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We develop an age-structured epidemic model for malaria with impulsive effect, and con-
sider the effect of blood transfusion and infected-vector transmission. Transmission rates
depend on age. We derive the condition in which eradication solution is locally asymp-
totically stable. The condition shows that large enough pulse reducing proportion and
relatively small interpulse time lead to the eradication of the diseases.
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1. Introduction

Malaria is a common and serious disease. It is reported that the incidence of malaria in
the world may be in the order of 300 millon clinical cases each year. Malaria mortality
is estimated at almost 2 million deaths worldwide per year. The vast number of malaria
deaths occur among young children in Africa, especially in remote rural areas. In addi-
tion, an estimated over 2 billion people are at risk of infection, no vaccines are available
for the disease [12, 14, 18].

Malaria in humans is due to infection by one of four Plasmodium (P. falciparum, P.
vivax, P. ovale and P. malariae). Malaria parasites are normally transmitted from one per-
son to another via mosquitos of the Anopheles species. The form of the parasite that can
infect mosquitos is called gametocyte. Gametocytes start developing in capillaries of the
inner organs of infected persons after invasion of the blood by merozoites. Mature ga-
metocytes, which are infective to mosquitos, appear in the peripheral blood some 3 to 10
days later. The female Anopheles mosquito ingests malaria gametocytes when it takes a
blood meal from an infected person. The parasite then needs a period of development in
the mosquito before it can infect other people again [1, 3, 17].

Malaria infected persons who donate blood before the onset of clinical symptoms, but
after merozoites have entered the blood stream from the liver, can unknowingly transmit
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malaria through their blood donation. Similarly, malaria may be transmitted by contam-
inated needles and syringes. So, individuals in incubation period can also infect suscepti-
ble population.

An effective way to prevent the malaria epidemic is to control mosquitoes, which has
been one of the major intensive efforts in many years. Constantly massive spraying of in-
secticides or eliminating breeding sites has greatly limited malaria in some area. However,
because economic condition, applying these strategies are difficult in many developing
countries.

Scholars have recognized the age structure of a population affects the dynamics of
disease transmission, so various age-structured epidemic models have been investigated
[6, 7, 9]. However, the dynamics of ecological communities require attention to the inter-
play between population dynamics and evolutionary change in interacting species [11].
In the systems, fitness is not constant, and may vary with species densities. So, it is nec-
essary and also it is of practical significance to consider the dynamic behavior about the
vector-host model. Some authors have studied the vector-host models. In [10], a vector-
host model for the spread of Chagas disease has been studied. In [5], the models couple
host evolution with parasite population, and include the relevant genetic structure of
malaria.

Scholars mentioned above used continuous equations to study the epidemiological
dynamic models, while ignoring the external disturbance. However, in the natural world,
the optimization and control of some biological phenomena are impulse. In this disser-
tation, instead of constantly spraying of insecticides, we establish epidemiological model
with impulsive effect. In order to reflect the age structure of a population affects the dy-
namics of disease transmission, we incorporate age into the model, and assume that the
infection rate depend on the age.

This paper is organized as follows: Section 2 introduces vector-host model with im-
pulsive effect. In Section 3 we establish the existence and uniqueness of solution for the
model equations. In Section 4, we get the condition of the local asymptotic stability of
the infection-free solution.

2. The model formulation

In this section, we assume that the host population is in a stationary demographic state,
whose total size is constant N . Let N(a), 0≤ a≤ rm (rm denotes the highest age attained
by the individuals in the host population) be the age density of the total number of indi-
viduals, and N(a) satisfies

N(a)= μ∗Ne−
∫ a

0 μ1(s)ds, (2.1)

μ1(a) is the instantaneous death rate at age a of the host population, μ∗ is the crude death
rate, we assume that μ(a) is nonnegative, locally integrable on [0,rm), and satisfies

∫ rm

0
μ(a)da=∞, (2.2)
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μ∗ satisfies

μ∗
∫ rm

0
f (a)da= 1, (2.3)

where f (a)= e−
∫ a

0 μ(s)ds is the survival function. We can get the relation N(a)= μ∗N f (a).
The host population is divided into two groups: susceptible S(a, t) (who are healthy but
can be infected), infected I(a, t) (which includes latent individuals, since individuals in in-
cubation period can also infect susceptible population), S(a, t), I(a, t) is the age-densities
of respectively the susceptible and infected population at time t. N(a) also satisfies

N(a)= S(a, t) + I(a, t). (2.4)

Let M(t) denote the number of susceptible vectors (mosquito populations) at time t,
P(t) the number of infected vectors at time t. b, μ2 is the birth and death rate of vectors,
respectively. Since blood transfusion, or using contaminated needles and syringes, sus-
ceptibles S(a, t) can be infected, and become infected individuals at a transmission β1(a).
Susceptibles S(a, t) are infected by infected vector, and go into infected class at a transmis-
sion rate β2. The number of new of vectors by infected hosts depend on the transmission
rate γ(a). The infected population can recover, and go into susceptible population at a
transmission rate α. In order to control the size of mosquito, we apply the pulse spraying
strategy of insecticides. We spray insecticides upon mosquito at time nT every T months,
T is the period of spraying, nT is the time at which we apply the nth (n∈N+) pulse, and
nT− is the time just before applying the nth pulse. Every pulse can reduce a fraction p
of mosquito population. We obtain the following system of equations that describe the
dynamics of the model:

∂S

∂t
+
∂S

∂a
=−

(
μ1(a)+

∫ rm

0
β1(a)I(a, t)da+β2P(t)

)
S(a, t)+αI , 0 < a < rm, t �= nT , n∈N+,

S(a,nT)= S(a,nT−), t = nT ,

∂I

∂t
+
∂I

∂a
=
(∫ rm

0
β1(a)I(a, t)da+β2P(t)

)
S(a, t)− (μ1(a) +α

)
I , 0 < a < rm, t �= nT ,

I(a,nT)= I
(
a,nT−

)
, 0≤ a < rm,

dM

dt
= b−M

∫ rm

0
γ(a)I(a, t)da−μ2M, t �= nT ,

M(nT)= (1− p)M
(
nT−

)
, t = nT ,

dP

dt
=M

∫ rm

0
γ(a)I(a, t)da−μ2P, t �= nT ,

P(nT)= (1− p)P
(
nT−

)
, t = nT ,

(2.5)
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with boundary conditions:

S(0, t)= μ∗N , I(0, t)= 0, (2.6)

and initial conditions:

S(0)= S0(a)≥ 0, I(a,0)= I0(a)≥ 0, M(0)=M0 ≥ 0, P(0)= P0 ≥ 0,
(2.7)

where S0(a),I0(a)∈ L(0,rm).
Let s(a, t) = S(a, t)/N(a), i(a, t) = I(a, t)/N(a). The system (2.5) can be written in a

simple form (we still let S(a, t), I(a, t) denote the age-densities of the susceptible and
infected population, resp.):

∂S

∂t
+
∂S

∂a
=−

(∫ rm

0
β1(a)N(a)I(a, t)da+β2P(t)

)
S(a, t) +αI , 0 < a < rm, t �= nT , n∈N+,

S(a,nT)= S
(
a,nT−

)
, t = nT ,

∂I

∂t
+
∂I

∂a
=
(∫ rm

0
β1(a)N(a)I(a, t)da+β2P(t)

)
S(a, t)−αI , 0 < a < rm, t �= nT ,

I(a,nT)= I
(
a,nT−

)
, 0≤ a < rm,

dM

dt
= b−M

∫ rm

0
γ(a)N(a)I(a, t)da−μ2M, t �= nT ,

M(nT)= (1− p)M
(
nT−

)
, t = nT ,

dP

dt
=M

∫ rm

0
γ(a)N(a)I(a, t)da−μ2P, t �= nT ,

P(nT)= (1− p)P
(
nT−

)
, t = nT ,

(2.8)

with boundary conditions:

S(0, t)= 1, I(0, t)= 0, (2.9)

and initial conditions:

S(a,0)= S0(a)≥ 0, I(a,0)= I0(a)≥ 0, M(0)=M0 ≥ 0, P(0)= P0 ≥ 0.
(2.10)

3. Existence and uniqueness of solution

Since S(a, t) + I(a, t)= 1, it is sufficient to consider the system (2.8) in terms only I(a, t),
M(t), P(t), once these functions are known, S(a, t) can be obtain by S(a, t) = 1− I(a, t).
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Then the system (2.8) is written to a simpler form:

∂I

∂t
+
∂I

∂a
=
(∫ rm

0
β1(a)N(a)I(a, t)da+β2P(t)

)
(
1−I(a, t)

)−αI , 0 < a < rm, t �= nT ,

I(a,nT)= I
(
a,nT−

)
, 0≤ a < rm,

dM

dt
= b−M

∫ rm

0
γ(a)N(a)I(a, t)da−μ2M, t �= nT ,

M(nT)= (1− p)M
(
nT−

)
, t = nT ,

dP

dt
=M

∫ rm

0
γ(a)N(a)I(a, t)da−μ2P, t �= nT ,

P(nT)= (1− p)P
(
nT−

)
, t = nT ,

(3.1)

with boundary conditions: I(0, t)= 0, and initial conditions:

I(a,0)= I0(a)≥ 0, M(0)=M0 ≥ 0, P(0)= P0 ≥ 0. (3.2)

We note that the system

∂I

∂t
+
∂I

∂a
=
(∫ rm

0
β1(a)N(a)I(a, t)da+β2P(t)

)
(
1− I(a, t)

)−αI , 0 < a < rm, 0 < t <∞,

dM

dt
= b−M

∫ rm

0
γ(a)N(a)I(a, t)da−μ2M, 0 < t <∞,

dP

dt
=M

∫ rm

0
γ(a)N(a)I(a, t)da−μ2P, 0 < t <∞,

(3.3)

with boundary conditions: I(0, t)= 0, and initial conditions:

I(a,0)= I0(a)≥ 0, M(0)=M0 ≥ 0, P(0)= P0 ≥ 0, (3.4)

exists a unique nonnegative solution (applying a semigroup setting to seek the solution
in a weak sense [13, 16], here we omit the proof). Let (I0(a, t),M0(t),P0(t)), 0 ≤ a < rm,
t ∈ [0,∞) denote the solution of the system (3.3).

For n∈N+, the system:

∂In
∂t

+
∂In
∂a
=
(∫ rm

0
β1(a)N(a)In(a, t)da+β2Pn(t)

)
(
1−In(a, t)

)−αIn, 0<a<rm, nT<t<∞,

dMn

dt
= b−Mn

∫ rm

0
γ(a)N(a)In(a, t)da−μ2Mn, nT < t <∞,

dPn
dt

=Mn

∫ rm

0
γ(a)N(a)In(a, t)da−μ2Pn, nT < t <∞,

(3.5)
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with boundary conditions: In(0, t)= 0, and initial conditions:

In(a,nT)= In−1
(
a,nT−

)
, Mn(nT)=Mn−1

(
nT−

)
, Pn(nT)= Pn−1(nT−), (3.6)

is equal to the system

∂Īn
∂τ

+
∂Īn
∂a
=
(∫ rm

0
β1(a)N(a)Īn(a,τ)da+β2P̄n(τ)

)
(
1−Īn(a,τ)

)−αĪn, 0<a<rm, 0<τ<∞,

dM̄n

dτ
= b− M̄n

∫ rm

0
γ(a)N(a)Īn(a,τ)da−μ2M̄n, 0 < τ <∞,

dP̄n
dτ

= M̄n

∫ rm

0
γ(a)N(a)Īn(a,τ)da−μ2P̄n, 0 < τ <∞,

(3.7)

with boundary: Īn(0,τ)= 0, and initial conditions:

Īn(a,0)= In−1
(
a,nT−

)
, M̄n(0)=Mn−1

(
nT−

)
, P̄n(nT)= Pn−1

(
nT−

)
, (3.8)

where τ = t−nT , Īn(a,τ)= In(a,τ +nT), M̄n(τ)=Mn(τ +nT), P̄n = Pn(τ +nT), n∈N+.
So we obtain that the system (3.5) exist an unique nonnegative solution, denote it by

(In(a, t),Mn(t),Pn(t)), 0≤ a < rm, nT ≤ t <∞, n∈N+.
Let (I(a, t),M(t),P(t)) denote the solution of the system (3.1), we have the represen-

tation:
(
I(a, t),M(t),P(t)

)= (In(a, t),Mn(t),Pn(t)
)
, 0≤ a < rm, t ∈ [nT , (n+ 1)T

)
, n∈N.

(3.9)

From (3.9) and the system (3.3), (3.5), we can arrive at following result.

Theorem 3.1. If β1(a),γ(a)∈ L∞(0,rm), then the system (3.1) has a unique nonnegative so-
lution (I(a, t),M(t),P(t)) with respect to initial data (I0(a),M0,P0)∈Ω0, and I(a, t), M(t),
P(t) are continuously differentiable on a ∈ (0,rm), t ∈ (nT , (n+ 1)t), n = 0,1,2, . . . , where
Ω0 = {(I0(a),M0,P0),M0,P0 ∈ R+,I0(a)∈ L(0,rm), 0≤ I0(a) < 1, I0(0)= 0}.

4. Stability analysis

The system (2.8) has a periodic infection-free solution E∗ (see [4, 19])

E∗ = (1,0,M∗,0
)
,

M∗ = b

μ2

(
1− peμ2((n+1)T−t)

eμ2T + p− 1

)
, t ∈ [nT , (n+ 1)T

)
, n∈N ,

(4.1)

that is, the system (3.1) has a periodic infection-free solution (0,M∗(t),0).
In order to investigate the stability of the periodic infection-free solution (0,M∗(t),0)

for the system (3.1), we first rewrite (3.1) into equations for small perturbations. Let

I(a, t)= u(a, t), M(t)=M∗(t) + v(t), P(t)= ω(t). (4.2)
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From (3.1), we have

∂u

∂t
+
∂u

∂a
=
(∫ rm

0
β1(a)N(a)u(a, t)da+β2ω(t)

)
(
1−u(a, t)

)−αu, 0 < a < rm, t �= nT ,

u(a,nT)= u
(
a,nT−

)
, 0≤ a < rm, t = nT ,

dv

dt
=−(M∗(t) + v

)
∫ rm

0
γ(a)N(a)u(a, t)da−μ2v, t �= nT ,

v(nT)= (1− p)v
(
nT−

)
, t = nT ,

dω

dt
= (M∗(t) + v

)
∫ rm

0
γ(a)N(a)u(a, t)da−μ2ω, t �= nT ,

ω(nT)= (1− p)ω
(
nT−

)
, t = nT.

(4.3)

It is easy to see that linearization of the system (4.3) at (0,0,0) leads to the following
system:

∂u

∂t
+
∂u

∂a
=
∫ rm

0
β1(a)N(a)u(a, t)da+β2ω(t)−αu, 0 < a < rm, t �= nT ,

u(a,nT)= u
(
a,nT−

)
, 0≤ a < rm, t = nT ,

dω

dt
=M∗(t)

∫ rm

0
γ(a)N(a)u(a, t)da−μ2ω, t �= nT ,

ω(nT)= (1− p)ω
(
nT−

)
, t = nT ,

(4.4)

where we omit the equation for v(t), since is determined from u(a, t). We can obtain
that the system (4.4) has a nonnegative solution for initial conditions u(a,0)= u0(a)≥ 0,
ω(0)= ω0 ≥ 0.

Now we consider a comparable system of the system (4.4):

∂ū

∂t
+
∂ū

∂a
=
∫ rm

0
β1(a)N(a)ū(a, t)da+β2ω̄(t)−αū, 0 < a < rm, 0 < t <∞,

dω̄

dt
= b

μ2

eμ2T − 1
eμ2T + p− 1

∫ rm

0
γ(a)N(a)ū(a, t)da−μ2ω̄, 0 < t <∞,

(4.5)

with boundary condition ū(0, t) = 0, and initial conditions ū(a,0) = u0(a), ω̄(0) = ω0.
The system (4.5) has a unique nonnegative solution (ū(a, t), ω̄(t)), and

0≤ u(a, t)≤ ū(a, t), 0≤ ω(t)≤ ω̄(t). (4.6)

So, if we prove that the system (4.5) is stable at (0,0), then the system (4.4) is stable at
(0,0).
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We rewrite the system (4.5) in the following form:

dφ

dt
=Aφ(t) +Bφ(t), φ(t)= (φ1(t),φ2(t)

)T
, φ(0)= φ0, (4.7)

where

A : D(A)−→ X , X = L(0,rm)×R, D(A)=
{(
φ1(a),φ2

)T
, φ1 ∈W1

1

(
0,rm

)
, φ2 ∈ R

}

A=
⎛

⎜
⎝
−dφ1

da
−αφ1

−μ2φ2

⎞

⎟
⎠ ,

B : X −→ X ,

B =

⎛

⎜
⎜
⎜
⎝

∫ rm

0
β1(a)N(a)φ1(a)da+β2φ2

b

μ2

eμ2T − 1
eμ2T + p− 1

∫ rm
0 γ(a)N(a)φ1(a)da

⎞

⎟
⎟
⎟
⎠
.

(4.8)

Clearly, B is a bounded perturbation of A. Moreover, B is compact. Next, we consider the
eigenvalue problem for the linear system (4.7):

dφ1

da
+ (λ+α)φ1 = P1

(
φ1
)

+β2φ2,

(
λ+μ2

)
φ2 = P2

(
φ1
)
,

(4.9)

where

P1
(
φ1
)=

∫ rm

0
β1(a)N(a)φ1(a)da,

P2
(
φ1
)= b

μ2

eμ2T − 1
eμ2T + p− 1

∫ rm

0
γ(a)N(a)φ1(a)da.

(4.10)

From (4.11), we obtain the characteristic equation of the system (4.7):

β2

λ+μ2

b

μ2

eμ2T − 1
eμ2T + p− 1

∫ rm

0
γ(a)N(a)

∫ a

0
e−(λ+α)(a−s)dsda

+
∫ rm

0
β1(a)N(a)

∫ a

0
e−(λ+α)(a−s)dsda= 1.

(4.11)

We denote the left-hand side in (4.11) by Φ(λ). Let μ=min{μ2,α}. If λ≥−μ is real, then
Φ(λ) is a decreasing function of λ, and limλ→+∞Φ(λ) = 0. In addition, for any λ with
Reλ≥ 0, we have |Φ(λ)| ≤Φ(Reλ). Let

R0 = β2

μ2

b

μ2

eμ2T − 1
eμ2T + p− 1

∫ rm

0
γ(a)N(a)

∫ a

0
e−α(a−s)dsda+

∫ rm

0
β1(a)N(a)

∫ a

0
e−α(a−s)dsda.

(4.12)
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If R0 < 1 and assume that λ is a solution to (4.11) with Reλ≥ 0, we have

1= ∣∣Φ(λ)
∣
∣≤Φ(Reλ)≤Φ(0)= R0 < 1, (4.13)

which is a contradiction stemming from the assumption. So, we obtain that the solutions
of (4.11) has negative real part. We get Proposition 4.1.

Proposition 4.1. If R0 < 1, the eigenvalues of A+B have negative real part.

It is easy to get Proposition 4.2.

Proposition 4.2. The operator A is a closed linear operator and satisfies

∥
∥(λ−A)−n

∥
∥≤ 1

(λ+μ)n
(4.14)

for λ >−μ and all positive integers n.

To prove that the system (4.7) is stable at (0,0), we need the following definition and
lemma [2].

Definition 4.3. C0-semigroup T(t) is called quasi-compact if T(t)= S(t) +G(t) with op-
erator families S(t) and G(t) for t ≥ 0 such that limt→∞‖S(t)‖ = 0, and G(t) is eventually
compact.

Lemma 4.4. Let H(t) be a quasi-compact C0-semigroup and E its infinitesimal generator.
Then limt→∞ eεt‖H(t)‖ = 0 for some ε > 0 if and only if all eigenvalues of E have strictly
negative real part.

Now we prove a lemma.

Lemma 4.5. Let T(t) be a C0-semigroup and A+B its infinitesimal generator. If R0 < 1, then
the following inequality holds:

ω0(A+B) <−μ, (4.15)

where ω0(A+B) denotes the growth of the semigroup T(t), t ≥ 0.

Proof. Since A is a densely defined operator, from Proposition 4.2, we have that A gener-
ates a C0-semigroup on X , denote it by S(t). From Proposition 4.2, we have ‖S(t)‖ ≤ e−μt.
Since B is a bounded perturbation, A+B also generates a C0-semigroup in X , T(t). More-
over, BS(t) : X → X is compact for every t > 0. From [15, Theorem 3], we get that T(t)
is quasi-compact. By Proposition 4.1 and Lemma 4.4 we have limt→∞ eμt‖T(t)‖ = 0. This
implies that the growth of A+B does not exceed −μ.

The lemma is completed. �

If ω(A + B) < 0, the equilibrium φ = 0 of the system (4.11) is locally exponentially
asymptotically stable in the sense that there exist ε > 0, M ≥ 1 and γ < 0 such that if
φ0 ∈ X and ‖φ0‖ ≤ ε, then the solution φ(t,φ0) exists globally and ‖φ(t,φ0)‖ ≤Meγt‖φ0‖
for all t ≥ 0 [16]. This implies that the equilibrium φ = 0 of the system (4.5) is locally
asymptotically stable.
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From the above argument, and (4.6), we obtain that the system (4.4) is locally expo-
nentially asymptotically stable at (0,0). So we arrive at the following result.

Theorem 4.6. If β1(a),γ(a)∈ L∞(0,rm), β2 ≥ 0 and R0 < 1, then the system (3.1), that is,
the system (2.8), is locally exponentially asymptotically stable at (0,M∗(t),0).

From Theorem 4.6, we know the stability of the infection-free E∗ depends on p and
T . If β1(a) is small enough, and pulse reducing proportion of mosquito is increased and
interpulse period is decreased such that R0 < 1 holds. Consequently, the diseases is eradi-
cated from the population. The results of this theoretical study are instructive to the study
of other diseases, such as Chagas disease.

Here R0 is not basic reproduction ratio [8]. Since the model is impulsive system, it is
difficult to estimate basic reproduction ratio.
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