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Abstract. 
Blanchard and Huang introduced the notion of weakly mixing subset, and Oprocha and Zhang gave the concept of transitive subset and studied its basic properties. In this paper our main goal is to discuss the weakly mixing subsets and transitive subsets in set-valued discrete systems. We prove that a set-valued discrete system has a transitive subset if and only if original system has a weakly mixing subset. Moreover, we give an example showing that original system has a transitive subset, which does not imply set-valued discrete system has a transitive subset.


1. Introduction
 Throughout this paper a topological dynamical system (abbreviated to TDS) is a pair 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
, where 
	
		
			

				𝑋
			

		
	
 is a compact metric space with metric 
	
		
			

				𝑑
			

		
	
 and 
	
		
			
				𝑓
				∶
				𝑋
				→
				𝑋
			

		
	
 is a continuous map. When 
	
		
			

				𝑋
			

		
	
 is finite, it is a discrete space and there is no any nontrivial convergence. Hence, we assume that 
	
		
			

				𝑋
			

		
	
 contains infinitely many points. Let 
	
		
			

				ℕ
			

		
	
 denote the set of all positive integers and let 
	
		
			

				ℤ
			

			

				+
			

			
				=
				ℕ
				∪
				{
				0
				}
			

		
	
.
Topological transitivity, weak mixing, and sensitive dependence on initial conditions (see [1–4]) are global characteristics of topological dynamical systems. Let 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 be a TDS. 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 is (topologically) transitive if for any nonempty open subsets 
	
		
			

				𝑈
			

		
	
 and 
	
		
			

				𝑉
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑈
				)
				∩
				𝑉
				≠
				∅
			

		
	
. 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 is (topologically) weakly mixing if for any nonempty open subsets 
	
		
			

				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

			
				,
				𝑉
			

			

				1
			

		
	
, and 
	
		
			

				𝑉
			

			

				2
			

		
	
 of 
	
		
			

				𝑋
			

		
	
, there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑈
			

			

				1
			

			
				)
				∩
				𝑉
			

			

				1
			

			
				≠
				∅
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑈
			

			

				2
			

			
				)
				∩
				𝑉
			

			

				2
			

			
				≠
				∅
			

		
	
. It follows from these definitions that weak mixing implies transitivity.
In [5], Blanchard introduced overall properties and partial properties. For example, sensitive dependence on initial conditions, Devaney chaos (see [6]), weak mixing, mixing, and more belong to overall properties; Li-Yorke chaos (see [7]) and positive entropy (see [1, 8]) belong to partial properties. Weak mixing is an overall property; it is stable under semiconjugate maps and implies Li-Yorke chaos. We have a weakly mixing system that always contains a dense uncountable scrambled set (see [9]). In [10], Blanchard and Huang introduced the concepts of weakly mixing subset, derived from a result given by Xiong and Yang [11] and showed “partial weak mixing implies Li-Yorke chaos” and “Li-Yorke chaos can not imply partial weak mixing.”
Motivated by the idea of Blanchard and Huang's notion of “weakly mixing subset,” Oprocha and Zhang [12] extended the notion of weakly mixing subset, gave the concept of “transitive subset,” and discussed its basic properties. In recent years, many authors studied the dynamical properties for set-valued discrete systems. Román-Flores [13], Banks [14], Peris [15], Wang and Wei [16], and Acosta et al. [17] investigated the properties of topological transitivity and weak mixing for set-valued discrete systems. Fedeli [18], Guirao et al. [19] and Hou et al. [20] studied Devaney chaos for set-valued discrete systems. Lampart and Raith [21] discussed topological entropy for set-valued maps. Liu et al. [22] and Wang et al. [23] studied sensitivity of set-valued discrete systems. Wu and Xue [24] discussed shadowing property for induced set-valued dynamical systems. Also, we continue to discuss transitive subsets, weakly mixing subsets for set-valued discrete systems, and investigate the relationship between set-valued discrete system and original system on transitive subset, weakly mixing subset. More precisely, a set-valued discrete system has a transitive subset if and only if original system has a weakly mixing subset and we give an example showing that original system has a transitive subset which does not imply set-valued discrete system has a transitive subset. Moreover, we prove that a transitive point of set-valued discrete system is a transitive subset of original system.
2. Preliminaries
A TDS 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 is point transitive if there exists a point 
	
		
			

				𝑥
			

			

				0
			

			
				∈
				𝑋
			

		
	
 with dense orbit, that is, 
	
		
			
				
			
			
				o
				r
				b
				(
				𝑥
			

			

				0
			

			
				)
				=
				𝑋
			

		
	
, where 
	
		
			
				
			
			
				o
				r
				b
				(
				𝑥
			

			

				0
			

			

				)
			

		
	
 denotes the closure of 
	
		
			
				o
				r
				b
				(
				𝑥
			

			

				0
			

			

				)
			

		
	
. Such a point 
	
		
			

				𝑥
			

			

				0
			

		
	
 is called transitive point of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
. If 
	
		
			

				𝑋
			

		
	
 is a compact metric space without isolated points, then topologically transitive and point transitive are equivalent (see [2]). A TDS 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 is minimal if 
	
		
			
				
			
			
				o
				r
				b
				(
				𝑥
				,
				𝑓
				)
				=
				𝑋
			

		
	
 for every 
	
		
			
				𝑥
				∈
				𝑋
			

		
	
; that is, every point is transitive point. A point 
	
		
			

				𝑥
			

		
	
 is called minimal if the subsystem 
	
		
			

				(
			

			
				
			
			
				o
				r
				b
				(
				𝑥
				,
				𝑓
				)
				,
				𝑓
				)
			

		
	
 is minimal.
The distance from a point 
	
		
			

				𝑥
			

		
	
 to a nonempty set 
	
		
			

				𝐴
			

		
	
 in 
	
		
			

				𝑋
			

		
	
 is defined by 
						
	
 		
 			
				(
				1
				)
			
 		
	

	
		
			
				𝑑
				(
				𝑥
				,
				𝐴
				)
				=
				i
				n
				f
			

			
				𝑎
				∈
				𝐴
			

			
				𝑑
				(
				𝑥
				,
				𝑎
				)
				.
			

		
	

Let 
	
		
			

				2
			

			

				𝑋
			

		
	
 be the family of all nonempty compact subsets of 
	
		
			

				𝑋
			

		
	
. The Hausdorff metric on 
	
		
			

				2
			

			

				𝑋
			

		
	
 is defined by
						
	
 		
 			
				(
				2
				)
			
 		
	

	
		
			

				𝑑
			

			

				𝐻
			

			
				
				(
				𝐴
				,
				𝐵
				)
				=
				m
				a
				x
				s
				u
				p
			

			
				𝑎
				∈
				𝐴
			

			
				𝑑
				(
				𝑎
				,
				𝐵
				)
				,
				s
				u
				p
			

			
				𝑏
				∈
				𝐵
			

			
				
				𝑑
				(
				𝑏
				,
				𝐴
				)
				f
				o
				r
				e
				v
				e
				r
				y
				𝐴
				,
				𝐵
				∈
				2
			

			

				𝑋
			

			

				.
			

		
	

It follows from Michael [25] and Engelking [26] that 
	
		
			

				2
			

			

				𝑋
			

		
	
 is a compact metric space. The Vietoris topology 
	
		
			

				𝜏
			

			

				𝜐
			

		
	
 on 
	
		
			

				2
			

			

				𝑋
			

		
	
 is generated by the base
						
	
 		
 			
				(
				3
				)
			
 		
	

	
		
			
				𝜐
				
				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

			
				,
				…
				,
				𝑈
			

			

				𝑛
			

			
				
				=
				
				𝐹
				∈
				2
			

			

				𝑋
			

			
				∶
				𝐹
				⊆
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑈
			

			

				𝑖
			

			
				,
				𝐹
				∩
				𝑈
			

			

				𝑖
			

			
				
				,
				≠
				∅
				∀
				𝑖
				≤
				𝑛
			

		
	

					where 
	
		
			

				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

			
				,
				…
				,
				𝑈
			

			

				𝑛
			

		
	
 are open subsets of 
	
		
			

				𝑋
			

		
	
.
Let 
	
		
			

				2
			

			

				𝑓
			

		
	
 be the induced set-valued map defined by 
						
	
 		
 			
				(
				4
				)
			
 		
	

	
		
			

				2
			

			

				𝑓
			

			
				∶
				2
			

			

				𝑋
			

			
				⟶
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			
				(
				𝐹
				)
				=
				𝑓
				(
				𝐹
				)
				f
				o
				r
				e
				v
				e
				r
				y
				𝐹
				∈
				2
			

			

				𝑋
			

			

				.
			

		
	

					Then 
	
		
			

				2
			

			

				𝑓
			

		
	
 is well defined. 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
 is called a set-valued discrete system.
Let 
	
		
			

				𝑋
			

		
	
 be 
	
		
			

				𝑇
			

			

				1
			

		
	
 space; that is, single point set is closed. Then 
	
		
			

				2
			

			

				𝐴
			

			
				=
				{
				𝐹
				∈
				2
			

			

				𝑋
			

			
				∶
				𝐹
				⊆
				𝐴
				}
			

		
	
 is a closed subset of 
	
		
			

				2
			

			

				𝑋
			

		
	
 for any nonempty closed subset 
	
		
			

				𝐴
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 (see [25]).
Definition 1 (see [10]). Let 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 be a TDS and let 
	
		
			

				𝐴
			

		
	
 be a closed subset of 
	
		
			

				𝑋
			

		
	
 with at least two elements. 
	
		
			

				𝐴
			

		
	
 is said to be weakly mixing if for any 
	
		
			
				𝑘
				∈
				ℕ
			

		
	
, any choice of nonempty open subsets 
	
		
			

				𝑉
			

			

				1
			

			
				,
				𝑉
			

			

				2
			

			
				,
				…
				,
				𝑉
			

			

				𝑘
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subsets 
	
		
			

				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

			
				,
				…
				,
				𝑈
			

			

				𝑘
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
, 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
, there exists an 
	
		
			
				𝑚
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑉
			

			

				𝑖
			

			
				)
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				1
				≤
				𝑖
				≤
				𝑘
			

		
	
. 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 is called partial weak mixing if 
	
		
			

				𝑋
			

		
	
 contains a weakly mixing subset.
Definition 2 (see [12]). Let 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 be a TDS and 
	
		
			

				𝐴
			

		
	
 be a nonempty subset of 
	
		
			

				𝑋
			

		
	
. 
	
		
			

				𝐴
			

		
	
 is called a transitive subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 if for any choice of nonempty open subset 
	
		
			

				𝑉
			

			

				𝐴
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subset 
	
		
			

				𝑈
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
				≠
				∅
			

		
	
, there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑈
				≠
				∅
			

		
	
.
Remark 3. (1) 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 is topologically transitive if and only if 
	
		
			

				𝑋
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.(2) By [12], 
	
		
			

				𝐴
			

		
	
 is a transitive subset if and only if 
	
		
			
				
			
			

				𝐴
			

		
	
 is a transitive subset, where 
	
		
			
				
			
			

				𝐴
			

		
	
 denotes the closure of 
	
		
			

				𝐴
			

		
	
.
According to the definitions of transitive subset and weakly mixing subset, we have the following.
Result 1. If 
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
, then 
	
		
			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Result 2. If 
	
		
			
				𝑎
				∈
				𝑋
			

		
	
 is a transitive point of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
, then 
	
		
			
				{
				𝑎
				}
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Result 3. If 
	
		
			
				𝐴
				=
				o
				r
				b
				(
				𝑥
				,
				𝑓
				)
			

		
	
 is a periodic orbit of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 for some 
	
		
			
				𝑥
				∈
				𝑋
			

		
	
, then 
	
		
			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Example 4. Tent map
							
	
 		
 			
				(
				5
				)
			
 		
	

	
		
			
				⎧
				⎪
				⎨
				⎪
				⎩
				1
				𝑓
				(
				𝑥
				)
				=
				2
				𝑥
				,
				i
				f
				0
				≤
				𝑥
				≤
			

			
				
			
			
				2
				,
				1
				2
				(
				1
				−
				𝑥
				)
				,
				i
				f
			

			
				
			
			
				2
				≤
				𝑥
				≤
				1
				,
			

		
	

						is shown in Figures 1 and 2, which is known to be transitive on 
	
		
			
				𝐼
				=
				[
				0
				,
				1
				]
			

		
	
 (see [6]). We prove that 
	
		
			
				[
				1
				/
				4
				,
				3
				/
				4
				]
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.






	
		
			
		
			
		
	


	
		
		
			
		
			
	


	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
		
		
	


















Figure 1




	
		
			
				
			
				
			
		
	
	
	
		
			
			
				
			
				
		
	
	
		
	
		
	
	
		


	
		
			
				
			
			
				
			
		
		
			
				
			
		
		
			
				
			
		
		
			
				
			
			
				
			
			
		
		
			
				
			
			
				
			
			
		
		
			
				
			
			
				
			
			
		
	
	
	

Figure 2


Let 
	
		
			
				𝑆
				(
				𝑓
			

			

				𝑘
			

			

				)
			

		
	
 denote the set of extreme value points of 
	
		
			

				𝑓
			

			

				𝑘
			

		
	
 for every 
	
		
			
				𝑘
				∈
				ℕ
			

		
	
. Then 
	
		
			
				𝑆
				(
				𝑓
			

			

				𝑘
			

			
				)
				=
			

		
	
 
	
		
			
				{
				1
				/
				2
			

			

				𝑘
			

			
				,
				2
				/
				2
			

			

				𝑘
			

			
				,
				…
				,
				(
				2
			

			

				𝑘
			

			
				−
				1
				)
				/
				2
			

			

				𝑘
			

			

				}
			

		
	
. Since 
	
		
			
				𝑆
				(
				𝑓
				)
				=
				{
				1
				/
				2
				}
			

		
	
, 
	
		
			
				𝑓
				(
				1
				/
				2
				)
				=
				1
			

		
	
, 
	
		
			
				𝑓
				(
				0
				)
				=
				0
			

		
	
, and 
	
		
			
				𝑓
				(
				1
				)
				=
				0
			

		
	
, we have 
						
	
 		
 			
				(
				6
				)
			
 		
	

	
		
			

				𝑓
			

			

				𝑘
			

			
				(
				⎧
				⎪
				⎨
				⎪
				⎩
				1
				𝑥
				)
				=
				1
				,
				i
				f
				𝑥
				=
			

			
				
			
			

				2
			

			

				𝑘
			

			
				,
				3
			

			
				
			
			

				2
			

			

				𝑘
			

			
				2
				,
				…
				,
			

			

				𝑘
			

			
				−
				1
			

			
				
			
			

				2
			

			

				𝑘
			

			
				,
				2
				0
				,
				i
				f
				𝑥
				=
				0
				,
			

			
				
			
			

				2
			

			

				𝑘
			

			
				,
				4
			

			
				
			
			

				2
			

			

				𝑘
			

			
				2
				,
				…
				,
			

			

				𝑘
			

			
				−
				2
			

			
				
			
			

				2
			

			

				𝑘
			

			
				,
				1
				.
			

		
	

					Let 
	
		
			

				𝐼
			

			
				𝑗
				𝑘
			

			
				=
				[
				𝑗
				/
				2
			

			

				𝑘
			

			
				,
				(
				𝑗
				+
				1
				)
				/
				2
			

			

				𝑘
			

			

				]
			

		
	
 for 
	
		
			
				0
				≤
				𝑗
				≤
				2
			

			

				𝑘
			

			
				−
				1
			

		
	
. Then 
	
		
			

				𝑓
			

			

				𝑘
			

			
				(
				𝐼
			

			
				𝑗
				𝑘
			

			
				)
				=
				[
				0
				,
				1
				]
			

		
	
. For any nonempty open set 
	
		
			

				𝑈
			

		
	
 of 
	
		
			
				[
				1
				/
				4
				,
				3
				/
				4
				]
			

		
	
, without loss of generality, we take 
	
		
			
				𝑈
				=
				(
				𝑥
			

			

				0
			

			
				−
				𝜀
				,
				𝑥
			

			

				0
			

			
				+
				𝜀
				)
			

		
	
 for a given 
	
		
			
				𝜀
				>
				0
			

		
	
 and 
	
		
			

				𝑥
			

			

				0
			

			
				∈
				i
				n
				t
				[
				1
				/
				4
				,
				3
				/
				4
				]
			

		
	
, where 
	
		
			
				i
				n
				t
				[
				1
				/
				4
				,
				3
				/
				4
				]
			

		
	
 denotes the interior of 
	
		
			
				[
				1
				/
				4
				,
				3
				/
				4
				]
			

		
	
. When 
	
		
			
				𝑙
				∈
				ℕ
			

		
	
 and 
	
		
			
				𝑙
				>
				l
				o
				g
			

			

				2
			

			
				(
				1
				/
				𝜀
				)
			

		
	
, then there exist 
	
		
			
				𝑗
				∈
				ℤ
			

			

				+
			

		
	
 and 
	
		
			
				0
				≤
				𝑗
				≤
				2
			

			

				𝑙
			

			
				−
				1
			

		
	
 such that 
	
		
			

				𝐼
			

			
				𝑗
				𝑙
			

			
				⊆
				𝑈
			

		
	
. Furthermore, we have 
	
		
			

				𝑓
			

			

				𝑙
			

			
				(
				𝑈
				)
				=
				[
				0
				,
				1
				]
			

		
	
. Thus, for any nonempty open set 
	
		
			

				𝑈
			

		
	
 of 
	
		
			
				[
				1
				/
				4
				,
				3
				/
				4
				]
			

		
	
 and nonempty open set 
	
		
			

				𝑉
			

		
	
 of 
	
		
			
				[
				0
				,
				1
				]
			

		
	
 with 
	
		
			
				𝑉
				∩
				[
				1
				/
				4
				,
				3
				/
				4
				]
				≠
				∅
			

		
	
, there exists a 
	
		
			
				𝑘
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑘
			

			
				(
				𝑈
				)
				∩
				𝑉
				≠
				∅
			

		
	
. This shows that 
	
		
			
				[
				1
				/
				4
				,
				3
				/
				4
				]
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝐼
				,
				𝑓
				)
			

		
	
.
Definition 5 (see [27]). Let 
	
		
			
				(
				𝑋
				,
				𝜏
				)
			

		
	
 be a topological space and 
	
		
			

				𝐴
			

		
	
 be a nonempty set of 
	
		
			

				𝑋
			

		
	
. 
	
		
			

				𝐴
			

		
	
 is a regular closed set of 
	
		
			

				𝑋
			

		
	
 if 
	
		
			
				𝐴
				=
			

			
				
			
			
				i
				n
				t
				(
				𝐴
				)
			

		
	
, where 
	
		
			
				i
				n
				t
				(
				𝐴
				)
			

		
	
 denotes the interior of 
	
		
			

				𝐴
			

		
	
.
We easily prove that 
	
		
			

				𝐴
			

		
	
 is a regular closed set if and only if 
	
		
			
				i
				n
				t
				(
				𝑉
			

			

				𝐴
			

			
				)
				≠
				∅
			

		
	
 for any nonempty set 
	
		
			

				𝑉
			

			

				𝐴
			

		
	
 of 
	
		
			

				𝐴
			

		
	
.
Theorem 6 (see [14, 15]).  Let 
	
		
			

				𝑋
			

		
	
 be a compact space, and let 
	
		
			

				2
			

			

				𝑋
			

		
	
 be equipped with the Vietoris topology. If 
	
		
			
				𝑓
				∶
				𝑋
				→
				𝑋
			

		
	
 is a continuous map, then 
	
		
			

				2
			

			

				𝑓
			

			
				∶
				2
			

			

				𝑋
			

			
				→
				2
			

			

				𝑋
			

		
	
 is continuous and 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 is weakly mixing 
	
		
			

				⇔
			

		
	
 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
 is weakly mixing 
	
		
			

				⇔
			

		
	
 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
 is topologically transitive.
3. Transitive Subsets and Weakly Mixing Subsets of Set-Valued Discrete Systems
For a TDS 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 and two nonempty subsets 
	
		
			
				𝑈
				,
				𝑉
				⊆
				𝑋
			

		
	
, we use the following notation:
						
	
 		
 			
				(
				7
				)
			
 		
	

	
		
			
				𝑁
				(
				𝑈
				,
				𝑉
				)
				=
				{
				𝑛
				∈
				ℕ
				∶
				𝑓
			

			

				𝑛
			

			
				(
				𝑈
				)
				∩
				𝑉
				≠
				∅
				}
				.
			

		
	

Theorem 7.  
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 if and only if 
	
		
			

				2
			

			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
.
ProofNecessity. We prove for any 
	
		
			
				𝑘
				∈
				ℕ
			

		
	
, any choice of nonempty open subsets 
	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			

				1
			

			
				,
				𝒱
			

			

				2
			

			

				𝐴
			

			

				2
			

			
				,
				…
				,
				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑘
			

		
	
 of 
	
		
			

				2
			

			

				𝐴
			

		
	
 and nonempty open subsets 
	
		
			

				𝒰
			

			

				1
			

			
				,
				𝒰
			

			

				2
			

			
				,
				…
				,
				𝒰
			

			

				𝑘
			

		
	
 of 
	
		
			

				2
			

			

				𝑋
			

		
	
 with 
	
		
			

				2
			

			

				𝐴
			

			
				∩
				𝒰
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
, that there exists an 
	
		
			
				𝑚
				∈
				ℕ
			

		
	
 such that
							
	
 		
 			
				(
				8
				)
			
 		
	

	
		
			
				
				2
			

			

				𝑓
			

			

				
			

			

				𝑚
			

			
				
				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

			
				
				∩
				𝒰
			

			

				𝑖
			

			
				≠
				∅
				f
				o
				r
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
				.
			

		
	

						For nonempty open subset 
	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

		
	
 of 
	
		
			

				2
			

			

				𝐴
			

		
	
, there exist open subsets 
	
		
			

				𝒱
			

			

				𝑖
			

		
	
 of 
	
		
			

				2
			

			

				𝑋
			

		
	
 such that 
	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

			
				=
				𝒱
			

			

				𝑖
			

			
				∩
				2
			

			

				𝐴
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
. Without loss of generality, let
							
	
 		
 			
				(
				9
				)
			
 		
	

	
		
			

				𝒱
			

			

				𝑖
			

			
				
				𝑉
				=
				𝜈
			

			
				𝑖
				1
			

			
				,
				𝑉
			

			
				𝑖
				2
			

			
				,
				…
				,
				𝑉
			

			
				𝑖
				𝑛
			

			
				
				,
				𝒰
			

			

				𝑖
			

			
				
				𝑈
				=
				𝜈
			

			
				𝑖
				1
			

			
				,
				𝑈
			

			
				𝑖
				2
			

			
				,
				…
				,
				𝑈
			

			
				𝑖
				𝑛
			

			
				
				f
				o
				r
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
				.
			

		
	

	
		
			

				𝑉
			

			
				𝑖
				𝑗
			

		
	
 and 
	
		
			

				𝑈
			

			
				𝑖
				𝑗
			

		
	
 are nonempty open subsets of 
	
		
			

				𝑋
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
				,
				𝑗
				=
				1
				,
				2
				,
				…
				,
				𝑛
			

		
	
. Furthermore,
							
	
 		
 			
				(
				1
				0
				)
			
 		
	

	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

			
				=
				
				𝐹
				∈
				2
			

			

				𝐴
			

			
				∶
				𝐹
				⊆
			

			

				𝑛
			

			

				
			

			
				𝑗
				=
				1
			

			
				
				𝑉
			

			
				𝑖
				𝑗
			

			
				
				,
				
				𝑉
				∩
				𝐴
				𝐹
				∩
			

			
				𝑖
				𝑗
			

			
				
				
				.
				∩
				𝐴
				≠
				∅
				∀
				1
				≤
				𝑗
				≤
				𝑛
			

		
	

						Let 
	
		
			
				(
				𝑉
			

			
				𝑖
				𝑗
			

			

				)
			

			

				𝐴
			

			
				=
				𝑉
			

			
				𝑖
				𝑗
			

			
				∩
				𝐴
			

		
	
. Then we have 
	
		
			
				(
				𝑉
			

			
				𝑖
				𝑗
			

			

				)
			

			

				𝐴
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑗
				=
				1
				,
				2
				,
				…
				,
				𝑛
			

		
	
. Moreover, 
	
		
			

				𝒰
			

			

				𝑖
			

			
				∩
				2
			

			

				𝐴
			

			
				≠
				∅
			

		
	
, then 
	
		
			

				𝑈
			

			
				𝑖
				𝑗
			

			
				∩
				𝐴
				≠
				∅
			

		
	
 for 
	
		
			
				𝑗
				=
				1
				,
				2
				,
				…
				,
				𝑛
			

		
	
.We consider any nonempty open subsets 
	
		
			
				(
				𝑉
			

			
				1
				1
			

			

				)
			

			

				𝐴
			

			
				,
				…
				,
				(
				𝑉
			

			
				1
				𝑛
			

			

				)
			

			

				𝐴
			

			
				,
				…
				,
				(
				𝑉
			

			
				𝑘
				1
			

			

				)
			

			

				𝐴
			

			
				,
				…
				,
				(
				𝑉
			

			
				𝑘
				𝑛
			

			

				)
			

			

				𝐴
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and any nonempty open subsets 
	
		
			

				𝑈
			

			
				1
				1
			

			
				,
				…
				,
				𝑈
			

			
				1
				𝑛
			

			
				,
				…
				,
				𝑈
			

			
				𝑘
				1
			

			
				,
				…
				,
				𝑈
			

			
				𝑘
				𝑛
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
			

			
				𝑖
				𝑗
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
, 
	
		
			
				𝑗
				=
				1
				,
				2
				,
				…
				,
				𝑛
			

		
	
. Since 
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
, then there exists an 
	
		
			
				𝑚
				∈
				ℕ
			

		
	
 such that
							
	
 		
 			
				(
				1
				1
				)
			
 		
	

	
		
			
				
				𝑉
			

			
				𝑖
				𝑗
			

			

				
			

			

				𝐴
			

			
				∩
				𝑓
			

			
				−
				𝑚
			

			
				
				𝑈
			

			
				𝑖
				𝑗
			

			
				
				≠
				∅
				f
				o
				r
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
				,
				𝑗
				=
				1
				,
				2
				,
				…
				,
				𝑛
				.
			

		
	

						Take 
	
		
			

				𝑥
			

			
				𝑖
				𝑗
			

			
				∈
				(
				𝑉
			

			
				𝑖
				𝑗
			

			

				)
			

			

				𝐴
			

			
				∩
				𝑓
			

			
				−
				𝑚
			

			
				(
				𝑈
			

			
				𝑖
				𝑗
			

			

				)
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
, 
	
		
			
				𝑗
				=
				1
				,
				2
				,
				…
				,
				𝑛
			

		
	
. We have 
	
		
			

				𝑥
			

			
				𝑖
				𝑗
			

			
				∈
				𝑉
			

			
				𝑖
				𝑗
			

			
				∩
				𝐴
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑥
			

			
				𝑖
				𝑗
			

			
				)
				∈
				𝑈
			

			
				𝑖
				𝑗
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
, 
	
		
			
				𝑗
				=
				1
				,
				2
				,
				…
				,
				𝑛
			

		
	
. Let 
	
		
			

				𝐵
			

			

				𝑖
			

			
				=
				⋃
			

			
				𝑛
				𝑗
				=
				1
			

			
				{
				𝑥
			

			
				𝑖
				𝑗
			

			

				}
			

		
	
. Then 
	
		
			

				𝐵
			

			

				𝑖
			

			
				∈
				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝐵
			

			

				𝑖
			

			
				)
				∈
				𝒰
			

			

				𝑖
			

		
	
. Furthermore, we have 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝐵
			

			

				𝑖
			

			
				)
				∈
				𝑓
			

			

				𝑚
			

			
				(
				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

			

				)
			

		
	
. Therefore, 
	
		
			
				(
				2
			

			

				𝑓
			

			

				)
			

			

				𝑚
			

			
				(
				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

			
				)
				∩
				𝒰
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
.
						Sufficiency. We show that for any 
	
		
			
				𝑘
				∈
				ℕ
			

		
	
, any choice of nonempty open subsets 
	
		
			

				𝑉
			

			
				𝐴
				1
			

			
				,
				𝑉
			

			
				𝐴
				2
			

			
				,
				…
				,
				𝑉
			

			
				𝐴
				𝑘
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subsets 
	
		
			

				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

			
				,
				…
				,
				𝑈
			

			

				𝑘
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for each 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
, there exists an 
	
		
			
				𝑚
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑉
			

			
				𝐴
				𝑖
			

			
				)
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
.For nonempty open subset 
	
		
			

				𝑉
			

			
				𝐴
				𝑖
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
, there exists an open subset 
	
		
			

				𝑉
			

			

				𝑖
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 such that 
	
		
			

				𝑉
			

			
				𝐴
				𝑖
			

			
				=
				𝑉
			

			

				𝑖
			

			
				∩
				𝐴
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
. Let
							
	
 		
 			
				(
				1
				2
				)
			
 		
	

	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

			
				
				𝑉
				=
				𝜈
			

			

				𝑖
			

			
				
				∩
				2
			

			

				𝐴
			

			
				,
				𝒰
			

			

				𝑖
			

			
				
				𝑈
				=
				𝜈
			

			

				𝑖
			

			
				
				f
				o
				r
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
				.
			

		
	

						Then 
	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

		
	
 is a nonempty open subset of 
	
		
			

				2
			

			

				𝐴
			

		
	
 and 
	
		
			

				𝒰
			

			

				𝑖
			

		
	
 is a nonempty open set of 
	
		
			

				2
			

			

				𝑋
			

		
	
 with 
	
		
			

				2
			

			

				𝐴
			

			
				∩
				𝒰
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
. Since 
	
		
			

				2
			

			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
, there exists an 
	
		
			
				𝑚
				∈
				ℕ
			

		
	
 such that 
							
	
 		
 			
				(
				1
				3
				)
			
 		
	

	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

			
				∩
				
				2
			

			

				𝑓
			

			

				
			

			
				−
				𝑚
			

			
				
				𝒰
			

			

				𝑖
			

			
				
				≠
				∅
				f
				o
				r
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
				.
			

		
	

						Take 
	
		
			

				𝐹
			

			

				𝑖
			

			
				∈
				𝒱
			

			

				2
			

			

				𝐴
			

			

				𝑖
			

			
				∩
				(
				2
			

			

				𝑓
			

			

				)
			

			
				−
				𝑚
			

			
				(
				𝒰
			

			

				𝑖
			

			

				)
			

		
	
. We have 
	
		
			

				𝐹
			

			

				𝑖
			

			
				∈
				𝜈
				(
				𝑉
			

			

				𝑖
			

			
				)
				∩
				2
			

			

				𝐴
			

		
	
 and 
	
		
			

				𝐹
			

			

				𝑖
			

			
				∈
				(
				2
			

			

				𝑓
			

			

				)
			

			
				−
				𝑚
			

			
				(
				𝒰
			

			

				𝑖
			

			

				)
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
. Therefore, 
	
		
			

				𝐹
			

			

				𝑖
			

			
				⊆
				(
				𝑉
			

			

				𝑖
			

			
				∩
				𝐴
				)
				∩
				𝑓
			

			
				−
				𝑚
			

			
				(
				𝑈
			

			

				𝑖
			

			

				)
			

		
	
. Furthermore, we have 
	
		
			

				𝑉
			

			
				𝐴
				𝑖
			

			
				∩
				𝑓
			

			
				−
				𝑚
			

			
				(
				𝑈
			

			

				𝑖
			

			
				)
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
. This shows 
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Theorem 8.  Let 
	
		
			

				𝐴
			

		
	
 be a nonempty closed set of 
	
		
			

				𝑋
			

		
	
. If 
	
		
			

				2
			

			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
, then 
	
		
			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Proof. We show that for any choice of nonempty open subset 
	
		
			

				𝑉
			

			

				𝐴
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subset 
	
		
			

				𝑈
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
				≠
				∅
			

		
	
, there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑈
				≠
				∅
			

		
	
.For nonempty open subset 
	
		
			

				𝑉
			

			

				𝐴
			

		
	
 of 
	
		
			

				𝐴
			

		
	
, there exists a nonempty open subset 
	
		
			

				𝑉
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 such that 
	
		
			

				𝑉
			

			

				𝐴
			

			
				=
				𝑉
				∩
				𝐴
			

		
	
. Let 
	
		
			
				𝒰
				=
				𝜈
				(
				𝑈
				)
			

		
	
, 
	
		
			
				𝒱
				=
				𝜈
				(
				𝑉
				)
			

		
	
, and 
	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			
				=
				𝜈
				(
				𝑉
				)
				∩
				2
			

			

				𝐴
			

		
	
; then 
	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

		
	
 is a nonempty open subset of 
	
		
			

				2
			

			

				𝐴
			

		
	
. Moreover, 
	
		
			
				𝑈
				∩
				𝐴
				≠
				∅
			

		
	
 implies that 
	
		
			
				𝜈
				(
				𝑈
				)
				∩
				2
			

			

				𝐴
			

			
				≠
				∅
			

		
	
. Since 
	
		
			

				2
			

			

				𝐴
			

		
	
 is a topologically transitive subset of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
, there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			
				∩
				(
				2
			

			

				𝑓
			

			

				)
			

			
				−
				𝑛
			

			
				(
				𝒰
				)
				≠
				∅
			

		
	
. Furthermore, there exists 
	
		
			
				𝐹
				∈
				𝒱
			

			

				2
			

			

				𝐴
			

			
				∩
				(
				2
			

			

				𝑓
			

			

				)
			

			
				−
				𝑛
			

			
				(
				𝒰
				)
			

		
	
 such that 
	
		
			
				𝐹
				∈
				𝒱
			

			

				2
			

			

				𝐴
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝐹
				)
				∈
				𝒰
			

		
	
, which implies 
	
		
			
				𝐹
				⊆
				𝑉
			

			

				𝐴
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝐹
				)
				⊆
				𝑈
			

		
	
. Therefore, we have 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑈
				≠
				∅
			

		
	
.
Lemma 9.  Let 
	
		
			

				𝐴
			

		
	
 be a regular closed set of 
	
		
			

				𝑋
			

		
	
 but not a singleton. 
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 if and only if for any choice of nonempty open subsets 
	
		
			

				𝑉
			

			
				𝐴
				1
			

			
				,
				𝑉
			

			
				𝐴
				2
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subsets 
	
		
			

				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
, 
	
		
			
				𝑖
				=
				1
				,
				2
			

		
	
, there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			
				𝐴
				𝑖
			

			
				)
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
			

		
	
.
Proof. Necessity is obvious by the definition of weakly mixing subset. We need only to prove sufficiency.Let 
	
		
			

				𝑉
			

			
				𝐴
				1
			

			
				,
				𝑉
			

			
				𝐴
				2
			

		
	
 be two nonempty open subsets of 
	
		
			

				𝐴
			

		
	
 and let 
	
		
			

				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

		
	
 be two nonempty open subsets of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
, 
	
		
			
				𝑖
				=
				1
				,
				2
			

		
	
. Since 
	
		
			

				𝐴
			

		
	
 is a regular closed set of 
	
		
			

				𝑋
			

		
	
, then 
	
		
			
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				2
			

			
				)
				≠
				∅
			

		
	
. We consider two nonempty open subsets 
	
		
			

				𝑉
			

			
				𝐴
				1
			

		
	
, 
	
		
			

				𝑈
			

			

				1
			

			
				∩
				𝐴
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and two nonempty open subsets 
	
		
			
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				2
			

			

				)
			

		
	
, 
	
		
			

				𝑈
			

			

				2
			

		
	
 of 
	
		
			

				𝑋
			

		
	
; there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			
				𝐴
				1
			

			
				)
				∩
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				2
			

			
				)
				≠
				∅
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑈
			

			

				1
			

			
				∩
				𝐴
				)
				∩
				𝑈
			

			

				2
			

			
				≠
				∅
			

		
	
. Furthermore, we have 
	
		
			

				𝑉
			

			
				𝐴
				1
			

			
				∩
				𝑓
			

			
				−
				𝑛
			

			
				(
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				2
			

			
				)
				)
				≠
				∅
			

		
	
 and 
	
		
			

				𝑈
			

			

				1
			

			
				∩
				𝐴
				∩
				𝑓
			

			
				−
				𝑛
			

			
				(
				𝑈
			

			

				2
			

			
				)
				≠
				∅
			

		
	
.Let 
	
		
			
				𝑉
				=
				𝑉
			

			
				𝐴
				1
			

			
				∩
				𝑓
			

			
				−
				𝑛
			

			
				(
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				2
			

			
				)
				)
			

		
	
 and 
	
		
			
				𝑈
				=
				𝑈
			

			

				1
			

			
				∩
				𝑓
			

			
				−
				𝑛
			

			
				(
				𝑈
			

			

				2
			

			
				)
				≠
				∅
			

		
	
. Then 
	
		
			

				𝑉
			

		
	
 is a nonempty open subset of 
	
		
			

				𝐴
			

		
	
 and 
	
		
			

				𝑈
			

		
	
 is a nonempty open subset of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
				≠
				∅
			

		
	
. By assumption, 
	
		
			
				𝑁
				(
				𝑈
				,
				𝑉
				)
				≠
				∅
			

		
	
. For any 
	
		
			
				𝑚
				∈
				𝑁
				(
				𝑈
				,
				𝑉
				)
			

		
	
, we have 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑉
				)
				∩
				𝑈
				⊆
				𝑓
			

			

				𝑚
			

			
				(
				𝑉
			

			
				𝐴
				1
			

			
				)
				∩
				𝑈
			

			

				1
			

		
	
, which implies 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑉
			

			
				𝐴
				1
			

			
				)
				∩
				𝑈
			

			

				1
			

			
				≠
				∅
			

		
	
. Since 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
				)
				⊆
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				2
			

			

				)
			

		
	
, 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑈
				)
				⊆
				𝑈
			

			

				2
			

		
	
, it follows that
							
	
 		
 			
				(
				1
				4
				)
			
 		
	

	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑓
			

			

				𝑚
			

			
				(
				𝑉
				)
				∩
				𝑈
				)
				⊆
				𝑓
			

			
				𝑚
				+
				𝑛
			

			
				(
				𝑉
				)
				∩
				𝑓
			

			

				𝑛
			

			
				(
				𝑈
				)
				⊆
				𝑓
			

			

				𝑚
			

			
				
				
				𝑉
				i
				n
				t
			

			
				𝐴
				2
			

			
				
				
				∩
				𝑓
			

			

				𝑛
			

			
				(
				𝑈
				)
				⊆
				𝑓
			

			

				𝑚
			

			
				
				𝑉
			

			
				𝐴
				2
			

			
				
				∩
				𝑈
			

			

				2
			

			

				.
			

		
	

						Hence, 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑉
			

			
				𝐴
				2
			

			
				)
				∩
				𝑈
			

			

				2
			

			
				≠
				∅
			

		
	
. Furthermore, we have 
	
		
			
				𝑚
				∈
				𝑁
				(
				𝑉
			

			
				𝐴
				1
			

			
				,
				𝑈
			

			

				1
			

			
				)
				∩
				𝑁
				(
				𝑉
			

			
				𝐴
				2
			

			
				,
				𝑈
			

			

				2
			

			

				)
			

		
	
 and 
	
		
			
				𝑁
				(
				𝑈
				,
				𝑉
				)
				⊆
			

		
	
 
	
		
			
				𝑁
				(
				𝑉
			

			
				𝐴
				1
			

			
				,
				𝑈
			

			

				1
			

			
				)
				∩
				𝑁
				(
				𝑉
			

			
				𝐴
				2
			

			
				,
				𝑈
			

			

				2
			

			

				)
			

		
	
. This shows that for any 
	
		
			
				𝑘
				∈
				ℕ
			

		
	
, any choice of nonempty open subsets 
	
		
			

				𝑉
			

			
				𝐴
				1
			

			
				,
				𝑉
			

			
				𝐴
				2
			

			
				,
				…
				,
				𝑉
			

			
				𝐴
				𝑘
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subsets 
	
		
			

				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

			
				,
				…
				,
				𝑈
			

			

				𝑘
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
, we have 
	
		
			

				⋂
			

			
				𝑘
				𝑖
				=
				1
			

			
				𝑁
				(
				𝑉
			

			
				𝐴
				𝑖
			

			
				,
				𝑈
			

			

				𝑖
			

			
				)
				≠
				∅
			

		
	
. This means that there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			
				𝐴
				𝑖
			

			
				)
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑘
			

		
	
. Therefore, 
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Lemma 10.  Let 
	
		
			

				𝐴
			

		
	
 be a regular closed set of 
	
		
			

				𝑋
			

		
	
 but not a singleton. 
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 if and only if for any choice of nonempty open subset 
	
		
			

				𝑉
			

			

				𝐴
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subsets 
	
		
			
				𝑈
				,
				𝑊
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
				≠
				∅
			

		
	
 and 
	
		
			
				𝐴
				∩
				𝑊
				≠
				∅
			

		
	
, there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑈
				≠
				∅
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑊
				≠
				∅
			

		
	
.
Proof. Necessity is obviously by the definition of weakly mixing subset. We need only prove sufficiency.By Lemma 9, we only prove that for any choice of nonempty open subsets 
	
		
			

				𝑉
			

			
				𝐴
				1
			

			
				,
				𝑉
			

			
				𝐴
				2
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subsets 
	
		
			

				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
, 
	
		
			
				𝑖
				=
				1
				,
				2
			

		
	
, there exists an 
	
		
			
				𝑚
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑉
			

			
				𝐴
				𝑖
			

			
				)
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
			

		
	
.Let 
	
		
			

				𝑉
			

			

				1
			

		
	
 and 
	
		
			

				𝑉
			

			

				2
			

		
	
 be two open sets of 
	
		
			

				𝑋
			

		
	
 satisfying 
	
		
			

				𝑉
			

			
				𝐴
				1
			

			
				=
				𝑉
			

			

				1
			

			
				∩
				𝐴
			

		
	
 and 
	
		
			

				𝑉
			

			
				𝐴
				2
			

			
				=
				𝑉
			

			

				2
			

			
				∩
				𝐴
			

		
	
. Since 
	
		
			

				𝐴
			

		
	
 is a regular closed set, then 
	
		
			
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				1
			

			
				)
				≠
				∅
			

		
	
 and 
	
		
			
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				2
			

			
				)
				≠
				∅
			

		
	
. We consider nonempty open subset 
	
		
			

				𝑉
			

			
				𝐴
				1
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subsets 
	
		
			
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				2
			

			

				)
			

		
	
, 
	
		
			

				𝑈
			

			

				2
			

		
	
 of 
	
		
			

				𝑋
			

		
	
, according to the assumption that there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that
							
	
 		
 			
				(
				1
				5
				)
			
 		
	

	
		
			

				𝑃
			

			

				𝐴
			

			
				=
				𝑉
			

			
				𝐴
				1
			

			
				∩
				𝑓
			

			
				−
				𝑛
			

			
				
				
				𝑉
				i
				n
				t
			

			
				𝐴
				2
			

			
				𝑄
				
				
				≠
				∅
				,
			

			

				𝐴
			

			
				=
				𝑉
			

			
				𝐴
				1
			

			
				∩
				𝑓
			

			
				−
				𝑛
			

			
				
				𝑈
			

			

				2
			

			
				
				≠
				∅
				.
			

		
	

						Moreover, 
	
		
			
				𝑃
				=
				𝑉
			

			

				1
			

			
				∩
				𝑓
			

			
				−
				𝑛
			

			
				(
				i
				n
				t
				(
				𝑉
			

			
				𝐴
				2
			

			
				)
				)
			

		
	
 and 
	
		
			
				𝑄
				=
				𝑉
			

			

				1
			

			
				∩
				𝑓
			

			
				−
				𝑛
			

			
				(
				𝑈
			

			

				2
			

			

				)
			

		
	
 are nonempty open sets of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝑃
				∩
				𝐴
				≠
				∅
			

		
	
 and 
	
		
			
				𝑄
				∩
				𝐴
				≠
				∅
			

		
	
. We consider nonempty open subset 
	
		
			

				𝑃
			

			

				𝐴
			

		
	
 of 
	
		
			

				𝐴
			

		
	
 and nonempty open subsets 
	
		
			

				𝑄
			

		
	
, 
	
		
			

				𝑈
			

			

				1
			

		
	
 of 
	
		
			

				𝑋
			

		
	
; there exists an 
	
		
			
				𝑚
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑃
			

			

				𝐴
			

			
				)
				∩
				𝑄
				≠
				∅
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑃
			

			

				𝐴
			

			
				)
				∩
				𝑈
			

			

				1
			

			
				≠
				∅
			

		
	
. As 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑃
			

			

				𝐴
			

			
				)
				∩
				𝑈
			

			

				1
			

			

				⊆
			

		
	
 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑉
			

			
				𝐴
				1
			

			
				)
				∩
				𝑈
			

			

				1
			

		
	
, we have 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑉
			

			
				𝐴
				1
			

			
				)
				∩
				𝑈
			

			

				1
			

			
				≠
				∅
			

		
	
. Since 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑃
			

			

				𝐴
			

			
				)
				∩
				𝑄
				≠
				∅
			

		
	
, then 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑓
			

			
				−
				𝑛
			

			
				(
				𝑉
			

			
				𝐴
				2
			

			
				)
				)
				∩
				𝑓
			

			
				−
				𝑛
			

			
				(
				𝑈
			

			

				2
			

			
				)
				≠
				∅
			

		
	
, which implies 
	
		
			

				𝑓
			

			

				𝑚
			

			
				(
				𝑉
			

			
				𝐴
				2
			

			
				)
				∩
				𝑈
			

			

				2
			

			
				≠
				∅
			

		
	
. Therefore, by Lemma 9, 
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Theorem 11.  Let 
	
		
			

				𝐴
			

		
	
 be a regular closed subset of 
	
		
			

				𝑋
			

		
	
 but not a singleton. If 
	
		
			

				2
			

			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
, then 
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Proof. Suppose 
	
		
			

				𝐴
			

		
	
 is a regular closed subset of 
	
		
			

				𝑋
			

		
	
 but not a singleton. Then 
	
		
			

				2
			

			

				𝐴
			

		
	
 is a closed subset of 
	
		
			

				2
			

			

				𝑋
			

		
	
 but not a singleton. Let 
	
		
			

				𝑉
			

			

				𝐴
			

		
	
 is a nonempty open subset of 
	
		
			

				𝐴
			

		
	
, and let 
	
		
			

				𝑈
			

		
	
 and 
	
		
			

				𝑊
			

		
	
 be two nonempty open subsets of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
				≠
				∅
			

		
	
 and 
	
		
			
				𝐴
				∩
				𝑊
				≠
				∅
			

		
	
. According to Lemma 10, we only prove there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑈
				≠
				∅
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑊
				≠
				∅
			

		
	
.For nonempty open subset 
	
		
			

				𝑉
			

			

				𝐴
			

		
	
 of 
	
		
			

				𝐴
			

		
	
, there exists an open subset 
	
		
			

				𝑉
			

		
	
 of 
	
		
			

				𝑋
			

		
	
 such that 
	
		
			

				𝑉
			

			

				𝐴
			

			
				=
				𝑉
				∩
				𝐴
			

		
	
. Let 
	
		
			
				𝒰
				=
				𝜈
				(
				𝑉
				)
			

		
	
 and 
	
		
			
				𝒱
				=
				𝜈
				(
				𝑈
				,
				𝑊
				)
			

		
	
, then 
	
		
			

				𝒰
			

		
	
 and 
	
		
			

				𝒱
			

		
	
 are open subsets of 
	
		
			

				2
			

			

				𝑋
			

		
	
 with 
	
		
			

				2
			

			

				𝐴
			

			
				∩
				𝒰
				≠
				∅
			

		
	
 and 
	
		
			

				2
			

			

				𝐴
			

			
				∩
				𝒱
				≠
				∅
			

		
	
. We consider nonempty open subset 
	
		
			
				𝒰
				∩
				2
			

			

				𝐴
			

		
	
 of 
	
		
			

				2
			

			

				𝐴
			

		
	
 and nonempty open subset 
	
		
			

				𝒱
			

		
	
 of 
	
		
			

				2
			

			

				𝑋
			

		
	
. Since 
	
		
			

				2
			

			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
, there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that
							
	
 		
 			
				(
				1
				6
				)
			
 		
	

	
		
			
				
				𝒰
				∩
				2
			

			

				𝐴
			

			
				
				∩
				
				2
			

			

				𝑓
			

			

				
			

			
				−
				𝑛
			

			
				(
				𝒱
				)
				≠
				∅
				.
			

		
	

						Take 
	
		
			
				𝐵
				∈
				(
				𝒰
				∩
				2
			

			

				𝐴
			

			
				)
				∩
				(
				2
			

			

				𝑓
			

			

				)
			

			
				−
				𝑛
			

			
				(
				𝒱
				)
			

		
	
. We have 
	
		
			
				𝐵
				⊆
				𝑉
			

			

				𝐴
			

		
	
, 
	
		
			
				(
				2
			

			

				𝑓
			

			

				)
			

			

				𝑛
			

			
				(
				𝐵
				)
				∩
				𝑈
				≠
				∅
			

		
	
, and 
	
		
			
				(
				2
			

			

				𝑓
			

			

				)
			

			

				𝑛
			

			
				(
				𝐵
				)
				∩
				𝑊
				≠
				∅
			

		
	
, that is, 
	
		
			
				𝐵
				⊆
				𝑉
			

			

				𝐴
			

		
	
, 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝐵
				)
				∩
				𝑈
				≠
				∅
			

		
	
, and 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝐵
				)
				∩
				𝑊
				≠
				∅
			

		
	
, which implies 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑈
				≠
				∅
			

		
	
 and 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑊
				≠
				∅
			

		
	
. This shows 
	
		
			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
By Theorems 7 and 11, we have the following corollary.
Corollary 12.  Let 
	
		
			

				𝐴
			

		
	
 be a regular closed subset of 
	
		
			

				𝑋
			

		
	
 but not a singleton. Then the following properties are equivalent: (1)
	
		
			

				𝐴
			

		
	
is a weakly mixing subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
; (2)
	
		
			

				2
			

			

				𝐴
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
; (3)
	
		
			

				2
			

			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
.
Lemma 13.  Let 
	
		
			

				𝐴
			

		
	
 be a transitive point of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
. Then 
	
		
			

				𝑥
			

		
	
 is a transitive point of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 for every 
	
		
			
				𝑥
				∈
				𝐴
			

		
	
.
Proof. Suppose that 
	
		
			

				𝐴
			

		
	
 is a transitive point of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
. Then for any open set 
	
		
			
				𝜐
				(
				𝑈
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

			
				,
				…
				,
				𝑈
			

			

				𝑚
			

			

				)
			

		
	
 of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
, there exists 
	
		
			
				𝑘
				∈
				ℤ
			

			

				+
			

		
	
 such that 
							
	
 		
 			
				(
				1
				7
				)
			
 		
	

	
		
			
				
				2
			

			

				𝑓
			

			

				
			

			

				𝑘
			

			
				
				𝑈
				(
				𝐴
				)
				∈
				𝜐
			

			

				1
			

			
				,
				𝑈
			

			

				2
			

			
				,
				…
				,
				𝑈
			

			

				𝑚
			

			
				
				.
			

		
	

						In particular, take 
	
		
			

				𝑈
			

			

				1
			

			
				=
				𝑈
			

			

				2
			

			
				=
				⋯
				=
				𝑈
			

			

				𝑚
			

			
				=
				𝑈
			

		
	
; there exists 
	
		
			
				𝑙
				∈
				ℤ
			

			

				+
			

		
	
 such that 
	
		
			
				(
				2
			

			

				𝑓
			

			

				)
			

			

				𝑙
			

			
				(
				𝐴
				)
				∈
				𝜐
				(
				𝑈
				)
			

		
	
. Furthermore, for any 
	
		
			
				𝑥
				∈
				𝐴
			

		
	
, we have 
	
		
			

				𝑓
			

			

				𝑙
			

			
				(
				𝑥
				)
				∈
				𝑈
			

		
	
. Since 
	
		
			

				𝑈
			

		
	
 is any nonempty open set of 
	
		
			

				𝑋
			

		
	
, it follows that 
	
		
			

				𝑥
			

		
	
 is a transitive point of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Theorem 14.  Let 
	
		
			

				𝐴
			

		
	
 be a transitive point of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
. Then 
	
		
			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Proof. Suppose that 
	
		
			

				𝐴
			

		
	
 is a transitive point of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
. Then 
	
		
			

				𝐴
			

		
	
 is a nonempty closed set of 
	
		
			

				𝑋
			

		
	
. Let 
	
		
			

				𝑉
			

			

				𝐴
			

		
	
 be a nonempty open set of 
	
		
			

				𝐴
			

		
	
 and let 
	
		
			

				𝑈
			

		
	
 be a nonempty open set of 
	
		
			

				𝑋
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
				≠
				∅
			

		
	
. We prove that there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑈
				≠
				∅
			

		
	
.Since 
	
		
			

				𝐴
			

		
	
 is a transitive point of 
	
		
			
				(
				2
			

			

				𝑋
			

			
				,
				2
			

			

				𝑓
			

			

				)
			

		
	
, by Lemma 13, 
	
		
			

				𝑥
			

		
	
 is a transitive point of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
 for every 
	
		
			
				𝑥
				∈
				𝐴
			

		
	
. Let 
	
		
			

				𝑉
			

			

				𝐴
			

			
				=
				𝑉
				∩
				𝐴
			

		
	
, where 
	
		
			

				𝑉
			

		
	
 is an open set of 
	
		
			

				𝑋
			

		
	
. Let 
	
		
			
				𝑥
				∈
				𝑉
			

			

				𝐴
			

		
	
. Then 
	
		
			
				
			
			
				o
				r
				b
				(
				𝑥
				,
				𝑓
				)
				=
				𝑋
			

		
	
. It means that there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑥
				)
				∈
				𝑈
			

		
	
. Furthermore, we have 
	
		
			

				𝑓
			

			

				𝑛
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑈
				≠
				∅
			

		
	
. Therefore, 
	
		
			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑋
				,
				𝑓
				)
			

		
	
.
Example 15. Let 
	
		
			

				𝑆
			

			

				1
			

		
	
 be the unit circle and let 
	
		
			

				𝑇
			

			

				𝜆
			

			
				∶
				𝑆
			

			

				1
			

			
				→
				𝑆
			

			

				1
			

		
	
 be a translation map such that
							
	
 		
 			
				(
				1
				8
				)
			
 		
	

	
		
			

				𝑇
			

			

				𝜆
			

			
				(
				𝜃
				)
				=
				𝜃
				+
				2
				𝜆
				𝜋
				,
				𝜆
				∈
				ℝ
				.
			

		
	

						If 
	
		
			

				𝜆
			

		
	
 is an irrational number, then 
	
		
			
				𝐴
				=
				[
				0
				,
				𝜋
				]
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑆
			

			

				1
			

			
				,
				𝑇
			

			

				𝜆
			

			

				)
			

		
	
, but 
	
		
			

				2
			

			

				𝐴
			

		
	
 is not a transitive subset of 
	
		
			
				(
				2
			

			

				𝑆
			

			

				1
			

			
				,
				2
			

			

				𝑇
			

			

				)
			

		
	
.
It is well known that if 
	
		
			
				𝜆
				=
				𝑞
				/
				𝑝
			

		
	
 is a rational number, then all points are periodic of period 
	
		
			

				𝑞
			

		
	
, and so the set of periodic points is, obviously, dense in 
	
		
			

				𝑆
			

			

				1
			

		
	
. Moreover, by Jacobi’s Theorem [6], if 
	
		
			

				𝜆
			

		
	
 is an irrational number, then each orbit 
	
		
			
				{
				𝑇
			

			
				𝑛
				𝜆
			

			
				(
				𝜃
				)
				∶
				𝑛
				∈
				ℕ
				}
			

		
	
 is dense in 
	
		
			

				𝑆
			

			

				1
			

		
	
. Since 
	
		
			

				𝑆
			

			

				1
			

		
	
 is a compact metric space. Hence, 
	
		
			
				(
				𝑆
			

			

				1
			

			
				,
				𝑇
			

			

				𝜆
			

			

				)
			

		
	
 is topologically transitive.
Let 
	
		
			
				𝐴
				=
				[
				0
				,
				𝜋
				]
			

		
	
. Then 
	
		
			

				𝐴
			

		
	
 is a nonempty closed subset of 
	
		
			

				𝑆
			

			

				1
			

		
	
. Let 
	
		
			

				𝑉
			

			

				𝐴
			

		
	
 be a nonempty subset of 
	
		
			

				𝐴
			

		
	
 and 
	
		
			

				𝑈
			

		
	
 is an open subset of 
	
		
			

				𝑆
			

			

				1
			

		
	
 with 
	
		
			
				𝐴
				∩
				𝑈
				≠
				∅
			

		
	
. Take 
	
		
			
				𝑥
				∈
				𝑉
			

			

				𝐴
			

		
	
. Since 
	
		
			
				{
				𝑇
			

			
				𝑛
				𝜆
			

			
				(
				𝑥
				)
				∶
				𝑛
				∈
				ℕ
				}
			

		
	
 is dense in 
	
		
			

				𝑆
			

			

				1
			

		
	
, there exists an 
	
		
			
				𝑚
				∈
				ℕ
			

		
	
 such that 
	
		
			

				𝑇
			

			
				𝑚
				𝜆
			

			
				(
				𝑥
				)
				∈
				𝑈
			

		
	
. Furthermore, we have 
	
		
			

				𝑇
			

			
				𝑚
				𝜆
			

			
				(
				𝑉
			

			

				𝐴
			

			
				)
				∩
				𝑈
				≠
				∅
			

		
	
. Therefore, 
	
		
			

				𝐴
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑆
			

			

				1
			

			
				,
				𝑇
			

			

				𝜆
			

			

				)
			

		
	
; that is, 
	
		
			
				[
				0
				,
				𝜋
				]
			

		
	
 is a transitive subset of 
	
		
			
				(
				𝑆
			

			

				1
			

			
				,
				𝑇
			

			

				𝜆
			

			

				)
			

		
	
.
Let 
	
		
			
				𝐾
				=
				[
				0
				,
				1
				]
				∈
				2
			

			

				𝐴
			

		
	
. Then 
	
		
			
				d
				i
				a
				m
				(
				𝐾
				)
				=
				d
				i
				a
				m
				(
				2
			

			

				𝑇
			

			

				𝜆
			

			
				(
				𝐾
				)
				)
				=
				1
			

		
	
, where 
	
		
			
				d
				i
				a
				m
				(
				𝐾
				)
			

		
	
 denotes the diameter of 
	
		
			

				𝐾
			

		
	
. Put 
	
		
			
				𝜀
				>
				0
			

		
	
 such that 
	
		
			
				1
				−
				𝜀
				>
				𝜀
			

		
	
. Let 
	
		
			
				𝒱
				=
				𝐵
				(
				𝐾
				,
				𝜀
				/
				2
				)
			

		
	
 and 
	
		
			
				𝒰
				=
				𝐵
				(
				{
				1
				}
				,
				𝜀
				/
				2
				)
			

		
	
. Then 
	
		
			

				𝒱
			

			

				2
			

			

				𝐴
			

			
				=
				𝒱
				∩
				2
			

			

				𝐴
			

		
	
 is a nonempty open subset of 
	
		
			

				2
			

			

				𝐴
			

		
	
 and 
	
		
			

				𝒰
			

		
	
 is an open subset of 
	
		
			

				𝑆
			

			

				1
			

		
	
 with 
	
		
			

				2
			

			

				𝐴
			

			
				∩
				𝒰
				≠
				∅
			

		
	
. Moreover, for any 
	
		
			
				𝐹
				∈
				𝒱
			

			

				2
			

			

				𝐴
			

		
	
 and any 
	
		
			
				𝐺
				∈
				𝒰
			

		
	
, we have 
	
		
			
				d
				i
				a
				m
				(
				𝐹
				)
				≥
				1
				−
				𝜀
			

		
	
 and 
	
		
			
				d
				i
				a
				m
				(
				𝐺
				)
				≤
				𝜀
			

		
	
. Furthermore, 
	
		
			
				d
				i
				a
				m
				(
				(
				2
			

			

				𝑇
			

			

				𝜆
			

			

				)
			

			

				𝑛
			

			
				(
				𝐹
				)
				)
				≥
				1
				−
				𝜀
				>
				𝜀
			

		
	
 for all 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
. Therefore, 
	
		
			
				(
				2
			

			

				𝑇
			

			

				𝜆
			

			

				)
			

			

				𝑛
			

			
				(
				𝒱
			

			

				𝐴
			

			
				)
				∩
				𝒰
				=
				∅
			

		
	
 for all 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
. It means that 
	
		
			

				2
			

			

				𝐴
			

		
	
 is not a transitive subset of 
	
		
			
				(
				2
			

			

				𝑆
			

			

				1
			

			
				,
				2
			

			

				𝑇
			

			

				𝜆
			

			

				)
			

		
	
.
Example 16. Let 
	
		
			
				𝐼
				=
				[
				0
				,
				1
				]
			

		
	
. Define 
	
		
			
				𝑔
				∶
				𝐼
				→
				𝐼
			

		
	
 by
							
	
 		
 			
				(
				1
				9
				)
			
 		
	

	
		
			
				⎧
				⎪
				⎪
				⎪
				⎨
				⎪
				⎪
				⎪
				⎩
				1
				𝑔
				(
				𝑥
				)
				=
			

			
				
			
			
				2
				1
				+
				2
				𝑥
				,
				i
				f
				0
				≤
				𝑥
				≤
			

			
				
			
			
				4
				,
				3
			

			
				
			
			
				2
				1
				−
				2
				𝑥
				,
				i
				f
			

			
				
			
			
				4
				1
				≤
				𝑥
				≤
			

			
				
			
			
				2
				,
				1
				1
				−
				𝑥
				,
				i
				f
			

			
				
			
			
				2
				≤
				𝑥
				≤
				1
				.
			

		
	

						Then 
	
		
			
				(
				2
			

			

				𝐼
			

			
				,
				2
			

			

				𝑔
			

			

				)
			

		
	
 has a weakly mixing subset (Figures 3 and 4).


	
		
			
				
			
				
			
		
	
	
	
	
		
	
		
	
		


	
		
			
				
			
		
		
			
				
			
		
		
			
				
			
		
		
			
				
			
			
				
			
			
		
		
			
				
			
			
				
			
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

Figure 3




	
		
			
				
			
				
			
		
	
	
		
	
	
		
	
		


	
		
			
				
			
			
				
			
		
		
			
				
			
		
		
			
				
			
		
		
			
				
			
			
				
			
			
		
	
	
	

Figure 4


Let 
	
		
			
				𝐽
				=
				[
				0
				,
				1
				/
				2
				]
			

		
	
 and 
	
		
			
				𝐾
				=
				[
				1
				/
				2
				,
				1
				]
			

		
	
. Then 
	
		
			
				𝑔
				(
				𝐽
				)
				=
				𝐾
			

		
	
 and 
	
		
			
				𝑔
				(
				𝐾
				)
				=
				𝐽
			

		
	
. Hence, 
	
		
			

				𝑔
			

			

				2
			

			

				|
			

			

				𝐾
			

		
	
 is equal to the tent map 
	
		
			

				𝑓
			

		
	
 of Example 4. Furthermore, by [8], 
	
		
			
				(
				𝐾
				,
				𝑔
			

			

				2
			

			

				)
			

		
	
 is mixing. Hence, 
	
		
			

				𝐾
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝐾
				,
				𝑔
			

			

				2
			

			

				)
			

		
	
. We prove that 
	
		
			

				𝐾
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				𝐼
				,
				𝑔
				)
			

		
	
.
For any 
	
		
			
				𝑚
				∈
				ℕ
			

		
	
, any choice of nonempty open subsets 
	
		
			

				𝑉
			

			
				𝐾
				1
			

			
				,
				…
				,
				𝑉
			

			
				𝐾
				𝑚
			

		
	
 of 
	
		
			

				𝐾
			

		
	
 and nonempty open subsets 
	
		
			

				𝑈
			

			

				1
			

			
				,
				…
				,
				𝑈
			

			

				𝑚
			

		
	
 of 
	
		
			

				𝐼
			

		
	
 with 
	
		
			
				𝐾
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
, 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑚
			

		
	
, we have 
	
		
			
				𝐾
				∩
				𝑈
			

			

				𝑖
			

		
	
 are nonempty open subsets of 
	
		
			

				𝐾
			

		
	
 for all 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑚
			

		
	
. Since 
	
		
			
				(
				𝐾
				,
				𝑔
			

			

				2
			

			

				)
			

		
	
 is weak mixing, by [28], there exists an 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 such that 
	
		
			
				(
				𝑔
			

			

				2
			

			

				)
			

			

				𝑛
			

			
				(
				𝑉
			

			
				𝐾
				𝑖
			

			
				)
				∩
				(
				𝐾
				∩
				𝑈
			

			

				𝑖
			

			
				)
				=
				𝑔
			

			
				2
				𝑛
			

			
				(
				𝑉
			

			
				𝐾
				𝑖
			

			
				)
				∩
				(
				𝐾
				∩
				𝑈
			

			

				𝑖
			

			
				)
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑚
			

		
	
. Furthermore, we have 
	
		
			

				𝑔
			

			
				2
				𝑛
			

			
				(
				𝑉
			

			
				𝐾
				𝑖
			

			
				)
				∩
				𝑈
			

			

				𝑖
			

			
				≠
				∅
			

		
	
 for 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑚
			

		
	
. Hence, 
	
		
			

				𝐾
			

		
	
 is a weak mixing subset of 
	
		
			
				(
				𝐼
				,
				𝑔
				)
			

		
	
. By Theorem 7, 
	
		
			

				2
			

			

				𝐾
			

		
	
 is a weakly mixing subset of 
	
		
			
				(
				2
			

			

				𝐼
			

			
				,
				2
			

			

				𝑔
			

			

				)
			

		
	
.
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