experiments show that our
method is promising for solving large-scale non-
linear constrained equations and handling the
problem of recovering sparse signals.

)e remainder of this paper is organized as follows. In
Section 2, a new search direction and an adaptive line search
are proposed, and the corresponding algorithm is given. )e
global convergence is studied in Section 3. In Section 4, the
numerical experiments for the proposed algorithm and its
comparisons are performed, and the corresponding results
are reported. Application of the proposed algorithm in
compressed sensing is introduced in Section 5. In Section 6,
a conclusion for this work is given.

2. A New CGPM Algorithm

)e CGPM has been attracting extensive attention, since it
not only inherits the advantages of the conjugate gradient
method (CGM) with a simple algorithm structure, rapid
convergence, and low storage requirements but also uses no
any jacobian information of the equation in practice. To the
best of our knowledge, the computation cost of CGPM
mainly exists in the process of generating the search di-
rection and computing the step size. )erefore, in the fol-
lowing part, we design our search direction by the CGM and
give an improved inexact line search to yield the step size.

2.1. 'e New Search Direction Yielded by CGM. It is well-
known that the search direction of the classical CGM is
generated by

dk �
− Fk, k � 0,

− Fk + βkdk− 1, k≥ 1,
 (3)

which is decided by the conjugate parameter βk. Usually, a
different βk leads to a different search direction.

In the recent years, many scholars have made efforts to
extend the CGM to solve the large-scale nonlinear monotone
equations system. For example, based on the hybrid con-
jugate parameter βJHJ

k in [34], Sun and Liu [28] proposed a
modified conjugate parameter as follows:

βN
k �

Fk

����
����
2

− max 0, Fk

����
����/ Fk− 1

����
����FT

k Fk− 1 

max μ dk− 1
����

���� Fk

����
����, dT

k− 1yk− 1 
, (μ> 1), (4)

where yk− 1 � Fk − Fk− 1 and extended it to solve problem (1).

Recently, Tsegay et al. [35] gave a new CGM with suf-
ficient descent property, that is,

βSDCGk �
Fk

����
����
2

υ Fk

����
����
2

+ dk− 1
����

����
2

 

, υ>
1
2
. (5)

Inspired by [28, 35], we propose a new hybrid formula as
follows:

βLJJk �
Fk

����
����
2

− max 0, Fk

����
����/ Fk− 1

����
����FT

k Fk− 1 

] Fk

����
����
2

+ dk− 1
����

����
2

 

, (6)

where ]> (1/2). Clearly, the parameter βLJJk satisfies

0≤ βLJJk ≤
Fk

����
����
2

2] Fk

����
���� dk− 1
����

����
�

Fk

����
����

2] dk− 1
����

����
. (7)

It is interesting that the search direction with βLJJk have
better theoretical properties, that is, it satisfies the sufficient
descent condition and trust region property, automatically.

2.2. An Improved Adaptive Line Search Strategy. For an ef-
ficient CGPM, choosing an inexpensive line search is a key
technique. To this end, many researchers try to exploit an
inexact line search strategy to obtain step size with minimal
cost. Zhang and Zhou [18] adopt an Armijo-type line search
procedure, that is, the step size αk � max βρi | i � 0, 1, 2, · · · ,
such that

− F xk + αkdk( 
T
dk ≥ σαk dk

����
����
2
, (8)

where β is an initial guess for the step size, ρ ∈ (0, 1), and σ is
a positive constant. Li and Li [31] obtained the step size αk �

max βρi | i � 0, 1, 2, · · ·  by the following line search:

− F xk + αkdk( 
T
dk ≥ σαk F xk + αkdk( 

����
���� dk

����
����
2
, (9)

which was originally proposed by Solodov and Svaiter [36].
Guo andWan [26] proposed an adaptive line search, i.e., the
step size αk � max βρi | i � 0, 1, 2, · · ·  satisfied the following
inequality:

− F xk + αkdk( 
T
dk ≥ σαk dk

����
����
2 min 1, F xk + αkdk( 

����
���� .

(10)

Obviously, when xk is far from the solutions of problem
(1) and the ‖F(xk + αkdk)‖ is too large, it follows from (9)
that the step size αk becomes small, which increases the
computation cost. A similar case can appear for the line
search (8) when xk is close to the solution set of problem (1)
and ‖dk‖ is too large. However, it is worth noting that the line
search (10) can overcome the previously mentioned weak-
nesses and take advantage of line searches (8) and (9).

Inspired by [26], we introduce another new adaptive line
search strategy with a disturbance factor, that is, taking
αk � max βρi | i � 0, 1, 2, · · · , such that

− F xk + αkdk( 
T
dk ≥ σαkck dk

����
����
2
, (11)
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where ck � ((‖F(xk + αkdk)‖)/(max ‖F(xk + αkdk)‖, μ )), β
is an initial guess for the step size, σ, ρ ∈ (0, 1), and μ≥ 1.
Here, μ is a disturbance factor, which can adjust the size of
the right side of the line search (11) and further reduce the
computation cost.

Remark 1. In fact, for a given μ, ‖F(xk + αkdk)‖ is too large if
xk is far away from the solution set, namely,
((‖F(xk + αkdk)‖)/(max ‖F(xk + αkdk)‖, μ )) � 1, and
then, the new line search (11) is similar to (8) in perfor-
mance. Otherwise, when xk is close to the solution set,
‖F(xk + αkdk)‖ approaches 0 and so ck approaches
‖F(xk + αkdk)‖, and then, the new line search (11) comes
back to (9).

2.3. Algorithm. Based on the new search direction with βLJJk

(6) and adaptive line search (11), we describe our algorithm
in detail for solving problem (1) as follows (Algorithm 1).

3. Convergence Property

In order to obtain some important properties and conver-
gence property of Algorithm 1, the following basic as-
sumptions are necessary.

Assumption H:
(H1) )e solution set of system (1), denoted by S, is
nonempty, and the mapping F is monotone on Rn.
(H2) )e mapping F is L-Lipschitz continuous on Rn,
i.e., there exists a constant L> 0 such that

‖F(x) − F(y)‖≤L‖x − y‖, ∀x, y ∈ Rn
. (12)

)ewell-known nonexpansive property of the projection
operator [37] is reviewed in the following lemma.

Lemma 1 (see [37]). LetΩ⊆Rn be a nonempty closed convex
set. 'en,

PΩ[x] − PΩ[y]
����

����≤ ‖x − y‖, ∀x, y ∈ Rn
. (13)

)erefore, the projection operator P is L-Lipschitz
continuous on Rn.

)e following lemma shows that the search direction yielded
by equation in step 2 inAlgorithm1 satisfies the sufficient descent
condition and possesses some important properties.

Lemma 2. Suppose that Assumption H holds, then the search
direction generated by equation in step 2 in Algorithm 1
satisfies the sufficient descent condition,

F
T
k dk ≤ − τ Fk

����
����
2
, (14)

and τ‖Fk‖≤ ‖dk‖≤ τ‖Fk‖, for some positive constants τ and τ.

Proof. For k � 0, it is easy to know that FT
0 d0 � − ‖F0‖

2 and
Lemma 2 holds. To proceed, we consider the case k≥ 1. If
FT

k dk− 1 � 0, it follows from equation in step 2 in Algorithm 1

that FT
k dk � − ‖Fk‖2. Otherwise, multiplying both sides of

equation in step 2 in Algorithm 1 by FT
k , from (6) and (7), we

have

F
T
k dk � − Fk

����
����
2

+ βLJJk F
T
k dk− 1

≤ − Fk

����
����
2

+ βLJJk Fk

����
���� dk− 1
����

����

≤ − Fk

����
����
2

+
Fk

����
����

2] dk− 1
����

����
Fk

����
���� dk− 1
����

����,

� − 1 −
1
2]

  Fk

����
����
2≕ − τ Fk

����
����
2
,

(15)

which shows that the sufficient descent property (14) holds
by taking τ ≔ (1 − (1/2])). Again, according to

Fk

����
���� dk

����
����cos Fk, dk(  � F

T
k dk, (16)

the following relation holds:

− Fk

����
���� dk

����
����≤F

T
k dk ≤ − τ Fk

����
����
2
, (17)

and then, ‖dk‖≥ τ‖Fk‖.
On the other hand, it follows from (7) and equation in

step 2 in Algorithm 1 that

dk

����
����≤ Fk

����
���� + βLJJk dk− 1

����
����

≤ Fk

����
���� +

Fk

����
����

2] dk− 1
����

����
dk− 1

����
����

� 1 +
1
2]

  Fk

����
����≕ τ Fk

����
����,

(18)

and the proof is completed.
)e next lemma not only indicates that the line search

strategy (11) is well-defined but also provides a lower bound
for step size αk. □
Lemma 3

(i) Let the sequences dk  and xk  be generated by
Algorithm 1; then, there exists a step size satisfying the
line search (11)

(ii) Suppose that Assumption H holds; then, the step size
yielded by Algorithm 1 satisfies

αk ≥min β,
τρ

L + σ
Fk

����
����
2

dk

����
����
2

⎧⎨

⎩

⎫⎬

⎭. (19)

Proof

(i) Suppose that for any nonnegative integer i, (11) does
not hold at the k0-th iterate,then

− F xk0
+ βρi

dk0
 

T
dk0
< σβρi

dk0

�����

�����
2 F xk0

+ βρidk0
 

�����

�����

max F xk0
+ βρidk0

 
�����

�����, μ 

.

(20)
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From the continuity of F and ρ ∈ (0, 1), let i⟶∞,
and it is clear that

− F xk0
 

T
dk0
≤ 0, (21)

which contradicts (14). )e proof is completed.
(ii) For the second part, it is clear that if αk � β, then (19)

holds. If αk ≠ β, αk is computed by the backtracking
process in Algorithm 1. Let αk ≔ ρ− 1αk, and then, αk

does not satisfy (11), namely,

− F zk( 
T
dk < σαk dk

����
����
2 F zk( 

����
����

max F zk( 
����

����, μ 
≤ σαk dk

����
����
2
,

(22)

where zk � xk + αkdk. It follows from (12), (14), and (22)
that

τ Fk

����
����
2 ≤ − F

T
k dk � F zk(  − Fk( 

T
dk − F zk( 

T
dk

< αk(L + σ) dk

����
����
2

� ρ− 1αk(L + σ) dk

����
����
2
.

(23)

)en,

αk >
τρ

L + σ
Fk

����
����
2

dk

����
����
2 , (24)

which completes the proof.
)e following lemma is necessary to analyze the global

convergence of Algorithm 1. □

Lemma 4. Suppose that Assumptions H holds, let xk  and
zk  be generated by Algorithm 1, and let x∗ be any given
solution for system (1), i.e., x∗ ∈ S. 'en, the sequence
‖xk − x∗‖  is convergent, and sequences xk  and zk  are
both bounded. Furthermore, it holds that

lim
k⟶∞

αk dk

����
���� � 0. (25)

Proof. In view of the definition of zk and (11), we know that

F zk( 
T

xk − zk(  � − αkF zk( 
T
dk

≥ σα2k dk

����
����
2
ck

� σ xk − zk

����
����
2
ck.

(26)

On the other hand, taking Assumption (H1) and x∗ ∈ S
into consideration, we have

F zk( 
T

xk − x
∗

(  � F zk( 
T

xk − zk(  + F zk( 
T

zk − x
∗

( 

≥F zk( 
T

xk − zk(  + F x
∗

( 
T

zk − x
∗

( 

� F zk( 
T

xk − zk( .

(27)

According to equation in step 4 in Algorithm 1, As-
sumption (H1), Lemma 1, and (26) and (27), it follows that

xk+1 − x
∗����
����
2

� PC xk − ξkF zk(   − PC x
∗

 
����

����
2

≤ xk − ξkF zk(  − x
∗����
����
2

� xk − x
∗����
����
2

− 2ξkF zk( 
T

xk − x
∗

(  + ξ2k F zk( 
����

����
2

≤ xk − x
∗����
����
2

− 2ξkF zk( 
T

xk − zk(  + ξ2k F zk( 
����

����
2

� xk − x
∗����
����
2

−
F zk( 

T
xk − zk(  

2

F zk( 
����

����
2

≤ xk − x
∗����
����
2

−
σ2 xk − zk

����
����
4

F zk( 
����

����
2 c

2
k,

(28)

which shows that the inequalities 0≤ ‖xk+1 − x∗‖≤ ‖xk − x∗‖

hold, that is, the sequence ‖xk − x∗‖  is monotone non-
increasing and bounded below. Hence, ‖xk − x∗‖  is con-
vergent. Furthermore, the boundedness of xk  is obtained.

By Lemma 2, it holds that dk  is bounded and so is zk .
Without the loss of generality, there exists a constant M> 0
such that ‖F(zk)‖≤M,∀k≥ 0. If max ‖F(zk)‖, μ  � ‖F(zk)‖,
then max ‖F(zk)‖, μ ≤M; otherwise, max ‖F(zk)‖, μ  � μ.
Hence, the following relation holds:

Step 0: given x0 ∈ C, the constants ε> 0, σ, ρ ∈ (0, 1), μ≥ 1, ]> (1/2) and an initial stepsize β. Set k ≔ 0
Step 1: if a given terminate criterion is satisfied, e.g., ‖F(xk)‖≤ ε, terminate. Otherwise, go to Step 2

Step 2: compute search direction dk by dk �
− Fk ≔ F(xk) k � 0
− Fk + βLJJk dk− 1 k≥ 1 and yield the conjugate parameter βLJJk by (6)

Step 3: compute the step size αk using the adaptive line search strategy (11) and set zk � xk + αkdk

Step 4: compute xk+1 by
xk+1 � PC[xk − ξkF(zk)],

where
ξk � ((F(zk)T(xk − zk))/‖F(zk)‖2)

Set k ≔ k + 1, and return to Step 1

ALGORITHM 1: LJJ CGPM.
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ck

F zk( 
����

����
�

1
max F zk( 

����
����, μ 
≥

1
max M, μ 

≔ A. (29)

)is together with (28) implies that

A
2σ2 

∞

k�0
xk − zk

����
����
4 ≤ 
∞

k�0
xk − x

∗����
����
2

− xk+1 − x
∗����
����
2

 

� x0 − x
∗����
����
2

− lim
k⟶∞

xk+1 − x
∗����
����
2 <∞.

(30)

)us, this further implies limk⟶∞αk‖dk‖ �

limk⟶∞‖xk − zk‖ � 0, and the proof is completed.
Next, based on Assumption H and Lemmas 1–4, the global

convergence of the proposed algorithm is established. □

Theorem 1. Suppose that Assumption H holds and the se-
quences xk  be generated by the Algorithm 1; then,

lim inf
k⟶∞

Fk

����
���� � 0. (31)

Furthermore, the whole sequence xk  converges to a
solution of system (1).

Proof. First, by contradiction, suppose that relation (31) is
not true; then, there exists a constant ε> 0 such that

Fk

����
����≥ ε, ∀k≥ 0. (32)

Again, the following inequality comes directly from
Lemma 2:

dk

����
����≥ τ Fk

����
����≥ τε, ∀k≥ 0. (33)

)is together with (25) shows that

lim
k⟶∞

αk � 0. (34)

In addition, from Lemmas 2 and 3 (ii) and the
boundedness of ‖dk‖ , the following relation holds:

αk ≥min β,
τρ

L + σ
Fk

����
����
2

dk

����
����
2

⎧⎨

⎩

⎫⎬

⎭ ≥min β,
τρ

(L + σ)τ2
 > 0,

(35)

which contradicts (34). )erefore, (31) is true.
Second, (31) shows that there exists an infinite index set

K such that limk∈K‖Fk‖ � 0. Again, the xk  is bounded and
C is a closed set, so without the loss of generality, suppose that
limk∈Kxk � x∈ C. It follows from the continuity of F that

‖F(x)‖ � lim
k∈K

Fk

����
���� � 0, (36)

which shows that x∈ S.
Finally, noticing that x∗ ≔ x from Lemma 4, it follows

that the sequence ‖xk − x‖  is convergent, namely,

lim
k⟶∞

xk − x
����

���� � lim
k∈K

xk − x
����

���� � 0, (37)

which implies that the whole sequence xk  converges to
x∈ S, and the proof is completed. □

4. Numerical Experiments

In this section, the numerical performances of Algorithm 1
(LJJ CGPM) for solving convex constrained nonlinear
equations are tested and reported by the following two
subsections.

4.1. Experimental Setup. In order to illustrate the effec-
tiveness of the LJJ CGPM, we compare it with two recent
CGPMs. Specifically, eight large-scale examples are solved
by the LJJ CGPM method, PDY method [22], and ATTCGP
method [23] in the same calculating environment. All codes
were written inMatlab R2014a and run on a DELL with 4GB
RAM memory and Windows 10 operating system.

For the LJJ CGPM, we use (6) and (11) as the conjugate
parameter of search direction and the line search rule, re-
spectively, and the parameters in the LJJ CGPM are chosen
as ρ � 0.4, β � 0.99, σ � 0.01, μ � 1.25, and ] � 2.6. For the
PDY [22] and the ATTCGP [23] methods, the search di-
rection, line search rule, and selection of parameters are
consistent with the original literature, respectively.

For all methods, the computation will be terminated
when one of the following criteria are satisfied:

(i) Fk

����
����≤ 10− 6

,

(ii) dk

����
����≤ 10− 7

,

or (iii) Itr> 2000,

(38)

where “Itr” refers to the total number of iterations. Define

F(x) � f1(x), f2(x), · · · , fn(x)( 
T
, (39)

and the tested functions are listed as follows.

Problem 1 (see Wang et al. [11]). Set fi(x) � exi − 1, for i �

1, 2, · · · , n and C � Rn
+. Obviously, Problem 1 has a unique

solution x∗ � (0, 0, · · · , 0)T.

Problem 2 (see Yu et al. [20]). Set

f1(x) � x1 − e
cos x1+x2( )/n+1( ),

fi(x) � xi − e
cos xi− 1+xi+xi+1( )/n+1( ),

fn(x) � xn − e
cos xn− 1+xn( )/n+1( ),

(40)

for i � 2, 3, · · · , n − 1 and C � Rn
+.

Problem 3 (see Yu et al. [20]). Set fi(x) � xi − sin|xi − 1|,
for i � 1, 2, · · · , n and
C � x ∈ Rn | 

n
i�1 xi ≤ n, xi ≥ − 1, i � 1, 2, · · · , n . Obvi-

ously, Problem 3 is nonsmooth at x � (1, · · · , 1)T.

Problem 4 (see Zhou and Li [13]). Set fi(x) � 2xi − sin|xi|,
for i � 1, 2, · · · , n and C � Rn

+.

Problem 5 (see Gao and He [29]). Set

Complexity 5



f1(x) � 2x1 + sin x1(  − 1,

fi(x) � 2xi− 1 + 2xi + sin xi(  − 1,

fn(x) � 2xn + sin xn(  − 1,

(41)

for i � 2, 3, · · · , n − 1 and C � Rn
+.

Problem 6 (see Ou and Li [19]). Set

f1(x) � e
x1 − 1,

fi(x) � e
xi + xi− 1 − 1,

(42)

for i � 2, 3, · · · , n and C � Rn
+.

Problem 7 (see Gao and He [29]). Set fi(x) �

(exi )2 + 3 sin(xi)cos(xi) − 1, for i � 1, 2, · · · , n and C � Rn
+.

Problem 8 (see Gao and He [29]). Set

f1(x) � x1 − e
cos x1+x2( )/2( ),

fi(x) � xi − e
cos xi− 1+xi+xi+1( )/i( ),

fn(x) � xn − e
cos xn− 1+xn( )/n( ),

(43)

for i � 2, 3, · · · , n − 1 and C � Rn
+.

)e new iterate points yielded by the quadratic program
solver quadprog. m are taken from the Matlab optimization
toolbox. Problems 1–8 are tested with seven initial points
x1 � (1, 1, · · · , 1)T, x2 � (0.1, 0.1, · · · , 0.1)T, x3 � (1/2, 1/22,
· · · , 1/2n)T, x4 � (0, 1/n, · · · , (n − 1)/n)T,x5 � (1, 1/2, · · · ,

1/n)T, x6 � (1/n, 2/n, · · · , 1)T, andx7 � (1 − (1/n), 1 − (2/
n), · · · , 0)T. Here, the dimension of problems is chosen as
104, 5 × 104 and 105, respectively.

)e comparison of data is listed in Tables 1–8, where
“Init” means the initial point, “n” is the dimension of the
problem, “NF” denotes the number of function evaluations,
“Tcpu” denotes the CPU time, and “‖F∗‖” is the final value of
‖Fk‖ when the program is stopped.

In addition, in order to show the numerical performance
clearly, we adopt the profiles introduced by Dolan and Morè
[38] to compare the performance on Tcpu, NF, and Itr,
respectively. A brief explanation of the performance figures
is as follows. Denote the whole set of np test problems by P

and the set of solvers by S. Let tp,s be the Tcpu (or the NF or
the Itr) required to solve problem p ∈ P by solver s ∈ S, and
the comparison results between different solvers are based
on the performance ratio defined from

rp,s �
tp,s

mins∈Stp,s

, (44)

and the performance profile for each solver s is defined by

ρs(τ) �
1
np

size p ∈ P: log2rp,s ≤ τ , (45)

where size A means the number of elements in the set A.
)en, ρs(τ) is the probability for solver s ∈ S that a per-
formance ratio rp,s is within a factor τ ∈ Rn. ρs is the (cu-
mulative) distribution function for the performance ratio.

Clearly, the top curved shape of the method is a winner. For
details about the performance profile, see [38].

4.2. Numerical Testing Reports. )e specific results of the
numerical tests are displayed in Tables 1–8. )eir corre-
sponding performance profiles are plotted in Figures 1–3 in
terms of Tcpu, NF, and Itr, respectively. FromTables 1–8 and
Figures 1–3, the following results are obtained.

(i) )e LJJ CGPM, PDY, and ATTCGP can solve all test
problems completely, which shows that above-
mentioned three methods are effective.

(ii) From Figures 1–3, the LJJ CGPM is the top per-
former among the three algorithms, and this implies
that the LJJ CGPM is superior to the PDY and
ATTCGP totally, at least for this set of numerical
experiments.

Reasonably, the advantages of the LJJ CGPM are at-
tributed to the choice of techniques (6) and (11) for the
conjugate parameter of search direction and the adaptive
line search strategy. At the first glance, the parameter βLJJ

k (6)
and line search strategy (11) are a bit complicated; however,
the LJJ CGPM is very effective for solving constrained
equations. Furthermore, numerical results indicate that the
proposed method is competitive to similar methods for
large-scale problems.

5. Application in Compressed Sensing

In this section, the LJJ CGPM is applied to a typical com-
pressed sensing scenario and compared with the PDY
method [22] in terms of the mean of squared error (MSE),
iterative number, and CPU time. )e parameters for the LJJ
CGPM are set as follows: ρ � 0.55, β � 10, σ � 10− 4,

and μ � 1.25, ] � 2.6. Also, the parameters of the PDY
method are taken from Section 4 in [22].

5.1. Compressed Sensing. Compressed sensing, also called
compressed sampling or sparse sampling, is a typical signal
sampling technique. In electronic engineering, especially in
signal processing, compressed sensing is often used to ac-
quire and reconstruct sparse or compressible signals.

In this section, the attention is focused on recovering the
unknown vector x0 ∈ Rn from an incomplete or disturbed
observation

b � Ax0 + e, (46)

where b ∈ Rk is the observation data, A ∈ Rk×n(k≪ n) is a
linear mapping, and e ∈ Rk is an error term. In fact, the
sparse result of x0 can be obtained by solving the following
convex unconstrained optimization problem:

min
x∈Rn

τ‖x‖1 +
1
2
‖Ax − b‖

2
2, (47)

where parameter τ > 0, ‖ · ‖1 and ‖ · ‖2 mean the l1− norm and
l2− norm, respectively. )ere are many algorithms to solve
problem (47). One of them is the gradient projectionmethod
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for sparse reconstruction proposed by Figueiredo et al. [39].
)e first step of this method is to convert (47) into a convex
quadratic programming problem.

For any vector x ∈ Rn, it can be decomposed into the
following two parts:

x � u − v, u≥ 0, v≥ 0, (48)

where ui � max xi, 0  and vi � max − xi, 0  for all
i � 1, 2, · · · , n. In this way, the l1− norm of a vector can be

expressed as ‖ · ‖1 � eT
n u + eT

n v, where eT
n � (1, 1, · · · , 1) ∈

Rn. )erefore, problem (47) can be expressed as the fol-
lowing convex quadratic programming problem with
nonnegative constraints

min
u,v

1
2
‖b − A(u − v)‖

2
2 + τe

T
n u + τe

T
n v, (49)

where u≥ 0, v≥ 0. Furthermore, it is easy to get the following
standard form:

Table 1: Numerical results on Problem 1.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x1(104) 8/23/0.025/3.939e − 07 16/49/0.043/9.317e − 07 20/62/0.047/6.199e − 07
x2(104) 7/19/0.016/4.751e − 07 15/46/0.035/5.458e − 07 18/55/0.036/6.052e − 07
x3(104) 10/28/0.011/4.686e − 07 12/37/0.015/8.832e − 07 14/43/0.017/9.585e − 07
x4(104) 16/43/0.030/1.287e − 08 17/52/0.036/5.220e − 07 25/79/0.035/7.025e − 07
x5(104) 11/31/0.021/4.987e − 07 14/44/0.024/4.552e − 07 16/50/0.021/7.025e − 07
x6(104) 16/43/0.030/1.291e − 08 17/52/0.039/5.225e − 07 25/79/0.031/5.167e − 07
x7(104) 16/43/0.029/1.287e − 08 17/52/0.037/5.220e − 07 25/79/0.034/7.025e − 07
x1(5 × 104) 8/23/0.096/8.808e − 07 18/57/0.229/9.221e − 07 21/65/0.238/5.544e − 07
x2(5 × 104) 8/21/0.078/1.062e − 08 16/49/0.185/4.039e − 07 19/58/0.207/5.413e − 07
x3(5 × 104) 10/28/0.059/4.686e − 07 12/37/0.080/8.832e − 07 14/43/0.093/9.585e − 07
x4(5 × 104) 16/43/0.150/2.881e − 08 18/57/0.212/6.743e − 07 27/86/0.187/8.395e − 07
x5(5 × 104) 11/31/0.105/4.987e − 07 14/44/0.129/4.552e − 07 16/50/0.123/7.025e − 07
x6(5 × 104) 16/43/0.151/2.883e − 08 18/57/0.215/6.743e − 07 27/86/0.191/8.174e − 07
x7(5 × 104) 16/43/0.151/2.881e − 08 18/57/0.215/6.743e − 07 27/86/0.193/8.395e − 07
x1(105) 9/25/0.185/1.246e − 08 19/63/0.500/7.471e − 07 21/65/0.496/7.841e − 07
x2(105) 8/21/0.159/1.502e − 08 16/49/0.377/5.712e − 07 19/58/0.412/7.655e − 07
x3(105) 10/28/0.129/4.686e − 07 12/37/0.193/8.832e − 07 14/43/0.186/9.585e − 07
x4(105) 16/43/0.307/4.076e − 08 18/57/0.436/9.535e − 07 28/89/0.412/5.734e − 07
x5(105) 11/31/0.207/4.987e − 07 14/44/0.251/4.552e − 07 16/50/0.236/7.025e − 07
x6(105) 16/43/0.306/4.077e − 08 18/57/0.430/9.536e − 07 28/89/0.443/6.548e − 07
x7(105) 16/43/0.320/4.076e − 08 18/57/0.429/9.535e − 07 28/89/0.419/5.734e − 07

Table 2: Numerical results on Problem 2.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x1(104) 5/11/0.018/1.718e − 08 18/55/0.078/3.324e − 07 21/64/0.087/7.557e − 07
x2(104) 5/11/0.017/2.617e − 08 20/65/0.088/3.998e − 07 22/67/0.092/4.606e − 07
x3(104) 5/11/0.017/2.717e − 08 20/65/0.091/4.150e − 07 22/67/0.096/4.782e − 07
x4(104) 5/11/0.017/2.236e − 08 19/60/0.087/5.876e − 07 21/64/0.094/9.838e − 07
x5(104) 5/11/0.018/2.717e − 08 20/65/0.092/4.149e − 07 22/67/0.096/4.780e − 07
x6(104) 5/11/0.017/2.236e − 08 19/60/0.086/5.876e − 07 21/64/0.093/9.838e − 07
x7(104) 5/11/0.018/2.236e − 08 19/60/0.086/5.876e − 07 21/64/0.094/9.838e − 07
x1(5 × 104) 5/11/0.085/3.842e − 08 21/69/0.497/3.654e − 07 22/67/0.479/6.759e − 07
x2(5 × 104) 5/11/0.086/5.855e − 08 23/82/0.574/7.076e − 07 23/70/0.494/4.120e − 07
x3(5 × 104) 5/11/0.085/6.078e − 08 23/82/0.577/7.347e − 07 23/70/0.502/4.277e − 07
x4(5 × 104) 5/11/0.087/5.002e − 08 22/77/0.561/7.324e − 07 22/67/0.505/8.800e − 07
x5(5 × 104) 5/11/0.099/6.078e − 08 23/82/0.611/7.346e − 07 23/70/0.541/4.277e − 07
x6(5 × 104) 5/11/0.086/5.002e − 08 22/77/0.549/7.324e − 07 22/67/0.487/8.800e − 07
x7(5 × 104) 5/11/0.087/5.002e − 08 22/77/0.549/7.324e − 07 22/67/0.490/8.800e − 07
x1(105) 5/11/0.171/5.434e − 08 23/82/1.148/6.568e − 07 22/67/1.083/9.559e − 07
x2(105) 5/11/0.184/8.280e − 08 28/114/1.723/5.929e − 07 23/70/1.219/5.826e − 07
x3(105) 5/11/0.188/8.596e − 08 28/114/1.564/6.155e − 07 23/70/1.007/6.049e − 07
x4(105) 5/11/0.171/7.074e − 08 25/94/1.385/6.443e − 07 23/70/1.045/4.978e − 07
x5(105) 5/11/0.180/8.596e − 08 28/114/1.677/6.155e − 07 23/70/1.077/6.049e − 07
x6(105) 5/11/0.171/7.074e − 08 25/94/1.310/6.443e − 07 23/70/1.023/4.978e − 07
x7(105) 5/11/0.178/7.074e − 08 25/94/1.319/6.443e − 07 23/70/1.030/4.978e − 07
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Table 3: Numerical results on Problem 3.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x1(104) 14/43/0.013/4.708e − 07 6/19/0.006/8.620e − 08 17/69/0.016/4.344e − 07
x2(104) 14/43/0.011/5.456e − 07 17/68/0.021/7.903e − 07 17/69/0.016/4.628e − 07
x3(104) 14/43/0.012/7.328e − 07 18/72/0.017/4.221e − 07 17/69/0.016/6.140e − 07
x4(104) 14/43/0.012/3.474e − 07 19/76/0.019/4.688e − 07 16/65/0.017/9.030e − 07
x5(104) 14/43/0.011/7.314e − 07 18/72/0.018/4.221e − 07 17/69/0.016/6.128e − 07
x6(104) 14/43/0.011/3.474e − 07 19/76/0.019/4.690e − 07 16/65/0.015/9.029e − 07
x7(104) 14/43/0.013/3.474e − 07 19/76/0.018/4.688e − 07 16/65/0.014/9.030e − 07
x1(5 × 104) 15/46/0.058/2.722e − 07 19/77/0.095/6.950e − 07 17/69/0.071/9.714e − 07
x2(5 × 104) 15/46/0.053/3.154e − 07 18/72/0.083/6.418e − 07 18/73/0.086/3.373e − 07
x3(5 × 104) 15/46/0.058/4.238e − 07 18/72/0.079/9.439e − 07 18/73/0.076/4.476e − 07
x4(5 × 104) 14/43/0.054/7.768e − 07 20/80/0.096/3.801e − 07 17/69/0.072/6.582e − 07
x5(5 × 104) 15/46/0.055/4.236e − 07 18/72/0.080/9.438e − 07 18/73/0.078/4.474e − 07
x6(5 × 104) 14/43/0.053/7.768e − 07 20/80/0.092/3.801e − 07 17/69/0.072/6.582e − 07
x7(5 × 104) 14/43/0.056/7.768e − 07 20/80/0.091/3.801e − 07 17/69/0.079/6.582e − 07
x1(105) 15/46/0.114/3.849e − 07 19/77/0.191/9.829e − 07 18/73/0.164/4.478e − 07
x2(105) 15/46/0.122/4.461e − 07 19/77/0.189/7.449e − 07 18/73/0.176/4.770e − 07
x3(105) 15/46/0.119/5.993e − 07 19/77/0.196/9.210e − 07 18/73/0.165/6.330e − 07
x4(105) 15/46/0.124/2.841e − 07 19/77/0.190/6.666e − 07 17/69/0.164/9.308e − 07
x5(105) 15/46/0.121/5.992e − 07 19/77/0.202/9.209e − 07 18/73/0.172/6.328e − 07
x6(105) 15/46/0.121/2.841e − 07 19/77/0.190/6.666e − 07 17/69/0.163/9.308e − 07
x7(105) 15/46/0.118/2.841e − 07 19/77/0.200/6.666e − 07 17/69/0.162/9.308e − 07

Table 4: Numerical results on Problem 4.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x1(104) 7/18/0.007/7.770e − 08 17/52/0.017/7.653e − 07 20/61/0.019/8.152e − 07
x2(104) 4/9/0.003/8.351e − 08 15/46/0.015/5.283e − 07 18/55/0.016/6.852e − 07
x3(104) 7/17/0.005/4.317e − 08 12/37/0.010/8.833e − 07 15/46/0.012/5.849e − 07
x4(104) 10/26/0.008/9.622e − 07 17/52/0.015/4.108e − 07 20/61/0.019/5.400e − 07
x5(104) 8/21/0.006/6.150e − 08 13/40/0.011/7.409e − 07 16/49/0.014/4.741e − 07
x6(104) 10/26/0.008/9.639e − 07 17/52/0.017/4.109e − 07 20/61/0.016/5.401e − 07
x7(104) 10/26/0.008/9.622e − 07 17/52/0.015/4.108e − 07 20/61/0.016/5.400e − 07
x1(5 × 104) 7/18/0.025/1.737e − 07 19/60/0.079/5.509e − 07 21/64/0.085/7.292e − 07
x2(5 × 104) 4/9/0.015/1.867e − 07 16/49/0.064/3.907e − 07 19/58/0.065/6.128e − 07
x3(5 × 104) 7/17/0.020/4.317e − 08 12/37/0.038/8.833e − 07 15/46/0.045/5.849e − 07
x4(5 × 104) 11/28/0.037/2.153e − 08 17/52/0.065/9.187e − 07 21/64/0.081/4.830e − 07
x5(5 × 104) 8/21/0.025/6.151e − 08 13/40/0.051/7.410e − 07 16/49/0.055/4.742e − 07
x6(5 × 104) 11/28/0.038/2.154e − 08 17/52/0.071/9.187e − 07 21/64/0.097/4.830e − 07
x7(5 × 104) 11/28/0.035/2.153e − 08 17/52/0.067/9.187e − 07 21/64/0.077/4.830e − 07
x1(105) 7/18/0.050/2.457e − 07 20/65/0.168/4.909e − 07 22/67/0.162/4.125e − 07
x2(105) 4/9/0.032/2.641e − 07 16/49/0.132/5.525e − 07 19/58/0.143/8.667e − 07
x3(105) 7/17/0.040/4.317e − 08 12/37/0.087/8.833e − 07 15/46/0.096/5.849e − 07
x4(105) 11/28/0.082/3.045e − 08 19/60/0.179/4.622e − 07 21/64/0.174/6.831e − 07
x5(105) 8/21/0.062/6.151e − 08 13/40/0.106/7.410e − 07 16/49/0.118/4.742e − 07
x6(105) 11/28/0.077/3.046e − 08 19/60/0.167/4.622e − 07 21/64/0.172/6.831e − 07
x7(105) 11/28/0.071/3.045e − 08 19/60/0.158/4.622e − 07 21/64/0.161/6.831e − 07

Table 5: Numerical results on Problem 5.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x1(104) 19/77/0.060/7.476e − 07 27/145/0.101/8.743e − 07 152/787/0.578/7.450e − 07
x2(104) 23/93/0.069/7.916e − 07 42/226/0.158/8.372e − 07 204/1047/0.744/6.883e − 07
x3(104) 19/77/0.057/5.319e − 07 28/151/0.103/5.112e − 07 170/876/0.610/8.184e − 07
x4(104) 20/81/0.062/9.327e − 07 27/144/0.103/5.294e − 07 196/1008/0.699/6.472e − 07
x5(104) 20/81/0.061/5.548e − 07 26/138/0.098/8.101e − 07 185/952/0.653/7.283e − 07
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Table 5: Continued.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x6(104) 20/81/0.062/9.324e − 07 26/138/0.101/8.724e − 07 196/1008/0.685/6.471e − 07
x7(104) 19/77/0.057/5.444e − 07 26/138/0.096/6.535e − 07 160/827/0.566/6.203e − 07
x1(5 × 104) 19/77/0.296/8.171e − 07 25/133/0.487/5.286e − 07 141/732/2.615/9.222e − 07
x2(5 × 104) 21/85/0.321/7.117e − 07 26/139/0.503/5.201e − 07 194/997/3.551/8.547e − 07
x3(5 × 104) 19/77/0.294/4.696e − 07 27/146/0.528/9.869e − 07 171/882/3.184/5.748e − 07
x4(5 × 104) 19/77/0.297/9.870e − 07 31/167/0.613/6.829e − 07 185/953/3.447/8.111e − 07
x5(5 × 104) 19/77/0.294/8.999e − 07 28/150/0.543/6.333e − 07 175/902/3.215/8.894e − 07
x6(5 × 104) 19/77/0.293/9.870e − 07 31/167/0.612/6.807e − 07 185/953/3.397/8.111e − 07
x7(5 × 104) 19/77/0.293/5.847e − 07 26/138/0.505/9.469e − 07 151/782/2.788/7.611e − 07
x1(105) 19/77/0.598/8.828e − 07 30/162/1.216/4.748e − 07 146/758/5.586/5.631e − 07
x2(105) 20/81/0.635/8.295e − 07 25/133/0.993/9.282e − 07 185/952/6.975/9.531e − 07
x3(105) 19/77/0.596/4.759e − 07 26/137/1.025/6.434e − 07 162/837/6.107/6.288e − 07
x4(105) 19/77/0.595/8.785e − 07 27/144/1.100/8.273e − 07 176/908/6.668/9.015e − 07
x5(105) 19/77/0.598/8.971e − 07 29/156/1.160/4.997e − 07 168/867/6.344/9.717e − 07
x6(105) 19/77/0.604/8.784e − 07 27/143/1.074/7.645e − 07 176/908/6.682/9.015e − 07
x7(105) 19/77/0.604/6.266e − 07 27/143/1.072/6.767e − 07 143/742/5.435/8.344e − 07

Table 6: Numerical results on Problem 6.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x1(104) 36/110/0.204/9.949e − 07 29/117/0.075/9.510e − 07 24/97/0.057/9.931e − 07
x2(104) 11/34/0.026/5.671e − 07 25/101/0.063/7.366e − 07 25/101/0.058/8.628e − 07
x3(104) 37/112/0.051/7.576e − 07 52/209/0.090/9.275e − 07 34/137/0.056/8.435e − 07
x4(104) 20/62/0.041/7.165e − 07 17/69/0.047/7.590e − 07 16/65/0.032/2.846e − 07
x5(104) 39/118/0.069/7.898e − 07 60/241/0.127/9.418e − 07 35/141/0.074/9.479e − 07
x6(104) 20/62/0.042/7.506e − 07 17/69/0.047/7.591e − 07 16/65/0.029/2.849e − 07
x7(104) 35/107/0.067/7.787e − 07 31/125/0.076/8.371e − 07 31/125/0.055/6.861e − 07
x1(5 × 104) 37/113/0.376/6.935e − 07 30/123/0.413/7.657e − 07 23/93/0.288/8.910e − 07
x2(5 × 104) 12/37/0.134/2.594e − 07 25/101/0.333/6.388e − 07 25/101/0.309/7.727e − 07
x3(5 × 104) 37/112/0.281/7.576e − 07 52/209/0.490/9.275e − 07 34/137/0.311/8.435e − 07
x4(5 × 104) 17/53/0.190/7.679e − 07 18/73/0.256/5.629e − 07 16/65/0.160/5.993e − 07
x5(5 × 104) 39/118/0.365/7.898e − 07 60/241/0.678/9.417e − 07 35/141/0.389/9.479e − 07
x6(5 × 104) 17/53/0.188/6.669e − 07 18/73/0.259/5.629e − 07 16/65/0.158/5.995e − 07
x7(5 × 104) 35/107/0.352/9.085e − 07 29/117/0.390/9.530e − 07 30/121/0.286/8.457e − 07
x1(105) 37/113/0.783/7.173e − 07 31/130/0.890/8.423e − 07 23/93/0.589/7.944e − 07
x2(105) 12/37/0.280/3.661e − 07 24/97/0.661/9.622e − 07 25/101/0.628/7.387e − 07
x3(105) 37/112/0.558/7.576e − 07 52/209/1.006/9.275e − 07 34/137/0.639/8.435e − 07
x4(105) 17/53/0.377/6.159e − 07 19/79/0.566/7.772e − 07 16/65/0.334/8.412e − 07
x5(105) 39/118/0.732/7.898e − 07 60/241/1.351/9.417e − 07 35/141/0.785/9.479e − 07
x6(105) 17/53/0.374/6.332e − 07 19/79/0.572/7.772e − 07 16/65/0.335/8.413e − 07
x7(105) 35/107/0.698/9.072e − 07 30/123/0.816/8.816e − 07 30/121/0.599/7.940e − 07

Table 7: Numerical results on Problem 7.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x1(104) 1/4/0.007/0.000e+ 00 13/66/0.081/2.258e − 07 19/116/0.142/8.849e − 07
x2(104) 12/49/0.061/2.701e − 07 12/61/0.077/6.969e − 07 17/103/0.122/8.750e − 07
x3(104) 10/41/0.026/5.307e − 07 11/56/0.030/4.009e − 07 14/85/0.041/8.584e − 07
x4(104) 15/62/0.072/2.133e − 07 16/83/0.086/4.425e − 07 26/159/0.091/4.365e − 07
x5(104) 15/59/0.066/5.118e − 07 16/84/0.088/4.508e − 07 18/106/0.101/8.553e − 07
x6(104) 15/62/0.072/2.138e − 07 16/83/0.085/4.515e − 07 26/155/0.087/9.530e − 07
x7(104) 15/62/0.073/2.133e − 07 16/83/0.085/4.425e − 07 26/159/0.089/4.365e − 07
x1(5 × 104) 1/4/0.032/0.000e+ 00 15/81/0.524/3.287e − 07 20/122/0.733/6.965e − 07
x2(5 × 104) 12/49/0.308/6.039e − 07 13/66/0.409/3.777e − 07 18/109/0.629/6.887e − 07
x3(5 × 104) 10/41/0.115/5.307e − 07 11/56/0.157/4.009e − 07 14/85/0.220/8.584e − 07
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Table 7: Continued.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x4(5 × 104) 15/62/0.371/4.775e − 07 15/78/0.454/5.902e − 07 14/92/0.297/0.000e+ 00
x5(5 × 104) 15/59/0.317/5.108e − 07 16/84/0.487/4.212e − 07 18/106/0.497/8.553e − 07
x6(5 × 104) 15/62/0.375/4.777e − 07 15/78/0.470/5.902e − 07 15/97/0.344/0.000e+ 00
x7(5 × 104) 15/62/0.413/4.775e − 07 15/78/0.575/5.902e − 07 14/92/0.319/0.000e+ 00
x1(105) 1/4/0.065/0.000e+ 00 15/81/1.075/4.648e − 07 20/122/1.634/9.850e − 07
x2(105) 12/49/0.642/8.540e − 07 13/66/1.206/5.342e − 07 18/109/1.369/9.740e − 07
x3(105) 10/41/0.301/5.307e − 07 11/56/0.390/4.009e − 07 14/85/0.484/8.584e − 07
x4(105) 15/62/0.765/6.754e − 07 15/78/0.923/8.346e − 07 18/158/0.959/0.000e+ 00
x5(105) 15/59/0.627/5.107e − 07 16/84/0.893/4.176e − 07 18/106/0.994/8.553e − 07
x6(105) 15/62/0.752/6.755e − 07 15/78/0.926/8.346e − 07 23/158/0.999/0.000e+ 00
x7(105) 15/62/0.759/6.754e − 07 15/78/0.962/8.346e − 07 18/158/0.941/0.000e+ 00

Table 8: Numerical results on Problem 8.

Init (n) LJJ CGPM PDY ATTCGP
Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖ Itr/NF/Tcpu/‖F∗‖

x1(104) 26/78/0.111/7.185e − 07 25/99/0.130/7.229e − 07 25/90/0.117/2.263e − 07
x2(104) 25/76/0.106/9.350e − 07 25/102/0.137/4.114e − 07 25/90/0.127/2.314e − 07
x3(104) 27/82/0.126/2.437e − 07 25/102/0.132/7.922e − 07 25/90/0.120/2.314e − 07
x4(104) 27/82/0.116/7.926e − 07 22/87/0.119/8.501e − 07 25/90/0.123/2.321e − 07
x5(104) 27/82/0.115/4.741e − 07 25/102/0.136/4.135e − 07 25/90/0.121/2.312e − 07
x6(104) 27/82/0.118/8.941e − 07 22/87/0.115/8.500e − 07 25/90/0.121/2.321e − 07
x7(104) 28/84/0.119/3.899e − 07 22/87/0.115/9.315e − 07 25/90/0.117/2.265e − 07
x1(5 × 104) 28/84/0.604/1.713e − 07 25/102/0.691/9.284e − 07 26/93/0.638/2.269e − 07
x2(5 × 104) 29/88/0.622/2.518e − 07 28/118/0.791/4.552e − 07 26/93/0.637/2.296e − 07
x3(5 × 104) 28/85/0.599/3.829e − 07 28/118/0.793/5.796e − 07 26/93/0.638/2.296e − 07
x4(5 × 104) 28/85/0.605/2.585e − 07 27/113/0.767/6.928e − 07 26/93/0.637/2.299e − 07
x5(5 × 104) 27/82/0.584/9.499e − 07 27/114/0.769/9.214e − 07 26/93/0.642/2.295e − 07
x6(5 × 104) 28/85/0.608/2.580e − 07 27/113/0.764/6.927e − 07 26/93/0.641/2.299e − 07
x7(5 × 104) 26/78/0.555/4.908e − 07 28/116/0.792/4.679e − 07 26/93/0.641/2.271e − 07
x1(105) 26/78/1.127/8.270e − 07 26/109/1.495/5.490e − 07 26/93/1.302/2.271e − 07
x2(105) 27/81/1.160/4.953e − 07 31/141/1.881/7.790e − 07 27/96/1.320/2.292e − 07
x3(105) 28/84/1.218/2.377e − 07 31/141/1.874/5.803e − 07 27/96/1.338/2.292e − 07
x4(105) 28/85/1.212/6.599e − 07 33/141/1.895/3.126e − 07 27/96/1.332/2.294e − 07
x5(105) 28/84/1.230/3.886e − 07 30/137/1.810/8.937e − 07 27/96/1.333/2.291e − 07
x6(105) 28/85/1.233/6.600e − 07 33/141/1.884/3.132e − 07 27/96/1.336/2.294e − 07
x7(105) 25/75/1.111/8.550e − 07 28/121/1.715/7.546e − 07 27/96/1.391/2.273e − 07
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min
z≥0

1
2
z

T
Hz + c

T
z, (50)

where

z �
u

v
 ,

c �
τen − ATb

τen + ATb
⎡⎣ ⎤⎦,

H �
ATA − ATA

− ATA ATA
⎡⎣ ⎤⎦.

(51)

Obviously, H is a semipositive definite matrix. So,
problem (50) is a convex quadratic programming problem.
In [40], it has been proven to be equivalent to

F(z) � min z, Hz + c{ } � 0, z≥ 0, (52)

where the function F is vector valued, and the “min” is
explained as componentwise minimum. From [40] Lemma 3,
and [41] Lemma 2.2, we know that F: R2n⟶ R2n is Lip-
schitz continuous and monotone. So, equation (52) can be
solved by the LJJ CGPM.

5.2. Numerical Results. In these experiments, the main goal
is to recover a one-dimensional sparse signal from its
limited measurements with Gaussian noise, that is, to re-
construct a n− length sparse signal from k(k≪ n) obser-
vations. )e Gaussian noise distributed with N(0, 10− 4) is
used in the test. n � 212 and k � 210 are taken for equation
(46). )e quality of restoration is measured by the MSE,
namely,

MSE �
1
n

x
∗

− x0
����

����, (53)

where x∗ is the restored signal and x0 is the original signal.
Besides, the original signal x0 contains 24 nonzero elements
randomly. )e random matrix A is given by the command
rand (n, k) in Matlab, and the observed data b is obtained by
b � Ax0 + e, where e is the Gaussian noise. f(x) � τ‖x‖1 +

(1/2)‖Ax − b‖22 denotes the merit function, and the value τ is
obtained by the same continuation technique for the
abovementioned two algorithms (LJJ CGPM and PDY
method).

)e iterative process starts at the measurement signal,
that is, x0 � ATb, and terminates when the relative change
between successive iterative falls below 10− 5, that is,

LJJ CGPM
PDY
ATTCGP
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Figure 3: Performance profiles on Itr.
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Figure 4: From top to bottom: the original signal, the measurement, and the reconstructed signal by two algorithms. (a) Original (n� 4096,
number of nonzeros� 16), (b) measurement, (c) LJJ CGPM (MSE� 3.81e − 07, Iter� 42, time� 0.66 s), and (d) PDY (MSE� 3.21e − 07,
Iter� 61, time� 1.20 s).
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f xk(  − f xk− 1( 
����

����

f xk− 1( 
����

����
< 10− 5

. (54)

Figure 4 gives the original signal x0, the measurement b,
and the signal x∗ reconstructed by the LJJ CGPM and PDY
method. It can be seen from Figure 4 that the LJJ CGPM and
PDYmethod almost completely recover the disturbed signal.
Moreover, to visualize the performance of the two algo-
rithms, Figures 5 and 6 are plotted, which describe the curves
of MSE and objective function values over iterations and
CPU time (seconds), respectively. As can be seen from
Figures 5 and 6, the LJJ CGPM has advantages over the PDY
method in the MSE and objective function values, indeed,
and the red curves (LJJ CGPM) drop faster than the blue

curves (PDYmethod). Overall, simple tests show that the LJJ
CGPM can effectively decode sparse signals in compressed
sensing.

6. Conclusions

In this work, based on the research studies for the CGMs and
some common inexact line searches, a modified conjugate
parameter and an adaptive line search strategy are proposed,
and then, an effective CGPM is presented for monotone
nonlinear equations. Besides, the search direction of our
proposed algorithm possesses the properties of sufficient
descent and trust region independent of any line search
techniques. Furthermore, the presented method inherits the
advantages of the CGM with a simple iterative form, rapid
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Figure 5: Plots of MSE versus iteration and CPU time.
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Figure 6: Plots of the objective function value versus iteration and CPU time.

12 Complexity



convergence, being derivative-free, and low memory re-
quirements. Under some suitable conditions, the global
convergence of the proposed method is established, and its
numerical experiments are conducted and reported, which
show that our method is very effective in dealing with large-
scale monotone nonlinear equations with convex constraints
and the ℓ1− norm regularization problem in compressive
sensing.

Regrettably, the parameter μ in a new adaptive line
search strategy is fixed. Along with the existing line search
rule, our future work is to develop the line search (11) by a
dynamic adjustment technology instead of the constant μ.
Moreover, summarizing the abovementioned observations
and from the fact that the search direction is yielded by the
CGM, how to improve the line search rule by combining
with the frequently-used inexact line searches for the CGM
deserves to be studied.
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