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Using the fixed pointmethods, we prove the generalizedHyers-Ulam stability of the generalmixed
additive-quadratic-cubic-quartic functional equation f(x + ky) + f(x − ky) = k2f(x + y) + k2f(x −
y) + 2(1 − k2)f(x) + ((k4 − k2)/12)[f(2y) + f(−2y) − 4f(y) − 4f(−y)] for a fixed integer k with
k /= 0,±1 in non-Archimedean normed spaces.

1. Introduction

A basic question in the theory of functional equations is as follows: when is it true that
a function, which approximately satisfies a functional equation, must be close to an exact
solution of the equation?

If the problem accepts a unique solution, we say the equation is stable. The first
stability problem concerning group homomorphisms was raised by Ulam [1] in 1940 and
affirmatively solved by Hyers [2]. The result of Hyers was generalized by Aoki [3] for
approximate additive mappings and by Th. M. Rassias [4] for approximate linear mappings
by allowing the Cauchy difference operator CDf(x, y) = f(x + y) − [f(x) + f(y)] to be
controlled by ε(‖x‖p + ‖y‖p). In 1994, a generalization of Rassias’ theorem was obtained by
Găvruţa [5], who replaced ε(‖x‖p + ‖y‖p) by a general control function ϕ(x, y). In addition,
J. M. Rassias et al. [6–14] generalized the Hyers stability result by introducing two weaker
conditions controlled by a product of different powers of norms and a mixed product-
sum of powers of norms, respectively. Recently, several further interesting discussions,
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modifications, extensions, and generalizations of the original problem of Ulam have been
proposed (see, e.g., [11–13, 15–28] and the references therein).

In 1897, Hensel discovered the p-adic numbers as a number theoretical analogue
of power series in complex analysis. The most important examples of non-Archimedean
spaces are p-adic numbers. A key property of p-adic numbers is that they do not satisfy the
Archimedean axiom: for all x, y > 0, there exists an integer n such that x < ny. It turned out
that non-Archimedean spaces have many nice applications [18, 29, 30].

During the last three decades, the theory of non-Archimedean spaces has gained
the interest of physicists for their research particularly in problems coming from quantum
physics, p-adic strings and superstrings [18]. Although many results in the classical normed
space theory have a non-Archimedean counterpart, their proofs are essentially different and
require an entirely new kind of intuition. One may note that for |n| ≤ 1 in each valuation field,
every triangle is isosceles and there may be no unit vector in a non-Archimedean normed
space [18]. These facts show that the non-Archimedean framework is of special interest.

In 1996, Isac and Th. M. Rassias [31] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications.
The stability problems of several various functional equations have been extensively
investigated by a number of authors using fixed point methods (see [12, 19, 26, 32]).

The functional equation

f
(
x + y

)
+ f

(
x − y) = 2f(x) + 2f

(
y
)

(1.1)

is said to be a quadratic functional equation because the quadratic function f(x) = x2 is a
solution of the functional equation (1.1). Every solution of the quadratic functional equation
is said to be a quadratic mapping. A quadratic functional equation was used to characterize
inner product spaces.

In 2001, J. M. Rassias [6] introduced the cubic functional equation

f
(
x + 2y

) − 3f
(
x + y

)
+ 3f(x) − f(x − y) = 6f

(
y
)

(1.2)

and established the solution of the Ulam stability problem for these cubic mappings. It is easy
to show that the function f(x) = x3 satisfies the functional equation (1.2) which is called a
cubic functional equation, and every solution of the cubic functional equation is said to be a
cubic mapping. The quartic functional equation

f
(
x + 2y

)
+ f

(
x − 2y

)
= 4f

(
x + y

)
+ 4f

(
x − y) + 6f(x) + 24f

(
y
)

(1.3)

was introduced by J. M. Rassias [8]. It is easy to show that the function f(x) = x4 is the
solution of (1.3). Every solution of the quartic functional equation is said to be a quartic
mapping. Park [26] proved the generalized Hyers-Ulam stability of the following additive-
quadratic-cubic-quartic functional equation (briefly, AQCQ-functional equation):

f
(
x + 2y

)
+ f

(
x − 2y

)
= 4f

(
x + y

)
+ 4f

(
x − y) − 6f(x) + f

(
2y

)
+ f

(−2y) − 4f
(
y
) − 4f

(−y)
(1.4)

in non-Archimedean normed spaces.
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In [10], Ravi et al. introduced a general mixed-type AQCQ-functional equation

f
(
x + ky

)
+ f

(
x − ky) = k2f

(
x + y

)
+ k2f

(
x − y) + 2

(
1 − k2

)
f(x)

+
k4 − k2

12
[
f
(
2y

)
+ f

(−2y) − 4f
(
y
) − 4f

(−y)],
(1.5)

which is a generalized form of the AQCQ-functional equation (1.4) and obtained its general
solution and generalized Hyers-Ulam stability for a fixed integer k with k /= 0,±1 in Banach
spaces.

In this paper, using the fixed point method, we prove the generalized Hyers-Ulam
stability of the general mixed AQCQ-functional equation (1.5) in non-Archimedean normed
spaces.

2. Preliminaries

We recall some basic facts concerning non-Archimedean space and some preliminary results
(see [15, 20–22, 26]).

A valuation is a function | · | from a field K into [0,∞) such that 0 is the unique element
having the 0 valuation, |rs| = |r| · |s|, and the triangle inequality holds, that is,

|r + s| ≤ |r| + |s|, ∀r, s ∈ K. (2.1)

A field K is called a valued field if K carries a valuation. The usual absolute values of R and
C are examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle
inequality.

Definition 2.1. Let K be a field. A non-Archimedean valuation on K is a function | · | : K →
[0,∞) such that for any r, s ∈ K, one has the following:

(i) |r| ≥ 0, and equality holds if and only if r = 0;

(ii) |rs| = |r| · |s|;
(iii) |r + s| ≤ max{|r|, |s|}.

The condition (iii) is called the strong triangle inequality. Clearly, |1| = | − 1| = 1 and |n| ≤ 1
for all n ∈ N. A trivial example of a non-Archimedean valuation is the function | · | taking
everything except for 0 into 1 and |0| = 0.

Throughout this paper, we assume that the base field is a non-Archimedean field and
hence call it simply a field.

Definition 2.2 (see [15, 22]). Let X be a linear space over a field K with a non-Archimedean
valuation | · |. A function ‖ · ‖ : X → [0,∞) is a non-Archimedean norm if it satisfies the
following conditions:

(i) ‖x‖ = 0 if and only if x = 0,

(ii) ‖rx‖ = |r|‖x‖ for all r ∈ K and x ∈ X,



4 Discrete Dynamics in Nature and Society

(iii) the strong triangle inequality;

∥∥x + y
∥∥ ≤ max

{‖x‖,∥∥y∥∥}, ∀x, y ∈ X. (2.2)

Then (X, ‖ · ‖) is called a non-Archimedean normed space.

Definition 2.3. LetX be a non-Archimedean normed space. Let {xn} be a sequence inX. Then,
{xn} is said to be convergent if there exists x ∈ X such that limn→∞‖xn − x‖ = 0. In that case,
x is called the limit of the sequence {xn}, and one denotes it by limn→∞xn = x.

A sequence {xn} in X is said to be a Cauchy sequence if limn→∞‖xn+p − xn‖ = 0 for all
p = 1, 2, 3, . . . . Due to the fact that

‖xn − xm‖ ≤ max
{∥∥xj+1 − xj

∥
∥ : m ≤ j ≤ n − 1

}
(n > m), (2.3)

a sequence {xn} is Cauchy if and only if {xn+1 − xn} converges to zero in a non-Archimedean
normed space.

It is known that every convergent sequence in a non-Archimedean normed space is
a Cauchy sequence. If every Cauchy sequence in X converges, then the non-Archimedean
normed space X is called a non-Archimedean Banach space.

Let X be a set. A function d : X × X → [0,∞] is called a generalized metric on X if d
satisfies the following:

(1) d(x, y) = 0 if and only if x = y;

(2) d(x, y) = d(y, x) for all x, y ∈ X;

(3) d(x, y) ≤ d(x, z) + d(y, z) for all x, y, z ∈ X.

For explicit later use, we recall a fundamental result in fixed point theory.

Theorem 2.4 (The fixed point alternative theorem, see [12, 26, 33]). Let (Ω, d) be a complete
generalized metric space, and let, J : Ω → Ω be a strictly contractive mapping with Lipschitz constant
0 < L < 1, that is,

d
(
Jx, Jy

) ≤ Ld(x, y) ∀x ∈ X . (2.4)

Then, for each given x ∈ Ω, either

d
(
Jnx, Jn+1x

)
= ∞ ∀n ≥ 0, (2.5)

or

d
(
Jnx, Jn+1x

)
<∞ ∀n ≥ n0, (2.6)

for some nonnegative integer n0. Actually, if the second alternative holds, then the sequence {Jnx}
converges to a fixed point y∗ of J , and

(1) y∗ is the unique fixed point of J in the set Δ = {y ∈ Ω : d(Jn0x, y) <∞};
(2) d(y, y∗) ≤ (1/(1 − L))d(y, Jy) for all y ∈ Δ.
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3. Generalized Hyers-Ulam Stability of the Functional Equation

From now on, unless otherwise stated, we will assume that X is a non-Archimedean
normed space and Y is a non-Archimedean Banach space. Utilizing the fixed point
alternative, we will establish generalized Hyers-Ulam stability for the generalized mixed
AQCQ-functional equation in non-Archimedean Banach space. For convenience, we use the
following abbreviation for a given function f : X → Y :

Df
(
x, y

)
:= f

(
x + ky

)
+ f

(
x − ky) − k2f(x + y

) − k2f(x − y) − 2
(
1 − k2

)
f(x)

− k4 − k2
12

[
f
(
2y

)
+ f

(−2y) − 4f
(
y
) − 4f

(−y)]
(3.1)

for all x, y ∈ X.

Theorem 3.1. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ L

|2|ϕ
(
2x, 2y

)
(3.2)

for all x, y ∈ X. Let f : X → Y be an odd function satisfying

∥∥Df
(
x, y

)∥∥ ≤ ϕ(x, y) (3.3)

for all x, y ∈ X. Then there exists a unique additive function A : X → Y such that

∥∥f(2x) − 8f(x) −A(x)
∥∥ ≤ L

|2| − |2|Lϕ̃(x) (3.4)

for all x ∈ X, where

ϕ̃(x) :=
1

|k4 − k2| max
{∣∣∣2k2

∣∣
∣ϕ(2x, x), |2|ϕ(x, 2x), |2|ϕ((1 + k)x, x), |2|ϕ((1 − k)x, x),

∣∣∣k2
∣∣∣ϕ(2x, 2x), ϕ(x, x), ϕ(x, 3x), ϕ((1 + 2k)x, x), ϕ((1 − 2k)x, x)

} (3.5)

for all x ∈ X.

Proof. Using the oddness of f and from (3.3), we have

∥∥∥f
(
x + ky

)
+ f

(
x − ky) − k2f(x + y

) − k2f(x − y) − 2
(
1 − k2

)
f(x)

∥∥∥ ≤ ϕ(x, y) (3.6)

for all x, y ∈ X. Replacing y by x in (3.6), we get

∥∥∥f((1 + k)x) + f((1 − k)x) − k2f(2x) − 2
(
1 − k2

)
f(x)

∥∥∥ ≤ ϕ(x, x) (3.7)
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for all x ∈ X. Replacing x by 2x in (3.7), we get

∥
∥
∥f(2(1 + k)x) + f(2(1 − k)x) − k2f(4x) − 2

(
1 − k2

)
f(2x)

∥
∥
∥ ≤ ϕ(2x, 2x) (3.8)

for all x ∈ X. Replacing x and y by 2x and x in (3.6), respectively, we get

∥
∥
∥f((2 + k)x) + f((2 − k)x) − k2f(3x) − k2f(x) − 2

(
1 − k2

)
f(2x)

∥
∥
∥ ≤ ϕ(2x, x) (3.9)

for all x ∈ X. Replacing y by 2x in (3.6), we get

∥∥
∥f((1 + 2k)x) + f((1 − 2k)x) − k2f(3x) + k2f(x) − 2

(
1 − k2

)
f(x)

∥∥
∥ ≤ ϕ(x, 2x) (3.10)

for all x ∈ X. Replacing y by 3x in (3.6), we get

∥∥∥f((1 + 3k)x) + f((1 − 3k)x) − k2f(4x) + k2f(2x) − 2
(
1 − k2

)
f(x)

∥∥∥ ≤ ϕ(x, 3x) (3.11)

for all x ∈ X. Replacing x and y by (1 + k)x and x in (3.6), respectively, we have

∥∥∥f((1 + 2k)x) + f(x) − k2f((2 + k)x) − k2f(kx) − 2
(
1 − k2

)
f((1 + k)x)

∥∥∥ ≤ ϕ((1 + k)x, x)
(3.12)

for all x ∈ X. Again, replacing x and y by (1 − k)x and x in (3.6), respectively, we have

∥∥∥f(x) + f((1 − 2k)x) − k2f((2 − k)x) + k2f(kx) − 2
(
1 − k2

)
f((1 − k)x)

∥∥∥ ≤ ϕ((1 − k)x, x)
(3.13)

for all x ∈ X. By (3.12) and (3.13), we have

∥∥∥f((1 + 2k)x) + f((1 − 2k)x) + 2f(x) − k2f((2 + k)x)

−k2f((2 − k)x) − 2
(
1 − k2

)
f((1 + k)x) − 2

(
1 − k2

)
f((1 − k)x)

∥∥∥

≤ max
{
ϕ((1 + k)x, x), ϕ((1 − k)x, x)}

(3.14)

for all x ∈ X. Replacing x and y by (1 + 2k)x and x in (3.6), respectively, we have

∥∥∥f((1 + 3k)x) + f((1 + k)x) − k2f(2(1 + k)x) − k2f(2kx) − 2
(
1 − k2

)
f((1 + 2k)x)

∥∥∥

≤ ϕ((1 + 2k)x, x)
(3.15)
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for all x ∈ X. Again, replacing x and y by (1 − 2k)x and x in (3.6), respectively, we obtain

∥
∥
∥f((1 − 3k)x) + f((1 − k)x) − k2f(2(1 − k)x) + k2f(2kx) − 2

(
1 − k2

)
f((1 − 2k)x)

∥
∥
∥

≤ ϕ((1 − 2k)x, x)
(3.16)

for all x ∈ X. By (3.15) and (3.16), we have

∥
∥
∥f((1 + 3k)x) + f((1 − 3k)x) + f((1 + k)x) + f((1 − k)x) − k2f(2(1 + k)x)

−k2f(2(1 − k)x) − 2
(
1 − k2

)
f((1 + 2k)x) − 2

(
1 − k2

)
f((1 − 2k)x)

∥
∥
∥

≤ max
{
ϕ((1 + 2k)x, x), ϕ((1 − 2k)x, x)

}

(3.17)

for all x ∈ X. By (3.7), (3.9), (3.10), and (3.14), we get

∥∥∥
(
k4 − k2

)[
f(3x) − 4f(2x) + 5f(x)

]∥∥∥

≤ max
{∣∣∣2

(
1 − k2

)∣∣∣ϕ(x, x),
∣∣∣k2

∣∣∣ϕ(2x, x), ϕ(x, 2x), ϕ((1 + k)x, x), ϕ((1 − k)x, x)
}

(3.18)

for all x ∈ X. Hence,

∥∥f(3x) − 4f(2x) + 5f(x)
∥∥

≤ 1
|k4 − k2| max

{∣∣∣2
(
1 − k2

)∣∣∣ϕ(x, x),
∣∣∣k2

∣∣∣ϕ(2x, x), ϕ(x, 2x), ϕ((1 + k)x, x), ϕ((1 − k)x, x)
}

(3.19)

for all x ∈ X. By (3.7), (3.8), (3.10), (3.11), and (3.17), we get

∥∥∥
(
k4 − k2

)[
f(4x) − 2f(3x) − 2f(2x) + 6f(x)

]∥∥∥

≤ max
{∣∣∣k2

∣∣∣ϕ(2x, 2x),
∣∣∣2
(
1 − k2

)∣∣∣ϕ(x, 2x), ϕ(x, x), ϕ(x, 3x),

ϕ((1 + 2k)x, x), ϕ((1 − 2k)x, x)
}

(3.20)

for all x ∈ X. Hence,

∥∥f(4x) − 2f(3x) − 2f(2x) + 6f(x)
∥∥

≤ 1
|k4 − k2| max

{∣∣∣k2
∣∣∣ϕ(2x, 2x),

∣∣∣2
(
1 − k2

)∣∣∣ϕ(x, 2x), ϕ(x, x), ϕ(x, 3x),

ϕ((1 + 2k)x, x), ϕ((1 − 2k)x, x)
}

(3.21)
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for all x ∈ X. By (3.19) and (3.21), we get

∥
∥f(4x) − 10f(2x) + 16f(x)

∥
∥

≤ 1
|k4 − k2| max

{∣∣
∣2k2

∣
∣
∣ϕ(2x, x), |2|ϕ(x, 2x), |2|ϕ((1 + k)x, x), |2|ϕ((1 − k)x, x) ,

∣
∣
∣k2

∣
∣
∣ϕ(2x, 2x), ϕ(x, x), ϕ(x, 3x), ϕ((1 + 2k)x, x), ϕ((1 − 2k)x, x)

}

(3.22)

for all x ∈ X. Therefore,

∥
∥f(4x) − 10f(2x) + 16f(x)

∥
∥ ≤ ϕ̃(x), (3.23)

where

ϕ̃(x) :=
1

|k4 − k2| max
{∣∣∣2k2

∣∣∣ϕ(2x, x), |2|ϕ(x, 2x), |2|ϕ((1 + k)x, x), |2|ϕ((1 − k)x, x),
∣∣∣k2

∣∣∣ϕ(2x, 2x), ϕ(x, x), ϕ(x, 3x), ϕ((1 + 2k)x, x), ϕ((1 − 2k)x, x)
}

(3.24)

for all x ∈ X.
Consider the set

Ω :=
{
g | g : X −→ Y

}
, (3.25)

and introduce the generalized metric on Ω,

d
(
g, h

)
= inf

{
α > 0 | ∥∥g(x) − h(x)∥∥ ≤ αϕ̃(x)∀x ∈ X}

. (3.26)

It is easy to show that (Ω, d) is a complete generalized metric space (see [19, Lemma 2.1]).
Define a function J : Ω → Ω by Jg(x) = 2g(x/2) for all x ∈ X. Let g, h ∈ Ω be given

such that d(g, h) < β; by the definition,

∥∥g(x) − h(x)∥∥ ≤ βϕ̃(x), ∀x ∈ X. (3.27)

Hence,

∥∥Jg(x) − Jh(x)∥∥ = |2|
∥∥∥g

(x
2

)
− h

(x
2

)∥∥∥ ≤ |2|βϕ̃
(x
2

)
≤ |2|β L|2| ϕ̃(x) = Lβϕ̃(x) (3.28)

for all x ∈ X. By definition, d(Jg, Jh) ≤ Lβ. Therefore,

d
(
Jg, Jh

) ≤ Ld(g, h), ∀g, h ∈ Ω. (3.29)
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This means that J is a strictly contractive self-mapping of Ω with Lipschitz constant L.
Now, let g : X → Y be the function defined by g(x) := f(2x) − 8f(x) for each x ∈ X.

By (3.23), we get

∥
∥g(2x) − 2g(x)

∥
∥ ≤ ϕ̃(x) (3.30)

for all x ∈ X. Replacing x by x/2 in (3.30), we obtain

∥
∥
∥g(x) − 2g

(x
2

)∥∥
∥ ≤ ϕ̃

(x
2

)
≤ L

|2| ϕ̃(x) (3.31)

for all x ∈ X. Hence d(g, Jg) ≤ L/|2|, and therefore, by Theorem 2.4, J has a unique fixed
point A : X → Y in the set Δ = {h ∈ Ω : d(g, h) < ∞}. This implies that A(x/2) = (1/2)A(x)
and

A(x) := lim
n→∞

Jng(x) = lim
n→∞

2ng
( x
2n

)
(3.32)

for all x ∈ X. Since g : X → Y is odd, A : X → Y is an odd function. Moreover,

d
(
g,A

) ≤ 1
1 − Ld

(
g, Jg

) ≤ L

|2| − |2|L. (3.33)

This implies that inequality (3.4) holds.
Replacing x, y by 2−nx, 2−ny, respectively, in (3.3), we have

∥∥2nDg
(
2−nx, 2−ny

)∥∥ ≤ |2n|max
{
ϕ̃

(
2x
2n
,
2y
2n

)
, |8|ϕ̃

( x
2n
,
y

2n
)}

(3.34)

for all x, y ∈ X and n ∈ N. Hence,

∥∥2nDg
(
2−nx, 2−ny

)∥∥ ≤ |2n| L
n

|2|n max
{
ϕ̃
(
2x, 2y

)
, |8|ϕ̃(x, y)} = Lnmax

{
ϕ̃
(
2x, 2y

)
, |8|ϕ̃(x, y)}

(3.35)

for all x, y ∈ X and n ∈ N. So ‖DA(x, y)‖ = 0 for all x, y ∈ X. By Theorem 2.2 of [10], the
function x → A(2x) − 8A(x) is additive. Hence, A(2x) = 2A(x) implies that A is an additive
function.

To prove the uniqueness assertion, let us assume that there exists an additive function
T : X → Y which satisfies (3.4). Then, T is a fixed point of J in Δ. However, by Theorem 2.4,
J has only one fixed point in Δ, and hence A = T . This completes the proof.

Remark 3.2. We observe that in case k = 2, (1.5) yields the AQCQ-functional (1.4). Therefore,
Theorem 3.1 is a generalized version of the theorem for AQCQ-functional equations (see [26,
Theorem 2.4]).
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Corollary 3.3. Let δ > 0, 0 < r < 1, |2| < 1, and let f : X → Y be an odd function satisfying

∥
∥Df

(
x, y

)∥∥ ≤ δ(‖x‖r + ∥
∥y

∥
∥r) (3.36)

for all x, y ∈ X. Then, there exists a unique additive function A : X → Y such that

∥
∥f(2x) − 8f(x) −A(x)

∥
∥ ≤ 2δ‖x‖r

|k4 − k2|(|2|r − |2|) (3.37)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ(‖x‖r + ‖y‖r) for all x, y ∈ X. Then,
the corollary is followed from Theorem 3.1 by L = |2|/|2|r < 1.

Corollary 3.4. Let δ > 0, |2| < 1, and let f : X → Y be an odd function satisfying

‖Df(x, y)‖ ≤ δ
[
‖x‖r∥∥y∥∥s +

(
‖x‖r+s + ∥∥y

∥∥r+s
)] (

x, y ∈ X)
, (3.38)

where r, s are nonnegative real numbers such that λ := r + s ∈ (0, 1). Then, there exists a unique
additive function A : X → Y such that

∥∥f(2x) − 8f(x) −A(x)
∥∥ ≤ 3δ‖x‖λ

|k4 − k2|
(
|2|λ − |2|

) (3.39)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ[‖x‖r‖y‖s + (‖x‖r+s + ‖y‖r+s)] for all
x, y ∈ X. Then, the corollary is followed from Theorem 3.1 by L = |2|/|2|λ < 1.

Theorem 3.5. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ |2|Lϕ
(x
2
,
y

2

)
(3.40)

for all x, y ∈ X. Let f : X → Y be an odd function satisfying

∥∥Df
(
x, y

)∥∥ ≤ ϕ(x, y) (3.41)

for all x, y ∈ X. Then, there exists a unique additive function A : X → Y such that

∥∥f(2x) − 8f(x) −A(x)
∥∥ ≤ 1

|2| − |2|Lϕ̃(x) (3.42)

for all x ∈ X, where ϕ̃(x) is defined as in Theorem 3.1.
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Proof. From (3.30) and (3.40), we get

∥
∥
∥
∥g(x) −

1
2
g(2x)

∥
∥
∥
∥ ≤ 1

|2| ϕ̃(x) (3.43)

for all x ∈ X. The rest of the proof is similar to the proof of Theorem 3.1.

Theorem 3.6. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ L

|8|ϕ
(
2x, 2y

)
(3.44)

for all x, y ∈ X. Let f : X → Y be an odd function satisfying

∥∥Df
(
x, y

)∥∥ ≤ ϕ(x, y) (3.45)

for all x, y ∈ X. Then there exists a unique cubic function C : X → Y such that

∥∥f(2x) − 2f(x) − C(x)∥∥ ≤ L

|8| − |8|Lϕ̃(x) (3.46)

for all x ∈ X, where ϕ̃(x) is defined as in Theorem 3.1.

Proof. Letting h : X → Y be the function defined by h(x) := f(2x) − 2f(x) for each x ∈ X,
then by (3.23), (3.24), and (3.44), we get

∥∥∥h(x) − 8h
(x
2

)∥∥∥ ≤ ϕ̃
(x
2

)
≤ L

|8| ϕ̃(x) (3.47)

for all x ∈ X. The rest of the proof is similar to the proof of Theorem 3.1.

Corollary 3.7. Let δ > 0, 0 < r < 3, |2| < 1, and let f : X → Y be an odd function satisfying

∥∥Df
(
x, y

)∥∥ ≤ δ(‖x‖r + ∥∥y
∥∥r) (3.48)

for all x, y ∈ X. Then, there exists a unique cubic function C : X → Y such that

∥∥f(2x) − 2f(x) − C(x)∥∥ ≤ 2δ‖x‖r
|k4 − k2|(|2|r − |8|) (3.49)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ(‖x‖r + ‖y‖r) for all x, y ∈ X. Then,
the corollary is followed from Theorem 3.6 by L = |8|/|2|r < 1.
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Corollary 3.8. Let δ > 0, |2| < 1 and f : X → Y be an odd function satisfying

∥
∥Df

(
x, y

)∥∥ ≤ δ
[
‖x‖r∥∥y∥∥s +

(
‖x‖r+s + ∥

∥y
∥
∥r+s

)] (
x, y ∈ X)

, (3.50)

where r, s are nonnegative real numbers such that λ := r + s ∈ (0, 3). Then, there exists a unique
cubic function C : X → Y such that

∥
∥f(2x) − 2f(x) − C(x)∥∥ ≤ 3δ‖x‖λ

|k4 − k2|
(
|2|λ − |8|

) (3.51)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ[‖x‖r‖y‖s + (‖x‖r+s + ‖y‖r+s)] for all
x, y ∈ X. Then, the corollary is followed from Theorem 3.6 by L = |8|/|2|λ < 1.

Theorem 3.9. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ |8|Lϕ
(x
2
,
y

2

)
(3.52)

for all x, y ∈ X. Let f : X → Y be an odd function satisfying

∥∥Df
(
x, y

)∥∥ ≤ ϕ(x, y) (3.53)

for all x, y ∈ X. Then, there exists a unique cubic function C : X → Y such that

∥∥f(2x) − 2f(x) − C(x)∥∥ ≤ L

|8| − |8|Lϕ̃(x) (3.54)

for all x ∈ X, where ϕ̃(x) is defined as in Theorem 3.1.

Proof. Let h : X → Y be the function defined by h(x) := f(2x) − 2f(x) for each x ∈ X. By
(3.23), we get

∥∥∥∥h(x) −
1
8
h(2x)

∥∥∥∥ ≤ 1
|8| ϕ̃(x) (3.55)

for all x ∈ X. The rest of the proof is similar to the proof of Theorem 3.1.

Theorem 3.10. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ L

|4|ϕ
(
2x, 2y

)
(3.56)
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for all x, y ∈ X. Let f : X → Y be an even function with f(0) = 0 satisfying

∥∥Df
(
x, y

)∥∥ ≤ ϕ(x, y) (3.57)

for all x, y ∈ X. Then, there exists a unique quadratic function B : X → Y such that

∥
∥f(2x) − 16f(x) − B(x)∥∥ ≤ L

|4| − |4|LΦ(x) (3.58)

for all x ∈ X, where

Φ(x) :=
1

|k4 − k2| max
{∣∣
∣12

(
1 − k2

)∣∣
∣ϕ(0, x),

∣
∣
∣12k2

∣
∣
∣ϕ(x, x), |6|ϕ(0, 2x), |12|ϕ(kx, x)

}
(3.59)

for all x ∈ X.

Proof. Using the evenness of f and from (3.57), we have

∥∥∥∥∥
f
(
x + ky

)
+ f

(
x − ky) − k2f(x + y

) − k2f(x − y) − 2
(
1 − k2

)
f(x)

−k
4 − k2
12

[
2f

(
2y

) − 8f
(
y
)]
∥∥∥∥∥
≤ ϕ(x, y)

(3.60)

for all x, y ∈ X. Interchanging x and y in (3.60), we get

∥∥∥∥∥
f
(
kx + y

)
+ f

(
kx − y) − k2f(x + y

) − k2f(x − y) − 2
(
1 − k2

)
f
(
y
)

−k
4 − k2
12

[
2f(2x) − 8f(x)

]
∥∥∥∥∥
≤ ϕ(y, x)

(3.61)

for all x, y ∈ X. Letting y = 0 in (3.61), we get

∥∥∥∥∥
2f(kx) − 2k2f(x) − k4 − k2

12
[
2f(2x) − 8f(x)

]
∥∥∥∥∥
≤ ϕ(0, x) (3.62)

for all x ∈ X. Putting y = x in (3.61), we have

∥∥∥∥∥
f((k + 1)x) + f((k − 1)x) − k2f(2x) − 2

(
1 − k2

)
f(x) − k4 − k2

12
[
2f(2x) − 8f(x)

]
∥∥∥∥∥
≤ ϕ(x, x)

(3.63)
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for all x ∈ X. Replacing x by 2x in (3.62), we get

∥
∥
∥∥
∥
2f(2kx) − 2k2f(2x) − k4 − k2

12
[
2f(4x) − 8f(2x)

]
∥
∥
∥∥
∥
≤ ϕ(0, 2x) (3.64)

for all x ∈ X. Letting y = kx in (3.61), we get

∥
∥
∥
∥
∥
f(2kx) − k2f((1 + k)x) − k2f((1 − k)x) − 2

(
1 − k2

)
f(kx)

−k
4 − k2
12

[
2f(2x) − 8f(x)

]
∥
∥
∥
∥
∥
≤ ϕ(kx, x)

(3.65)

for all x ∈ X. By (3.62)–(3.65), we obtain

∥∥∥
(
k4 − k2

)[
f(4x) − 20f(2x) + 64f(x)

]∥∥∥

≤ max
{∣∣∣12

(
1 − k2

)∣∣∣ϕ(0, x),
∣∣∣12k2

∣∣∣ϕ(x, x), |6|ϕ(0, 2x), |12|ϕ(kx, x)
} (3.66)

for all x ∈ X. Hence,

∥∥f(4x) − 20f(2x) + 64f(x)
∥∥

≤ 1
|k4 − k2| max

{∣∣∣12
(
1 − k2

)∣∣∣ϕ(0, x),
∣∣∣12k2

∣∣∣ϕ(x, x), |6|ϕ(0, 2x), |12|ϕ(kx, x)
} (3.67)

for all x ∈ X. From (3.67), we get

∥∥f(4x) − 20f(2x) + 64f(x)
∥∥ ≤ Φ(x) (3.68)

for all x ∈ X, where

Φ(x) :=
1

|k4 − k2| max
{∣∣∣12

(
1 − k2

)∣∣∣ϕ(0, x),
∣∣∣12k2

∣∣∣ϕ(x, x), |6|ϕ(0, 2x), |12|ϕ(kx, x)
}

(3.69)

for all x ∈ X.
Consider the set

Ω :=
{
g | g : X −→ Y

}
, (3.70)

and introduce the generalized metric on Ω,

d
(
g, h

)
= inf

{
α > 0 | ∥∥g(x) − h(x)∥∥ ≤ αΦ(x)∀x ∈ X

}
. (3.71)
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It is easy to show that (Ω, d) is a complete generalized metric space (see [19, Lemma 2.1]).
Define a function J : Ω → Ω by Jg(x) = 4g(x/2) for all x ∈ X. Similar to the proof of

Theorem 3.1, one can prove that J is a strictly contractive self-mapping of Ω with Lipschitz
constant L.

Now, let g : X → Y be the function defined by g(x) := f(2x) − 16f(x) for each x ∈ X.
By (3.68), we get

∥
∥g(2x) − 4g(x)

∥
∥ ≤ Φ(x) (3.72)

for all x ∈ X. Replacing x by x/2, we obtain

∥
∥
∥g(x) − 4g

(x
2

)∥∥
∥ ≤ Φ

(x
2

)
≤ L

|4|Φ(x) (3.73)

for all x ∈ X. Hence, d(g, Jg) ≤ L/|4|, and therefore, by Theorem 2.4, J has a unique fixed
point B : X → Y in the set Δ = {h ∈ Ω : d(g, h) < ∞}. This implies that B(x/2) = (1/4)B(x)
and

B(x) := lim
n→∞

Jng(x) = lim
n→∞

4ng
( x
2n

)
(3.74)

for all x ∈ X. Since g : X → Y is even, B : X → Y is an even function. Moreover,

d
(
g, B

) ≤ 1
1 − Ld

(
g, Jg

) ≤ L

|4| − |4|L. (3.75)

This implies that inequality (3.58) holds. Similar to the proof of Theorem 3.1, by Theorem 2.1
of [10], the function x → B(2x) − 16B(x) is quadratic. Hence, B(2x) = 4B(x) implies that B
is a quadratic function.

The rest of the proof is similar to the proof of Theorem 3.1.

Corollary 3.11. Let δ > 0, 0 < r < 2, |2| < 1, and let f : X → Y be an even function with f(0) = 0
satisfying

∥∥Df
(
x, y

)∥∥ ≤ δ(‖x‖r + ∥∥y
∥∥r) (3.76)

for all x, y ∈ X. Then, there exists a unique quadratic function B : X → Y such that

∥∥f(2x) − 16f(x) − B(x)∥∥

≤ max
{∣∣∣12

(
1 − k2

)∣∣∣, 2
∣∣∣12k2

∣∣∣, |6||2|r , |12|(|k|r + 1
)} δ‖x‖r

|k4 − k2|(|2|r − |4|)
(3.77)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ(‖x‖r + ‖y‖r) for all x, y ∈ X. Then,
the corollary is followed from Theorem 3.10 by L = |4|/|2|r < 1.
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Corollary 3.12. Let δ > 0, |2| < 1, and let f : X → Y be an even function with f(0) = 0 satisfying

∥
∥Df

(
x, y

)∥∥ ≤ δ
[
‖x‖r∥∥y∥∥s +

(
‖x‖r+s + ∥

∥y
∥
∥r+s

)] (
x, y ∈ X)

, (3.78)

where r, s are nonnegative real numbers such that λ := r + s ∈ (0, 2). Then, there exists a unique
quadratic function B : X → Y such that

∥
∥f(2x) − 16f(x) − B(x)∥∥

≤ max
{∣∣
∣12

(
1 − k2

)∣∣
∣, 3

∣
∣
∣12k2

∣
∣
∣, |6||2|λ, |12|

(
|k|r + |k|λ + 1

)} δ‖x‖r
|k4 − k2|(|2|r − |4|)

(3.79)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ[‖x‖r‖y‖s + (‖x‖r+s + ‖y‖r+s)] for all
x, y ∈ X. Then, the corollary is followed from Theorem 3.10 by L = |4|/|2|λ < 1.

Theorem 3.13. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ |4|Lϕ
(x
2
,
y

2

)
(3.80)

for all x, y ∈ X. Let f : X → Y be an even function with f(0) = 0 satisfying

∥∥Df
(
x, y

)∥∥ ≤ ϕ(x, y) (3.81)

for all x, y ∈ X. Then, there exists a unique quadratic function B : X → Y such that

∥∥f(2x) − 16f(x) − B(x)∥∥ ≤ 1
|4| − |4|LΦ(x) (3.82)

for all x ∈ X, where Φ(x) is defined as in Theorem 3.10.

Proof. Let g : X → Y be the function defined by g(x) := f(2x) − 16f(x) for each x ∈ X. By
(3.68), we get

∥∥∥∥g(x) −
1
8
g(2x)

∥∥∥∥ ≤ 1
|8| ϕ̃(x) (3.83)

for all x ∈ X. The rest of the proof is similar to the proof of Theorem 3.10.

Theorem 3.14. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ L

|16|ϕ
(
2x, 2y

)
(3.84)
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for all x, y ∈ X. Let f : X → Y be an even function with f(0) = 0 satisfying

∥
∥Df

(
x, y

)∥∥ ≤ ϕ(x, y) (3.85)

for all x, y ∈ X. Then, there exists a unique quartic function Q : X → Y such that

∥
∥f(2x) − 4f(x) −Q(x)

∥
∥ ≤ L

|16| − |16|LΦ(x) (3.86)

for all x ∈ X, where Φ(x) is defined as in Theorem 3.10.

Proof. Letting h : X → Y be the function defined by h(x) := f(2x) − 4f(x) for each x ∈ X,
then by (3.68), (3.69), and (3.84), we get

∥∥∥h(x) − 16h
(x
2

)∥∥∥ ≤ Φ
(x
2

)
≤ L

|16|Φ(x) (3.87)

for all x ∈ X.
The rest of the proof is similar to the proof of Theorem 3.1.

Corollary 3.15. Let δ > 0, 0 < r < 4, |2| < 1, and let f : X → Y be an even function with f(0) = 0
satisfying

∥∥Df
(
x, y

)∥∥ ≤ δ(‖x‖r + ∥∥y
∥∥r) (3.88)

for all x, y ∈ X. Then, there exists a unique quartic function Q : X → Y such that

∥∥f(2x) − 4f(x) −Q(x)
∥∥

≤ max
{∣∣∣12

(
1 − k2

)∣∣∣, 2
∣∣∣12k2

∣∣∣, |6||2|r , |12|(|k|r + 1
)} δ‖x‖r

|k4 − k2|(|2|r − |16|)
(3.89)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ(‖x‖r + ‖y‖r) for all x, y ∈ X. Then,
the corollary is followed from Theorem 3.14 by L = |16|/|2|r < 1.
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Corollary 3.16. Let δ > 0, |2| < 1, and let f : X → Y be an even function with f(0) = 0 satisfying

∥
∥Df

(
x, y

)∥∥ ≤ δ
[
‖x‖r∥∥y∥∥s +

(
‖x‖r+s + ∥

∥y
∥
∥r+s

)] (
x, y ∈ X)

, (3.90)

where r, s are nonnegative real numbers such that λ := r + s ∈ (0, 4). Then, there exists a unique
quartic function Q : X → Y such that

∥
∥f(2x) − 4f(x) −Q(x)

∥
∥

≤ max
{∣∣
∣12

(
1 − k2

)∣∣
∣, 3

∣
∣
∣12k2

∣
∣
∣, |6||2|λ, |12|

(
|k|r + |k|λ + 1

)} δ‖x‖r
|k4 − k2|(|2|r − |16|)

(3.91)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ[‖x‖r‖y‖s + (‖x‖r+s + ‖y‖r+s)] for all
x, y ∈ X. Then, the corollary is followed from Theorem 3.14 by L = |16|/|2|λ < 1.

Theorem 3.17. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ |16|Lϕ
(x
2
,
y

2

)
(3.92)

for all x, y ∈ X. Let f : X → Y be an even function with f(0) = 0 satisfying

∥∥Df
(
x, y

)∥∥ ≤ ϕ(x, y) (3.93)

for all x, y ∈ X. Then, there exists a unique quartic function Q : X → Y such that

∥∥f(2x) − 4f(x) −Q(x)
∥∥ ≤ 1

|16| − |16|LΦ(x) (3.94)

for all x ∈ X, where Φ(x) is defined as in Theorem 3.10.

Proof. Let h : X → Y be the function defined by h(x) := f(2x) − 4f(x) for each x ∈ X. By
(3.68), we get

∥∥∥∥h(x) −
1
16
h(2x)

∥∥∥∥ ≤ 1
|16|Φ(x) (3.95)

for all x ∈ X. The rest of the proof is similar to the proof of Theorem 3.10.

Theorem 3.18. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ L

|2|ϕ
(
2x, 2y

)
(3.96)
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for all x, y ∈ X. Let f : X → Y be a function with f(0) = 0 satisfying

∥
∥Df

(
x, y

)∥∥ ≤ ϕ(x, y) (3.97)

for all x, y ∈ X. Then, there exist an additive functionA : X → Y , a quadratic function B : X → Y ,
a cubic function C : X → Y , and a quartic function Q : X → Y such that

∥
∥f(x) −A(x) − B(x) − C(x) −Q(x)

∥
∥

≤ L

|96||k4 − k2|(1 − L)

max
{∣
∣
∣2k2

∣
∣
∣ϕ(2x, x), |2|ϕ(x, 2x), |2|ϕ((1 + k)x, x), |2|ϕ((1 − k)x, x),

∣
∣∣k2

∣
∣∣ϕ(2x, 2x), ϕ(x, x), ϕ(x, 3x), ϕ((1 + 2k)x, x), ϕ((1 − 2k)x, x),

∣∣∣2k2
∣∣∣ϕ(−2x,−x), |2|ϕ(−x,−2x), |2|ϕ(−(1 + k)x,−x),

|2|ϕ(−(1 − k)x,−x),
∣∣∣k2

∣∣∣ϕ(−2x,−2x), ϕ(−x,−x), ϕ(−x,−3x),

ϕ(−(1 + 2k)x,−x), ϕ(−(1 − 2k)x,−x),
∣∣∣3
(
1 − k2

)∣∣∣ϕ(0, x),

|3|
|2|ϕ(0, 2x), |3|ϕ(kx, x),

∣∣∣3
(
1 − k2

)∣∣∣ϕ(0,−x),

|3|
|2|ϕ(0,−2x), |3|ϕ(−kx,−x)

}

(3.98)

for all x ∈ X.

Proof. Let fo(x) = (1/2)[f(x) − f(−x)], and let fe(x) = (1/2)[f(x) + f(−x)] for all x ∈ X.
Then, fe(0) = 0, fo is odd, and fe is even. Hence

∥∥Dfo
(
x, y

)∥∥ =
1
|2|

∥∥Df
(
x, y

) −Df(−x,−y)∥∥

≤ 1
|2| max

{∥∥Df
(
x, y

)∥∥,
∥∥Df

(−x,−y)∥∥}

≤ 1
|2| max

{
ϕ
(
x, y

)
, ϕ

(−x,−y)},

∥∥Dfe
(
x, y

)∥∥ =
1
|2|

∥∥Df
(
x, y

)
+Df

(−x,−y)∥∥

≤ 1
|2| max

{∥∥Df
(
x, y

)∥∥,
∥∥Df

(−x,−y)∥∥}

≤ 1
|2| max

{
ϕ
(
x, y

)
, ϕ

(−x,−y)}

(3.99)
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for all x, y ∈ X. Putting ϕ1(x, y) = (1/|2|)max{ϕ(x, y), ϕ(−x,−y)} for all x, y ∈ X. Thus, from
Theorems 3.1 and 3.6, there exist a unique additive function A1 : X → Y and a unique cubic
function C1 : X → Y such that

∥
∥fo(2x) − 8fo(x) −A1(x)

∥
∥ ≤ L

|2| − |2|Lϕ̃1(x),
∥
∥fo(2x) − 2fo(x) − C1(x)

∥
∥ ≤ L

|8| − |8|Lϕ̃1(x),

(3.100)

for all x ∈ X, where ϕ̃1(x) is defined as in Theorem 3.1. Similarly, from Theorems 3.10 and
3.14, there exist a unique quadratic function B1 : X → Y and a unique quartic function
Q1 : X → Y such that

∥∥fe(2x) − 16fe(x) − B1(x)
∥∥ ≤ L

|4| − |4|LΦ1(x),

∥∥fe(2x) − 4fe(x) −Q1(x)
∥∥ ≤ L

|16| − |16|LΦ1(x)

(3.101)

for all x ∈ X, where Φ1(x) is defined as in Theorem 3.10. Defining A(x) = −A1(x)/6, C(x) =
C1(x)/6, B(x) = −B1(x)/12 and Q(x) = Q1(x)/12, by f(x) = fo(x) + fe(x), (3.100), and
(3.101), it follows that

∥∥f(x) −A(x) − B(x) − C(x) −Q(x)
∥∥

=
∥∥[fo(x) −A(x) − C(x)] + [

fe(x) − B(x) −Q(x)
]∥∥

≤ max
{∥∥fo(x) −A(x) − C(x)∥∥,∥∥fe(x) − B(x) −Q(x)

∥∥}

≤ max
{

L

|12|(1 − L) ϕ̃1(x),
L

|48|(1 − L)
ϕ̃1(x),

L

|48|(1 − L)Φ1(x),
L

|192|(1 − L)Φ1(x)
}

≤ max
{

L

|48|(1 − L) ϕ̃1(x),
L

|192|(1 − L)Φ1(x)
}

=
L

|96||k4 − k2|(1 − L)

×max
{∣∣∣2k2

∣∣∣ϕ(2x, x), |2|ϕ(x, 2x), |2|ϕ((1 + k)x, x), |2|ϕ((1 − k)x, x),
∣∣∣k2

∣∣∣ϕ(2x, 2x), ϕ(x, x), ϕ(x, 3x), ϕ((1 + 2k)x, x), ϕ((1 − 2k)x, x),
∣∣∣2k2

∣∣∣ϕ(−2x,−x), |2|ϕ(−x,−2x), |2|ϕ(−(1 + k)x,−x),

|2|ϕ(−(1 − k)x,−x),
∣∣∣k2

∣∣∣ϕ(−2x,−2x), ϕ(−x,−x), ϕ(−x,−3x),

ϕ(−(1 + 2k)x,−x), ϕ(−(1 − 2k)x,−x),
∣∣∣3
(
1 − k2

)∣∣∣ϕ(0, x),
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|3|
|2|ϕ(0, 2x), |3|ϕ(kx, x),

∣
∣
∣3
(
1 − k2

)∣∣
∣ϕ(0,−x),

|3|
|2|ϕ(0,−2x), |3|ϕ(−kx,−x)

}

(3.102)

for all x ∈ X.

Corollary 3.19. Let δ > 0, 0 < r < 1, |2| < 1, and let f : X → Y be a function with f(0) = 0
satisfying

∥
∥Df

(
x, y

)∥∥ ≤ δ(‖x‖r + ∥
∥y

∥
∥r) (3.103)

for all x, y ∈ X. Then, there exist an additive functionA : X → Y , a quadratic function B : X → Y ,
a cubic function C : X → Y , and a quartic function Q : X → Y such that

∥∥f(x) −A(x) − B(x) − C(x) −Q(x)
∥∥ ≤ δmax

{
2|2|, |3||2|r}

|96||k4 − k2|(|2|r − |2|)‖x‖
r (3.104)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ(‖x‖r + ‖y‖r) for all x, y ∈ X. Then,
the corollary is followed from Theorem 3.18 by L = |2|/|2|r < 1.

Corollary 3.20. Let δ > 0, |2| < 1, and let f : X → Y be a function with f(0) = 0 satisfying

∥∥Df
(
x, y

)∥∥ ≤ δ
[
‖x‖r∥∥y∥∥s +

(
‖x‖r+s + ∥∥y

∥∥r+s
)] (

x, y ∈ X)
, (3.105)

where r, s are nonnegative real numbers such that λ := r + s ∈ (0, 1). Then, there exist an additive
function A : X → Y , a quadratic function B : X → Y , a cubic function C : X → Y , and a quartic
function Q : X → Y such that

∥∥f(x) −A(x) − B(x) − C(x) −Q(x)
∥∥ ≤

δmax
{
3|2|, |3|

(
|2|s + |2|λ

)}

|96||k4 − k2|
(
|2|λ − |2|

) ‖x‖λ (3.106)

for all x ∈ X.

Proof. Let ϕ : X × X → [0,∞) be defined by ϕ(x, y) = δ[‖x‖r‖y‖s + (‖x‖r+s + ‖y‖r+s)] for all
x, y ∈ X. Then, the corollary is followed from Theorem 3.18 by L = |2|/|2|λ < 1.

Similar to Theorem 3.18, one can prove the following result.

Theorem 3.21. Let ϕ : X ×X → [0,∞) be a function such that there exists an L < 1 with

ϕ
(
x, y

) ≤ |16|Lϕ
(x
2
,
y

2

)
(3.107)
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for all x, y ∈ X. Let f : X → Y be a function with f(0) = 0 satisfying

∥
∥Df

(
x, y

)∥∥ ≤ ϕ(x, y) (3.108)

for all x, y ∈ X. Then, there exist an additive functionA : X → Y , a quadratic function B : X → Y ,
a cubic function C : X → Y , and a quartic function Q : X → Y such that

∥
∥f(x) −A(x) − B(x) − C(x) −Q(x)

∥
∥

≤ 1
|96||k4 − k2|(1 − L)

×max
{∣
∣∣2k2

∣
∣∣ϕ(2x, x), |2|ϕ(x, 2x), |2|ϕ((1 + k)x, x), |2|ϕ((1 − k)x, x),

∣∣∣k2
∣∣∣ϕ(2x, 2x), ϕ(x, x), ϕ(x, 3x), ϕ((1 + 2k)x, x), ϕ((1 − 2k)x, x),

∣∣∣2k2
∣∣∣ϕ(−2x,−x), |2|ϕ(−x,−2x), |2|ϕ(−(1 + k)x,−x),

|2|ϕ(−(1 − k)x,−x),
∣∣∣k2

∣∣∣ϕ(−2x,−2x), ϕ(−x,−x), ϕ(−x,−3x),

ϕ(−(1 + 2k)x,−x), ϕ(−(1 − 2k)x,−x),
∣∣∣3
(
1 − k2

)∣∣∣ϕ(0, x),

|3|
|2|ϕ(0, 2x), |3|ϕ(kx, x),

∣∣∣3
(
1 − k2

)∣∣∣ϕ(0,−x),

|3|
|2|ϕ(0,−2x), |3|ϕ(−kx,−x)

}

(3.109)

for all x ∈ X.
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