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When the market environment changes, we extend the self-exciting price impact model and further analysis of investors’
liquidation behaviour. It is assumed that the model is accompanied by an exponential decay factor when the temporary impact
and its coefficient are linear and nonlinear. Using the optimal control method, we obtain that the optimal liquidation behaviours
satisfy the second-order nonlinear ODEs with variable coefficients in the case of linear and nonlinear temporary impact. Next, we
solve the ODEs and get the form of the investors’ optimal liquidation behaviour in four cases. Furthermore, we prove the
decreasing properties of the optimal liquidation behaviour under the linear temporary impact. -rough numerical simulation, we
further explain the influence of the changed parameters ρ, a, b, x, and α on the investors’ liquidation strategy Xt in twelve
scenarios. Some interesting properties have been found.

1. Introduction

Bertsimas and Lo [1] proposed the optimal execution model
which has a linear and discrete price impact model in a fixed
time. -ey got the optimal liquidation behaviours by an
optimal control method in some cases. Two years later,
Almgren and Chriss [2] used the minimization of mean-
variance function to think the expected costs and risks. -ey
obtained an optimal closed-form solution of static behav-
iour. When this model is proposed, it is quickly studied by a
large number of scholars in different situations. Almgren [3]
further extended the previous model which is assumed that
the temporary impact is nonlinear and got the form of the
optimal liquidation behaviour.

Huberman and Stanzl [4] studied the linear and non-
linear fixed impact and found that there exists no arbitrage
phenomenon only when the market impact is linear.
Gatheral and Schied [5] provided the behaviour of optimal
expectation transaction cost which is satisfied with a HJB
equation. In this paper, the optimal behaviours of two
benchmark models are obtained, and it is found that the

optimal behaviours of the two models are irrelevant unless
there are extremely unrealistic situations and parameters.
Gatheral et al. [6] researched the optimal trading strategy in
which the temporary market impact has a decay factor. -ey
proved some properties of the optimal investment liqui-
dation behaviour and gave some specific form of the optimal
behaviour under some special decay functions. Lehalle and
Neuman [7] introduced Markovian signals under the op-
timal trading framework proposed by Gatheral et al. [6] and
got the existence and uniqueness of optimal trading be-
haviour. Moreover, the authors gave the optimal investment
behaviour of investors under the condition of Ornstein
Uhlenbeck signal and temporary market impact with ex-
ponential decay. Based on the premise of no dynamic ar-
bitrage, Gatheral [8] studied the optimal investment
behaviour under the condition of market impact with decay
factors. He gave the specific form of the optimal investment
behaviour from the case of fixed and temporary market
impact with different decay factors. Curato et al. [9] in-
vestigated the optimal execution of a large trade when the
model has nonlinear transient impact and decay factors.
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-ey got the specific forms of the optimal strategy in some
special cases. Barger and Lorig [10] investigated the optimal
liquidation behaviours when the parameters of price impact
are stochastic processes. -ey obtained the form of optimal
liquidation behaviours by solving the HJB equation. Based
on the Bayesian learning and dynamic programming
techniques, Bismuth et al. [11] researched the optimal
portfolio choice, portfolio liquidation, and portfolio tran-
sition problems. -rough the optimal control method, they
found that the optimal behaviour is the solution of the HJB
equation. When the Almgren–Chriss model has n risk-
averse agents, Schied and Zhang [12] discussed the Nash
equilibria and closed-form solutions of optimal liquidation
by solving the ODE equation. Based on the Almgren–Chriss
framework, Vaes and Hauser [13] considered a volume
uncertainty model and proved that a risk-averse trader has
benefit when he delays trades. Meanwhile, Ekren and
Nadtochiy [14] researched the utility-based optimal hedging
behaviour for a European-type option. From solving the
solution of PDE, they obtained the optimal behaviours.

Based on Almgren–Chriss framework [2], a self-exciting
price impact model is proposed by Caye and Muhle-Karbe
[15].-ey considered that a large sell order creates persistent
selling pressure which not only incurs price impact but also
increases the execution costs. However, they only discussed
that the temporary impact is a linear function. When there
exists a decay factor in the market, temporary impact and its
coefficient are nonlinear functions, and the relevant prob-
lems have not been studied. Following the relevant literature,
we add the exponential decay factor. Furthermore, when the
temporary impact and its coefficient are linear and non-
linear, the optimal liquidation behaviours are obtained by
the second-order nonlinear ODEs with variable coefficients.

-e paper is organized as follows. In Section 2, we in-
troduce the unaffected price process, the self-exciting price
model, execution cost, and the objective function. In Section
3, we present our main results: utilizing the optimal control
method, we give the form of optimal liquidation behaviour
when temporary impact and its coefficient are linear and
nonlinear and discuss the properties of optimal liquidation
behaviours. In Section 4, from seven different numerical
examples, we discuss the effect of parameter changes on
liquidation behaviours and show the corresponding finan-
cial interpretations. In Section 5, we conclude our research
and give the future research direction.

2. Statement of Background

-e following assumptions of the self-exciting price impact
model are given. -e trading time is fixed in [0, T]. Xt

represents the holdings at time t, where X0 � x and XT � 0.
Meanwhile, Xt which is absolutely continuous and bounded
with derivative X

.

t and Xt � x + 􏽒
t

0 Xtdt
.

satisfies
􏽒

T

0 (X
.

t)
2dt<∞.

-e self-exciting price impact model contains unaffected
price process as follows:

S
0
t ≔ σdWt, (1)

where Wt is the standard Brownian motion. -us, the
specific form of the self-exciting price impact is assumed to
be

St ≔ S
0
t + a + b x − Xt( 􏼁( 􏼁Xt

.

, t ∈ [0, T], (2)

where a> 0 and b> 0.
-erefore, the total execution cost of investors is

C(X) ≔ xS0 + 􏽚
T

0
Xt

.

Stdt. (3)

Only when the execution cost is the minimum, investors
can get the maximum returns. So, the objective function of
investors is

minimizeE[C(X)]. (4)

3. Main Results

Caye and Muhle-Karbe [15] only discussed liquidation
behaviours when the coefficient of temporary impact is
linear. When there exists a decay factor in the market, the
relevant literature has not been studied. In this paper, we
introduce the classical exponential decay factor in the self-
exciting price impact model. Next, we study the optimal
liquidation behaviour of investors when the market has
exponential decay under the four cases.

Theorem 1. When there is equation (2) with exponential
decay e− ρt, the mean optimization strategy is the unique
solution of the following nonlinear ODE with variable
coefficients:

2 a + b x − Xt( 􏼁􏼂 􏼃Xt

..

− bX
2
t

.

− 2ρ a + b x − Xt( 􏼁( 􏼁Xt

.

� 0,

(5)

with boundary conditions as follows:

X0 � x,

XT � 0.
(6)

-e solution of equation (5) is

Xt �
a

b
+ x −

C1

b
e
􏽚

t

0
e
ρ]

C2 +(1/2) 􏽚
t

0
e
ρ]d]􏼢 􏼣

− 1

d]
.

(7)

Proof. When the market has an exponential decay, equation
(2) is

St ≔ S
0
t + e

− ρt
a + b x − Xt( 􏼁( 􏼁Xt

.

, t ∈ [0, T]. (8)

From equations (3) and (8), we get
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C(X) ≔ xS0 + 􏽚
T

0
Xt

.

Stdt � xS0

+ 􏽚
T

0
Xt

.

S
0
t + e

− ρt
a + b x − Xt( 􏼁( 􏼁Xt

.

􏼐 􏼑dt

� 􏽚
T

0
σXtdWt + 􏽚

T

0
e

− ρt
a + b x − Xt( 􏼁( 􏼁Xt

. 2
dt.

(9)

Combined with the properties of Ito integral and
equation (4), the above equation is changed to be

minimizeE[C(X)] � 􏽚
T

0
e

− ρt
a + b x − Xt( 􏼁( 􏼁X

2
t

.

dt. (10)

In order to get the solution of equation (10), we use the
Euler–Lagrange equation to get the following second-order
nonlinear ODE with variable coefficients:

2 a + b x − Xt( 􏼁􏼂 􏼃Xt

..

− bX
2
t

.

− 2ρ a + b x − Xt( 􏼁( 􏼁Xt

.

� 0.

(11)

Let Yt � a + b(x − Xt), equation (11) is changed as
follows:

2YtYt

..

− Y
2
t

.

− 2ρYtYt

.

� 0. (12)

From the [16], the solution of equation (12) is

Yt � C1e
􏽚

t

0
e
ρ]

C2 +(1/2) 􏽚
t

0
e
ρ]d]􏼢 􏼣

− 1

d]
.

(13)

-us, the solution of equation (5) is

Xt �
a

b
+ x −

C1

b
e
􏽚

t

0
e
ρ]

C2 +(1/2) 􏽚
t

0
e
ρ]d]􏼢 􏼣

− 1

d]
.

(14)

□

Remark 1. In-eorem 1, we address the optimal liquidation
behaviour when there is a self-exciting model with expo-
nential decay and give the specific form of optimal liqui-
dation behaviour. -at is, the coefficient of temporary
impact is multiplied by the exponential function. In fact,
when ρ � 0, our model is reduced to the price model of Caye
and Muhle-Karbe [15].

Theorem 2. Under the assumption of7eorem 1, the optimal
strategy Xt from equation (14) is deterministic, absolutely
continuous, and decreasing.

Proof

C(X) � 􏽚
T

0
e

− ρt
a + b x − Xt( 􏼁( 􏼁X

2
t

.

dt

� (a + bx) 􏽚
T

0
e

− ρt
X

2
t

.

dt − b 􏽚
T

0
e

− ρt
XtX

2
t

.

dt

� F(X).

(15)

Let Y � X − X∗, then we get
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Figure 1: Influence of α change on equation (26) when ρ � 2, a � 0.6, b � 0.5, and x � 2.
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F(X) � F Y + X
∗

( 􏼁

� (a + bx) 􏽚
T

0
e

− ρt
Yt

.

+ X
∗
t

.

􏼒 􏼓
2
dt − b 􏽚

T

0
e

− ρt
Yt + X

∗
( 􏼁 Yt

.

+ X
∗
t

.

􏼒 􏼓
2
dt

� (a + bx) 􏽚
T

0
e

− ρt
Yt

. 2
+ 2Yt

.

X
∗
t

.

+ X
∗
t

.

􏼒 􏼓
2

􏼠 􏼡dt − b 􏽚
T

0
e

− ρt
Yt + X

∗
( 􏼁 Yt

. 2
+ 2Yt

.

X
∗
t

.

+ X
∗
t

.

􏼒 􏼓
2

􏼠 􏼡dt

� (a + bx) 􏽚
T

0
e

− ρt
Yt

. 2
+ 2Yt

.

X
∗
t

.

+ X
∗
t

.

􏼒 􏼓
2

􏼠 􏼡dt

− b 􏽚
T

0
e

− ρt
YtYt

. 2
+ 2YtYt

.

X
∗
t

.

+ Y X
∗
t

.

􏼒 􏼓
2

+ X
∗
t Yt

. 2
+ 2X
∗
t Yt

.

X
∗
t

.

+ X
∗
t X
∗
t

.

􏼒 􏼓
2

􏼠 􏼡dt

� 􏽚
T

0
e

− ρt
a + bx − X

∗
t( 􏼁 X
∗
t

.

􏼒 􏼓
2
dt + 􏽚

T

0
e

− ρt
a + bx − bX

∗
t − bYt( 􏼁Yt

. 2
dt

+ 􏽚
T

0
e

− ρt 2(a + bx)Yt

.

X
∗
t

.

− 2bX
∗
t Yt

.

X
∗
t

.

− bYt X
∗
t

.

􏼒 􏼓
2

− 2bYtYt

.

X
∗
t

.

􏼢 􏼣dt

� 􏽚
T

0
e

− ρt
a + bx − X

∗
t( 􏼁 X
∗
t

.

􏼒 􏼓
2
dt + 􏽚

T

0
e

− ρt
a + bx − bX

∗
t − bYt( 􏼁Yt

. 2
dt

+ 􏽚
T

0
e

− ρt
Yt

2ρ(a + bx)X
∗
t

.

− 2(a + bx)X
∗
t

..

− 2bρX
∗
t X
∗
t

.

+2b X
∗
t

.

􏼒 􏼓
2

+ 2bX
∗
t X
∗
t

..

− b X
∗
t

.

􏼒 􏼓
2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦dt

− 2b 􏽚
T

0
e

− ρt
YtYt

.

X
∗
t

.

dt � 􏽚
T

0
e

− ρt
a + bx − X

∗
t( 􏼁 X
∗
t

.

􏼒 􏼓
2
dt

+ 􏽚
T

0
e

− ρt
a + bx − bX

∗
t − bYt( 􏼁Yt

. 2
dt

− 􏽚
T

0
e

− ρt
Yt 2 a + b x − X

∗
t( 􏼁( 􏼁X
∗
t

..

− 2ρ a + b x − X
∗
t( 􏼁( 􏼁X
∗
t

.

− b X
∗
t

.

􏼒 􏼓
2

􏼢 􏼣dt

− 2bρ􏽚
T

0
e

− ρt
YtX
∗
t X
∗
t

.

dt + 2b 􏽚
T

0
e

− ρt
Yt X

∗
t

.

􏼒 􏼓
2
dt + 2b 􏽚

T

0
e

− ρt
YtX
∗
t X
∗
t

..

dt

� 􏽚
T

0
e

− ρt
a + bx − X

∗
t( 􏼁 X
∗
t

.

􏼒 􏼓
2
dt + 􏽚

T

0
e

− ρt
a + bx − bX

∗
t − bYt( 􏼁Yt

. 2
dt

− bρ􏽚
T

0
e

− ρt
Y
2
t X
∗
t X
∗
t

.

dt + b 􏽚
T

0
e

− ρt
Y
2
t X
∗
t

.

􏼒 􏼓
2
dt + b 􏽚

T

0
e

− ρt
Y
2
t X
∗
t

..

dt≥F X
∗

( 􏼁.

(16)

According to the basic assumptions of the model,
combined with the following numerical simulation, we find
that Xt

.

satisfies Xt

.

< 0. -e sixth step is to get through
integration by parts and Y0 � YT � 0. Because X∗t satisfies
equation (5), the third part of seventh step is removed. Using
x − X∗t − Yt � x − Xt ≥ 0, the third part of the seventh step is
positive.We obtain the eighth step from integration by parts.
-rough equation (14) and numerical simulation, X∗t

..

⩾0 is
verified. -us, Xt is decreasing. □

Remark 2. In -eorem 2, we find that the optimal liqui-
dation behaviour still has the same properties as the liqui-
dation behaviour without decay in Caye and Muhle-Karbe
[15] when the market has decayed.

In the last part, we discuss the optimal liquidation be-
haviour of investors when the temporary market impact is a
linear function. Meanwhile, Almgren [3], Gatheral [8],

Curato et al. [9], and Horst and Naujokat [17] studied the
optimal liquidation behaviour of investors when the tem-
porary impact is nonlinear in different cases. When the
market is accompanied by a decay factor and the temporary
market impact is nonlinear, the optimal liquidation be-
haviour of investors is not studied by Caye andMuhle-Karbe
[15]. -rough the study of the existing literature, we assume
that the temporary impact is a power function. -us, when
market has an exponential decay, the new price impact
model is

St ≔ S
0
t + e

− ρt
a + b x − Xt( 􏼁( 􏼁 Xt

.

􏼐 􏼑
α
, t ∈ [0, T]. (17)

Theorem 3. When there is equation (17) with exponential
decay e− ρt, the mean optimization behaviour is the unique
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solution of the following nonlinear ODE with variable
coefficients:

α(α + 1) a + b x − Xt( 􏼁􏼂 􏼃Xt

..

− bαX
2
t

.

− ρ(α + 1) a + b x − Xt( 􏼁( 􏼁Xt

.

� 0,

(18)

with boundary conditions as follows:

X0 � x,

XT � 0.
(19)

-e solution of equation (18) is

Xt �
a

b
+ x −

C1

b
e
􏽚

t

0
e

(ρ/α)]
C2 +(α/α + 1) 􏽚

t

0
e

(ρ/α)]d]􏼢 􏼣

− 1

d]
.

(20)
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Figure 2: Influence of a change on equation (14) whenα � 1, ρ � 1, b � 0.5, and x � 2.
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Figure 3: Influence of a change on equation (26) when α � 1.5, ρ � 1, b � 0.5, and x � 2.
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Proof. From equations (3) and (17), we get

C(X) ≔ xS0 + 􏽚
T

0
Xt

.

Stdt � xS0

+ 􏽚
T

0
Xt

.

S
0
t + e

− ρt
a + b x − Xt( 􏼁( 􏼁 Xt

.

􏼐 􏼑
α

􏼒 􏼓dt

� 􏽚
T

0
σXtdWt + 􏽚

T

0
e

− ρt
a + b x − Xt( 􏼁( 􏼁Xt

. α+1
dt.

(21)

According to properties of Ito integral and equation (4),
we get

minimizeE[C(X)] � 􏽚
T

0
e

− ρt
a + b x − Xt( 􏼁( 􏼁Xt

. α+1
dt.

(22)

Using the Euler–Lagrange equation, the following sec-
ond-order nonlinear ODE is obtained with variable
coefficients:

α(α + 1) a + b x − Xt( 􏼁􏼂 􏼃Xt

..

− bαX
2
t

.

− ρ(α + 1) a + b x − Xt( 􏼁( 􏼁Xt

.

� 0.

(23)
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Figure 4: Influence of b change on equation (14) when α � 1, ρ � 1, a � 0.6, and x � 2.
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Figure 5: Influence of b change on equation (26) when α � 1.1, ρ � 1, a � 0.6, and x � 2.
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Let Yt � a + b(x − Xt), equation (23) is changed as
follows:

α(α + 1)YtYt

..

− αY
2
t

.

− ρ(α + 1)YtYt

.

� 0. (24)

From [16], the solution of equation (24) is

Yt � C1e
􏽚

t

0
e

(ρ/α)]
C2 +(α/α + 1) 􏽚

t

0
e

(ρ/α)]d]􏼢 􏼣

− 1

d]
.

(25)

-us, the solution of equation (18) is

Xt �
a

b
+ x −

C1

b
e
􏽚

t

0
e

(ρ/α)]
C2 +(α/α + 1) 􏽚

t

0
e

(ρ/α)]d]􏼢 􏼣

− 1

d]
.

(26)

From equations (12) and (18), we find that equation (12)
is the special form of equation (18) when α � 1. □

Remark 3. In -eorem 3, we research the optimal liqui-
dation behaviour when the market has exponential decay
and temporary market impact is a nonlinear function. We
can easily find that the price impact model of Caye and
Muhle-Karbe [15] is our special form in this case of α � 0
and ρ � 0.

Next, we investigate the liquidation behaviour under the
coefficient of temporary impact as ea+b(x− Xt). -us, equation
(4) is changed to be

St ≔ S
0
t + e

a+b x− Xt( )Xt

.

, t ∈ [0, T]. (27)

Theorem 4. When there is equation (27) with exponential
decay e− ρt, the mean optimization behaviour is the unique

solution of the following nonlinear ODE with variable
coefficients:

2Xt

..

− 2ρXt

.

− bX
2
t

.

� 0, (28)

with boundary conditions as follows:
X0 � x,

XT � 0.
(29)

-e solution of equation (28) is

􏽚 e
− (b/2)XtdXt � C1e

ρt
+ C2. (30)

Proof. From equations (3) and (27), we get

C(X) ≔ xS0 + 􏽚
T

0
Xt

.

Stdt

� xS0 + 􏽚
T

0
e

a+b x− Xt( )e
− ρt

Xt

. 2
dt

� 􏽚
T

0
σXtdWt + 􏽚

T

0
e

a+b x− Xt( )− ρt
Xt

. 2
dt.

(31)

From the properties of Ito integral and equation (4), we
have

minimizeE[C(X)] � 􏽚
T

0
e

a+b x− Xt( )− ρt
X

2
t

.

dt. (32)

Using the Euler–Lagrange equation, the following
nonlinear ODE with variable coefficients is obtained:

2Xt

..

− 2ρXt

.

− bX
2
t

.

� 0. (33)

From [16], the solution of equation (33) is
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Figure 6: Influence of ρ change on equation (14) when α � 1, a � 0.6, b � 0.5, and x � 2.
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􏽚 e
− (b/2)XtdXt � C1e

ρt
+ C2. (34)

□

Remark 4. In -eorem 4, we research the optimal liqui-
dation behaviour when coefficient of temporary impact is a
nonlinear function and temporary impact has exponential
decay based on Caye and Muhle-Karbe [15].

Theorem 5. Under the assumption of7eorem 4, the optimal
behaviour Xt from equation (34) is deterministic, absolutely
continuous, and decreasing.

Proof

C(X) � 􏽚
T

0
e

a+b x− Xt( )e
− ρt

X
2
t

.

dt

� (a + bx) 􏽚
T

0
e

− bXt− ρt
X

2
t

.

dt � F(X).

(35)

Let Y � X − X∗, then we get

F(X) � F Y + X
∗

( 􏼁

� e
(a+bx)

􏽚
T

0
e

− bX∗t − bYt( )e
− ρt

X
∗
t

.

+ Yt

.

􏼒 􏼓
2
dt

� e
(a+bx)

􏽚
T

0
e

− bX∗t − bYt( )e
− ρt

X
∗
t

. 2
+ 2X
∗
t

.

Yt

.

+ Yt

. 2
􏼒 􏼓dt

� e
(a+bx)

􏽚
T

0
e

− bX∗t − bYt( )e
− ρt

X
∗
t

. 2
dt +(a + bx) 􏽚

T

0
e

− bX∗t − bYt( )e
− ρt 2X

∗
t

.

Yt

.

􏼒 􏼓dt

+ e
(a+bx)

􏽚
T

0
e

− bX∗t − bYt( )e
− ρt

Yt

. 2
dt· · ·

(a+bx)
􏽚

T

0
e

− bX∗t − bYt( )e
− ρt

X
∗
t

. 3
dt

⩾(a+bx)
􏽚

T

0
e

− ρt
e

− bX∗t X
∗
t

. 3
dt.

(36)

From the properties of Xt

.

, Xt

.

< 0, and integral, proof of
-eorem 5 is easily obtained. □

Remark 5. In -eorem 5, we research a property of the
optimal liquidation behaviour when the market has

exponential decay and the coefficients of temporary impact
are nonlinear functions.

When the temporary impact is a power function,
equation (27) is changed to be

St ≔ S
0
t + e

a+b x− Xt( )Xt

. α
, t ∈ [0, T]. (37)
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Figure 7: Influence of ρ change on equation (26) when α � 1.5, a � 0.6, b � 0.5, and x � 2.
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Theorem 6. When there is equation (37) with exponential
decay e− ρt, the mean optimization behaviour is the unique
solution of the following nonlinear ODE with variable
coefficients:

α(α + 1)Xt

..

− ρ(α + 1)Xt

.

− bαXt

. 2
� 0, (38)

with two-point boundary conditions as follows:

X0 � x,

XT � 0.
(39)

7e solution of equation (38) is

􏽚 e
− (b/α+1)XtdXt � C1e

(ρ/α)t
+ C2. (40)

Proof. From equations (3) and (37), we get

C(X) ≔ xS0 + 􏽚
T

0
Xt

.

Stdt

� xS0 + 􏽚
T

0
e

a+b x− Xt( )e
− ρt

Xt

.

􏼐 􏼑
α+1

dt

� 􏽚
T

0
σXtdWt + 􏽚

T

0
e

a+b x− Xt( )− ρt
Xt

. α+1
dt.

(41)
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Figure 8: Influence of α change on equation (44) when ρ � 1, b � 0.5, and x � 2.
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Figure 9: Influence of ρ change on equation (34) when α � 1, b � 0.5, and x � 2.
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Combined with the properties of Ito integral and
equation (4), we obtain

minimizeE[C(X)] � 􏽚
T

0
e

a+b x− Xt( )− ρt
Xt

. α+1
dt. (42)

Using the Euler–Lagrange equation, the following
nonlinear ODE with variable coefficients is obtained:

2Xt

..

− 2ρXt

.

− bX
2
t

.

� 0. (43)

From [16], the solution of equation (43) is

􏽚 e
− (b/α+1)XtdXt � C1e

(ρ/α)t
+ C2. (44)

□

Remark 6. In -eorem 6, we research the optimal liqui-
dation behaviour when the market has exponential decay
and temporary market impact and its coefficient are non-
linear functions. We can easily find that -eorem 4 is a
special form when α � 1.
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Figure 10: Influence of ρ change on equation (44) when α � 2, b � 0.5, and x � 2.
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Figure 11: Influence of b change on equation (34) when α � 1, ρ � 1, and x � 2.
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4. Numerical Simulation

In -eorems 1, 3, 4, and 6, we give the specific form of the
optimal investment behaviour for investors. Next, let
X0 � 2, Xt�3 � 0, t ∈ [0, 3], and we discuss the influence of
parameters ρ, a, b, x, and α on the investor’s optimal be-
haviour in four case, respectively.

From Figures 1–7, we find that investors realize that the
risk of future trading is reduced when the market has
decayed. -erefore, they reduce the amount Xt and speed of
liquidation in different situations and speed up the liqui-
dation before the liquidation deadline. It can be found from
Figure 1 that when the exponent of temporary impact item
increases, investors gradually increase the speed and amount
of liquidation in the early stage, reduce the uncertainty risk
in the future, and obtain the maximized expected return.
-rough equations (14) and (26), we find that the optimal
behaviour of investors is an increasing function of a. -is is
verified by Figures 2 and 3. Figures 2 and 3 discuss the
change of investors’ optimal liquidation behaviour with
respect to the linear and nonlinear temporary impact, re-
spectively. With the increase in a, investors reduce the speed
of liquidation in the early stage so that they get themaximum
return. At the same time, we also find that when a is larger,
the influence of a will gradually decrease. Combined with
equations (14) and (26) and Figures 4 and 5, we find that no
matter whether the temporary market impact is linear or
nonlinear, the optimal liquidation behaviour of investors is a
decreasing function of b. With the increase in b, investors
realize to reduce the liquidation speed in the early period so
as to increase the return of future liquidation. Figures 6 and 7
discuss the situation of investors’ liquidation behaviour with
the change of ρ under linear and nonlinear temporary
impact, respectively. When investors find that ρ is

increasing, they realize that the holding risk caused by re-
ducing the amount of Xt in the early stage is reduced and
increase the speed and amount of liquidation to maximize
the return in the future. -erefore, when investors face these
liquidation environments, they follow these liquidation
strategies to minimize their execution cost in order to get the
maximized returns.

-rough equations (34) and (44), we see that the change
of a has no effect on the liquidation behaviour. From
Figures 8–12, we further discuss the properties of the optimal
liquidation behaviour about b, α, and ρ. In Figure 8, we find
that when a increases, investors realize that the risk of future
trading will increase, and they will speed up the early liq-
uidation to reduce the risk so as to obtain greater returns.
From Figures 9 and 10, we find that when ρ is larger, in-
vestors will reduce the speed and amount of Xt in the early
stage in order to reduce the risk of the exchange and get the
maximized return. We study the influence of b on Xt under
linear and nonlinear temporary impact in Figures 11 and 10.
We find that when b becomes larger, investors will accelerate
the speed and amount of liquidation in the early stage and
reduce the holding risk of assets, so as to maximize the
returns.

From Figures 1 and 8, we find that the change of α has
the same influence on the liquidation behaviour in two
different situations. With the increase in α, investors will
speed up the early liquidation speed and amount so as to
obtain the maximum returns. From Figures 4, 5, 11, and 12,
the change of b has the same effect on liquidation behaviour
Xt. When b gets larger, investors will liquidate faster so that
they will reduce the risk of holding and get the maximum
returns. Figures 6, 7, 4, and 10 investigate the relationship
between decay factor ρ and liquidation behaviour Xt. We
find that the change of ρ has the same effect on Xt in four
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Figure 12: Influence of b change on equation (44) when α � 2, ρ � 1, and x � 2.
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different situations. As ρ gets larger, the investor will
maximize the returns by reducing the number of trades
made earlier.

5. Conclusion

In this paper, we extend the model of Cay and Muhle-Karbe
[15] when there is an exponential decay factor in the market.
When temporary market impact and its coefficient are linear
and nonlinear, we obtain the optimal liquidation behaviour
Xt of investor which satisfies the second-order nonlinear
ODE with variable coefficients. At the same time, we get
specific forms of Xt in four situations. -rough the nu-
merical simulation, the influence of parameter α, a, b, and ρ
and initial holdings x change on investors’ liquidation
strategy Xt are shown. When the market environment meets
these conditions, it has certain guiding significance for in-
vestors to liquidate assets in the future.

In this paper, we assume that the random factor is the
standard Brownian motion and the coefficients are time
consistent. In the future, we learn from the relevant research
of Zhu [18] and study the optimal liquidation behaviour
when the stochastic factor of the price impact model is
G-Brownian motion and coefficients of model are time
delay. At the same time, when the coefficients are unknown,
we refer to the research of Zhu and Wang [19] and use the
control method to further discuss the optimal liquidation
behaviour for investors.
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